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1 Introduction

In 1968, Simons [34] gave the formula for the square of the length of the
second fundamental form A of a compact n-dimensional minimal submani-
fold M in a real space form Mn+p(k) of constant curvature k. The specific
expression of the formula is the following:

1

2
∆|A|2 = nk|A|2 −

∑
a,b

(trAvaAvb
)2 +

∑
a,b

tr[Ava , Avb
]2 + |∇A|2,

where {v1, · · · , vp} is an orthonormal basis of the normal vector space. Here
we denote by | · | the length of a tensor with respect to the induced metric g
on M and by [ , ] the commutator.

As an application, Simons proved that if the second fundamental form A
of a compact n-dimensional minimal submanifold M in Sn+p satisfies |A|2 <
n/(2 − 1/p), then M is totally geodesic. Moreover, Chern, do Carmo and
Kobayashi [7] proved that if the second fundamental form A satisfies |A|2 =
n/(2 − 1/p), then M is the Clifford hypersurface or the Veronese surface in
S4. For minimal submanifolds in the sphere, the Simons type formula was
studied by many authors, and many interesting results are given (e.g. [31],
[42], [40]).

For minimal submanifolds of complex space forms, there are some pinch-
ing theorems with respect to the sectional curvature, Ricci curvature, scalar
curvature and so on. For example, for the study of complex submanifolds in
a complex space form, Ogiue [27] and Tanno [37] showed the Simons type
formula for the square of the length of the second fundamental form. The
Simons type formulas for minimal totally real submanifolds and minimal
generic submanifolds are given by Chen-Ogiue [5], Yano-Kon [46], respec-
tively.

For general submanifolds of a complex space form, a direct extension of
Simons’ methods for the sphere to the complex projective space CPm as
an ambient space has some difficulties (see Lawson [24]). So many authors
push known theorems on the sphere down to CPm by using the following
commutative diagram:

N
i′−→ S2m+1

↓ ↓ π

M
i−→ CPm,
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where π : S2m+1 −→ CPm is the standard fibration, N and M are sub-
manifolds of S2m+1 and CPm, respectively, such that the immersion i′ is a
diffeomorphism on the fibres (e.g. [24], [29], [46]).

In this paper, we give pinching theorems for general real submanifolds in
a complex space form without this method.

In section 2, we prepare some definitions and basic formulas for the sub-
manifolds in a complex space form. In section 3 and section 4, we compute
the Simons type formula and its useful modification for general submanifolds
in a complex space form Mm(c). Using the formula in the previous section,
in section 5 and section 6, we give pinching theorems in terms of the square
of the length of the second fundamental form without the assumption that
the existence of the above commutative diagram for the standard fibration.
We prove the following

Theorem 5.7 ([23]). Let M be an n-dimensional compact minimal sub-
manifold of a complex space form Mm(c), c > 0, of codimension p = 2m−n.
If the second fundamental form A satisfies

|A|2 ≤ c

4

( n + 1

2 − 1/p
− 2p

)
,

then M is a totally geodesic complex submanifold Mn/2(c) or a real hyper-
surface of Mm(c) with |A|2 = (n − 1)c/4.

This theorem is an extension of the pinching theorem with respect to the
square of the length of the second fundamental form of compact minimal
submanifolds in CPm given by Yano-Kon [45, Theorem 3.2, p.150].

In the next place, we study some pinching theorems for the sectional
curvature of minimal submanifolds in a complex space form. For compact
minimal submanifolds in Sn+p, complex submanifolds in CPm and totally real
submanifolds in CPm, there are many results of the pinching problems for the
sectional curvature (e.g. [6], [10], [28], [33], [39]). In 1980, Kon [17] proved
that if the sectional curvature of a compact minimal real hypersurface of
CPm satisfies K ≥ 1/(2m−1), then M is the geodesic minimal hypersphere.
In section 7, we improve this theorem. We prove the following

Theorem 7.2 ([21]). Let M be an n-dimensional compact minimal sub-
manifold in a complex projective space CPm with flat normal connection. If
the second fundamental form A satisfies

∑2m−n
a=1 trA2

fva
≥ 16|FP |2, and if the
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sectional curvature K of M satisfies K ≥ 1/n, then M is the geodesic mini-

mal hypersphere π(S1(
√

1/2m) × S2m−1(
√

(2m − 1)/2m)) in CPm.

The above tensor fields F , P and f are defined in Definition 2.2.
We also prove that if the sectional curvature K of an n-dimensional com-

pact minimal submanifold M in CPm satisfies K ≥ 3/n, then M is the
complex projective space CP n/2 under the assumption that the normal con-
nection of M is semi-flat (Theorem 7.5). The semi-flatness of the normal
connection of a submanifold in a complex projective space is closely related
to the flatness of the normal connection of the corresponding submanifold in
the sphere (Definition 2.4, Lemma 2.13).

Pinching problems for the Ricci curvature of minimal submanifolds in
Sn+p or CPm are also studied ([8], [18]). In section 8 and section 9, we
consider the pinching problems with respect to the Ricci tensor of minimal
submanifolds in CPm.

Section 8 is devoted to prove a reduction theorem of the codimension of
a compact n-dimensional minimal proper CR submanifold M in CPm. We
prove that if the Ricci curvature of M is equal or greater than n−1, then M
is a real hypersurface of some CP (n+1)/2 in CPm (Theorem 8.1). Using this
result, in section 9, we improve the pinching theorem given by Kon [18]. We
prove the following

Theorem 9.3 ([22]). Let M be a compact n-dimensional minimal CR
submanifold of a complex projective space CPm which is not a complex sub-
manifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X) for any vector X tangent to M , then M is congruent to one of
the following :

(a) a totally geodesic real projective space RP n of CPm,
(b) a pseudo-Einstein real hypersurface M c((n−1)/4, π/4) of some CP (n+1)/2

in CPm,
(c) a real hypersurface of some CP (n+1)/2 in CPm which lies on a tube

of radius π/4 over certain Kähler submanifold N with principal curvatures
cot θ, 0 < θ ≤ π/12.

Each submanifold is precisely described in Definition 2.1 and Definition
2.3. Using this theorem, we classify compact n-dimensional minimal CR
submanifolds immersed in CPm whose Ricci tensor S satisfies S(X,X) ≥
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(n − 1)g(X,X) + g(PX,PX) for any vector field X (Theorem 9.6).

It is an interesting and important problem to determine real hypersurfaces
of complex space forms with respect to some conditions for the holomorphic
distribution on real hypersurfaces. For instance, Kimura [12] classified real
hypersurfaces of a complex projective space CP n, n ≥ 3, on which the sec-
tional curvature of the holomorphic 2-plane spanned by a unit tangent vector
orthogonal to the structure vector field ξ is constant. In the last section, we
give a characterization for totally η-umbilical real hypersurfaces and ruled
real hypersurfaces of a complex projective space with respect to the condition
of the second fundamental form on the holomorphic distribution (Theorem
10.5, [20]) and a characterization for pseudo-Einstein real hypersurfaces of a
complex projective space with respect to that of the Ricci tensor (Theorem
10.3, [19]).

The author would like to express her sincere thanks to Professor H. Fu-
ruhata for his encouragement and valuable advice.
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2 Preliminaries

Let Mm(c) denote the complex space form of complex dimension m (real
dimension 2m) with constant holomorphic sectional curvature c. We denote
by J the almost complex structure of Mm(c). The Hermitian metric of Mm(c)
is denoted by g.

Let M be a real n-dimensional manifold immersed in Mm(c). We denote
by the same g the Riemannian metric on M induced from that of Mm(c),
and by p the codimension of M , that is, p = 2m − n. We denote by ∇̃ the
Levi-Civita connection in Mm(c) and by ∇ the connection induced on M .
Then the Gauss and Weingarten formulas are given respectively by

∇̃XY = ∇XY + B(X,Y ), ∇̃XV = −AV X + DXV

for any vector fields X and Y tangent to M and any vector field V normal to
M , where D denotes the normal connection. We call both A and B the second
fundamental form of M which are related by g(B(X,Y ), V ) = g(AV X,Y ).
The second fundamental form B is symmetric. A normal vector field V on
M is said to be parallel if DXV = 0 for any vector field X tangent to M .

For the second fundamental form B, we define ∇B, the covariant deriva-
tive of B, by

(∇XB)(Y, Z) = DX(B(Y, Z)) − B(∇XY, Z) − B(Y,∇XZ)

for any vector fields X, Y and Z tangent to M . If ∇XB = 0 for all X, then
the second fundamental form B of M is said to be parallel. This is equivalent
to the condition ∇XA = 0 for all X, where ∇XA is defined by

(∇XA)V Y = ∇X(AV Y ) − ADXV Y − AV (∇XY ).

We notice the relation

g((∇XB)(Y, Z), V ) = g((∇XA)V Y, Z).

Definition 2.1. The mean curvature vector µ of M is defined to be
µ = (1/n)trB, where trB is the trace of B, that is, trB =

∑
i B(ei, ei), {ei}

being an orthonormal basis for the tangent space Tx(M) at x. If µ = 0, then
M is said to be minimal. A submanifold M is said to be totally geodesic if
the second fundamental form vanishes identically.
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For x ∈ M , the first normal space N1(x) is the orthogonal complement
in Tx(M)⊥ of the set N0(x) = {V ∈ Tx(M)⊥ : AV = 0}. If DXV ∈ N1(x) for
any vector field V with Vx ∈ N1(x) and any vector field X of M at x, then
the first normal space N1(x) is said to be parallel with respect to the normal
connection.

We next give some fundamental formulas on M induced from the action
of the almost complex structure J of Mm(c) to the tangent space and the
normal space of M .

Definition 2.2. For any vector field X tangent to M , we put

JX = PX + FX,

where PX is the tangential part of JX and FX the normal part of JX. For
any vector field V normal to M , we put

JV = tV + fV,

where tV is the tangential part of JV and fV the normal part of JV .

Then P is a (1, 1)-tensor field on M and F is a normal bundle valued 1-
form on M . P and f are skew-symmetric with respect to g and g(FX, V ) =
−g(X, tV ). We also have

P 2 = −I − tF, FP + fF = 0,

P t + tf = 0, f 2 = −I − Ft.

We notice that |FP | = |fF | = |Pt| = |tf |, where | · | denotes the length of a
tensor with respect to g.

We define the covariant derivatives of P , F , t and f by (∇XP )Y =
∇X(PY ) − P∇XY , (∇XF )Y = DX(FY ) − F∇XY , (∇Xt)V = ∇X(tV ) −
tDXV and (∇Xf)V = DX(fV ) − fDXV , respectively. We then have

(∇XP )Y = AFY X + tB(X,Y ), (∇XF )Y = −B(X,PY ) + fB(X,Y ),

(∇Xt)V = −PAV X + AfV X, (∇Xf)V = −FAV X − B(X, tV ).

The Riemannian curvature tensor R̃ of a complex space form Mm(c) is
defined by

R̃(X,Y )Z = ∇̃X∇̃Y Z − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z,
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are given by

R̃(X,Y )Z =
c

4

(
g(Y, Z)X − g(X,Z)Y + g(JY, Z)JX

− g(JX,Z)JY + 2g(X, JY )JZ
)

for any vector fields X, Y and Z of Mm(c). Let R be the Riemannian
curvature tensor of M which is defined by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

for any vector fields X, Y and Z tangent to M . The equation of Gauss and
the equation of Codazzi are given respectively by

R(X,Y )Z =
c

4

(
g(Y, Z)X − g(X,Z)Y + g(PY, Z)PX − g(PX,Z)PY

−2g(PX, Y )PZ
)

+ AB(Y,Z)X − AB(X,Z)Y

and

(∇XB)(Y, Z) − (∇Y B)(X,Z)

=
c

4

(
g(PY, Z)FX − g(PX,Z)FY + 2g(X,PY )FZ

)
.

