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       New Formulae of the Generalized Sampling Theorem IZ

               -Formulae making use of the Sampled First
                     and Higher Order Derivatives-

                i                Ei Iti TAKIZAWA*) and Jyi Chemg HORNG**)

                            (Received July 7, 1974)

                                Abstraet

    New sampling formulae are obtained, based on the generalized sampling
theorem presented by Takizawa and Isigaki. The examples stated here include the

sampling formulae, by which one can reconstruct a continuous function from its

sampled values and sampled higher order derivatives. Sampling formulae presented

here can be effectively applied as interpolation or extrapolation formulae.

                            Zusammenfassung

    Neue Abtastformeln werden auf der Grundiage des von Takizawa und Isigaki

veraligemeinerten Abtasttheorems angegeben. Die in der vorliegenden Arbeit
aufgeftthrten Beispiele entha!ten soiche Abtastformeln, mit denen man eine kon-

tinuierliche Funktion durch ihre abgetasteten Werte und abgetasteten Ableitungen

h6herer Ordnung wieder konstruieren kann. Die hier angegebenen Formeln k6n-
nen als Interpolations- oder Extrapoiationsformeln erfolgreich angewandt werden.

                              Preliminaries

    In previous papersi)N3), the authors presented several examples of the gene-

ralized sampling theorem, by which a continuous function is reconstructed from

sampled values and sampled derivatives. In the preceding paper3), the authors'

emphasis was laid especially on cases of sampling formulae, which make use of

zero-th order derivatives of the sampled function (i.e., the values of the sampled

function itself).

    Here, in the present paper, the authors concern themselves mainly with the

examples of sampling formulae, which contain the sampled values and sampled

higher order derivatives of an entire function, being based on the generalized

sampling theorem presented by Takizawa and Isigaki').

    The expressions in the references 1), 2), and 3), shall be quoted with authors'

initials, e.g., (TI-2-1), (T-1-1), (TH-1-1) etc. We shall begin this paper with g2,

which is a continuation of g1 of the authors' previous paper3) entitled "New

Formulae of the Generalized Sampling Theorem I".
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    In g2 the authors present several examples o{ sampling {ormulae which make

use of first order derivatives of the sampled function, while g3 is treated by

Horng, giving examples of sampling formulae which take the sampled second
order derivatives into account.

         gZ. Examples of Sampling Formulae making use of the
              First Order Derivatives of Sampled Function

    We shall refer to expressions (TI-2-1)ev(TI-2-1') or (T-1-1)N(T-1-1") mainly

for the case m.=1, which corresponds to the case for the sampling formula making

use of the sampled first order derivatives of an entire function f(z).

    In case m=1 in (Tl-2-27) or (T-2-3), we obtain the sampling formula <TI-

2-23) or (T-2-10), which reads

       f<2)J:::]II,I[f<z,t)+(2-z,,)'(f'(zn)-rll7f(xn)'L21ifil$')]'(.IlY,)£2.)g'g,2rm>+K'g(z),

                                                               (2-1)

with g(zi an entire function, having zeros of second order at po!nts z=z. (n=

=integers). Constant K is given by (III') in (T-2-2) or (III") in (T-2-4), and the

summation over n covers ali the sampling points 2==2. (n==integers).

    If function g(z) can be expressed in terms of ¢(z) as in (TI-2-27) or (T-2-5)
with m==1, Le.

        g(x)==:¢2(2), (withsimplezerosofip(2)atz=x.)

formula (2-1) implies:

       f<2) = F, [Jf(2,i) + (Z-Xn)'(fi'(2n)-f<2n)' ¢ipi,'.)]' (.-::SZ2 .)(¢,,)2 + K'¢2(Z),

                                                              (2-lt)

where ip;,=ip'(z.) and ¢5,2)==¢(2)(2.), with N`'--2. (n=integers) simple zeros of ip(z).

1) Let us take a polynomial of degree s:

        ip(2)=ISI(2-rp,), (alltherpA,'saredistinct) (2-2)
             k-1

in (T-2-5), and we shall put

                    s
        g(2)=¢2(2)=II(z-rpk)2,(alltherpk'saredistinct) (2-3)
                    k:=1

in (T-2-3). Then, we have formula (T-2-6), (T-2-10), (2-1), or (2-1'). Function

g(2) has s zeros of second order at z=rp. (m=1, 2, 3, ･･･, s). We calcttlate:

        g(2)(rp.)==.2(gbt(rp.,))2, gbt(rpm)===111Sl..li(ny7,b-rpk),

                                   A,±7n,        g(3)(777n)==6 9bt(27wv)'9b<2)(77m), (2-4)
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                  S fx        gb(2)(rp.)=2Z(rp.-rp1)(rpnb-rp2)'''(rp"bumrpp)'''(rp"b-rpnt,-1)(rpnz-rpm+i)'''(rpnt･-rps),

                 p==1
                 PI7tb
                                                               (2-5)

where the symbol D. Indicates the omission of the factor rp, in the product.

Accordingly we have

        ipip`IV(3 i) =2t6-i op-lrpp' (2-5')
                  Pi"l,

From (2-1) or (2-1'), we obtain:

       f<z) ==: ,tE.,[1('(,7.,,) + (x - o7.)･V (,7.b) -f'(,7wb)t2 .i=, L,7 ,2i: ,7, )]'

                                         p±7]t            ,,E.S.1.,}, ((,7Z.,-m'll'S,))22 +K ,IS!.,(z-,?,)2, (2-6)

provided that

             f<z)
       lllP.. lsi (2Hza.), == K･ (2-7)
           A:=1

2) If we take:

        g(z)==¢2(2)==cos2(cr･cos-iP2), (cr･P±O) (2-8)
                                                      '
  with

       ¢(xn)=i:cos(ev'cos7'pz.)==o, i.e., z.==-l}J'cos(27Z2+a1rr), (n==integers)

                                                               (2-9)

we have

       ¢a == ip'(Xn) === (- 1)"' ,i. {(2. fPl) .1(2.)} , (2-10)

                          cvE2･cos {(2n + 1) rt1(2cr)}
       gbSi2'=91'<2'(Zn):=(Hl)'t' ,iil3((!}n-t-1)z7(2ctf)i' ' (2-11)

We put (2-9)N(2-11) into (2-1'), and obtain

       f<z) == lll,] [f<z7b)+(2-zn)'lf7(zn)-f(2n)' PgiC.02S{iS2.'i."il).rr!(2(2.cr)?} )]'

            ･Sin2i,(?('pZS-1),fl.!,(,{IZ2)).'801S)2S('i.O)S}l2iPZ)+K'cos2(cr'cos-'Pz), (2H12)

provided that

        . f<z)        1.'rM,.. L'cos2(cv･cos'''p'l'5rr :=':nt K' (2m13)

    For a positive integer s, function ¢(2)=:::cos (s･cosTiPx) is a Chebyscheff poly-
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nomial of degree s, and is expressed by ip(z)=cos(sO), with Pz==cosO. Then the

summation over n in (2-12) covers from n==O to n==s-1, with Bz.== cose.==
=cos{(2n+1)zl(2s)}. Expression (2-12) reads:

     f(muCOpS 0 ) .,. jSi,[f( CO; 0n )+ COS e -pCOS 0n .(fv(COS 0n)rf(COS 0"). Ps'iCnO,Soe." ]].

