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Tntegral Transform and Generalized

         Sampling Theorem

           i           Ei Iti TAKIZAWA*

           Jenn.Lin HWANG**

          (Received August 15, 1971)

                                   Abstract

    A generalization of the sampling theorem is presented under the consideration
of the reciprocity relation of integral transforms.

    New sampling formuiae, being based on the generalized sampling theorem
presented here, are also given, one of which includes Shannon's sampling theorem
as a special case.

      ttt                               Zusammenfassung

    Unter BerUcksichtigung der Reziprozitatsrelation der Integraltransformierten
ist eine Verallgemeinerung des Abtast-theorems (sampling-theorems) angegeben.

    Auf Grund des hieran angegebenen verallgemeinerten Abtast-theorems sind
neuen Abtast-formeln auch prasentiert, eine von denen das Shannon'sche Abtast-
theorem als einen besonderen Fall enthtilt.

  gl. Preliminaries

    The generalization of the sampling theorem and the reconstruction of a band-
limited function from its sampled values and derivatives were made by Kohlenbergi),

Foge12), Jagerman and Foge13), Bond and Cahn`), and Linden and Abramson5).
The sampling theorem was also generalized by Balakrishnan6) to the case of
a continuous-parameter stochastic process. On the other hand, it was pointed out
that the sampling intervals need not be uniformly distributed').

    In the previous paper8), the authors presented a generalized sampling theorem

along the line of consideration of the reciprocity relation of integral transforms

and gave some of its examples, which include Someya-Shannon's sampling theo-
rem9}'-i') as a special case. There the sampling intervais were not uniformly
distributed. Recently the authors were informed that the sampling theorem was
also generalized by Isomitii2) in connection with the generalized frequency domain.

Some of his results agreed with those given by the authors8). Here in the present
paper, the authors wish to discuss the series-expansion of functions in an orthog-

onal set of functions, and also to give some of the new sampling formulae.

  gZ. Generalization of Sampling Theorem

    Let f<t) belong to L., and let the following reciprocity relations hold:
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        F(s)-:-EI,･f=ES.K(s,t).1(<t)dt, for sEB (1)

and

        j(<e-.Eieii･li'iiS.K-V(t,s)F(s)cls.fortEA ･ (2)

    From (1) and (2), we obtain at once:

        S. K(s, t) K-V(t, a) dt =- 6(s-a), (3)

and

        S. rt(t, S) K(S, T) cis =6(t-T), (4)

with delta function 6(e.

Further we assume that

        F(s)=O. for s¢DgB (5)                                                                    e
Accordingly, from (2) and (5) we obtain the following expression:

        f(4 =- Y,-i･F-S. K-V(t, s) F(s) cls. (6)

    Let F(s) be expanded in a complete orthogonal set of functions:

        (ip,,(s);S.ip.(s)¢,,(s)cls==r.･S.,. (m,n=integers)], (7)

in the domain DgB, i.e.

        I7(s)-Za,,ip.(s). for sED{;IB (8)
              7t

The expression (8), being multiplied by ¢.,(s) and integrated over D, gives:

        S.l7(s)¢.,(s)cls-]l,;a.'S.¢.,(s)¢.(s)cis-=4,a.･r.･ti.,.-r,,,･a.,･ (9)

From (6), (7), (8), and (9), we obtain:

        .1(<t) = g;i･F = Z a.･.Zgi･¢,,
                       n
           = lil,l( i, i. F(s) ¢7b(s) cis)･S. K'V(t, s) ip.(s) ds. (io)

    If the functions f<t), {¢,,(s)}, and the integral kernels K(s, t) and kV(t, s),

given, then we can construct a series-expansion of .f<t) by means of (10).