The Ricci tensor field S of M is the covariant tensor field of degree 2 defined
as S(X,Y ) =

∑
i g(R(ei, X)Y, ei). Then we have

S(X,Y ) =
c

4

(
(n − 1)g(X,Y ) + 3g(PX,PY )

)
+

∑
a

trAag(AaX,Y ) −
∑
a

g(A2
aX,Y ),

where Aa is the second fundamental form in the direction of va, {v1, · · · , vp}
being an orthonormal basis for the normal space Tx(M)⊥ at x.

Definition 2.3. If the Ricci tensor S is of the form S = ag, where a
is a function, then M is said to be Einstein. Moreover, a real hypersurface
M of CPm is called a pseudo-Einstein if the Ricci tensor S is of the form
S(X,Y ) = ag(X,Y ) + bg(X, ξ)g(Y, ξ), where ξ = −JN for the unit normal
vector field N and b is a function.
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It is known that any real hypersurface of CPm is not Einstein. Accord-
ingly the notion of pseudo-Einstein is necessary.

The scalar curvature r =
∑

i S(ei, ei) of M is given by

r =
c

4

(
(n − 1)n − 3trP 2

)
+

∑
a

(trAa)
2 − |A|2,

where |A|2 =
∑

a trA2
a.

We define the sectional curvature of a 2-dimensional subspace σ of TpM
by K(u, v) = g(R(u, v)v, u), where {u, v} denotes an orthonormal basis for
σ.

The curvature tensor R⊥ of the normal bundle T (M)⊥ of M is defined
by

R⊥(X,Y )V = DXDY V − DY DXV − D[X,Y ]Z,

where X and Y are vector fields tangent to M and V is a vector field normal
to M . Then we have the equation of Ricci :

g(R⊥(X,Y )U, V ) + g([AV , AU ]X,Y )

=
c

4

(
g(FY, U)g(FX, V ) − g(FX,U)g(FY, V )

+2g(X,PY )g(fU, V )
)
,

where [ , ] denotes the commutator and [AV , AU ] = AV AU − AUAV .

Definition 2.4. Let M be an n-dimensional submanifold of a complex
space form Mm(c). If the normal curvature tensor R⊥ of M satisfies

R⊥(X,Y )U =
1

2
cg(X,PY )fU

for any vector fields X and Y tangent to M and any vector field U normal
to M , then the normal connection of M is said to be semi-flat. If the normal
curvature tensor R⊥ of M vanishes identically, then the normal connection
of M is said to be flat [46, p.224].

From the equation of Ricci, we have
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Lemma 2.5. Let M be an n-dimensional submanifold in Mm(c). If the
normal connection of M is flat, then∑

a,b

|[Aa, Ab]|2 =
c2

16

(
2

∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2)

−8
∑
a

g(tfva, tfva) + 4
∑
i,a

g(Pei, Pei)g(fva, fva)
)
,

∑
i,a

g([Afa, Aa]ei, Pei) = 2
∑
a

trAaAfaP

=
c

2

(∑
a

g(tfva, tfva) −
∑
i,a

g(Pei, Pei)g(fva, fva)
)
,

∑
a,b

g([Aa, Ab]tva, tvb) =
∑
a,b

(g(Aatvb, Abtva) − g(Aatva, Abtvb))

=
c

4

(∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2) − 2

∑
a

g(tfva, tfva)
)
,

where we have put Afa = Afva.

Proof. By the equation of Ricci, we have

[Aa, Ab]ei =
c

4

(
g(ei, tva)tvb − g(ei, tvb)tva − 2g(fvb, va)Pei

)
.

Hence we obtain∑
a,b

|[Aa, Ab]|2 =
∑
a,b,i

g([Aa, Ab]ei, [Aa, Ab]ei)

=
16

c2

(
2

∑
a,b

g(tva, tva)g(tvb, tvb) − 2
∑
a,b

g(tva, tvb)
2

+
∑
a

8g(Ptva, tfva) + 4
∑
a,i

g(Pei, Pei)g(fva, fva)
)
.

Since Pt = −tf , we have the first equation. By the similar computation, we
obtain the other equations. q.e.d.

By the similar method, we have

Lemma 2.6. Let M be an n-dimensional submanifold in Mm(c). If the
normal connection of M is semi-flat, then∑

a,b

|[Aa, Ab]|2 =
c2

8

∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2),
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∑
i,a

g([Afa, Aa]ei, Pei) =
c

2

∑
a

g(tfva, tfva),

∑
a,b

g([Aa, Ab]tva, tvb) =
c

4

∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2).

Here we recall some classes of submanifolds of a Kähler manifold M̃ with
almost complex structure J .

Definition 2.7.
(a) If JTx(M)⊥ ⊂ Tx(M) for any point x of M , then we call M a generic

submanifold of M̃ .
(b) If JTx(M) ⊂ Tx(M) for any point x of M , then we call M a complex

submanifold of M̃ .
(c) If JTx(M) ⊂ Tx(M)⊥ for any point x of M , then we call M a totally

real submanifold of M̃ .

Remark 2.8. M is a complex submanifold if and only if F and t vanishes
identically. M is totally real if and only if P vanishes identically.

Definition 2.9 (Bejancu [2]). A submanifold M of a Kähler manifold M̃
with almost complex structure J is called a CR submanifold of M̃ if there
exists a differentiable distribution D : x −→ Dx ⊂ Tx(M) on M satisfying
the following conditions:

(a) D is holomorphic, i.e., JDx = Dx for each x ∈ M , and
(b) the complementary orthogonal distribution D⊥ : x −→ D⊥

x ⊂ Tx(M)
is anti-invariant, i.e., JD⊥

x ⊂ Tx(M)⊥ for each x ∈ M .

Remark 2.10. By the definitions, if a submanifold M of Mm(c) is
generic, complex or totally real, then M is also a CR submanifold. Any real
hypersurface of Mm(c) is obviously a generic submanifold.

Lemma 2.11 ([46]). Let M be a CR submanifold of a Kähler manifold
M̃ . Then

FP = 0, fF = 0, tf = 0, P t = 0,

P 3 + P = 0, f 3 + f = 0.

Theorem 2.12 ([46]). In order for a submanifold M of a Kähler manifold
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M̃ to be a CR submanifold, it is necessary and sufficient that FP = 0.

For the study of submanifolds of a complex projective space CPm with
constant holomorphic sectional curvature 4, many authors use the method of
the standard fibration to push known theorems on the sphere down to CPm

by considering the commutative diagram below (e.g. [24], [29], [46]).
Let Sm+1 be a (2m + 1)-dimensional unit sphere, i.e., S2m+1 = {z ∈

Cm+1 : |z| = 1}. For any point z ∈ S2m+1 we put ξ = JZ, where J
denotes the almost complex structure of Cm+1. We consider the orthogonal
projection π′ : Tz(C

m+1) −→ Tz(S
2m+1). Putting φ = π′ · J , we have a

contact metric structure (φ, ξ, η,G) on S2m+1, where η is a 1-form dual to ξ
and G the standard metric tensor field on S2m+1 which satisfies G(φX, φY ) =
G(X,Y ) − η(X)η(Y ). The contact metric structure satisfies η(ξ) = 1 and
φ2(X) = −X + η(X)ξ. We see that S2m+1 is of constant curvature 1.

There exists a fibration π : S2m+1 −→ CPm that satisfies the following:
(a) The fibers are totally geodesic in M .
(b) At each point p of S2m+1 the differential π∗ carries the normal space

to the fiber at p isometrically onto the tangent space of CPm at π(p).
We call π the standard fibration. Let M be an n-dimensional submani-
fold in CPm. Let N be an (n + 1)-dimensional submanifold immersed in a
(2m + 1)-dimensional unit sphere S2m+1 such that the following diagram is
commutative:

N
i′−→ S2m+1

↓ ↓ π

M
i−→ CPm,

where the immersion i′ is a diffeomorphism on the fibres.
The horizontal lift with respect to the connection η is denoted by *. Then

(JX)∗ = φX∗ and G(X∗, Y ∗) = g(X,Y )∗ for any vectors X and Y tangent
to CPm. A submanifold N in S2m+1 is tangent to the totally geodesic fibre
of π and the structure vector field ξ is tangent to N .

Let α be the second fundamental form of N in S2m+1. Then we have the
relations of the second fundamental form α of N and B of M :

α(X∗, Y ∗) = B(X,Y )∗, α(ξ, ξ) = 0.

Moreover, we have

(∇X∗α)(Y ∗, Z∗) = [(∇XB)(Y, Z) + g(PX, Y )FZ + g(PX,Z)FY ]∗,
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(∇X∗α)(Y ∗, ξ) = [fB(X,Y ) − B(X,PY ) − B(Y, PX)]∗,

(∇X∗α)(ξ, ξ) = −2(FPX)∗

for any vectors X, Y and Z tangent to M . From the third equation, we see
that if the second fundamental form α of N is parallel, then FP = 0 and M
is a CR submanifold of CPm by Theorem 2.12.

We denote by µ′ = (1/(n + 1))trα the mean curvature vector field of N ,
and by µ = (1/n)trB the mean curvature vector field of M . Then we have

µ′ =
n

n + 1
µ∗, D′

X∗µ′ =
n

n + 1
(DXµ)∗, D′

ξµ
′ = (fµ)∗

where D′ is the normal connection of N . Thus the mean curvature vector
field µ′ of N is parallel if and only if the mean curvature vector field µ of M
is parallel and fµ = 0.

Let K⊥ be the curvature tensor of the normal bundle of N . Then we
have

G(K⊥(X∗, Y ∗)V ∗, U∗) = [g(R⊥(X,Y )V, U) − 2g(X,PY )g(fV, U)]∗,

G(K⊥(X∗, ξ)V ∗, U∗) = g((∇Xf)V, U)∗

for any vectors X and Y tangent to M and any vectors V and U normal to
M . Therefore, we have the following lemma (see [29], [30], [46]).

Lemma 2.13. The normal connection of N in S2m+1 is flat if and only
if the normal connection of M in CPm is semi-flat and ∇f = 0.

Example 2.14. In this setting, we put

N = Sm1(r1) × · · · × Smk(rk), n + 1 =
k∑

i=1

mi, 1 =
k∑

i=1

r2
i ,

where m1, · · · ,mk are odd numbers. Then n + k is also odd. The second
fundamental form α of N is parallel in S2m+1. We can see that M = π(N) is
a generic submanifold in CP (n+k−1)/2 with flat normal connection. Especially,
π(S1(r1)×Sn(r2)) is a geodesic hypersphere in CP (n+1)/2. Moreover, M is a
CR submanifold in CPm (m > (n+k−1)/2) with semi-flat normal connection
and ∇f = 0.

If ri = (mi/(n + 1))1/2 (i = 1, · · · , k), then M is a generic minimal
submanifold in CP (n+k−1)/2. Then we have |A|2 =

∑
a trA2

a = (n − 1)q,
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q = k − 1.

If M is a complex submanifold in CPm, the normal connection of M is
semi-flat if and only if M is totally geodesic (see [9]).

Example 2.15. The natural imbedding of CP n into CPm is induced from
the inclusion of Cn+1 into Cm+1, i.e. (z0, · · · , zn) −→ (z0, · · · , zn, 0, · · · , 0).
It gives rise to a complex submanifold. The natural imbedding of RP n into
CPm is induced from the inclusion of Rn+1 into Cm+1, i.e. (x0, · · · , xn) −→
(x0, · · · , xn, 0, · · · , 0). It gives rise to a totally real submanifold. We remark
that both are totally geodesic.

Conversely, an n-dimensional complete totally geodesic submanifold M
of CPm is either a complex projective space CP n/2 or a real projective space
RP n of constant curvature 1 (see [1]).

Example 2.16. Let z0, z1, · · · , zm be a homogeneous coordinates of
CPm. The complex quadric Qm−1 is a complex hypersurface of CPm de-
fined by the equation

(z0)2 + (z1)2 + · · · + (zm)2 = 0.