          .,,?i(n.g,o?b･I flissgsoei), +K.,.,2(,o). (2m14)

3) We shall take

      g(x)-=¢2(z)-=sin2(Pz+r), (P*O) (2-15)
with

      ip(z.)=sin(P2.+r)=O, i.e., z.=(nn-r)!P, (n=integers) (2-16)

and obtain:

      sb;, == sb'(z.)-(-1)"･P, (2-17)
      sb;,2' :-: sb`2'(z.)-O. (2-18)
From (2-1') with (2-16)t-J(2-18), the sampling formula reads:

     f<.)=,,/lzoi..[f(nTir)+Pz+rp-nn--.f,(nzpmr-)],si(np2iP+zr+wwr,-,.ls,n),(2-lg)

under condition (T-4-17), i.e.

           '

if f<2) is band-limited with maximum frequency ]VV in the sense of Fourier

spectrum. Expression (2-19) for r==O was also obtained by Jagerman-Fogel`) and

Linden-Abramson5).

    As an example of (2-19), we put .IC<z)==const, and refer to condition (III') in

(T-2-4) with (T-4-10'), and obtain:

      1..,,:zO-".Si("p2£P+Zr+-r,-,.℃,T). (pl.o) .(2-21)

    Referring to expression (TH-1-28), i.e.

      i-.:zOi..Sinp(.Pl;li;Zn), (pvEo)

and comparing this expression with (2-21), we obtain:

      o-,,,,Izl=OO-..Si"piiPll;illil.".Zn)･Si"p.(Pi:21:,;Zrr).(B=to) (2-2i,)

          ptbl71

4) Let us take

      g(z)-ip2(z) =- e2 (2)･ip2(z), (2-22)
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with two entire functions g"- (2) and ip(z), having simple zeros z. (n==integers) and

2., (m =:=integers) respectively, i. e. .

      6(2n):==O, and ¢(Xm)[:=O･ (2n=I=2nb) (2-23)
For (2-22) we obtain:

      Sbt(2,,)==6;,'{z5., st)i(2.,)==e.'sb;,, (2-24)

      {b(2'(Z･n) ==: E53''SZ5n+26;L'ipjt, (2-25)
                                        '      sb(2'(2.,,) == 2e;,,'g5j,, + g"n-'ipl7b',                                                              (2-26)

with e;,:=6t(z.), e;.,=8t(x.,), g61, ==gb'(x,,), g5;.,=:=gbt(2.,), etc-

    In this case, expression (2-1') implies:

     f(Z) == Z,, [f<Zn)+(Z-Zn)'lf-'(Z,,)-f<2,,)'(f','&Z,i3)-+2 ipip'((ilL)X)]].

                62(."v)･ip2(z)
          ' (z-z.)2･{g'(z,15･g5<x.)}2 +

         ' illl,] [f<Xnt･)'(z-zn･)'(f'(z-)-f(2-)'(2 {l'((.Z,".l)) + ggiI','((i'if)) ))]･

          '(.nt..,)e22.(76)('.¢.2,)(Z.},(..,)}2+K'82(z)･ip2(2), (2-27)

provided that

      . .](<2)

      IL:t 62(z)･¢2(zww) =K' (2-28)
    As an example of (2-27), we shall take

                                      s
      g(z) = ¢2(2) = e2(z)･ip2(x) = sin2(Px+ r)･I[ (z-rpk)2 ,
                                     knl
                   (PtO, all the rp,'s are distinct) (2-29)

with

      e(2.)==:sin(Pz.+7')=O, 'i.e., z.=::(nn-7')!P, (n==integers) (2-30)

and we have

                                        sA      et(2n)=(-1)"'P, 4tt(Zn)=O) g6t(2,,)=lli](X7b-171)(Znm772)'''(2n-)7p)'''(2n-77s))

                                       p=1

                                  s      g'(,7.)r:=: I3･cos(i3,7.,+r), g5'(,7.,)- II (77.,-77k), (2-31)
                                  ,k.==,l,

               S -'Ag-.      SZ5tt(rpm)=2iZt]=i()7"e-77i)()7m-172)'''()7m-77p)'''()7m-77"--i)(77m-17m+i)'''()7nb-)7s)7

              1)tvb
                                                              <2-32)

where the symbol D. indicates the omission of the factor rp, in the product.

Expression (2-27) with (2-30)tw(2-32) reads:
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     fl.) .= ,,::OTO.[f(zairrtrum) + Pz + }- nrr .V,( 7irrp- r.)-f( iirtp-r ).

          Is'2,2£Pi,'i-,.iizn)･iLi, ((.X.H-"S,)i2 '

         +.ii.lll,[f<'77n)+(Z-'7nb)'(f'('7"b)-2jF<'7ne)'(PCOt(i3rp?,b+r)+,ill.],

                                                     pim
           sin2(Px+r) .,E, (z-rpk)2
          ' sin2(Prp. + r) ' k`li.'"i (rp.,-rpz,)2 '

                      thtltb

provided that lim..oo ./<z)/Isin2(P2+r)･ISI (x-rpk)2}== O, and with

                     Lk lt=1 1=integers), all the rp.,'s and 2.'s being distinct.

5) If we take

      g(x):==¢2(2):==[x･sin(Pz)-A-cos(P2)]2, (P･A=i=O)

or

      g(2)=:¢2(2)-[2･cos(P2)-B･sin(Pz)]2, (PiB*O)

with constants A, B, and P, we obtain, from (2-1'), respectively

     f<X) [= .,'.tkO.O,. k<2n> ' (x -2)b) (f'(2n)nvf(2n)' 2p42P. ICg;.2((P22k'R) ,,) )]

           4 cos2(PA.)-[z-sin (Pz) - A-cos (Pz)]2

provided

   .IC<z)

  s2:
 p=:1

2. 1 rpp }].

     (Z'2n)2'[2P2n+Sin(2P2n)l2 '

 that lim..... f<z)1[z･sin(P2)-A･cos(Pz)]2=:O; or

==
,,tL:..[f<ptn)+(z-ptn)'(f'(pt?t)Hf<pt,,)'2p`,P,,l±S',"ik(Z`E>

  ･ntO
  4sin2(Ppt.)･[z･cos(Pz)-B･sin(Bz)]2

'7nb l] '7p )]]'

(2-33)

x. - (nT-r)/P

n) )]'

(2-34)

(2-35)

(2-36)

(IZ =

                                        +              (Z-ptn)2'[2Ppsn-Sin(2Pptn)]2

          +[f<o)+..ft(o)].[X･COS(1(Pm2)p-.BB)s.S.i?(PZ)]2, (fi.B.l.o (2-37)

provided that lim.",.. f<z)1[z･cos(Pz)-B･sin(P2)]2==O, where 2., and pt. (n--integers)

are simple roots of the foilowing equations, being arranged in ascending order of

magnitude with increasing n:

      ¢(ln)==Rn'Sin(Pftn)wwA'COS(PRn)=O, (P'AiO) (2in38)
and

      Sb(pan)=t`n.'COS(Pptn)-B'Sin(Ppt,L)=Ot (P'JB=I=O) (2-39)

The roots 2. and pt. are taken to be positive for n>O, and negative for n<O,

and we put 2J==pao=O. 23 is not a zero of g(z) in (2-34) for AiEO, while pt, is

a zero of second order of g(z) in (2-35) for B=O.