    If we can take: i
        ¢.(s)=K(R,.s), for sED (11)
with constants 2., i.e. if the kernel K- (2., s) can be put equal to ip.(s), then

expression (10) is simplified into: .
        f(t) = Z. ( rl, j.F(S) K"(2n, S) ds)'I. K'V(t, s) K-'(Rn, s) cls

are

the
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                                                               '
           =lll,] rl. f<Rn)'S. K-(t, s) KN(jRn, s) cls, (12)

by means of (6). The expression (12) gives a generali2ed sampling theorem8).
The points at the variable t:

        t=2., (n=:integers) (13)
are called sampliirg points, and the function g.(t), defined by:

                                       SD        gn(t)='-Edf'l'i'g5.=S.KN(t,s){z5.(s)cls= rt(t,s)K'V(,2.,s)cls,(n==integers)

                                                                   (14)

is the sampling fanction.

    If the set of functions {rt(2,.s); n=integers} is not necessarily orthogonal,

but complete and }inearly independent, we can find normalized biorthogonal set

{¢,,,(s); m =integers}, in such a way that

        S.K'""'(Jlm,S)gbn(S)`is=o"ve,m (15)

is to be satisfied. From the completeness of the set {K(2,,.s);m=integers}, we

have:

        ZK-'(2,. s) ¢.(a)-6(s-a). (16)         71

    Isomiti'2) expanded F(s) in {¢.(s); n= integers}, and obtained:

        F(s)==Z]b.ip.(s), for sEDgB (17)
              n
with

        bn=S. liil (Rn, S) F(S) CIS･ (18)

From (6) and (18), we obtain at once:

        bn=S. KAV(Rn, S) F(S) CIS =f(2n)･ (19)

    Operating Y,-i on (17), we obtain, by means of (6):

               '        f(t) - .2ef'･F- ;, b.･S. Kre(t, s) ip,,(s) cls

            =;,]f<Rn)'S. K'V(t, S) gbn(S) ds･ (20)

The expression (18) or (19) becomes td:

        .1(<2.) :-: S. cis･K'V(2,,, s)･S. dt･K(s, t).f<t)

             -S.dt･.IC<t)･S.ds･K"V(2.,s)K(s,t), ' (21)

by means of (1). The expression (20) is the generalized sampiing theorem obtained
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by Isomitii2), and the expression

        g,,(t)=S.K-V(t,s)¢.(s)ds, (n=-integers) (22)

is the sampling function, with sampling points t==:2. (n=integers) and with

        gn(2m)=S.K-V(2m,S)Sbn(S)cis=6.,,..

    The idea of the generalized sampling theorem was also given by one of the
present authors, Taklzawa, in his booki3) of information theory.

    If we take {K(R., s)} to be orthogonal, then we have at once

        (gbn(S)}==(SZ5n(S)):==(K'V(J2n,S)), (23)

as was given in (11), the expression (20) reduces to the sampling theorem (l2),

the dual vector {¢.(s)} for {K(2., s)} reducing to {K(2., s)} itseif.
    The corresponding expressions of F(t) for (20) and (21) are as follows:

        F(`) =: 4, F(ptn)'S.K(t, S) ipn(S) cls, (24)

        F(ptn) == S. dt'F(t)'S. ds'K(ptn, S) K-V (s, t), (25)

    with the sampling function:

        Pn(t)=S.K(t, S) ¢;n(S) Cis, (26)
and the sampling points t=::pt. (n=integers), under the condition that for the

complete set {K(pt., t); n==integers} we have a set of biorthogonal functions {¢-.(s);
n=integers} in the domain EgA, i.e.

        S.K(ym,t)q-',,(t)dt=6.,.. for tEEg;A (27)

                                                                     '
    From the completeness of the set {K(pt,.,s); m==integers}, it follows that the

expresslon:

        ZK(pt,. s) q'V.(a)=5(s-a), (28)
        n
holds.