Then Qm−1 is a Kähler manifold. Moreover, Qm−1 is an Einstein manifold
with Ricci curvature 2(m−1). Smith [35] proved that CP n and the complex
quadric Qn are the only complete complex Einstein hypersurfaces in CP n+1.

Example 2.17. For an integer k and for 0 < r < π/2, we define M(k, r)
in S2m+1 ⊂ Cm+1 by

k∑
j=0

|zj|2 = cos2 r,
m∑

j=k+1

|zj|2 = sin2 r.

M(k, r) is the standard product S2k+1(cos r)×S2l+1(sin r), l = m−k−1. We
consider the standard fibration π : S2m+1 −→ CPm, where S2m+1 denotes
the unit sphere. Then M c(k, r) = π(M(k, r)) is a real hypersurface in CPm.
For an integer 1 ≤ k ≤ m − 2, we see that M c(k, r) is the tube of radius r
over CP k (see [3]).

When r satisfies cos r =
√

(2k + 1)/(2m) and sin r =
√

(2l + 1)/(2m),

M c(k, r) is a minimal real hypersurface of CPm.
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Moreover, we see that M c(k, r) is a pseudo-Einstein real minimal hyper-
surface of CPm if and only if k = l = (m−1)/2 and r = π/4. Then the Ricci
tensor S satisfies S(X,Y ) = (2m − 2)g(X,Y ) + 2g(PX,PY ) [46, p.376].

There are many pinching results with respect to the length of second
fundamental form, Ricci curvature, sectional curvature of compact minimal
submanifolds in the sphere. In the last of this section, we recall some of
them. With respect to the pinching theorem for the length of the second
fundamental form, Peng and Terng [31] proved the following: Let M be a
compact minimal hypersurface of Sn+1 with constant scalar curvature. There
exists a constant ε(n) > 1/(12n) such that if n ≤ |A|2 ≤ n + ε(n) then
|A|2 = n, so that M is a generalized Clifford torus.

Yang and Cheng [42] proved that, for a compact minimal hypersurface M
with constant scalar curvature in Sn+1, if |A|2 > n > 3, then |A|2 > n+n/3.
In particular, if the shape operator A of M in Sn+1 with respect to a unit
normal vector satisfying trA3 =constant, then |A|2 ≥ n + 2n/3.

For an n-dimensional compact minimal manifold M in Sn+p with p ≥ 2,
Xia [40] proved the following:

(1) If n is even and |A|2 ≤ n(3n − 2)/(5n − 4), then M is either totally
geodesic or the Veronese surface in S4;

(2) If n is odd and |A|2 ≤ n(3n − 5)/(5n − 9), then
(2-a) when n > 5, M is totally geodesic in Sn+p;
(2-b) when n = 5, M is either totally geodesic or homeomorphic to S5

and |A|2 = 25/8 on M ; and
(2-c) when n = 3, |A|2 is identically equal to 0 or 2; in the latter case M

is diffeomorphic to S3 or RP 3.
Itoh [10] proved that if f : M −→ Sn+p is a minimal full isometric

immersion of a compact orientable Riemannian n-manifold into Sn+p and if
the sectional curvature K of M satisfies K ≥ n(n + 1)/2, then either M is
totally geodesic or M is of constant sectional curvature n(n + 1)/2 and f is
given by the second standard immersion of an n -sphere of sectional curvature
n(n + 1)/2. Chen and Zou [6] showed that if the sectional curvature satisfies
K ≥ 1/2 − 1/(3p), then either M is totally geodesic or the Veronese surface
in S4.

Ejiri [8] showed that if the Ricci tensor of an n-dimensional compact
minimal submanifold of Sn+p (n ≥ 4) satisfies S ≥ (n − 2)g, then M is
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totally geodesic, or n = 2m and M is

Sm(
√

1/2) × Sm(
√

1/2) ⊂ Sn+1 ⊂ Sn+p

embedded in a standard way, or M is a 2-dimensional complex projective
CP 2 of constant holomorphic sectional curvature 4/3 which is isometrically
immersed in a totally geodesic S7 via Hermitian harmonic functions of degree
one.
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3 Laplacian

We compute the Laplacian for the square of the length of the second funda-
mental form A of an n-dimensional submanifold M immersed in a complex
space form Mm(c). In the following, we put ∇i = ∇ei

and Di = Dei
, where

{ei} being an orthonormal basis of Tx(M). We use the following (see Simons
[34])

Lemma 3.1. Let M be a submanifold of a locally symmetric Riemannian
manifold M̄ . If the mean curvature vector field of M is parallel, then

g((∇2B)(X,Y ), V ) =
∑

i

g((∇i∇iB)(X,Y ), V )

=
∑

i

(
2g(R̄(ei, Y )B(X, ei), V ) + 2g(R̄(ei, X)B(Y, ei), V )

− g(AV X, R̄(ei, Y )ei) − g(AV Y, R̄(ei, X)ei) + g(R̄(ei, B(X,Y ))ei, V )

+ g(R̄(B(ei, ei), X)Y, V ) − 2g(AV ei, R̄(ei, X)Y )
)

+
∑
a

(
trAag(AV AaX,Y ) − trAaAV g(AaX,Y ) + 2g(AaAV AaX,Y )

− g(A2
aAV X,Y ) − g(AV A2

aX,Y )
)
.

We compute the equation of Lemma 3.1 for an n-dimensional minimal
submanifold M in Mm(c). We notice that Mm(c) is locally symmetric. Using
the expression of the curvature tensor R̃ of Mm(c), we have the equation of
Lemma 3.1 in the following:

g((∇2B)(X,Y ), V )

=
∑

i

g((∇i∇iB)(X,Y ), V )

=
c

2

(
−g(AFY X, tV ) − g(AFXY, tV )

+
∑

i

g(Y, tV )g(AFei
ei, X) +

∑
i

g(X, tV )g(AFei
ei, Y )

−2g(AfV X,PY ) − 2g(AfV Y, PX)
)

(3.1)

+
c

4

(
ng(AV X,Y ) − 3g(AV X,P 2Y ) − 3g(AV Y, P 2X)

+3g(AFtV X,Y )
)
− 3c

2
g(AV PX,PY )

17



+
∑
a

(
− tr AaAV g(AaX,Y ) + 2g(AaAV AaX,Y )

−g(A2
aAV X,Y ) − g(AV A2

aX,Y )
)
.

We generally have g((∇2B)(X,Y ), V ) = g((∇2A)V X,Y ). Hence we obtain

g(∇2A,A)

=
nc

4
|A|2 − 3c

4

∑
a,b

trAaAbg(tva, tvb) −
c

4

∑
a

(trAa)
2

− 3c

2

∑
a

trP 2A2
a +

3c

2

∑
a

(trAaP )2 +
3c

4

∑
a,b

trAbg(Aatva, tvb)

+ c
∑
a,b

(
g(Aatvb, Abtva) − g(Aatva, Abtvb)

)
− 2c

∑
a

trAaAfaP

+
∑
a,b

(
trAbtrA

2
aAb − (trAaAb)

2 + 2tr(AaAb)
2 − 2trA2

aA
2
b

)
,

where we put Afa = Afva . Substituting equations:∑
a,b

trAaAbg(tva, tvb) = −
∑
a

trAFtvaAa = |A|2 −
∑
a

trA2
fa, (3.2)

2
∑
a,b

(trA2
aA

2
b − tr(AaAb)

2) = −
∑
a,b

tr[Aa, Ab]
2, (3.3)

2
∑
a

(tr(AaP )2 − trA2
aP

2) =
∑
a

|[P,Aa]|2 (3.4)

into the equation above, we have the following theorems.

Theorem 3.2. Let M be an n-dimensional submanifold of a complex
space form Mm(c) with parallel mean curvature vector field. Then we have

g(∇2A,A)

=
(n − 3)c

4
|A|2 +

3c

4

∑
a

trA2
fa −

c

4

∑
a

(trAa)
2 +

3c

4

∑
a,b

trAbg(Aatva, tvb)

+ c
∑
a,b

(g(Aatvb, Abtva) − g(Aatva, Abtvb)) − 2c
∑
a

trAaAfaP

+
3c

4

∑
a

|[P,Aa]|2 +
∑
a,b

tr[Aa, Ab]
2 +

∑
a,b

(trAbtrA
2
aAb − (trAaAb)

2).
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Theorem 3.3. Let M be an n-dimensional minimal submanifold of a
complex space form Mm(c). Then we have

g(∇2A,A)

=
(n − 3)c

4
|A|2 +

3c

4

∑
a

trA2
fa

+ c
∑
a,b

(g(Aatvb, Abtva) − g(Aatva, Abtvb)) − 2c
∑
a

trAaAfaP

+
3c

4

∑
a

|[P,Aa]|2 +
∑
a,b

tr[Aa, Ab]
2 −

∑
a,b

(trAaAb)
2.

Next, we give the Simons type integral formula for a compact minimal
submanifold in CPm with flat normal connection. We use the following
lemma ([4, p.81]).

Lemma 3.4. Let M be a minimal submanifold in a Riemannian manifold
M̄ . Then

(∇2B)(X,Y ) =
∑

i

(∇i∇iB)(X,Y )

=
∑

i

(
(R(ei, X)B)(ei, Y ) + (∇̄X(R̄(ei, Y )ei)

⊥)⊥ + (∇̄i(R̄(ei, X)Y )⊥)⊥
)
,

where {e1, · · · , en} denotes an orthonormal basis of Tx(M), and ∇̄ is the
Levi-Civita connection in M̄ .

We compute the equation in Lemma 3.4 for an n-dimensional minimal
submanifold M in a complex projective space CPm of constant holomorphic
sectional curvature 4. Since CPm is locally symmetric, using the expression
of the curvature tensor R̄ of CPm, we have∑

i

(∇̄X(R̄(ei, Y )ei)
⊥)⊥

=
∑

i

(
R̄(B(X, ei), Y )ei + R̄(ei, B(X,Y ))ei + R̄(ei, Y )B(X, ei)

)⊥

−
∑

i

B(X, (R̄(ei, Y )ei)
T ),

= 3
(
fB(X,PY ) + FtB(X,Y ) − B(X,P 2Y ) + FAFY X

)
,
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∑
i

(∇̄ei
(R̄(ei, X)Y )⊥)⊥

=
∑

i

(
R̄(B(ei, ei), X)Y + R̄(ei, B(ei, X))Y + R̄(ei, X)B(ei, Y )

)⊥

−
∑

i

B(ei, (R̄(ei, X)Y )T )

= FAFXY − FAFY X + fB(X,PY ) + 2fB(PX, Y )

−3B(PX,PY ) − 2
∑

i

g(AFei
ei, X)FY −

∑
i

g(AFei
ei, Y )FX,

where (R̄(ei, X)Y )T ) denotes a tangential part of R̄(ei, X)Y . Thus we obtain

g(∇2B,B) =
∑
i,j,k

g((∇ei
∇ei

B)(ej, ek), B(ej, ek))

=
∑
i,j,a

g((R(ei, ej)A)aei, Aaej) + 3
(∑

a

trAFtvaAa

−2
∑
a

trAaAfaP −
∑
a

trP 2A2
a +

∑
a

tr(AaP )2

+
∑
a,b

g(Aatva, tvb)trAb +
∑
a,b

(g(Aatvb, Abtva) − g(Aatva, Abtvb))
)
.

Using (3.2) and (3.4), we have

Lemma 3.5. Let M be an n-dimensional minimal submanifold in CPm.
Then

g(∇2B,B) = g(∇2A,A)

=
∑
i,j,a

g((R(ei, ej)A)aei, Aaej)

+3
(
−

∑
a

trA2
a +

∑
a

trA2
fa − 2

∑
a

trAaAfaP +
1

2

∑
a

|[P,Aa]|2

+
∑
a,b

(g(Aatvb, Abtva) − g(Aatva, Abtvb))
)
.