New Formulae of the Generalized Sampiing Theorem II 69

   For the limiting cases: A.O in (2-34) and Be･O in (2-35), we obtain respec-

tively the following formulae from (2-1):･

     f<.)=.:zoLa..[f('kT)+P2i"n･(f･('kT)-f('>")･-;-,#]]･(ig,,)Iis?l?kEPIi,igff2)+

           7tS.O
          +tso)+..f,(o)+-21-.2.y,,(o)+gp2.f<o)1+e.3.y},,,(o)+2p2.f,(o)1].

          .si(np2ie,2), (2-4o)
provided that lim.r,.. .f<,x)1{z2･sin2(Pz)}==O; and

     f<z)===,,:£coun..[f(2'Z2+p1")+(xH2'Z2+p1z)'(f'(2'Z2+p1z)-f(2'Z2+p1rc)'(2.4+PI).]]'

          '(2n+1)24(.P2¥l2p'imuOS(22(fi2-)-1).12)2+[f<O)+x'f'(O)]'cos2(Px), (2-41)

provided that lim.... jC<x)1{z2･cos2(Pz)} =O.

    We shall note that z2･sin2(Pz) has a zero of fourth order, and 22･cos2(Px) has

                                                                'a zero of second order, respectiveiy at the origin.

   Examples of (2-40) and (2-41) read as fol!ows:

     sin(cr2) === .:Zoo- .. [sin( IZrtpcr ) + r(?Lt=p IZT ･(cr･cos( 7tnpcr )- nltl;IS".si.( IZZcr )1].

              n40
          ･(P,k7,)iS?;Ynti,z)+[..--g.3･(.2pt2p2)].si(np2£e,z), a.1<1p])

                                                              (2-42)

     cos(ax)==,,'=£Oi..[cos(ZltfinprmCU)hElllE7Zrr'(ev･sin(iiXCU)-t-9tErrrmfi･cos(7ZZCU)]].

              n40
          ･(P,z,?2.pl"(ZYgi,iiz,)+[i--ll-.2.(.2v-g-p2)].si(np2£e,z), q.I<1pl)

(2-43)

{Jl,(crz) == ,,:Zei..[bll, ( 7ZScr ) + P2 :Ei 7ZT-･(cr･.T;( 7ZZa )- i2,PT .,IL ( 7iicr )]].

        ･n=O
    -(P,Z,?2.pln(2SP:;,;i,z)+[di(o)+..-ny(o)+l,.2.(,,2.I,(o)+gp2.qo)]+

    +-f;nv.3.(.3..I:,t(o)+2.p2.,J:(o)l].-El'iinp2iSe,2), a,,]<lpl) (2-44)

sin(crz) == ,,Izll i. co [sin kZ'Z :li2})Za + (2 - 27Sii-1:J .).(,,.co, (2n i!tpi) rr-cv- "

                .<2n+1)rtcr" 4(i3x)2･cos2(Pz) .         4P
      (2n+1)T'S'nimM2rmP Jj'(2n+1)2･T2･(P2-(2n+1)n12)2T

    +a2･cos2(Pz), (lcr1<]Pl) (2-45)
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      cos(az) = .t;.i.. [cos L(27i Iltipl) na -(z - 27Si; 1 z).(ev.sin (2n Ill);) n!Y. +

          + (2. 4+Pi) . ･cos (2" Ili2}) rrev ]]･ (2. + i)24. (.P21112161S-OS(22(9,Zil i) ./2)2 +

          +cos2(P2), (Ial<IPD (2-46)
      tJL(crz)=,,tl.[ulL(gn2i;1Tcr)+(.--ilZ'g22-EL-l-.).(...];(2n2+p1na).

         - (2.4.Pl) . 'L( 2'Z2"p 1 rrcr)]]' (2. + 1)2e (.P2¥l2p'i2S(22(Sl 1) .!2)2 "

         +[.11,(O)+crz･,7:(O)]･cos2(Pz). (ictrl<IPD (2-47)

6) If we take Bessel function of integral order v for the function ip(z) in (2-1'), i. e.

      g(z)-¢2(z)-=,Je(Pz), (P=po) (2-48)
with a constant P, we obtain (of] (T-1-1')):

     f(2)=..:ZO]Oumou[f<2n)+(Z'2n)'(f'(Zn)-L7C<Xn)'Pi]illlIfe(.P.g'i))]'

           7t¢O
         '(pz-pt.)2(Ei.)1:(pz,,)}2"E(z), (2-4g)

     E(z) =- 2itt.--,it9., =(l"'-･ i,E-S;)ji ･zs･ tJ.',(k), (2-so)

provided that lim.t.,.. f<x)1,Je(Pz) -= O. In (2-49) and (2-50), .flfj' -:f(j'(2o) -:f`j'(O),

ems-J')==H(srj)(x,)==H(S"")(O), and Pz. (n=integers) are zeros of Bessel function

,JL(z), 'i.e., t7L(P2.)==O, where zo==O is a zero of lvl-th order at the origin. In case

v==O, E(z) reduces to a null function.

   When we put .f<z)==,J}(crx) with te==integer in (2-49), we obtain:

     tJ)i(crz)==.:1;OIOi.co[el)i(az,b)+(z-2,t)'(a'bZ)1(crx?i)-tLt(nvn)'Pl]ilillllb(Il)'`)su1]'

             nlO
         '(pz-pt.)2(e{Z.)I:(p..)}2+E(z)･ (O#=lcrI<IBI) (2-4g')

   In case pt==v=:O, expression (2-49') reduces to the foHowing one, if we put

x==O:

     1 = ,,:Zco-.[4(azn)'(1 + z7v' zilll. 10g di(PZn)l+ aZn'di (crZ")]' {p2.･i(Pz.)'Ft

         7tlO
       == 2 ,'Z,.e.e,[.T6(evx.)'(1 + z.' zilll. Iog c71(Pzn)l + crZn'tJl(crZ7b)]' {pz,,.I 1um(p2.)}-2n'