  g3. Properties of Sampling Functions and Related Integrals

    Now, let us take samp!ing functions {g.(t); n=:integers}, {h.(t); n==integers},
{P,,(t); n=integers}, and {g,(t); n =integers}, defined a$ follows:

        g,,(iti) Eii S. K'"V (t, s) gb.(s) cls, (2g)

        hn(t) =' S.K(S, t) ¢n(S) Cis == S.K(S, t) K-"(2n, s)tis, (30)
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        Pn(`) !'i: S.Kt, S) ¢-n(S) ds, (31)
and

        th(t) =' S. K'-V(S, `) K(Pn, S) ds' (32)
     '
From (3) and (4), we have:

                                                    for aED                                        av f¢n (O),        S.K(o,t)gn(t)`'lt=S.ipn(S)'6(amS)ds-ko, f.,.ED (33)

        S.K'-'(t,o)hn(t)dt=S.¢.(s)･s(a-s)cis-=(oKN,(R"'a)' ff.Oi .aEDD (34)

                                                     for aeE        S.K-(ff,t)it).(t)dt-S.ip-.(s)･S(o-s)cls=(oq'Vlt(a)' f., .gE.E) '(35)

and

                                                        for aEE        S.K(t,a)qn(t)dt:=S.K(ptn,s)'6(a-s)`IS==IoK,(pt'"ff)' f., .eE (36)

    By means of (3) and (15), we obtain:

        S. gnt(t) hoz(t) dt = S. cls'S. de'sb.(s) sz5.(a)･6(ff -s)

              =S. ipm(S) g5?t(S) CIS =:: S. rt(2?t, s) gbet}(s) ds =6,,,,,,, (37)

for any integers m and n. This expression (37) shows that any function of
{g.(t); n==integers} and any function of {h.(l); n=integers} are mutz{ally orthag-

onal in the domain D. Similarly, we obtain, from (4) and (27):

                                            '        S.Pm(t)g,t(`)`lt==S.9-ptb(S)K(ptn,s)cis==6m,.･ . (38)

    We shall return to the expressions (20),(21),(24), and (25). They are written
as fo}lows:

        .IC<t) == Z7(<2n) gn(t), (39)
              7t
                                                         '        ]CK2n) =: S..7(<`) hn(t) dt, (40)

        F(t)= ZI F(ptn)P?t(t), (41)
              n
and

        F(pt?t)=S. F(`) 9n(t) dt) (42)
in terms of (29)N(32).

    Let 6(t) be any function which can be expanded in {g.(t);n=integers}, i.e.

        e(t) -Xc.g.(t), (43)              7b
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                    t t/

with constants c., then the integral operator:

        c9'=S.clt･lll,Ig,,(t)h,,(T)=:::S.clt･a(t-T), (44)

applied to (43), is the identical opeiutor, in the sense that

        Y･6(T)-e(t). (45)                                     '
The proof of (45) is quite obvious, if we put (43) into (45) and refer (37).

    Considering (4) and (44), we shall take

        F* (s) -= S. KN(t, s).f<D dt, . (46)

with

        j(<t) -S.K(s, t) F*(s) cls, (47)
and

        f*(2n)=S.go,(t)f<t)clt, (48)
with

        f<t)=Ef*(2n)hn(t)･ (49)
              71
Then we obtain, from (2),(3),(47),(39),(49), and (37), the foilowing expressions:

        llfll2-S.clt･S.cis･K(s,t)F*(s)･S.clo･K'""'(t,a)F(o) '

            =:S.cls･F*(s)･S.clo･F(a)･6(s-o)-S.F*(s)F(s)ds, (so)

        IIfll2= S. dt' ;, ;, f*(Rnb) h7,b(t)'.f<2n) gn(`)

            =ZZf"(2m)-ICI[2n)'S"b,n==:£f*(2n).f<2n), (51)
               mn ?t
with the norm Ufll of function J(<t):

        IIfllZES. [.f<t)]2 clt. (s2)
The expressions (37), (45), and the generalized Parseval equalities (50) and (51), were

given by Isomitii2).

    Now we shall differentiate (39) with regard to t, then we have

        f'(t) =' Zf<2.)g,(t). (53)
               7t
On the other hand, we apply the generalized sampling theorem (39) to f'(t), then

we obtain:

        f' (t) :== Zf' (Rn) gn(t), (54)
               ea
with
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        f' (Rn) = [ e2ii`) ],=i.'