We prepare the following lemma.

Lemma 3.6. Let M be an n-dimensional minimal submanifold in CPm.
If U is a parallel section in the normal bundle of M , then

div(∇tU tU) = (n − 1)g(tU, tU) + 3g(PtU, P tU) −
∑
a

g(AatU,AatU)
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+trA2
fU − trA2

U − 2trAUAfUP +
∑
a

g(AU tva, AU tva) +
1

2
|[P,AU ]|2.

Proof. For any vector field X on a Riemannian manifold, we generally
have the equation ([43])

div(∇XX) − div((divX)X) (3.5)

= S(X,X) +
1

2
|LXg|2 − |∇X|2 − (divX)2,

where S denotes the Ricci tensor and (LXg)(Y, Z) = g(∇Y X,Z)+g(∇ZX,Y ).
Suppose that U is a parallel section of the normal bundle of M . From

the equation of Gauss, we have

S(tU, tU) = (n − 1)g(tU, tU) + 3g(PtU, P tU) −
∑
a

g(AatU,AatU).

On the other hand, since (∇Xt)V = −PAV X + AfV X for any V normal to
M , we have ∇X(tU) = −PAUX +AfUX. This implies div(tU) = trAfU = 0.
We also have

|∇tU |2 = trA2
fU + trA2

U − 2trAUAfUP −
∑
a

g(AU tva, AU tva),

|LtUg|2 = |[P,AU ]|2 + 4trA2
fU − 8trAUAfUP.

Substituting these equations into (3.5), we have our lemma. q.e.d.

Lemma 3.7. Let M be an n-dimensional minimal submanifold in CPm with
flat normal connection. Then

−g(∇2A,A) − 2
∑
i,a

g(Pei, Pei)g(tva, tva) − 2
∑

i

g(FPei, FPei)

+
1

2
(
∑
a

trA2
fa +

∑
a

|[P,Aa]|2 − 4
∑
a

trAaAfaP )

+
∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2)

=
∑
a

trA2
a −

∑
i,j,a

g((R(ei, ej)A)aei, Aaej)

+8
∑

i

g(FPei, FPei) −
1

2

∑
a

trA2
fa − 2

∑
a

div(∇tvatva).
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Proof. By a straightforward computation, we obtain∑
a

g(tfva, tfva) =
∑
a

g(Ptva, P tva) =
∑

i

g(FPei, FPei), (3.6)∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2) (3.7)

= (n − 1)
∑
a

g(tva, tva) −
∑
i,a

g(Pei, Pei)g(tva, tva)

+
∑
a

g(Ptva, P tva).

Thus, using Lemma 2.5 and Lemma 3.5, we have

−g(∇2A,A)

= −
∑
i,j,a

g((R(ei, ej)A)aei, Aaej) + 3
∑
a

trA2
a − 3

∑
a

trA2
fa

+6
∑
a

trAaAfaP − 3

2

∑
a

|[P,Aa]|2 − 2(n − 1)
∑
a

g(tva, tva)

+2
∑
i,a

g(Pei, Pei)g(tva, tva) + 4
∑
a

g(Ptva, P tva)

−
∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2).

Since the normal connection of M is flat, we can choose an orthonormal basis
{va} of T (M)⊥ such that Dva = 0 for all a. Thus, from Lemma 3.6, we have

div(∇tvatva) = (n − 1)g(tva, tva) + 3g(Ptva, P tva)

+trA2
fa − trA2

a − 2trAaAfaP +
1

2
|[P,Aa]|2.

From these equations, we have our assertion. q.e.d.

Next, for the later use, we compute the Laplacian for the square of the
length of F of an n-dimensional submanifold M immersed in Mm(c).

Lemma 3.8. Let M be an n-dimensional submanifold of a complex space
form Mm(c) with parallel mean curvature vector field. Then we have

∆|F |2 = 3c|Pt|2 + 4
∑
a

trA2
fa − 4

∑
a

trAaAfaP

− 4
∑
a,b

g(Aatvb, Aatvb) + 4
∑
a,b

g(Aatvb, Abtva).

22



Proof. First we compute

1

2
∆|F |2 =

1

2

∑
i,j

∇j∇jg(Fei, Fei)

=
∑
i,j

∇jg((∇jF )ei, Fei)

=
∑
j,a

(∇jg(Aaej, P tva) + ∇jg(Afaej, tva))

=
∑
j,a

(g((∇jA)aej, P tva) + g(ADjvaej, P tva) + g(Aaej, (∇jP )tva)

+ g(Aaej, P (∇jt)va) + g(Aaej, P tDjva) + g((∇jA)faej, tva)

+ g(ADjfvaej, tva) + g(Afaej, (∇jt)va) + g(Afaej, tDjva)).

Since the mean curvature vector field of M is parallel, using the equation of
Codazzi, we have∑

j

g((∇jA)aej, X) =
∑
j

g((∇jA)aX, ej)

=
∑
j

g((∇XA)aej, ej) −
3c

4
g(PX, tva)

= −3c

4
g(PX, tva).

Moreover, using formulas for ∇P and ∇t, we obtain our equation.
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4 Integral formulas

In this section we give integral formulas for a compact submanifold in a
complex space form Mm(c), c > 0, with respect to the square of the length
of the second fundamental form A ([23]).

We notice that second fundamental form AV can be considered as a sym-
metric (n, n)-matrix for any vector V normal to M . For an orthonormal
basis {ei} of the tangent space Tx(M) and an orthonormal basis {va} of the
normal space Tx(M)⊥, we put Aaei =

∑
k ha

ikek. Let Ha, a = 1, · · · , p, be a
symmetric (n + 1, n + 1)-matrix defined as

Ha =


µa

1

Aa
...

µa
n

µa
1 . . . µa

n 0

 =


ha

11 · · · ha
1n µa

1
...

. . .
...

...
ha

n1 · · · ha
nn µa

n

µa
1 . . . µa

n 0

 ,

where µa
i = −(

√
c/2)g(tva, ei). In the following, we put |H|2 =

∑
a trH2

a .

The main purpose of this section is to prove the following

Theorem 4.1. Let M be an n-dimensional submanifold of a complex
space form Mm(c), c > 0 with parallel mean curvature vector field. Then

−g(∇2A,A) − c2

8
(|P |2|t|2 + |FP |2)

+
3c

4

∑
a

(trA2
fa + |[P,Aa]|2 − 4trAaAfaP ) +

3c2

4
|FP |2

= −
∑
a,b

tr[Ha, Hb]
2 +

∑
a.b

(trHaHb)
2 − (n + 1)c

4
|H|2 +

c

4
∆|F |2

+
c

4

∑
a

(trHa)
2 −

∑
a,b

trHbtrH
2
aHb +

∑
a,b

trHbtr((HaHb − HbHa)HaE),

where

E =


0

0
...
0

0 . . . 0 1

 .
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Remark. In Theorem 4.1, if the mean curvature vector field µ of M sat-
isfies fµ = 0, then

∑
a,b trHbtr((HaHb − HbHa)HaE) = 0. For the condition

fµ = 0, see section 2.

Before we prove Theorem 4.1, by the consequence of this theorem, we
state the following theorems.

Theorem 4.2. Let M be an n-dimensional minimal submanifold of a
complex space form Mm(c), c > 0. Then

−g(∇2A,A) − c2

8
(|P |2|t|2 + |FP |2)

+
3c

4

∑
a

(trA2
fa + |[P,Aa]|2 − 4trAaAfaP ) +

3c2

4
|FP |2

= −
∑
a,b

tr[Ha, Hb]
2 +

∑
a.b

(trHaHb)
2 − (n + 1)c

4
|H|2 +

c

4
∆|F |2.

If M is compact, then
∫
M |∇A|2 = −

∫
M g(∇2A,A) (see [34]). Thus we

have

Theorem 4.3. Let M be an n-dimensional compact submanifold of a
complex space form Mm(c), c > 0, with parallel mean curvature vector field.
Then∫

M

(
|∇A|2 − c2

8
(|P |2|t|2 + |FP |2)

+
3c

4

∑
a

(trA2
fa + |[P,Aa]|2 − 4trAaAfaP ) +

3c2

4
|FP |2

)
=

∫
M

(
−

∑
a,b

tr[Ha, Hb]
2 +

∑
a,b

(trHaHb)
2 − (n + 1)c

4
|H|2

+
c

4

∑
a

(trHa)
2 −

∑
a,b

trHbtrH
2
aHb +

∑
a,b

trHbtr((HaHb − HbHa)HaE)
)
.

Theorem 4.4. Let M be an n-dimensional compact minimal submanifold
of a complex space form Mm(c), c > 0. Then

∫
M

(
|∇A|2 − c2

8
(|P |2|t|2 + |FP |2)
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+
3c

4

∑
a

(trA2
fa + |[P,Aa]|2 − 4trAaAfaP ) +

3c2

4
|FP |2

)
=

∫
M

(
−

∑
a,b

tr[Ha, Hb]
2 +

∑
a,b

(trHaHb)
2 − (n + 1)c

4
|H|2

)
.

To prove Theorem 4.1, we prepare some lemmas.

Lemma 4.5 Let M be an n-dimensional submanifold of a complex space
form Mm(c), c > 0. Then

−
∑
a,b

tr[Ha, Hb]
2 =

∑
a,b

(
−tr[Aa, Ab]

2

+ c(g(Aatvb, Aatvb) − g(Aatvb, Abtva))

+ c(g(Aatva, Abtvb) − g(Aatvb, Abtva))

+
c2

8
(g(tva, tva)g(tvb, tvb) − g(tva, tvb)

2)
)
.

Proof. By the straightforward computation, we have

−
∑
a,b

tr[Ha, Hb]
2

= 2
∑
a,b

trH2
aH2

b − 2
∑
a,b

tr(HaHb)
2

= 2
∑
a,b

( ∑
i,j,k,l

ha
ikh

a
kjh

b
jlh

b
li + 2

∑
i,j,l

hb
jlh

b
liµ

a
i µ

a
j +

∑
i,j,k

ha
ikh

a
kjµ

b
jµ

b
i

+
∑
i,j

µa
i µ

a
jµ

b
jµ

b
i + 2

∑
j,k,l

ha
jkh

b
ljµ

a
kµ

b
l + (

∑
k

(µa
k)

2)(
∑

l

(µb
l )

2)

−
∑

i,j,k,l

ha
ikh

b
kjh

a
jlh

b
li −

∑
i,j,l

ha
jlh

b
liµ

a
i µ

b
j −

∑
i,j,k

ha
ikh

b
kjµ

a
jµ

b
i

−
∑
i,j

µa
i µ

b
jµ

a
jµ

b
i − 2

∑
j,k,l

ha
jkh

b
ljµ

b
kµ

a
l − (

∑
k

µa
kµ

b
k)

2
)
.

Since Aaei =
∑

k ha
ikek and µa

i = −(
√

c/2)g(tva, ei), we have

−
∑
a,b

tr[Aa, Ab]
2 = 2

∑
a,b

(
∑

i,j,k,l

ha
ikh

a
kjh

b
jlh

b
li −

∑
i,j,k,l

ha
ikh

b
kjh

a
jlh

b
li),∑

a,b

g(Aatvb, Aatvb) =
∑
a,b

g(Aatvb, ei)g(Aatvb, ei)
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=
4

c

∑
a,b

∑
i,k,l

ha
ikh

a
ilµ

b
kµ

b
l ,

∑
a,b

g(Aatvb, Abtva) =
4

c

∑
a,b

∑
i,k,l

ha
ikh

b
ilµ

b
kµ

a
l ,

∑
a,b

g(Aatva, Abtvb) =
4

c

∑
a,b

∑
i,k,l

ha
ikh

b
ilµ

a
kµ

b
l ,∑

a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2)

=
16

c2

∑
a,b

(
(
∑
k

µa
k)

2(
∑

l

µb
l )

2 − (
∑
k

µa
kµ

b
k)

2
)
.