                                             (O=I=lcrl<IPI) (2-49,,)

where Pz. (n==integers) are zeros of ,76(z), and 2., (m=1,2,3,･･･) are positive

zeros, with zo =O being not a zero of J6(Px).
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7) We shall take

      g(z)-ip2(2)-[znyny(P2)+h･4(Pzi]2, (P･h=#O) (2-51)

in (2-1), with an integer p and constants P and h. Expression (2-1') reads, with

reference to (T-1-1'),

     flz)= ;,, [f<2･i)'(z-R･i)'(f'(2n)'t, 'fl2n)' 8IiE'il S4 l]'

          '(.£P2R,i$)22iiZhitliS,;)p"2-hi2ii?,SPi{I)(]p'2.)+G(x), (2-s2)

      G(z) =- 2itY.l-",'itf.i, !3SII-' ･ i,3ill)n.i'i. ･zs･ [Z'J:(PZ).", .h, 'b7L(PX)]2 , (2-s3)

provided that lim.-,.. f(x)/[x･.7:(Pz)+h･,JL(Pz)]2=-O. In (2-52), the values R. (n==:

 =integers) are roots of the fo!lowing equation:

      ip(Zn)=Rn'bl;(l92n)+h'Ll,(Pan):=O, (2-54)
where 2o is a zero of Ivl-th order at the origin. In case v==O, G(x) reduces to

a null function.

    If we tend h to infinity in (2-51)rv(2-54), we obtain the expressions which

are essentially the same as (2-48)N(2-50).

8) Further, let us take a linear combination T,,(x, 2) of Bessel function Ll),(z) and

Neumann function X,(z) of order pt:

      T,(x,z)-Yl,(x)･tL,(2)-uZl,(x)･Y),(z), (2-55)
                                                         'and put

      g(z)-:ip2(z)-71?(az,Pz),(cr･P=I=O,cr=l=P,v-integer) (2-56)

in (2-1), with constants cr and P. Expression (2-1') reads

     .ICit[Z)=,,'--ZcoLco[ICk[Zn)+(X-2n)'Il.f"(2n)+fl2n)'[t3:-,ld2,,log(tJlli(cr2n)-Jlli(P2n))])]'

            7V±O
           rc2'R?L'LZ3(CURn)'tJ3(l9Rn) T3(ctZ,(3Z)
          '4{bZ}i(af2n)mcJ;i(l3R.)}2' (z-R.)2 M' (2'57)

with

      9bA=: ip'(2") = TR.･.71,(cnvv2,/5.,IL,(p2.) '(c711'(ev2n)-tlli'(P2n)]･

      ¢;I = ¢"(2'i) == T2.･1(ai)･4(p2.) '[ liT, '(bJ](crRn)mJ}(PRn)]ww

          rm ,l`;lt. itll?(a2n)nv cJ3(I3Rn))],

provided that lim.-. JC<2)IT,2(crx, Pz) ==O. The values R. (n=:integers) are roots of

the equation:
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      9b (2n)=7'IJ(CURn) l3Rn)= O, (2-58)
i. e.

        '
                                             '      X･(cr2n)'{Jl･(g3Rn)=tll･(crRn)'YL(PRn), (2-59)
being arranged in ascending order of magnitude with increasing n, where Ao= O

is not a zero of 7;(cr2, Pz). We referred to expression (2-59) and the Wronskian

of cylinder functions 1(2) and 1:,(z), in order to obtain the sampling formula (2-57).

    If we replace ](<z) by .7`<z)･B,(2) in (2-57), we obtain a sampling formula for

.f<2)'B,(2), which reads:

      ](<2)'Bpt(2) == ;. [7C<Rib)'Bv(R?i)+(Z-2n)1(.1("(2)b)'By(R?t)+]C<Rn)'BC(27i)+f<2･t)'Bv(2n)'

          'k -tmd. iog(b]](ed.)-bi?(p2,,)1])]･ niiftl.lli,S)ah2"de) iiB7Y,;}'s)･-1-'i(gZi.e,X) ,

                                                              (2-60)

withagiven function B,(z), provided that '
 '
 ' lim]C<x):B.(2)!T3(a2,Px)-=O.' ''' (2-61)
      :-co

    Taking

      B.(z)-tl](z)+Y](2), (2-62)
in (2-60), we have a sampling formula slightly different from the one previously

obtained by the authors3), i.e., (TH-1-71).

      g(z)-rt¢2(z):-sin2(P22+r), (P･r=#O) (2-63)
in (2-1), we obtain

     f<g)=:lll,][f(2･})+(z'z･L)'(.iC"(x･t)-rSlr,'f<z･i,))]'-4pS;:se7£!'.).)2･ (2-64)

provided that lim.-,co -1[<z)!sin2(Bz2+r) =:O, where z.= LiV(nn-7')IP (n=integers), and

the summation over n covers all the values of 2., i.e., positive and negative

square roots.

    In case 7'==O, sin2(P22+7") has a zero of fourth order at the origin, and a

modification of expression (2-64) should be required ((l/l (T-1-1')).

10) If we take g(x) to be a product of two entire functions squared, such as
sin2(P2+7')･.J3(p2), .L?(px)･JS ! (z-rpk)2 etc., we obtain a sampling formula fr6m (2-1)

                      A:=1
or (2-1') by similar calculations as in (2-22)N(2-28).

    Truncation error of the sampling expansion (2-1) can be easily estimated.

The bound for truncation error2) in case m.==1 was already given by (T-6-21).
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         g3. Examples of Sampling Formulae making use of the
             Second Order Derivatives of Sampled Function

    We shal} refer to expressions (TI-2-1), (TI-2-1'), or (T-1-1)t-"(T-1-1") mainly
for the case 7n,,=2, which corresponds to the case for the sampling formula making

use of the sampled second order derivatives of an entire function jC<2).
                  .,1    For the sake of convenience in printing, all the forrnulae and expressions in

g3 shall be set forth in the Appendix. This was done, in accordance with the

suggestions by the editorial committee of this Memoirs.

   For the case m==:2 ln (TI-2-27) or (T-2-3)N(T-2-3'), we have the sampling

formula (TI-2-23) or (T-2-11), i. e. (3-1), with g(x) an entire function, having zeros

of third order at points z==x. (n==integers). Constant K is given by (III') in (T-

2-2) or (III") in (T-2-4). The summation over n covers all the sampling points
z = z}, (7z==integers).

    If g(x) can be expressed in terms of ip(z) as in (TI-2-27) or (T-2-5) with

m'= 2, i e. g(z) == ip3(z), formula (3-1) implies (3-2), with ip;, = ip'(x.),' ¢5,2) == ¢(2)(x,,),

1) If we take g<z) to be (3-3) in <T-2-3), we obtaSn expression (T-2-6), (T-2-11),

(3-1) or (3-2). Function g(x) has s zeros of third order at z=rp. ("i =1, 2, 3, ･･･, s).

From (3-3) we have (3-4)tv(3-6), where the symbol D indicates the omission of

the factor rp in the product. In the double summation in (3-6), two symbols 'b.

and 4, are used at the same time. They indicate the omission of both rp. and rp.

in the product. Putting (3--4)rv(3-6) into (3-2), we obtain (3-7), provided that
lim.-. f<z)/il, (2 - rpk)3 == K,

2) We take (3-8), with (3-9)N(3-10). Putting (3-9)r-(3-10) into (3-2), we have

(3-11), provided that lim.r,. Y(<z)lcos3(a･cos"'iP2)::=K.