･From (53) and (54), we have

        .ICV(t)=Z]f'(2n)gn(t)=Zf(2n)g;b(t)･ (55)
               71 7t
Accordingiy, from the m-th derivative of f<t), we obtain:

        f("b'(t) = Zf(M-") (2.) gS')(t) = Zf`MMk) (2.) g5,"'(t), . (56)

                 nn
for any integers r and k (O(r(m, O<k(m), and with

                 dopb
        f(M)(2)==du.,)C<z), (m=integers)

and

                 dk
        g5,")(z)=dekg,,(2). (k=integers)

    Here, we shall mention an expansion-formula, which contains both Taylor's
and sampling formulae. If a function J(<t) is expressed in (39), i.e.

        ](<t)=Z.IC<2n) gn(t), (57)
              et
and if we can expand f<t+e) in a Taylor series, as

                 +ee 1
        f(t+e) := .;., .! 6"b･f("e)(t), , (ss)
    '                                  'then we have an expansion-formula:
                             /
                 +oo 1        f(t+6)-.pu.,;, .!g"'･f`"e-"(2.)g5,"'(t) (59)

                 +oe 1    . =.;.,;,.!eMtf(M-k'(2.)g5,k'(t), (60)
for any integers r and fe (O<r<m, O<fe<m).
    For the special case of 8==O, the expressions (59) and (60) reduce to (57).
While, for the special case of t=2, (with s fixed) in (59) and (60), we have

               '+oo 1                =.;.,;, .!eM･f(M-")(2.)g5,7')(2,)        f(2, + e

                - ; ;l,] .1! e"b･f'`m'(2.)g,,(2,) =;, ]ll,] .1! 8"'tf("b'(2.)'6.,,

                  +co 1

                =,,£,=, .! 6"b'f`M'(2s), (61)
and

                                                                       '                 ÷eo 1        f(t) = ill] ,jll.II-, .! (t-2s)"e'f(Mrm"(R.) g8" (R,), (62)

for any integers r (O(r<m).
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The expression (61) is nothing but the usual Taylor expansion of f<2,+g"), while
the expression (62) gives f<t) in terms of the derivatives of sampling functions
g.(2,) at a fixed point 2,.

  g4. Examples of the Sampling Formulae derived from the Generalized
       Sampling Theorem

    Example 1

    We shall take the Fourier transforrns in (1) and (2):

                1
        K(s,e=2.exp[ist], A==(-oo,+oo),

        rt'(t,s)==exp[-its], B=(-oo,+oo),
        ipn(S)"=:rt(2n,S):::eXP[rmi2nS], D:=:(-P,P),

                                                        '            n-k .        2.= p z, n=integers, k==realnumbergivenarbitrarily,

        SP-pexp[-i2.,s]･exp[+i2.s]cls=r.･6.,,.,

        r. - 2P,

then the sampling theorem (12) reads as follows:

        f<t) == ;p .tL:..f(- ?Ek n)'2S'7Y'.'p.("kff.k)Z)

           -,,:zco"..f( "i;k z)･ Si"pt(P.t?.(Cl ;ll)k.) T)･ (63)

The expression is nothing but Someya's sampiing theorem9) given in 1949. The
expression (63) gives .IC<t) in terms of the sampling function sin(Pt-(n+fe)n)1(Pt

-(n+k)n), with values of f((nn+kn)IP) at sampling points t==(n+k)nlP (n
=integers). If we put k=O in (63), we have Shannon's sampling theorem'O),ii).