From these equations we have our equation. q.e.d.

We also have

Lemma 4.6. Let M be an n-dimensional submanifold of a complex space
form Mm(c), c > 0. Then∑

a,b

(trHaHb)
2 =

∑
a,b

(tr AaAb)
2 + c|A|2 − c

∑
a

trA2
fa +

c2

4
|Ft|2.

Lemma 4.7. Let M be an n-dimensional submanifold of a complex space
form Mm(c), c > 0. Then

|H|2 = |A|2 +
c

2
|t|2.

Lemma 4.8. Let M be an n-dimensional submanifold of a complex space
form Mm(c), c > 0. Then

c

4

∑
a

(trAa)
2 − 3c

4

∑
a,b

trAbg(Aatva, tvb) −
∑
a,b

trAbtrA
2
aAb

=
c

4

∑
a

(trHa)
2 −

∑
a,b

trHbtrH
2
aHb +

∑
a,b

trHbtr((HaHb − HbHa)HaE).

Proof. From the definition of Ha, we have trHa = trAa. Next, by the
straightforward computation, we have the following equations∑

a

trH2
aHb =

∑
a

(
∑
i,j,k

ha
ikh

a
kjh

b
ji +

∑
i,j

hb
jiµ

a
i µ

a
j + 2

∑
i,j

ha
jiµ

a
i µ

b
j),∑

a

tr((HaHb − HbHa)HaE) =
∑
a

(
∑
i,j

hb
jiµ

a
i µ

a
j −

∑
i,j

ha
jiµ

a
i µ

b
j).
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Thus we have ∑
a,b

trHbtrH
2
aHb +

∑
a,b

trHbtr((HaHb − HbHa)HaE)

=
∑
a,b

(trHb)(
∑
i,j,k

ha
ikh

a
kjh

b
ji + 3

∑
ha

jiµ
a
i µ

b
j).

On the other hand, we have

3c

4

∑
a,b

(trAb)g(Aatva, tvb) +
∑
a,b

trAbtrA
2
aAb

=
∑
a,b

(trHb)(3
∑
i,j

ha
jiµ

a
i µ

b
j +

∑
i,j,k

ha
ikh

a
kjh

b
ji).

From these equations, we have our equation. q.e.d.

From Theorem 3.2 and Lemmas 4.5-4.8, we have Theorem 4.1.
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5 Pinching theorems of the square of the length

of the second fundamental form

We give some pinching theorems with respect to the square of the length of
the second fundamental form A, the square of the length of H and the scalar
curvature r ([23]). We prepare some inequalities.

Lemma 5.1. Let M be an n-dimensional submanifold of a complex space
form Mm(c). Then

|∇A|2 ≥ c2

8
(|P |2|t|2 + |FP |2).

Proof. We put

T1(X,Y, Z) = (∇XB)(Y, Z) +
c

4
(g(PX, Y )FZ + g(PX,Z)FY ).

Then

|T 2
1 | = |∇B|2 +

c2

8

∑
i,a

g(Pei, Pei)g(tva, tva) +
c2

8

∑
i

g(FPei, FPei)

+c
∑
i,j

g((∇iB)(Pei, ej), Fej).

From the equation of Codazzi, we obtain∑
i,j

g((∇iB)(Pei, ej), Fej)

=
∑
i,j

g((∇jB)(ei, Pei), Fej) −
c

4

∑
i,a

g(Pei, Pei)g(tva, tva)

− c

4

∑
i

g(FPei, FPei).

Since B is symmetric and P is skew-symmetric, the first term in the right
hand side of the equation vanishes. So we have our assertion. q.e.d.

Lemma 5.2. Let M be an n-dimensional submanifold of a complex space
form Mm(c) with parallel mean curvature vector field. If the equality

|∇A|2 =
c2

8
(|P |2|t|2 + |FP |2)
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holds, then M is a CR submanifold or c = 0.

Proof. By the proof of Lemma 5.1, the equation holds if and only if
T1 = 0. Suppose that T1 = 0. Then we have

DX(trB) =
∑

i

(∇XB)(ei, ei) = − c

2
FPX.

Since the mean curvature vector field of M is parallel, we see that DX(trB) =
0. When c 6= 0, we have FP = 0. Then, from Theorem 2.12, M is a CR
submanifold. q.e.d.

Lemma 5.3. Let M be an n-dimensional submanifold of a complex space
form Mm(c). Then∑

a

trA2
fa +

∑
a

|[P,Aa]|2 − 4
∑
a

trAaAfaP ≥ 0.

Proof. We put

T2(X,Y ) = fB(X,Y ) − B(X,PY ) − B(PX, Y ).

Then we have

|T2|2 =
∑
i,j

|fB(ei, ej) − B(ei, Pej) − B(Pei, ej)|2

=
∑
a

trA2
fa +

∑
a

|[P,Aa]|2 − 4
∑
a

trAaAfaP.

Thus we have our inequality. q.e.d.

Remark. From the consideration in section 2 and Lemma 5.2, we see
that the conditions T1 = 0, T2 = 0 and FP = 0 for a submanifold M of CPm

correspond to the notion of the second fundamental form α of a submanifold
of S2m+1 is parallel. Moreover, if T2 = 0, we see that fµ = 0. When M is a
generic submanifold, the condition T1 = 0 was studied by Yano-Kon [44].

Lemma 5.4. Let M be an n-dimensional submanifold of a complex space
form Mm(c) with parallel mean curvature vector field. If T1 = 0 and T2 = 0,
then |A|2 and |H|2 are constant.
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Proof. Since T1 = 0, Lemma 5.1 implies

(∇XB)(Y, Z) = − c

4
(g(PX, Y )FZ + g(PX,Z)FY ).

Moreover, by Lemma 5.2, M is a CR submanifold, and hence |t| is constant.
We notice that |A|2 =

∑
a,i g(Aaei, Aaei) =

∑
i,j g(B(ei, ej), B(ei, ej)) = |B|2.

Then we have

∇X |A|2 = 2
∑
i,j

g((∇XB)(ei, ej), B(ei, ej)) = c
∑
a

g(AaPX, tva).

Since T2 = 0, we also have fB(X,Y ) = B(PX, Y ) + B(X,PY ). Hence
we obtain

∑
a g(AaX, tfva) =

∑
a g(AaPX, tva) +

∑
a g(AaX,Ptva). From

Lemma 2.11 and Lemma 4.7, we see that |A|2 and |H|2 are constant. q.e.d.

We need the following lemma (see Chern-do Carmo-Kobayashi [7]).

Lemma 5.5. Let A and B be symmetric (n, n)-matrices. Then

−tr(AB − BA)2 ≤ 2trA2trB2,

and the equality holds for non-zero matrices A and B if and only if A and
B can be transformed simultaneously by an orthogonal matrix into scalar
multiples of Ā and B̄ respectively, while

Ā =


0 1

0
1 0

0 0

 , B̄ =


1 0

0
0 −1

0 0

 .

Moreover, if A1, A2 and A3 are (n, n)-symmetric matrices and if

−tr(AiAj − AjAi)
2 = 2trA2

i trA
2
j , 1 ≤ i, j ≤ 3,

then at least one of the matrices Ai must be zero.

Using these lemmas, we prove following

Theorem 5.6. Let M be an n-dimensional compact minimal submanifold
of a complex space form Mm(c), c > 0. If H satisfies

|H|2 ≤ (n + 1)c

8 − 4/p
,
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then M is a totally geodesic complex submanifold Mn/2(c) or a real hyper-
surface of Mm(c) with |A|2 = (n − 1)c/4.

Proof. Using Lemma 5.5, for a suitable choice of an orthonormal basis
{va}, we have ∑

a,b

(trHaHb)
2 −

∑
a,b

tr[Ha, Hb]
2

≤
∑
a

(trH2
a)2 + 2

∑
a6=b

trH2
atrH2

b

= 2(
∑
a

trH2
a)2 −

∑
a

(trH2
a)2

= (2 − 1

p
)(

∑
a

trH2
a)2 − 1

p

∑
a>b

(trH2
a − trH2

b )2

≤ (2 − 1

p
)|H|4.

From Theorem 4.4, Lemma 5.1 and Lemma 5.3, we obtain

0 ≤
∫

M

(
|∇A|2 − c2

8
(|P |2|t|2 + |FP |2)

+
3c

4

∑
a

(trA2
fa + |[P,Aa]|2 − 4trAaAfaP ) +

3c2

4
|FP |2

)
≤

∫
M

(
(2 − 1

p
)|H|2 − (n + 1)c

4

)
|H|2.

Thus we see that if |H|2 ≤ (n + 1)c/(8− 4/p), then FP = 0 and M is a CR
submanifold by Theorem 2.12. Moreover, we have |∇A|2 = (c2/8)(n − q)q,
where q = |t|2 =

∑
a g(tva, tva). Then Lemma 5.1 and Lemma 5.3 imply that

T1 = 0 and T2 = 0. Therefore, by Lemma 5.4, |A|2 and |H|2 are constant.
Consequently we see that |H|2 = (n + 1)c/(8 − 4/p) or |H|2 = 0.

Suppose that |H|2 = 0. From Lemma 4.7, we have Aa = 0 and tva = 0
for all va. Thus M is a totally geodesic complex submanifold, that is, M is
a complex space form Mn/2(c) of Mm(c).

Next we suppose that |H|2 = (n + 1)c/(8 − 4/p). Since
∑

a>b(trH
2
a −

trH2
b )2 = 0, we have trH2

a = trH2
b for any a 6= b. Thus, from Lemma 5.5, we

have p = 1 or p = 2.
Suppose that p = 2. If dimD⊥ = 0, then M is a complex submanifold

of Mm(c). Hence we have PAa + AaP = 0 and Afa = PAa (c.f. [44]). On
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the other hand, we obtain trA2
fa + |[P,Aa]|2 − 4trAaAfaP = 0. Thus we see

that Aa = 0 for all a and that M is a totally geodesic complex submanifold
Mn/2(c) of Mm(c).

If there exist vector fields X ∈ D⊥ and V ∈ N , where N is the orthogonal
complement of JD⊥

x in Tx(M)⊥, then JX ∈ JD⊥ and JV ∈ N . So we have
dimTx(M)⊥ ≥ 3. This is a contradiction. Thus we see that if dimD⊥ 6= 0,
then dimN = 0, that is, M is a generic submanifold of Mm(c).

Suppose that dimD⊥ 6= 0. Since M is generic, we have fv = 0 for any
v ∈ Tx(M)⊥. Then, we obtain∑

a

(trA2
fa + |[P,Aa]|2 − 4trAaAfaP ) =

∑
a

|[P,Aa]|2 = 0,

that is, AaP = PAa for all va. Changing the order of the orthonormal
basis {ei} of Tx(M), we suppose e1, e2 ∈ D⊥

x , e3, · · · , en ∈ Dx and va = Jea

(a = 1, 2). Since AaP = PAa for all a, we have

g(AatV, PX) = −g(AaPtV,X) = 0

for any tangent vector field X and normal vector field V . So we have
g(Aaei, ej) = ha

i,j = ha
j,i = 0 for i = 1, 2 and j ≥ 3. Since rankHa = 2

and trAa = 0 for a = 1, 2, the matrices Ha (a = 1, 2) are represented as

H1 =



0 h1
12

√
c/2

h1
12 0 0 0

0

0 0
...
0√

c/2 0 0 . . . 0 0


and

H2 =



0 h2
12 0

h2
12 0 0

√
c/2
0

0 0
...
0

0
√

c/2 0 . . . 0 0


.

By Lemma 5.5, there exist an orthogonal matrix T = (tij) and scalars α
and β such that TH1T

−1 = αĀ and TH2T
−1 = βB̄. By the straightforward
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computation, we have t11 = 0, t12 = 0, t21 = 0 and t22 = 0. Hence we obtain
Aa = 0 (a = 1, 2).