3) We shall take (3-12), with (3-13)N(3-14). Expression (3-2) with (3-13)N(3-14)

implies (3-15), under condition (T-4-17), i.e. 1!IPI<31eq if function f<2) is band-

limited with maximum frequency W in the sense of Fourier spectrum.
    If we.put f<z):-:const in (3-15) and refer to condition (III") in (T-2-4) with

(T-4-10'), we obtain (3-16).

4) If we take (3-17), with e(2) and ¢(z) entire functions, having simple zeros z.
(n=integers) and z., (m::=integers) respectiyely, ie. 8(x.)=O (n=integers) and

sb(2.,)-:rO (m-integers), we have (3Tl8)t'-v(3-2.0..). W.e put (3-18)tv(3-20) into (3-2),
and obtain (3-21), provided that liin.u,co f<z)1{g3(z)･ip3(z' )} -O. '

    As an example of (3-21), we shall take (3-22), with e(x.)=sin(Pz.+r)=O, i.e.

z.==(nrrr7')/P (n-integers), and we have (3-23)"-J(3-25). We put (3-23)r-･J(3-25)
into (3-21), and obtain (3-26), if lim.-. .f<x)/g(x)===O, where all the rp.,'s and 2,,'s

are distinct.

5) If we take (3-27) or (3-28), with constants A, B, and P, then we obtain (3-29)

or (3-30) from (3-2), provided that lim.r,co fix)1[2･sin(Px)-A･cos(P2)l3=O, or that

lim,-.. wlC<x)/[z･cos (Bz)-B･sin CPz)]3== O, where R. and p,, (n =integers) are the simple
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roots of equations (3-31) and (3-32). The roots 2. and pt. are taken to be positive

for n>O, and negative for n<O,' and we put Ro==pto=O. 2o is not a zero of g(z)

in (3-27) for AtO, while pto 'is a zero of third order of g(z) in (3-28) for BIO.

    For the limiting cases: A-->O in (3-27) and B---)O in (3-28), we obtain
formulae (3-33) and (3-34) from (T-1-1) or (3-2), respectively, provided that
lim.s.. ](<z)1{z3･sin3(P2)} === O, and that lim.-. ](<z)1{z3･cos3(Pz)} = O. Here we shall

note that z3･sin3(P2) has a zero of six-th order, and x3･cos3(Pz) has a zero of third

order, respectively at the origin.

    Examples of (3-33) and (3-34) read (3-35)t--J(3-40).

6) We shall take Bessel function JL(Pz) of integral order v, and put (3-41) into (T-

1-1), with a constant P. In this case expression (T-1-1) reads (3-42), provided that

lim.-,.. flz)1{J?(Px) -O. In (3-42), Aj`'-f`j'(2,)=-f<"(O), HifS-j)=H(s-j'(z,)=H(s-j)(O),

and Pz. (n=integers) are zeros of Bessel function ,1;(z), i, e. .ll(Pz.)=O, where zo=O

is a zero of lvl-th order at the origin. In case v=O, E(z) is a null function.

    When we put f<z)={71(crz) with pt==integer in (3-42), we obtain (3-43).

    In case pt=v==O, expression (3-43) with 2=O, reduces to (3-44), where
.16(P2.)=O (n==integers), with zg==O being not a zero of 4(P2).

7) We take (3-45) in (T-1-1), with an integer v and constants P and h. Ex-
pression (T-1-1) reads (3-46), provided that lim.-,.. yC<z)1[z･,J;(P2)+h･.IL(Pz)]3=O.

In (3-46), the values 2. (n==integers) are roots of (3-47), where 2o is a zero of

]vl-th order at the origin. In case v==O, G(z) reduces to a null function.

    If we tend h to infinity in (3-45)tw(3-47), we have the expressions which are

essential!y the same as (3-41)tv(3-44).

8) Further, we shall take (3-48), with 71(crz, Pz) defined by (2-55), a and P being

constants. Expression (3-1) reads (3-49), provided that lim.-co .f<z)!T,3(crx, Pz)=O.

The values 2. (n=integers) are roots of equation (2-58) or (2-59), being arranged

in ascending order of magnitude with n, where 2o=O is not a zero of 7L(az, P2).

9) If we take (3-50), we have (3-51) from (3-2), provided that lim.-. .1(<z)1

/sin3(Pz2+r)=O, where z.= ±V(nn-r)IP (n=integers), and the summation over n
covers all the values of 2ig. i.e. positive and negative square roots. In case r=rO,

expression (3-51) should be modified, because sin3(Pz2) has a zero of six-th order

at the origin.

10) If we take g(z) to be a product of two entire functions, each of which has

                                                 szeros of third order, such as sin3(Pz+r)･t71?(Pz), t7?(pz)･l,[ (x-rpk)3, etc., we obtain

                                                k==1
a sampling formula from (T-1-1), (3-i), or (3-2), by similar calculations as in (3-

17)n-(3-21).

    Truncation error of the sampling expansion (3-1) can be easily obtained.
The bound for truncation error2) iR case m.--2 wasa lready given by (T-6-28).

                         Concluding Remarks

    In this paper were given several new examples of sampling formulae, based

on the generalized sampling theorem (TI-2-1), (T-1-1), or (T-2-3). Formulae
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which make use of the sampled zero-th order, first order, and second order deri-

vatives, were mainly treated. It seems to the authors that aimost all the for-

mulae in this paper are quite new expansions. Other examples of the generalized

sampling formulae which make use of the sampled higher order derivatives can

be obtained similarly, based on the expression (TI-2-1), (TI-2-1'), (T-1-1)tv(T-

1-1"), (T-2--3), or (T-2-3').

   In concluding the paper, one of the authors (T,) wishes to express his sincere thanks to the

members of Departments of Physics and of Mathematics of Taiwan University in Taipei, for their

constructive suggestions in preparing the main parts of the manuscript during T.'s stay in Taipei

in the early autumn of 1972,
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                                  Appendix

For m=2, we have (3-1):

    j(<2)==ill,][f(27i)+(Z-xn)'l7C'(zn)-t'7C<zn)'gg,/¥')]+Lll7'(z-z7,)2'(f"(z.)-rll-'

        ･f･(z,,)･gi,i,' +t･f<z.)[t(gl,i', )2--l;- gi,i,]]l]･,.eLg,,iz.},,,, +K･,(.). (3-i)