                     '
    Example 2
    We shall take the Fourier cosine-transforms for (1) and (2):

        K(s,t)=:-ll-cos(st), A=(o,+oo),

        K(4s)= cos(ts), B-=(O,+oo),
        ipn(S)=K(2n,S)==COS(2nS), D===(O,P),

       r. :-: g (i + Si"2(22.2pnP) ),

where 2.'s are the roots (arranged in ascending order of magnitude) of the equa-

tion:

       1. tan (2.P)=M, (64)
with a constant ML Then ttie expression (12) for an even function flt), takes form:
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        f<t) == Lil- ill'] 1 + si"12(22,ipnP) (SPoF(S) COS (2ns) clS)'S,Pcos (ts) cos (2.s) ds

            =7111,]･f<Rn)li.CO,Sif221?ip).p)･t`a",,(g`ll,!Mcos(pt), (6s)

with sampling points t=[:2. (n=integers), and the sampling function:

                    cos(2.P) ttan(Pt)-M               2
        g"(t)=P'1+sin2(Rlll,2p.p)'t2-2?,cos(Pt)･･ (66)

    Example 3

    We shall take the Fourier sine-transforms for (1) and (2):

        K(s,t)--ll"sin(st), A-(o,+oo),

        rt(t,s)== sin(ts), B=(O,+oo),

        ip.(s)=rt(2.,s)L'sin(R.s), D=(O,P),

        r. = -g- (i- Si"2(22.2p"P) ],

where R.'s are the roots (arranged in ascending order of magnitude) of the equa-
tion:

        2n COt (2nP)=N, (67)
with a constant IVI Then the expression (12) for an odd function j(<t), becomes to:

        '7(<t) =: UZ- Zl] 1 - sin12(R2.2p.p) (I:F(S) Sin (2"S) cls)'S:si" (ts) sin (2.s) cis

                            sin(2.P) tcot(Pt)-N                2
            ==:-lir;,f<2n)'1-sin(22.p)'t2-lzsin(Pt), (68)

                        . 2･2nP

with sampling points t==R. (n==integers), and the sampling function:

        g-(`) =-f' ,-Si,"i:,21iS).p) '`CO,t2(-t`,)?7N sin (pt). (6g)

The formulae (65) and (68) were obtained by Kroll'`) in connection with the
solution of an integral equation.

                   '    Example 4
    Let us take the Hankel transforms of order v;}) -1/2 for (1) and (2), and take
the Fourier-Bessel seriesi5) for F(s):

        Vt.1(<t) E Li (O, + oo),

        K(s,t)-tl(st), A=-(O,+oo),
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        rt(t,s)-s,J;(ts), B-=(O,+oo),

        ¢n(S)=l(j'nS), D==(O,P),
with the orthogonality relation:

        S:S(JL(Y'mS) L7;(7'ns) cis = rm'S.,n,

and

        rn = -P22 J?+i(j'nP))

where j',,P (n=1, 2, 3, ･･･) are the positive zeros of 4(z), being arranged in ascend-

ing order of magnitude, i.e.

        4(j'.P) ==: O. (7o)                                                                       'The expression (12) takes form:

        f(t) == ;, i=ee, Jg.k.p) (i:sF(s) tJL(j'.s) ds)･i:stJL(ts) ,JL(i,s) cls

            =m-i};Z,.oo.,Lf<jn)' .iL.l('Xp)'tU･]LiSie'?.･ (7i)

with sampling points t==j. (n==positive integers), and the sampling function:

        gn(t) =--il-' ,JL.i'>'.p)'tU,TLii!i(ii`'?,' (72)

The formula (71) was already given by the present authors8).

    Example 5

    We shall take the Hankel trasforms for (1) and (2) just as in Example 4.
The function F(si is assumed to be expanded in the Deni expansioni6) in the
domain D=(O,P). We shall take

        K(s,t)-tJL(st), A==(O,+oo),
        K-(t,s)=s,JL(ts), B=(O,+oo),

        ipn(s)r'1(2.s), D='=(O,P),

with the orthogonality relation:

        S:Sb71J(RnvS) tJl･(2nS) ds = r?n'6m,7i,

and

      rn = 2}?, ((2?,+h2) P2-v21.Te(2.P),

where 2.'s (n ==1,2,3,･･-) are the positive roots (arranged in ascending order of
magnitude) of the following equation:

