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       Streanxgiifes near tke Rectafigggar Edige.

                            By '
      Y. Ii<EDA, S. IKoBAyAsi, [1]. StxKuRAi and l]'. [l]ATiBANA.

                      t/                             .. ･･                            '
   In this artiele it is shown how to draw the strearn and equi-potential

lines in the domain having the following boundaries.
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                           Fig. 1.

   Ifthe curves be drawn syi:nmetrieally to the boundary Iine, the foi-

lowing four eonformal representations can be obta,ined direetly.
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Fig. 2.

All these conformal representations are given by Sehwarz-transformation.

The curves in the domains given in Fig. 1. ean be transformed con-
forn:ially -into the curves jn the halfinfinite plane by the followjng func-

tions respectively ;

(1)
z == kiS z

e

V iZ

-z
dz + k2

(2)
z == k.iS z

e

1

z

v a-z
1-z
dz + k2

(3)
z == kiS z

£ii

!
1

o
z3(1-z)

a2 + k,

[I]he eonstant lei detei'mines the absolute direetion ai)d magnitude, and

constant k2 determines the position ofthe origin. As only the relative

position of the･eurves is needed, we put ki = 1 and k2 =: O .

In order to obtain the eonformal representation in the domain shown in

Fig.1,weintegrate(1) ,

Z-= SVi z   dz
-z

= sin-il/.･- 1. z--sln    2
(2sh}hivi7 }

Now put i/7 = ?.e, then

z =: sin-i2e - 2 sin

           2
{2 sin-i2e) .
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Fron:L the conformal representation obtained by the function Zi =sin-i ze,

it is easily proved that the families of confo. eal ellipse and hyperbola eor-

resPond to the Iines parallel to the coordinate axes drawn in the domain

shown in Fig.3 and that the first quadrant of Fig.3 (a) corresponds to

the domain bounde(l by the dotted line.
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Fig. 3.

(b)

Now put sin(2Z!) = Zh, then the domain given by Fig. 4 (a) corresponds

to the doinain given by Ii"ig. 4 (b)

Z2

Zi
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Fig, 4.
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From 'these figures one can have the values Zl and Z2 whieh correspond

to the same value of ze. Consequently if we plot the loci of the real and

imaginary parts of u -ti const. in Z-plane, we have Pl. I. From the
definition 'Le =: V!7we have the following eorrespondenee.

                                                '
                                                       u

               z

                        ,
           o
                           Fig. 5.

            (a) (b)
Put Fig.5 (b) on Fjg.3 (a) and tjransform t･he eurves of Fig.5 (b) ae-

eording to method II eonformally in the domain given in Pl. I. 'Phen

Pl. II is obtained.

Ifagain the curves in Pl. II be drawn symmetrieally to the boundary
aD, then Fjg. 2 (a') is obtained whieh is more aecurately drawn in PI. III.

   Noweonsidertheintegral(2) . ･

  t       Z =" S}Vgl: czz == ]/i log 2"-(i+")z-,2(iil'Zi.M)i/(i-z)(a-z)

         " -log (1+")wn2ZTt2-t/.(1-z)("'z)

           '
By putting '
       Zi == i/i Iog 2a-(1+")Z-,2(il/t'.i)/ (1-z)("-z) ,

one has directly
             Zl '

             v/'a' h 2a-(1+a)zL2i/'ZIHi/ (1-z)(a-z)

            e- z(1-a)
            - Zi
           e V'a'= 2a-(1+a)z+2i/'ii7i/ (1-z)(a-z)rf

                              2(1-a)



                Stredmlines near the 'Rectangular Edge:

                                  '

       Zl Zl
       if'it- /d      e +e =2a--(1+a)z..coshg/l..,
          2 z(1-a) v'a
Thus it follows

                                         '           ' Zi=i/ll-cosh-i(2az-(1(l+a)a)Z].

In a similar way by putting

               Z2 = log (1+")-2Z-12i/.(ilyz)(a'z) ,

                  '

it follows -
              ,Zle = i+a-2z-?II' Stl :'iE5i(a-z) ,,

             e-Zh= 1+a-2z+2i/(1-z)<a-z) .
                            1-a

Consequently

          & -Zo         e +2e "= 1+1-alii2z ==coshz2,

                      '
               z2 == cosh-1( 1+1-ai?Z ) .

                   'Put

            '. x=2a,nv(,(!:)a)z=- ,2-,ad -ll--l-": ,.

                                     '                           //                       b..2a'. ,
                           1-a

Then one obtains

                       b
                z== .                    x+1+b

17
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Assuming 1>a>O, one obtains the loei of x == const. and y == const.

as shown in Fig, 6.

IX(r;;-;-.o1

e---1
o
H,.

1+b-
x

,

Fig. 6.