If g(x)==ip3(2), with ¢(2) an entire function having simple zeros at z=2,,
(7z == integers),

    fl2):=::;,F(z,,)+(z-z.)'V'(-or.)-gfl2.)･/f;2,')+mllrm(z-z,,)2･Y"(x.)-3f'(z,,)-

        ･¢,･`i,'+./<..).[3(¢,･<i')2-¢,i`i']n･,.nveii;.),,,,,,+K･ip3(.). .(3-2)

                 s1)g(z)==ip3(z)==II(x-rp,)3, (alltherpk'saredistinct) (3-3)
                k=1

            s    {bLt": ll ('7m-'7k), (3-4)         k=1,ATim

    CL)£ht)==2' Z ()7mmrpi)(77vb-772)'''()7m-07m-i)(77"v-rp"t+i)'''(77"v-rpp)'''()7mM07s))
            p=1,p*m
                                                                       (3-5)

             ss    gbint)==3 Z Z (rpmmrpi)(rpm-rp2)'''(rpm-rpm-i)(rpm-rpm+i)'''

           T=-Tl,7'±m p=1,pSnt
           fn'-" tA        '''()7mM)7p)'''(777ib-77r)'''(Z)"b-)7s)) (3h6)
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2)

3)

4)
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      'f(z)-,tE.,[fr(rp.)+(z-rp,,l)･(ft(rp.,)-Eyr(rp.)･...tfi,l,..(rp.Ilirp,)]+

   +rll-(z-rpm)2'(f"(rp"b)um6f'(rp'").=,;,,..(m.Irp.)+f(V"t)'[3.=ilS."ne(vmtlrpJF+

                                                        '   + 9 r- t"..o,b p=- t9ptm T(51)I,II,, ' rp.)1(ny. la if.) ])] 'n .. Sl .. (X,,--rprpk,)i3 + K' JSL.I,(Z - rp" )3' (3m7)

g(2)=¢3(z)=cos3(a･cosLiPz), (ev･P=tO) (3-8)
         'ip(z.)--cos(cr･cos-iPz.)=O, i,e. x.==(11P)･cos((2n+1)･rr!(2cr)), (n=:integers);

sbt(x.)=(-1)"･cr･Pl(1-P2･2?,)i12,

9b(2)(Zn)==(-1)'t'cr'P3'Z.l(1-P2'z?,)312,

g)(3)(z.)--(-1)"i･(-cr3･P3+cr3･l95-2:+cr'P3-e-2cr't95･2,2,)1(1-I92'z9,)5/2,

f<z)-;,('-i)n･[f(z,,)+(x-z.)･llfr'(z,,)-gf<z,,)･(ilg2k2Zfte2.)]+

   + (x-2z")2 .(]f,,(z.)-cijc'(x.)･ (i g2h;".2,,) +f<x.)･ (Pi2f(crp22 S2,)) ]]'

   . (1 mael hXk)3i2 . COS3((zcr-COS,)2,i PX) + K･cos3(a cosuip2) .

g(x)=ip3(2)'=sin3(Pz+7'), (PlO)

ip(2.)==Sin(P2,.+r)==O, i.e.Pz.=nn-r, (n=:integers)

gb;,==(-1)'`･P, gb59;-O, gbS3'-(-1)'i+i`I93,

f<.) = ,,itL.[f( 7iTir)+ P2 +}m7um,fl .f,(7ZTp-r)+ (Pz +2rpl;nT)2 .

   .{f,,(nTp-r)+p,.f(nnp-r)]].si(np3i!IZr+-ritTi)i,n).

i=
,,:tomoco[i+(Pz+r2-nT)2].si("p3£P+Zr+-ri.?,fl). (pto)

g(x) = ¢3(x) =:: e3(2)･ip3(2),

Sb;t=6i(2n)'ip(Zn)) ¢jn=e(Xnb)'¢t(Z7ib))

sb53)=(l(2)(Z,b)'g5(Z7t)+2Cl'(Zn)'¢'(Zn),                                          )
ip£e)=2et(z.,).ipt(fl,,,)+{?(2.).{!5(2)(z,n,))

gbS3)=6(3)(z.)'¢(z.)+3e(2)(Zn)'sb'(Xn)+3e'(Zn)'95(2)(Zn)7 l

{b5,3,)=3(}(2)(2.)`g6'(x.,)+3<?'(z.,)･¢(2)(z.)+e(z.)-{z5(3)(2.,), J

f(z) == pu, [f(z7v)+(2mx.)-(f'(z.)-gf(z.)･({.ll-i,l +2--$ll:-: ))+ (Z-22")2･

   '(f"(z.)-3･f'(z.)'(-flli-･l +2m$l(;-,f)+f(z.)･[i2'(F$tl. )2+gngi(i-/i, ･-l21(:-'; +3

l
f

(rg;{t:
e;,

 (3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-l4)

(3-15)

(3-16)

(3-17)

(3-18)

(3-19)

(3-20)

)2 -
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      -3r$l/i"r,' H {i'(:3,' ]]]'(. S3iillll)3'.{i;(,i13). sbp. + ;,?, [f<z,.)+(z-xnv)'(f'(znb)ntgf<zm)'

      '(2-l!1}:m,b+L$ICII･i)l+-Sm(z-zni)2'(f"(z"-)m3fV(2nb)'(2-fl(ii-3,'rl:llll-･,l)+f(z"b)'

      .[i2(f.i,i)2.g-f.llllb-.-lililii-,l･+3(-IIII,l-l,)2-3-fl(li-i'b-9,5,il,bl]1],,.S3Y,),k215,Z,),,,,,. (3-2i)

                               s
   g(x) .. ¢3(2) - e3(x)･ip3(z) == sin3(Pz+r)･.JmrmI,(z-vrk)3,

                             (P=PO,alltherpk'saredistinct) (3-22)

   e"(Zn)=(ff1)'`'P, 6"(Zn)=O, 8`3'(z.)=(-1)'i'i'P3, (3-23)

           E   gz5t(77m)== II (rpvbana7k))
         k==1,h*otb

   g5tt(o7m)=2 i (77m-a7i)(o7?te-o72)...(a7m-77mTi)(?7m-77m+i),..(o7n-t::Lllip),.ny(J7?tb-i7s))

          2)==!,2)tVlb

                                                      (3-24)

             ss   ip<3)(rpoib)==3 Z £ (77m-07i)(77m-rp2)'''(07nbm07m-i)(rpm-rpm+i)'''
           r=:1,v'i･)ie pa==1,pSm

        -A'-. /X.      '''(77m-77p)'''()7m-)7,')'''(77man07s), (3-25)
   f(z)=,,itl..[f('Zrcp'7')-t-P2+rp-'iT`(f'('ZZp-r)-LEijc('Zrrp-r)･t/l.,(..-rPntprp.)]+

      +(Pz+2rp;nrc)2.(f,,(-Zg'grnB-da?')-ELf,('inp-r)..i=,(..-rP-prp.)+pv('irrp-7')･

      '[3.ZS=,KTnT-rlzaprp,)2+9,tt7,t9.,(nn.r-prp,,)1(nT.r-pop,,)+1])]'

      ･Si("p3£P+Zr+-r,-,.')Z,n-)･kil,(,,(.PililillllZrpp"i)3+,,#.,[f<rp"b)+(2-rpnb)'(f'(rp"b)mEijC<rpm)'

      '[P'Cot(Prpnt+7')+...,]lll,l,..(rp.,IIrp.)]1+(Z-2rp"')2'(f"(rp,.,)-6f'(rp.)[P'cot(Prp.,+r)+

      +...tE...,(rp.Iirp,)]+f(rp"t)'[3P2+12P2'cot2(Prp.,+r)+lsP･cot(prp.+r)-

      'p..tFpi,,,(rp.Irpp-)un+3...iS,i,,,rrp.,lrp.)2+9.=t",.4,,,.=tgpi.,(rp.,-rpp)i(ny.,-rp.)])]'