        2nJ;(2nP)+htJL(2nP)=O, (73)
with a constant h.

t
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Then the expression (12) becomes:

        fl(`) = 2i=OO, {(2?, + h2) p2tt,2} .Te(2.p) (SiSF(s) tJ;(1.s) cis)'SgsulL(ts) t7.(1.s) cis

           ==-2P,'Z,=Oe,-f<2")'{(2?,+h2)p2tt.2}.IL(R.p)'`CJ;(l3i12)-"211.bZL(P`), (74)

with samp!ing points t=2. (n==:positive integers), and the sampling function:

                            zg tJ;(pt)+h,IL(pt)
        gn(t)=-2I9{(2k+h2)p2-.2}J.(R.p)' t2-2k ' (75)

The formula (74) was aiready given by Kroll'`).

    Let us tend h to infinity in the expressions (73) and (74), then we see that
they reduce to the following expressions, respectively:

        ,IL(2.P) :-: O, (76)
and
                                           '
        f(t) =::-r;-;Z,rmrOe, f<2n)' q.ft"2.p)',"J,LIP2`2,l' (77)

The expressions (76) and (77) are nothing but the expressions (70) and (71),
respectively. Accordingly, the expression (71) is a iimiting case of (74).

    If we put v=1/2 in the expression (74), then we obtain

        "iC<t) =: - 2P .'Z.O.ei -f<2n)' {(2?, + h,) S?iVII/ii"} ,i. (2.p) ･ tCOS (Pt)i-t(7fi--22iP:)) Si"(Pt) ,

                                                                   (78)

where 2.'s are positive roots of the following equations, being arranged in ascending

order of magnitude: '
        Rn COS (2nP)+(h- ip)Sin (2.P) == O. (79)

    In the expression (78), if we replace f(t) and j(<R.) by .1(<elV'l" and f(2n)IV-A;IJ

respectively,thenweobtain: ' '
       ･f<t)--2K3IZI,=eO,.1(<Rn)'{(2?,+h,)p,l?e-41},i.(R.p) tCOt(P,t,)!ilL-iP)sin(Pt)･

                                                                   (80)

    Further, if we put

            1
        h- 2p =mN,

in the expressions (79)

and (68), respectively.

                                             (81)

                                             'and (80), then the expressions (79) andi(80) reduce to (67)

H
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If we put

in the

h= 21
p,

expresslons

.1(<t)
    2

Hp

N =- O,

(80) and (79), then we obtain:

+oa
Z] .1(<z.)･

n=1

1 tcos(pe
sin(R.I3)' t2-2?, '

(82)

(83)

with

cos (2.g3) = O, (84)

i. e.

2,, -
2n-1
2P z>

(n = 1, 2, 3, ･･･) (85)

and

Then

  sin(R.P)==:(-1)"+i. (n=

the expression (83) reduces to:

f(`)
   +oo
=. 2Z f
   ?v==1

(2n-1  xn)･(-1)'t.

1, 2, 3, ･･･)

Ptcos(Pt)

(2n-1)2 z2

(86)

2P
P2t2 m

(87)

4

The expression
function .7C<t), if

    If we put

f(`)

(87) corresponds to

we take k=±1/2.
v:-= -1!2 in (74), we

    +ee
- 2P Z
    7t=1

Someya's

obtain:

2?LV2n

sampling theorem

tsin(Pt)-(h-

(63)

1

2P

for an odd

fl2")'
 ((2?,+ h2) p2Nt] cos (2nP) '

) cos (Pt)

Vt (t 2- 2?,)
'

(88)

with

        2n sin (2nP)-(h" 21p ) cos (2nP) = O.