[I]he eori'espondenee given by the funetion Z = sin-iz is shown in I"ig. 3

(a> and (b). Ngw put Z == iZi-g andz==ei7'Cxin the formula Z--sin-iz,

                                     'then one obtains- x = sin(iZI--Zll-) = -eosiZi == -eosh Zi･

1

'

-1

(a)

+1

z,

X
(b)

Fig. 7.

'l]hus such a correspondenee is obtained as shown in Fig. 7, (a) and (b).

Put Fig.6 on Fig.7 (b) so that the points x == Ll coincide with eaeh
other. Aeeording to i[nethodII, alltl)e curves in IFig.6 can be confor-

mally transformed into the doinain shown in Fig. 7 (a). Thus Figi9 (a)

   Again by putting ,
                      1+a-2z
                               = X,
                        1-a



Streamlines near the Reetangular Edge. 19

One obtains Fig. 8.

-ICx=Vfl(xwa)

'X.

Fig. 8.

Now let F'jg.8 be puton Fig.7 (b) andin the same v;ray as above, the

Iines in Fig.8 be transformed conformally in the domain shown in
Fig.7 (a). [I]hus Fig.9 (b) is obtained.

z=a too --cse z=-O

zpZ

Zi

z=+O

z= a･

(a)

7. 0 Zt-oe

Z2

2=1

(b)

zE.eo

Fig. 9.

From Fig. 9 (a) and (b) one gets the values of Zi and Zli which corre-

spon<1 to the same value of z, Therefore one can obtain the conformal

representation in Z-plane by method IV, which is shown in Pl. IV.

   In order to have the streamlines which begin from z = O and tend
to z= oo,C== logz is used instead of z itself. The loci of 8 == eonst.

and op == const. of the funetion C-hee+in =logz are the con'eentric

circles and radial lines in z-plane. Putthe curves on Fig.5 (a) and by

method II transform all the curves conformally in the same domain with

Pl. IV. Thus Pl. V is obtained.

   Again if pne draws the curves symmetrically to the boundary Iine

AB of Fig.1 (b) heobtains Pl.VI. If the curves in IPI.V be drawn

symmetrieally to the boundary line EL then Pl, VII is obtained.
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Lastly we eonsider the integral

z=- leSer l

zB(1-z)

      -ri
dz -- 4e 4 kS ld-tt4

where

t4 = z

z-1

Thjs ingegral can be

in the following

expressed by the sum of two avc-coslnes as shown

Z= ke

Ti

T cosh-i
i+ V,l,

+ Cos-1 -"

i- V -zwr'

z-l

i-V,ii
i+ V z
z-1

It is possible to put

this article.

 :il:t

lee4 =1, as has been remaarked at the beginning of

Now put

i/ z-1 + v"7

i/ z-1 - i/7
-= C,

then

Z == cosh-ic + cosliic

If we put
"

    1
C+- == Wl,
    4

then

W, === 2-4z



                Streamlines near the Rectangular Edge.

Tl}e correspondences between W, z and C ean be easily
(a), (b) and (e).

                          ･ii,,l!･'
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seen in Fig. 10,

z

-2

,t.

o 1

o

(a)

+2

C

              (.ty ,. pt- 2)    tw-O

           (b) (c)                           Fig. 10.

                                                      ,

Ifthe curves of Fig.10 (c)' be put on IIi"ig. 8, so that tl}e points (1, O)

(-1, O) of Fig. 10 (c) coincide with tl)epoints (-1, O) (1, O) of Fig.8

respective!y, and ifthe curves be transformed conformally in the same

domain with Fig.9 (b), then Fjg.11 (a) is obtained. Aseasily seen it
is very fortunat･e that the two parts separated by the dotted line in Fig. 11

(a) correspond to the eonformal representation by means of the functions

cosh'ic and coshnyi-li- =='-icos-i-li respeetively. Thereforethe figures

are placed in sueh a position as shown in Fig. 11 (b) and the coordinates

of the points which correspond to the same point z are added. Then by

-1 +1

(Wx2)
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inethod IV Fig. 11 (c) is. obtained, whieh is exactly drawn in PI. VIII.

 k,zz
i Nx

i/   2L..
A

(a)

1if}

(I;･

-2

e;

too

t2

pt cxs

(b)

-l

B (e) Fjg. 11.

Again let zb == Iogz be used instead of z. The families of coneentrie

eircle and radial Ijne can be transformed conformally into two families

of curves in the same domain as shownin Fig. 11 (e) according to method '

II. Ifthecurves thus obtained be drawn symmetrieally to the Iine BU
of Fig. 11 (c), Pl. IX is obtained and if again the curves be drawn sym-

metrieally to the boundary line of Pl, IX, Pl. X is obta,ined.
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