      ',2'i.-31(pBi.,'+';) ',=/11[,.. (;X.,rm-",k,)l3･ (3-26)

5)g(z)-=ip3(z)--[z-sin(Pz)--A･cos(Pz)]3, (P･A*O) (3-27)

   g(z)==gbii(2)-[x･cos(Px)-B･sin(P2)]3, (P･B=i=O) (3-28)

   f<Z) '=: ,,=-t..OO,.,,[f(2n･)" (Xm2･b)'(f'(2n) rm 6.fr(Rn)' 2pli iO,Si2iliS'i)2.)l+
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 (ZmR.)2

+2
. (9 cos`

'(f"
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(2n)-12f'(2n)'2pe,i.CO,Si.(eS'p')2.)+22iP2'f(2,,)･

fl2)

     (P2")'3(C20pS22,SP.2k･l.i(22Bp17;,})s,i"(2P2n)+P22?,L)1].

. 23'cos3(P2.) .[zsin(Pz)-A'cos(P2)]3
 (2I92n+Sin(2P]ln))3 (z-R.)3 '

=h
.="t..ee,..,[f<ptn)+(X-pt,,)'(f'(ps.)-Cif<p.)･2p£ihaSigigept2'fe)pt,,)

+ (Z-2Lt")2･ lf"(ttt.)-12f'(P`,L)'rr2MpL£irwSi:in(P('"2'fa)Lt.) +

+22.p2.f<p.).(9Si"`(Pptn)+3
(S2inp2i,el!7t,)i.?2Ppptl;:)S);'ii(2Ppt･t)+P2pt?e)

. 23･sin3(Pp.) [z･cos(Px)-B･sin

l+

)].

(p.)]3 + [flo) + . .f, (o) +

(3-29)

    (2Pptn'Sin(2Ppt.))3 (z-pt.)3
   . L;;2- (f,,(o) . ?-im pPIBB p2 .f(o)]]. [2'COS( 1(Pi)p-. BB)g 9.i:

gb(2n)=R,b'Sin(Pln)'A'cos(BR.)=O, (P'A.=i=O)

ip(ptn)=ptn'COS(Pptn)gB'sin(Ppt.)=O, (P'B=tO)

f<2) = -lk. -3 .==t..Oa,..,-Si, [f(2i'f-n)+ P27iin .(ft(22'f.n). ,3,.P

   ･(f"(-Zii'L)- ,6,e .ft(rzf3'E")+ P2'(13, ,n2z2) .f(Lz2,Fn

   + [flo) . . ･f,(o) . g2 .(f,,(o) + p2 ･f(o)] + -g?i, ･

   ･(f(4)(o)+ 6B2-f,,(o)+ 17sP` .f<o)] + -e}l?l-. (f

   sin3(P2)
    (PZ)3 .

f(z)=-.:ZOue..[f((2'Z2+pl)rr)+2PX-(22p"+1)".(f,(

  .f((ln2+pi)z)l+LtP2-(s2pn,+i)T]2.(f,,( 2p

  .f,( (2'Z ipl) rr ) + P2'[4(82,+, Si2ii),+.,1)2 n2] ･f( (2'Z iBl) Z

  . 64P3･z3･cos3(P2-nz)

(PZ)]3

                                      }･

                                 )}].P3'23('pSin-nn)3 +

                                (f(3)(o)+3P2･f'(O))+ iitl."'

                             (5)(o)+lOP2.f<3)(O)+17Pti-f,(O)1]･

                                                (3-33)

                                  (2n 2+pi) n )- (2. 6+Pi) . '

                             (2n + O rr )- (2.i2Pi)T'

                                   ))].

   (2n+1)3･n3･[2pz-(2n+1).]3+[flO)+z'f'(o)+-il2L(f"(o)+

  +3P2･f<O))]･cos3(Pz). .. (3-34)

sin
 (af2) = rlltT,,= 7ti,,ioit3 [sin( criin ) + i9Z ii5 7Zrt ･Icr･cos( cripiT )- rjitlif9-.sin( cuistrr )] -

'f( )1. (p

(P･Bg=1) (3-30)

      (3-31)

      (3-32)

  Z-nz)2
   2P2
3(P2-nn)
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   - (BZ2-p,nrr)2 ･(,,2･sin( crZrt )+ -67crt;P .cos( crzrr )- P2'(i3,i,n2T2) .sin( azn )]].

    P3'23('ptrn-3(nPzZ),-iZz)+[..z-a5l3.(a2-3p2]+agl5.(a4-lo..2.p2+17･p`]]･

    sin3(Pz)

   '(p.)3, (Ial<IP.i), (3-35)
cos(crx) = r it ,,=i2.].s,-illt [cos(CViln)- PXi5nn ･(cv･sin(CUktZ)+ IIS ･cos(crilT )]-

   - (PZip !T)Z -(a2-cos( ailT )- 6icrtiE-.sin( `i ilZ )- P2(1?z,+nge2 n2) .cos( crnpn )]].

   .P3'z3('iSn-3(.P.x);nn)+[i--g2L(.2mp2]+-zil-.(.4-6.2.p2+i7sP`]].Si("p3£e,Z),

                            ' (lal<IPI) (3-36)
tfv(cr2) = rll-, ... 7'Z.. ..,'ilt5"3 [JL(`UZT)+ PZ:E nrc ･(a･.T;( `¥ilrr )- Ile ･.TL(aiptZ )1 +

   + (P22rmp',Z")2 .(.2..z;,( a"pZ ). 6nev.P .,1:( cr'p'n ) + P2'(ln2,;,'Z2 T2) .,.11,( onp'rr )]].

                                         '   . P3'Z3('pSin-3 (.P.Z); "n) + [4 (o) + a2･K (o) + mii2L'(a2'J:'(O) + P2'4(O)) +

   +-lliil-.-(cr3･.ils3)(o)+3cr･p2･,J/;(o))+$.･(cr4･.xs4)(o)+6ct2･p2･.i:'(o)+i7sP`･,z,(o)]+

   +g?.･(cr5･.11S5)(O)+1Ocr3･P2･.Zlf3)(O)+17cr･P4Jl:(O)]]tSi("ii!Ie,Z), (lcr1<1PD

                                                       (3-37)
                                               'sin (crz) = - ,,:Zcol- .. [sin a(2'Z2+p 1nv)u'T'ne + 2PZ-(22p'Z + 1) n .(a.cos cr(2'Z2+p 1) Z -

   - (2. 6+Pl) . ･sin cr(2iSI 1) "]- [2PZrm (s2p",+ 1) Zl2 .(.2.,i. cr(2'sX i) n +

   +(2},2+crIP).･cosa(2"2+pi)n P2'[228.+f2in),t.l)2n2],sina'(2'2'p+1)rc]].