    In the expression (88), if we replace .f<t) and

respectively, then we obtain:

f<`)
    +eo
- 2P Z
    7t==1

22
 n

-IC<R")
 ((2?,+h2)p2-tlcoS(2nP)'

.7(<2n) by flt)!Vl

ttan(Pe-(h-

and

1

2P
)

(89)

.7(it[2n)lvxr,,

t2-2?,

cos (Pt) .

(90)

Further, if we put

h-
ip == M,

in the expressions (89)
and (65), respectively.

and (90), then the expresslons (89) and (90)

(91)

reduce to (64)

1
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    If we put

in the expressions (90) and (89), then we obtain the following expressions:

        f(`)=n7;Z,.col.,f<2")'cosl2.p)'`tS2illli9,`), (g3)

with

        sin (R.P)-O, (94)
i. e.

             nT        2.==p, (n==1,2,3,''') (95)
and

        cos(R.P)=(-1)'". (n=1,2,3,･･･) (96)
Then the expression (93) reduces to:

        f<t)-2;1/.,f( 'X )･(-i)n･ Sl,;eel,)･ (g7)

The expression (97) corresponds to Shannon's sampling theorem for an
function .f<t).

            '
    Example 6

    We shall take other Hankel transforms due to Weber") for (1) and
namely:

        i27C<t)EL,(P,+oo), cr)P>O,

        F(s)-S.K(s,t)f(t)dt, forv)--l}- (gs)

and

        G.(crt)f(t)==S.rt(t,s)F(s)cis, fortEA (gg)

with .
        K(s,t)-=t7L(tcr,st), A=(p,+oo),
        K-'(t,s)-s7-1,(tcv,ts), B-(cr,+oo),

        Z(x, 2) -= X(x)L(2)-4(x) X(x), (100)
and

        G,(x) =:= J?(2)+YZ(z), (101)
under the condition that the integral:

        S;co tyc<t) de<+..,

is absolutely convergent.
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We shall take another Fourier-Besse! expansioni7> for F(s) of the form:

            +oo
       .F(s)=:=Za.¢.(s), forsED!;;B
            vt=!1
with

       ¢7t(S)=Z(2na,2nS), D=(cr,P),
       SiS7'L;(J2maf,2mS)7'1･(Rnc¥,RnS)CIS==:7'm'6m,m ' (102)

and

       r7t==S2Te+i(Rncr)2nP)'!l!2]-TZ+i(Rncr･2ncr)=::.22R?,[iiili"[2iSl'1], (103)

where 2.'s are the positive roots of the equation:

       7L(2na, RnP)=O) (104)
       X(Rna) tJL(2nP) = Llv(lna) YL(2nP)･

From (99), the expression (12) becomes to:

       f(D=[: rrlli=Oe, .T?(2/2'.igli'IS(2:iie22.p) 'Gv(2nev)'f<2n)'P 2% Tv(2ncr･ 2nP)' (t2T-"S,l'GP.`!.t)

           ==-n;/if<2.)'2?LGi(f8,?.ISIIiSscl£,p()2"P)'(t2!l!>/,)`t;E`(),,t)･' (iOs)

with sampling points t=R. (n == 1, 2, 3, ･･･), and the sampling function:

               2?LGv(Rncr)bl;(2nct)eTL(2nP) 7L(aft,I9t)
     g't(t)=-T ,J?(2.a)-JZ(2.P) '(f-2?v)Gp(crt)'                                                            (106)

    In the expression (105), if we replace j(<t) and .f<2.) by j`<t)IG,(at) and .f<R.)!

G.(crR.) respectively, then we obtain

       f(t)--z z, ;f, f<R.)･ Si2'tel,l5,R.'sa-) ft(S£ep))･ T2(,cr-`'S`), . (io7)

with sampling points t==R. and the sampling function:

      g,,(t)--T :2',::t,l,li.')La-) fzi:z`,Pp))･ 7L,(,cr-`>9,`)･ (ios)

    The expressions (63), (65), (68), (71), (74), (78), (80), (87), (88), (90), (97), (105),

and (107), are examples of the sampling formuiae derived from our generalized

sampling theorem (12). .
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