On the other hand, from Lemma 4.7 and
∑

a g(tva, tva) = p = 2, we have

|A|2 = |H|2 − c =
(n − 5)c

6
.

Consequently, we have n = 5 and hence 2m = 7. Thus is a contradiction.
Hence we see that if |H|2 = (n+1)c/(8−4/p), then M is a real hypersurface
with |A|2 = (n − 1)c/4. Thus we have our theorem. q.e.d.

From Theorem 5.6, we have

Theorem 5.7. Let M be an n-dimensional compact minimal submanifold
of a complex space form Mm(c), c > 0. If the second fundamental form A
satisfies

|A|2 ≤ c

4

( n + 1

2 − 1/p
− 2p

)
,

then M is a totally geodesic complex submanifold Mn/2(c) or a real hyper-
surface of Mm(c) with |A|2 = (n − 1)c/4.

Proof. Since p ≥ |t|2, we have

|A|2 ≤ c

4

( n + 1

2 − 1/p
− 2|t|2

)
,

from Lemma 4.7, we obtain |H|2 ≤ (n + 1)c/(8− 4/p). Thus, from Theorem
5.6, we have our conclusion. q.e.d.

Remark. This theorem is an extension of the pinching theorem with
respect to the square of the length of the second fundamental form of compact
minimal submanifolds in CPm given by Yano-Kon [45, Theorem 3.2, p.150].
If M is a real hypersurface of Mm(c) with |A|2 = (n − 1)c/4, we see that
PAa = AaP . Then M has at most three constant principal curvatures.
When the ambient manifold Mm(c) is CP (n+1)/2 of constant holomorphic
sectional curvature 4, a compact minimal real hypersurface of M with the
second fundamental form A which satisfies |A|2 = n − 1 is equivalent to
π(S2p+1(((2p + 1)/(n + 1))1/2) × S2q+1(((2q + 1)/(n + 1))1/2)), 2(p + q) = n.
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Corollary 5.8. Let M be an n-dimensional compact minimal submani-
fold of Mm(c), c > 0. If the scalar curvature r of M satisfies

r ≥ c

4

(
n(n + 2) − n + 1

2 − 1/p

)
,

then M is a totally geodesic complex submanifold Mn/2(c).

Proof. Since the scalar curvature r of M is given by

r =
c

4

(
(n − 1)n + 3|P |2

)
− |A|2,

Lemma 4.7 implies

r =
c

4

(
n(n − 1) + 3|P |2

)
+

c

2
|t|2 − |H|2

=
c

4

(
n(n + 2) − |t|2

)
− |H|2

≤ n(n + 2)c

4
− |H|2.

Hence we see that if r satisfies the inequality in the statement, then |H|2 ≤
(n + 1)c/(8 − 4/p). By the proof of Theorem 5.6, M is a totally geodesic
complex submanifold Mn/2(c) or a real hypersurface with |H|2 = (n + 1)c/4
of Mm(c). When M is a real hypersurface with |H|2 = (n + 1)c/4, we have
r = (n2 + n − 2)c/4. This is a contradiction. Thus we have our conclusion.
q.e.d.

35



6 Semi-flat normal connection

Let M be a n-dimensional submanifold of a complex space form Mm(c). We
consider the condition that the normal connection of M is semi-flat, that is,
the normal curvature tensor R⊥ of M satisfies R⊥(X,Y )U = (c/2)g(X,PY )fU
for any vector fields X and Y tangent to M and any vector field U normal
to M . We put

S1(X,Y ) = g([AV , AU ]X,Y )− 1

4
c(g(FY, U)g(FX, V )− g(FX,U)g(FY, V )).

By the straightforward computation using the equation of Ricci, the normal
connection of M is semi-flat if and only if S1 = 0. Thus we have the following
two lemmas.

Lemma 6.1. Let M be an n-dimensional submanifold of a complex space
form Mm(c). The normal connection of M is semi-flat if and only if the
following equation holds

−
∑
a,b

tr[Aa, Ab]
2 − c

∑
a,b

g([Aa, Ab]tva, tvb)

+
1

8
c2

∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2) = 0.

Proposition 6.2. Let M be an n-dimensional submanifold of a complex
space form Mm(c). Then we have

|S1|2 = −
∑
a,b

tr[Ha, Hb]
2 − c

2
|∇f |2.

Proof. From Lemma 2.6 and Lemma 4.5, we have

|S1|2 = −
∑
a,b

tr[Aa, Ab]
2 − c

∑
a,b

g([Aa, Ab]tva, tvb)

+
c2

8

∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2)

= −
∑
a,b

tr[Ha, Hb]
2 − c

∑
a

(g(Aatvb, Aatvb) − g(Aatvb, Abtva)).

Since (∇Xf)V = −FAV X − B(X, tV ), we obtain

|∇f |2 = 2
∑
a

(g(Aatvb, Aatvb) − g(Aatvb, Abtva)).
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From these equations we have our result. q.e.d.

Theorem 6.3. Let M be an n-dimensional compact minimal submanifold
with semi-flat normal connection of a complex space form Mm(c), c > 0. If
|H|2 ≤ (n−2)c/4, then M is a totally geodesic complex submanifold Mn/2(c)
of Mm(c).

Proof. From Lemma 2.6 and Lemma 3.8, we have

∆|F |2 = 2c|Pt|2 + 4
∑
a

trA2
fa − 2|∇f |2.

Hence, from Theorem 4.2 and Lemma 2.6, we have

∑
a,b

(trHaHb)
2 − (n − 2)c

4
|H|2

= −g(∇2A,A) − c2

8
(|P |2|t|2 + |FP |2) +

3c

4
(|H|2 −

∑
a

trA2
fa) +

c

4
|[P,Aa]|2

+
c

2
(
∑
a

trA2
fa +

∑
a

|[P,Aa]|2 − 4
∑
a

trAaAfaP ).

Thus we have, by Lemma 5.1 and Lemma 5.3,∫
M

( ∑
a,b

(trHaHb)
2 − (n − 2)c

4
|H|2

)
≥ 0.

We now choose an orthonormal basis {va} such that trHaHb = 0 for a 6= b.
Then

∑
a,b(trHaHb)

2 =
∑

a(trH
2
a)2 ≤ (

∑
a trH2

a)2. Hence we have

∫
M

(
|H|2 − (n − 2)c

4

)
|H|2 ≥ 0.

From Lemma 5.2, M is a CR submanifold of Mm(c). By a similar method
of the proof in Theorem 5.6, we see that if |H|2 ≤ (n − 2)c/4, then |H|2 =
(n − 2)c/4 or |H|2 = 0. When |H|2 = 0, M is a totally geodesic complex
space form Mn/2(c) of Mm(c). We suppose that |H|2 = (n − 2)c/4. Then,
we have ∑

a

|[P,Aa]|2 = 0, |H|2 = |A|2 +
c

2
|t|2 =

∑
a

trA2
fa.
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Since |A|2 =
∑

a trA2
a ≥ ∑

a trA2
fa, we have t = 0. Thus M is a complex

submanifold of Mm(c). Then we generally see that PAa + AaP = 0 for all
a. Combining this to PAa = AaP , we have PAa = 0, and hence Aa = 0,
n = 2. Consequently, M is a totally geodesic complex space form Mn/2(c) of
Mn(c). q.e.d.

From Theorem 6.3, we have the following results.

Theorem 6.4. Let M be an n-dimensional compact minimal submanifold
with semi-flat normal connection of Mm(c) . If |A|2 ≤ (n− 2p− 2)c/4, then
M is a totally geodesic complex submanifold Mn/2(c) of Mm(c).

Corollary 6.5. Let M be an n-dimensional compact minimal submani-
fold with semi-flat normal connection of Mm(c). If the scalar curvature r of
M satisfies r ≥ (n2 + n + 2)c/4, then M is a complex space form Mn/2(c) of
Mm(c).

We next prove a reduction theorem of the codimension of a submanifold
of a complex space form.

Theorem 6.6. Let M be an n-dimensional submanifold with semi-flat
normal connection of a complex space form Mm(c), c > 0. If ∇f = 0, then M
is a totally geodesic complex submanifold of Mm(c) or a generic submanifold
of some Mn+q(c) in Mm(c).

Proof. From the assumptions, Lemma 3.8 implies

∆|F |2 = 2c|Pt|2 + 4
∑
a

trA2
fa.

Moreover, we see that |f |2 is constant by ∇f = 0. Then |t|2 and |F |2 are
also constant. Hence we have Afa = 0 and Pt = 0. This means that M is
a CR submanifold. If t = 0, M is a totally geodesic complex submanifold,
that is, complex space form Mn/2(c). If t 6= 0, then we have g(DXV, fU) =
−g(V, (∇Xf)U) = 0 for any vector field V in FT (M). Thus DXV is in
FT (M). Therefore, FT (M) is the parallel subbundle in the normal bundle
T (M)⊥. From this and Afa = 0, we have our assertion (see [4, Lemma 5.9]).
q.e.d.
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Remark. In [46, Theorem 3.14, p.236], it was proved that if an n-
dimensional compact minimal CR submanifold M of CPm with semi-flat
normal connection and ∇f = 0 satisfies |A|2 ≤ (n − 1)q, then M is CP n/2,
or M is a generic minimal submanifold of some CP (n+q)/2 in CPm and is
π(Sm1(r1) × · · · × Smk(rk)), n + 1 =

∑k
i=1 mi, 1 =

∑k
i=1 r2

i , q = k − 1,
where m1, · · · ,mk are odd numbers. Then n + k is also odd.

From Proposition 6.2, we see that HaHb = HbHa for all a and b if and
only if the normal connection of M is semi-flat and ∇f = 0.
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7 Pinching problem of the sectional curva-

ture

In this section we give some pinching theorems with respect to the sectional
curvature of the compact minimal submanifold in a complex projective space
([21]). If M is compact, we have

∫
M |∇A|2 = −

∫
M g(∇2A,A) (see [34]).

Therefore Lemma 3.7 implies

Theorem 7.1. Let M be an n-dimensional compact minimal submanifold
in a complex projective space CPm with flat normal connection. Then∫

M

(
|∇A|2 − 2

∑
i,a

g(Pei, Pei)g(tva, tva) − 2
∑

i

g(FPei, FPei)

+
1

2
(
∑
a

trA2
fa +

∑
a

|[P,Aa]|2 − 4
∑
a

trAaAfaP )

+
∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2)

)
=

∫
M

(∑
a

trA2
a −

∑
i,j,a

g((R(ei, ej)A)aei, Aaej)

+8
∑

i

g(FPei, FPei) −
1

2

∑
a

trA2
fa

)
.

Theorem 7.2. Let M be an n-dimensional compact minimal submani-
fold in a complex projective space CPm with flat normal connection. If the
second fundamental form A satisfies

∑
a trA2

fa ≥ 16|FP |2, and if the sec-
tional curvature K of M satisfies K ≥ 1/n, then M is the geodesic minimal

hypersphere π(S1(
√

1/2m) × S2m−1(
√

(2m − 1)/2m)) in CPm.

Proof. From Lemma 5.1 and Lemma 5.3, we see that the left-hand side
of the equation in Theorem 7.1 is non-negative. Next we prove that the
right-hand side of this is non-positive.

Choosing an orthonormal basis {ei} of Tx(M) such that Aaei = ha
i ei,

i = 1, · · · , n, we have∑
i,j

g((R(ei, ej)A)aei, Aaej)

=
∑
i,j

g(R(ei, ej)Aaei, Aaej) −
∑
i,j

g(AaR(ei, ej)ei, Aaej)

40



=
1

2

∑
i,j

(ha
i − ha

j )
2Kij,

where Kij denotes the sectional curvature of M with respect to the section
spanned by ei and ej. Since Kij ≥ 1/n, we obtain

∑
i,j

g((R(ei, ej)A)aei, Aaej) ≥
1

2n

∑
i,j

(ha
i − ha

j )
2 ≥ trA2

a.