   ･(2.6.4el,.,･[g>'.CgS(36SXif:,+a･z･cos3(pz), (icrI<lpD (3-3s)

cos (ax) = - .::Oi.. [cos a(2n.,.)i; 1) " - 2P2- (22p" + 1) T .(..,in a'(272t B+ 1) rr +

   + (2. 6+Po . ･cos cr'(2'Sp+ i) ")- [2PX-(s2p'i,+ i) "]2 .(.2.,., a'(2n2p+ 1) z -

   -(2i.2+cr'ie.･sina'(2'2'p+i)n E2[4?21,(+2¥);.l)2z2].,.,cr(2n2+pi)n]].

   '(2.24iP)33iil;iSZ:i3iSIP(22i,ilZit)).}3+(i-e2･(cr2-3p2))･cos3(pz), (iaI<sp1)

                                                       (3-39)
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6）

7）

　　　　　　　　　　　　　ノ　　　　　　　　　　　　　Ei　Iti　TAKIzAwA　zmd　Jyi　Cherllg　HoRNG

姻〒一
�v同工1）π）ガ2β噸＋ユ）π・｛・・」1（α・（2／z十1　　　　2β）π）一

一謡）。・必（α（27笏1）π）｝＋［2βz；審＋1）π］2・｛♂・磨2’1吉1）π）一

「2粘い（α（2’笏1）π）＋研●［1繋鍵〆L」樫畜！）π）｝］・

・（轟π・．［彗濃濫～z署・＋［川＋・・即）＋

＋劉♂・刀（・）＋・卿）｝］・・♂（β・）・q・kiβD　　・（・一4・）

σ（之）＝Jy（β之），　　　（β＋0）　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（3－41）

網㌦葱判［焦）＋（21『z7己）・｛ア（翫）＋2概撫冴＋く『i壁

・｛卿（翫）＋÷鋼＋（輿一ノ）剛・議i誌）・（β肉腫疎），

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　一．．・　　　〈3－42）

E（・）一31K1離・鶴1；・が・難）・

姻一。。劇み（α217L）＋（一規）・｛・姻＋，嵐幅）｝＋（寧・

・｛躍（α21π）＋警・姻＋雌急詰ノ）・幅）｝1・一掃ゑ）・（β難涛＋

　　　十E（彩），　　（0≠1α1〈｝βD．　　　　　　　　　　　　　　　　　　　　　　　　　　　（3－43）

・㌦潮乎・（碍〉瓶）一“評・梱＋撃・姻］・

・搾（1

ｿ驚π）・

iβ之r・岩「乎・（砂尋）・ゐ（・錦）一α多・瓶）＋察・ゐ（・銑）］・

　　　　　1　　　1
　　　・」～（α21π）・（β堵乃）、，　　　（o≠・1αi＜1β1）．　　　　　　　　　　　　　　　　　　　　　　　　　（3－44）

・（・）一［・・」1（β・）＋矧β・）］3，（β・ん≠・）　　　　　　（3－45）

網㌦胤判レてろ）＋（z一λ，己）・｛緬＋号畑∵轍憲㌃導1｝＋

＋≒ぴ・｛燃）＋・姻・、1鋒聯鴻］＋　…．．

　　　　　　　　3［β2（ん2λ1、）一リ2］2＋［β2（ん2十λ気）一リ2］。

＋ノ（λ，乙）・ @隔［レ4＋蹄λ繍多血誓欝弄齢2鮮一麩］｝］・

　　　　［　　　　（βλ，、）3β2（1L2＋λ菱、）　レ213・」ア（β2，、）・［斌（β鶴i銑（β之）］3＋G（・），　（・一46）
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   G(.),=3ittitt7.,tl--l-/l]...tkl.Il..llii,lfi.G..S.-..s..[,g.,J.tl;..(fi{..).l;,k･･:Zl-f(.px)]:Z...

   ip(Rn)=A,e't7;(P2n)+h't71,(PRn,)==O･ (P'hg=O)

8)g(2)-ip3(x)=-T,3(crz,Pz), (p-integer,a･B=tO,cr=ltP)

   f(2) == ,,=n/1..OO,...,[f(2")+(Z-Rn)(f' (2n)- l) 'f(2,t)`

      (2v-1)(b713(PR,,)-eT3(cv2,,))+

     . +cr'P'rc'2?Ltll.(Cu,2n)u71v(i3J2n)(IY[.j+i(a2n)'t71,+i

(3-47)

(3-48)

(P2･t)-b71v±i(cr2n)'Xv±i(PRn)) 1+
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                                     +            R･t(tlll'(P2n)-ul3(a2n))

+f(Rn)'
['8'm?nl'='maA?,"" ' i2cr'ei2?kf.i)l(ii'f2tk>//(P'l'U'>''

'(YL+i(ed･)'tiL+t(PR.)-tJL+i(a2,,)･yL.,(pR.))+-3a2'&2ifS,R,ke-illiYlll'k)i,I)s2,(PRn･).

'(Yv+i(`t:Rn)'{11･+i(IF}2,t)-bZl,+i(cuR..)'YL+i(PA,,))2+

 (cy2bllii(P2n)-P2tllli(cuRn))rrt-3(P2bl13(I9Rn,)-cr2{111'(CY･I,i))-

      -3cu･.I9:z!･bll,(E}I･Z.)･tJL(i3R.)(Yl,+i(cu2,,)'tll,

                  2n(bl13(P2n)-tJlli(crRn))

+ ..(. g. ny2R"･)2 .(f" (2.) - 3f' (2.)･

 (2v-1)(bll?(PR.)-J3(crA,,))+cr'Prr2?,{JL(cr2,,)'

. tlL(i3Rn)'(Y.+i(cuftn)`u71.g-i(P)Zn)-{IL+i(afRi't>'X+i(P,ln))

+･

. T32?, .Jli'(cvR,,)nybT"(19R,,)

     cl;i(PRn)-bllii(crRn)

Z]; (cvz, Pz)

 8(ollli(P2n)-ellP(crjZn))3 (z-ln)3 '

=¢3(2)=-sin3(Pz2+r) (P･r±O)

==

 ;,, [f(x,t)+(xww2,i)'If'(zn)-f(zn)' 23..,,)+

'(f" (Zn)-f' (2,e) -S;r, +f(2,e) (4P2'2ft + LS,?l-, ))]

÷i(PRn)-cJl･+i(crjJl7t)'YL+i(P,ln)) ])].

9) g(z)

  f(2)
(z-z?,)2

  2 -'
sin3(Pz2+r-nn)
8t33･z?,(x-x.)3 '

(3-49)

(3-50)

(3-51)