The left-hand side of this inequality is independent of the choice of an or-
thonormal basis {ei}. Hence we have∑

a

trA2
a −

∑
i,j,a

g((R(ei, ej)A)aei, Aaej) ≤ 0.

Consequently, Theorem 7.1, Lemma 5.1 and Lemma 5.3 imply

|∇A|2 − 2
∑
i,a

g(Pei, Pei)g(tva, tva) − 2
∑
a

g(Ptva, P tva) = 0, (7.1)

∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2) = 0, (7.2)

8
∑
a

g(FPei, FPei) −
1

2

∑
a

trA2
fa = 0. (7.3)

By (7.1) and Lemma 5.2, M is a CR submanifold. Thus, from (7.3), we have
Afa = 0 for all va. On the other hand, (7.2) implies q = 1 or q = 0.

Suppose that q = 1. Using Lemma 2.5, we obtain∑
i,a

g([Afa, Aa]ei, Pei) = −2h(p − 1) = 0.

When p = 1, from the theorem in [17], M is a geodesic minimal hypersphere.
When h = 0, we have n = q = 1 and K = 0. This is a contradiction.

We next suppose that q = 0. Then M is a complex submanifold and
n = h. On the other hand, again using Lemma 2.5, we have hp = 0, and
hence h = 0. This is a contradiction. q.e.d.

When M is a CR minimal submanifold, by Theorem 2.12, we have FP =
0. Hence the condition

∑
a trA2

fa ≥ 16|FP |2 in Theorem 7.2 is automatically
satisfied. So we have
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Theorem 7.3. Let M be an n-dimensional compact minimal CR sub-
manifold in a complex projective space CPm with flat normal connection. If
the sectional curvature K of M satisfies K ≥ 1/n, then M is the geodesic

minimal hypersphere π(S1(
√

1/2m) × S2m−1(
√

(2m − 1)/2m)) in CPm.

Next we give pinching theorems for minimal submanifolds in CPm with
semi-flat normal connection. Using (3.6), (3.7), Lemma 2.6 and Lemma 3.5,
we have

Lemma 7.4. Let M be an n-dimensional compact minimal submanifold
in CPm with semi-flat normal connection. Then∫

M

(
|∇A|2 − 2

∑
i,a

g(Pei, Pei)g(tva, tva) − 2
∑

i

g(FPei, FPei)

+
3

2
(
∑
a

trA2
fa +

∑
a

|[P,Aa]|2 −
∑
a

4trAaAfaP )

+4
∑

i

g(FPei, FPei)
)

=
∫

M

(
−

∑
i,j,a

g((R(ei, ej)A)aei, Aaej) + 3
∑
a

trA2
a

−3

2

∑
a

trA2
fa − 2(n − 1)

∑
a

g(tva, tva)

−
∑
a,b

(g(tva, tva)g(tvb, tvb) − g(tva, tvb)
2)

)
.

From this, we have

Theorem 7.5. Let M be an n-dimensional compact minimal submanifold
in a complex projective space CPm with semi-flat normal connection. If
the sectional curvature K of M satisfies K ≥ 3/n, then M is the complex
projective space CP

n
2 in CPm.

Proof. From Lemma 5.1 and Lemma 5.3, we see that the left-hand side
of the equation in Lemma 7.4 is non-negative. Next we prove that the right-
hand side of this is non-positive.

Since Kij ≥ 3/n, by a similar method in the proof of Theorem 7.2, we
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obtain
−

∑
i,j,a

g((R(ei, ej)A)aei, Aaej) + 3
∑
a

trA2
a ≤ 0.

Consequently, we have

3

2

∑
a

trA2
fa + 2(n − 1)

∑
a

g(tva, tva) = 0.

Thus, we obtain Afa = 0 for all va and t = 0. Therefore M is a complex
submanifold in CPm and Aa = 0 for all va. Thus M is a real n-dimensional
totally geodesic complex submanifold in CPm, that is, CP

n
2 . q.e.d.

Next we give a pinching theorem for a compact minimal CR submanifold
in CPm with semi-flat normal connection.

Theorem 7.6. Let M be a compact n-dimensional minimal CR subman-
ifold in a complex projective space CPm with semi-flat normal connection.
If the sectional curvature K of M satisfies K ≥ 1/n, then M is a totally
geodesic complex projective space CP n/2 or a geodesic minimal hypersphere

π(S1(
√

1/(n + 1)) × Sn(
√

n/(n + 1))) of some CP (n+1)/2 in CPm.

Proof. Since M is a CR submanifold in CPm, we can take an orthonormal
basis {va} of Tx(M)⊥ such that {v1, · · · , vq} form an orthonormal basis of
FTx(M) and {vq+1, · · · , vp} form an orthonormal basis of fTx(M)⊥.

If q = 0, M is a complex submanifold in CPm. Then the normal connec-
tion of M is semi-flat if and only if M is a totally geodesic complex projective
space CP n/2 by a theorem of Ishihara [9].

We next suppose that q ≥ 1. Since the normal connection of M is semi-
flat, we have AfV PX = 0 and AfV tU = βtU for any vector X tangent to M
and any vectors U , V normal to M (see Chen [4, Lemma 5.3, Lemma 5.6]).
Thus, by the minimality of M , we see that β = 0 and AfV = 0.

Let V be in FT (M). Then we have

g(fDXV, fU) = −g((∇f)V, fU)

= g(FAV X, fU) + g(B(X, tV ), fU)

= g(AfUX, tV ) = 0.

This means that FT (M) is parallel, that is, DXV is in FT (M). Moreover, we
have R⊥(X,Y )V = 0 for any V ∈ FT (M). So we can choose an orthonormal
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basis {vλ} in such a way that DXvλ = 0, λ = 1, · · · , q. We notice that
∇Xtvλ = −PAλX. Since P is skew-symmetric and Aλ is symmetric, we
have div(tvλ) = −trPAλ = 0.

From Lemma 2.6 and Lemma 3.5, we obtain

g(∇2A, A) =
∑
i,j,λ

g((R(ei, ej)A)λei, Aλej)

+3(−
∑
a

trA2
λ +

1

2

∑
a

|[P,Aλ]|2) + 3q(q − 1).

On the other hand, Lemma 3.6 implies

∑
λ

div(∇tvλ
tvλ) = (n − 1)q −

∑
λ

trA2
λ +

1

2

∑
λ

|[P,Aλ]|2.

Using these equations, we have

−g(∇2A,A) − 2hq +
1

2

∑
λ

|[P,Aλ]|2 + q(q − 1)

=
∑
λ

trA2
λ −

∑
i,j,λ

g((R(ei, ej)A)λei, Aλej) − 2
∑
λ

div(∇tvλ
tvλ).

Thus we have ∫
M

(
|∇A|2 − 2hq +

1

2

∑
λ

|[P,Aλ]|2 + q(q − 1)
)

=
∫

M

(∑
λ

trA2
λ −

∑
i,j,λ

g((R(ei, ej)A)λei, Aλej)
)
.

By Lemma 5.1, we see that the left-hand side of this equation is non-negative.
Next we prove that the right-hand side of the equation above is non-positive.
By a similar method in the proof of Theorem 7.2, we have∑

λ

trA2
λ −

∑
i,j,λ

g((R(ei, ej)A)λei, Aλej) ≤ 0.

Consequently, we obtain

|∇A|2 = 2hq, PAλ = AλP, q(q − 1) = 0.

Hence we have q = 1 and M is a real hypersurface in some CP (n+1)/2 in CPm

(cf. [46, p.227]). Therefore, using Theorem 7.3, we have our result (see also
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[17]). q.e.d.

If n > p + 2, we see that ∇f = 0 and M is a CR submanifold in CPm

with the second fundamental form A which satisfies AfV = 0 for any vector
V normal to M (see Okumura [29], [30]). Therefore, Theorem 7.6 implies

Theorem 7.7. Let M be a compact n-dimensional minimal submanifold
in CPm with semi-flat normal connection. If the sectional curvature K of M
satisfies K ≥ 1/n, and if n > p+2, then M is a totally geodesic complex pro-

jective space CP n/2 or a geodesic minimal hypersphere π(S1(
√

1/(n + 1)) ×
Sn(

√
n/(n + 1))) of some CP (n+1)/2 in CPm.
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8 Reduction of the codimension

In this section we prove the following reduction theorem of a codimension
([22]). If a CR submanifold satisfies dimD > 0 and dimD⊥ > 0, then it is
said to be proper.

Theorem 8.1. Let M be a compact n-dimensional minimal proper CR
submanifold of a complex projective space CPm. If the Ricci tensor S of M
satisfies S(X,X) ≥ (n− 1)g(X,X) for any vector X tangent to M , then M
is a real hypersurface of some CP (n+1)/2 in CPm.

First of all, we prove

Lemma 8.2. Let M be a compact n-dimensional minimal CR submani-
fold of CPm which is not a complex submanifold of CPm. If the Ricci tensor
S of M satisfies S(X,X) ≥ (n−1)g(X,X), then M is a real projective space
RP n or q = 1, that is, dimD⊥

x = 1.

Proof. Since M is minimal, by the assumption, we have

S(X,X) − (n − 1)g(X,X) (8.1)

= 3g(PX,PX) −
∑
a

g(A2
aX,X) ≥ 0.

If P = 0, then M is a totally real submanifold of CPm. Moreover the above
inequality implies that Aa = 0 for all a. So M is totally geodesic in CPm,
and hence M is a real projective space RP n by a theorem of Abe [1].

We next suppose P 6= 0. For any normal vector fields U and V , we have
AU tV = 0. Thus we obtain

0 = (∇XA)U tV − AUPAV X + AUAfV X,

from which

g((∇XA)UY, tV ) = g((∇XA)U tV, Y )

= g(AUPAV X,Y ) − g(AUAfV X,Y ).

By the equation of Codazzi, we have

−2g(X,PY )g(tU, tV ) = g(AUPAV X,Y ) + g(AV PAUX,Y ) (8.2)

−g(AUAfV X,Y ) + g(AfV AUX,Y ).
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Since
∑

a g(tva, tva) = q, we obtain

2
∑
a

g(AaPAaX,PX) −
∑
a

g((AaAfa − AfaAa)X,PX)

= 2qg(PX,PX).

On the other hand, we have

S(PX,PX) = (n + 2)g(PX,PX) −
∑
a

g(AaPX,AaPX).

From these equations, we obtain∑
a

g(AaPX,AaPX)

=
∑
a

g(AaPAaX,PX) − 1

2

∑
a

((AaAfa − AfaAa)X,PX)

+(n + 2 − q)g(PX,PX) − S(PX,PX).

Thus we have, for any orthonormal basis {ei} of Tx(M),

1

2

∑
a

|[P,Aa]|2 (8.3)

= (n + 2 − q)h −
∑

i

S(Pei, Pei) +
1

2

∑
a

trP (AaAfa − AfaAa)

= −hq +
∑
a

trA2
a +

∑
a

trPAaAfa.

Since S(Pei, Pei) ≥ n− 1, we have
∑

a trA2
a ≤ 3h. From these equations, we

see that
1

2

∑
a

|[P,Aa]|2 ≤ h(3 − q) +
∑
a

trPAaAfa.

We take a basis {v1, · · · , vp} of Tx(M)⊥ such that {v1, · · · , vq} is an orthonor-
mal basis of FTx(M) and {vq+1, · · · , vp} is that of Nx. By (8.2), we have∑p

λ=q+1 trPAλAfλ =
∑p

λ=q+1 trAλPAλP . From these and

1

2

p∑
a=1

|[P,Aa]|2 =
1

2

q∑
x=1

|[P,Ax]|2 +
p∑

λ=q+1

trAλPAλP −
p∑

λ=q+1

trP 2A2
λ,

we obtain

0 ≤ 1

2

q∑
x=1

|[P,Ax]|2 +
n∑

i=1

p∑
λ=q+1

g(AλPei, AλPei)

≤ h(3 − q).
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Thus we see that q ≤ 3. Suppose q = 3. Then we have PAx = AxP for
x = 1, 2, 3 and AλP = 0 for λ = 4, · · · , p. Hence we have AfV PX=0 for any
normal vector field V and tangent vector field X. From (8.2), we have

2g(PX,PY )g(tV, tU) = g(AUAV PX,PY ) + g(AV AUPX,PY )

for any tangent vector fields X, Y and normal vector fields U, V ∈ FTx(M).
So we obtain A2

xX = X and g(AxX,AyX) = g(X,X)g(tvx, tvy) for any
X ∈ H and x, y = 1, 2, 3. From this, for a fixed x, taking a tangent vector
Y 6= 0 which satisfies AxY = kY , k = ±1, we obtain

g(AxY,AyY ) = kg(Y,AyY ) = 0, x 6= y.

Thus we have g(Y,AyY ) = 0. This is a contradiction.
Suppose q = 2. We have Afx = 0 for x = 1, 2. Then we obtain∑

x,i,j

g(∇jtva, ei)g(ej,∇itva)

=
∑
x,i,j

g(−PAxej + tDjvx, ei)g(−PAxei + tDivx, ej)

= −
∑
x,j

g(PAxej, AxPej) +
∑
x,i,j

g(tDjvx, ei)g(tDivx, ej)

=
∑
x

tr(PAx)
2 +

∑
x,y,z

g(Dtzvx, vy)(Dtyvx, vz)

=
∑
x

tr(PAx)
2 +

∑
x,y

g(Dtyvx, vy)
2,

where x, y, z = 1, 2 and Dtx = Dtvx . On the other hand, we have∑
x

(divtvx)
2 =

∑
x,i,j

g(∇itvx, ei)g(∇jtvx, ej)

=
∑
x,i,j

g(−PAxei + tDiva, ei)g(−PAxej + tDjvx, ej)

=
∑
x,i,j

g(tDivx, ei)g(tDjvx, ej)

=
∑
x,y

g(Dtyvx, vy)
2.

Since S satisfies

div(∇XX) − div((divX)X)

= S(X,X) +
∑
i,j

g(∇jX, ei)g(ej,∇iX) − (divX)2
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for any tangent vector field X (cf. [46; p.44]), we have∑
x

(
div(∇txtvx) − div((divtvx)tvx)

)
=

∑
x

S(tvx, tvx) +
∑
x

tr(PAx)
2

= 2(n − 1) +
1

2

∑
x

|[P,Ax]|2 +
∑
x

tr(P 2A2
x)

= 2(n − 1) − 2h +
∑
x

trA2
x +

∑
x

trPAxAfx +
∑
x

tr(P 2A2
x)

≥ 2.

Here we used (8.3) and fvx = 0. Since M is compact, this is a contradiction.
So we have q = 1. q.e.d.

If M is proper, then h > 0 and q > 0. Thus we have

Lemma 8.3. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then q = 1, that is, dimD⊥

x = 1.

In the following, we shall prove that the first normal space of M is just
FH⊥ and is of dimension 1 under the condition of Lemma 8.3. To prove this,
we prepare some lemmas.

Lemma 8.4. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then the following hold :

(a) ∇f = 0.
(b) For any X tangent to M and any V ∈ FH⊥, we have DXV ∈ FH⊥.
(c) For any X tangent to M and any U ∈ N , we have DXU ∈ N .

Proof. By the proof of Lemma 8.2, if the Ricci tensor S of a minimal CR
submanifold M satisfies S(X,X) ≥ (n − 1)g(X,X) for any tangent vector
field X, then AU tV = 0 for any U and V normal to M . Thus we have

g((∇Xf)V, U) = −g(FAV X,U) − g(B(X, tV ), U)

= −g(X,AV tU) − g(AU tV,X)

= 0
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for any X tangent to M and any U and V normal to M . Thus f is parallel.
Since M is proper, by Lemma 8.3, we have dimD⊥

x = 1. Let V be a
vector field in FH⊥. Then we have g(DXV, fU) = −g(V, (∇Xf)U) = 0 for
any vector field U ∈ N . Hence we have (b).

Next we prove (c). For any vector field U in N , there exists U ′ in N that
satisfy U = fU ′. Hence we have

DXU = DX(fU ′) = fDXU ′.

Consequently, we have DXU ∈ N . q.e.d.

Lemma 8.5. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then the second fundamental form A satisfies the following :

(a) AvPAv = P , where v is a unit vector field in FH⊥.
(b) |[P,Av]|2 = 2trA2

v − 2(n − 1), where v is a unit vector field in FH⊥.
(c) AV AU = AUAV for any V ∈ FH⊥ and U ∈ N .
(d) PAU = AfU and PAU + AUP = 0 for any U ∈ N .

Proof. By Lemma 8.3, we have dimD⊥
x = 1. Let {v1, · · · , vp} be an

orthonormal basis of Tx(M)⊥ such that v1 = v ∈ FD⊥
x and v2, · · · , vp ∈ Nx.

By (8.2) and fv = 0, we have

2g(AvPAvX,Y ) = −2g(X,PY )g(tv, tv)

for any X and Y tangent to M . Thus we have (a). Using this, we have (b)
by a straightforward computation.

Next we prove (c). From the equation of Ricci and Lemma 8.4 (b), we
have

g([AU , AV ]X,Y )

= g(Y, tV )g(X, tU) − g(X, tV )g(Y, tU) − 2g(X,PY )g(V, fU)

= 0

for any X and Y tangent to M and V ∈ FH⊥, U ∈ N . Thus we have
AV AU = AUAV .

From the Weingarten formula and Lemma 8.4 (a), we have

∇̃XJU = ∇̃XfU = −AfUX + DXfU = −AfUX + fDXU.

50



On the other hand, since ∇̃J = 0, we obtain

∇̃XJU = J∇̃XU = −PAUX − FAUX + fDXU,

thus we have PAU = AfU . Since AfU is symmetric and P is skew-symmetric,
we obtain PAU + AUP=0. Hence we have (d). q.e.d.

Using Theorem 3.3 and Lemma 8.5, we next compute the Laplacian for
the square of the length of the second fundamental form of the minimal
submanifold in CPm whose Ricci tensor satisfies S(X,X) ≥ (n − 1)g(X,X)
for any tangent vector field X.

Lemma 8.6. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then

g(∇2A,A) = (n + 3)trA2
v + (n + 4)

∑
a

trA2
fa − 6(n − 1)

−
∑
a,b

|[Aa, Ab]|2 −
∑
a,b

(trAaAb)
2.

Proof. From Lemma 8.5, we have
∑

a trAaAfaP =
∑

a trA2
fa. Next we

compute
∑

a |[P,Aa]|2. Using Lemma 8.5, we obtain∑
a

|[P,Aa]|2 = |[P,Av]|2 +
∑
a≥2

|[P,Aa]|2

= −2(n − 1) + 2trA2
v + 4

∑
a

trA2
fa.

From these equations and Theorem 3.3, we have our result. q.e.d.

Lemma 8.7. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then∑

j

g((∇2A)vej, Avej) = (n + 3)trA2
v − 6(n − 1) − (trA2

v)
2,

∑
a≥2,j

g((∇2A)aej, Aaej) =
∑
a

trA2
fa −

∑
a,b

|[Aa, Ab]|2 −
∑

a,b≥2

(trAaAb)
2.
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Proof. From (3.1) and Lemma 8.5, we have∑
j

g((∇2A)vej, Avej)

=
∑
j

g((∇2B)(ej, Avej), v)

= ng
∑
j

g(Avej, Avej) − 3
∑
j

g(Avej, P
2Avej)

−3
∑
j

g(A2
vej, P

2ej) − 3
∑
j

g(Avej, Avej) − 6
∑
j

g(AvPej, PAvej)

+
∑
a,j

(−trAaAvg(Aaej, Avej) + 2g(AaAvAaej, Avej)

−g(A2
aAvej, Avej) − g(AvA

2
aej, Avej))

= (n − 3)trA2
v + 3|[P,Av]|2 −

∑
a

(tr AaAv)
2 +

∑
a

|[Aa, Av]|2

= (n + 3)trA2
v − 6(n − 1) − (trA2

v)
2.

Here we used the fact that
∑

a≥2(trAaAv)
2 = 0, which is proved by Lemma

8.5 (c), (d). From this equation and Lemma 8.6, we have∑
a≥2,j

g((∇2A)aej, Aaej)

= g(∇2A,A) −
∑
j

g((∇2A)vej, Avej)

= (n + 4)
∑
a

trA2
fa −

∑
a,b

|[Aa, Ab]|2 −
∑
a,b

(trAaAb)
2 + (trA2

v)
2

= (n + 4)
∑
a

trA2
fa −

∑
a,b

|[Aa, Ab]|2 −
∑

a,b≥2

(trAaAb)
2.

Hence we have our equation. q.e.d.

Next we give inequalities for
∑

a,b |[Aa, Ab]|2 and
∑

a,b≥2(trAaAb)
2 in the

equation in Lemma 8.7.

Lemma 8.8. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then ∑

a,b

|[Aa, Ab]|2 ≤ 4
∑
a

trA2
fa,
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∑
a,b≥2

(trAaAb)
2 ≤ 1

2
(
∑
a

trA2
fa)

2.

Proof. From (8.1), we have 3g(PX,PX) ≥ ∑
a g(AaX,AaX) for any X

tangent to M . On the other hand, by Lemma 8.5, we have∑
i,a

g(A2
vAfaei, Afaei)

=
∑
i,a

g(AvAfaAvei, Afaei) =
∑

i,a≥2

g(AvPAaAvei, Afaei)

=
∑

i,a≥2

g(AvPAvAaei, Afaei) =
∑

i,a≥2

g(PAaei, PAaei).

From these and Lemma 8.5, we obtain

3
∑
a

trA2
fa = 3

∑
i,a

g(PAfaei, PAfaei)

≥
∑
i,a,b

g(AbAfaei, AbAfaei)

=
∑
i,a

g(AvAfaei, AvAfaei) +
∑
i,a,b

g(A2
faA

2
fbei, ei)

=
∑

i,a≥2

g(PAaei, PAaei) +
1

2

∑
a,b

|[Aa, Ab]|2

=
∑
a

trA2
fa +

1

2

∑
a,b

|[Aa, Ab]|2,

from which 4
∑

a trA2
fa ≥ ∑

a,b |[Aa, Ab]|2. Hence we have our first inequality.
In the next place, we take a basis {v, v2, · · · , vp′ , vp′+1 = fv2, · · · , vp = fvp′}
(p = 2p′ + 1) of Tx(M)⊥ such that

∑p
a,b≥2(trAaAb)

2 =
∑p

a=2(trA
2
a)

2. Since
trA2

a = trA2
fa for a ≥ 2, we have

p∑
a=2

(trA2
a)

2 = 2
p′∑

a=2

(trA2
a)

2

= 2
(
(

p′∑
a=2

trA2
a)

2 −
p′∑

a,b≥2,a 6=b

trA2
atrA

2
b

)
.

On the other hand, we have

(
p∑

a=2

trA2
a)

2 = (2
p′∑

a=2

trA2
a)

2 = 4(
p′∑

a=2

trA2
a)

2.

53



Therefore we obtain

p∑
a=2

(trA2
a)

2 =
1

2
(

p∑
a=2

trA2
a)

2 − 2
p′∑

a,b≥2,a 6=b

trA2
atrA

2
b ≤

1

2
(

p∑
a=2

trA2
a)

2,

from which we have
∑p

a,b≥2(trAaAb)
2 ≤ (1/2)(

∑
a trA2

fa)
2. Hence we have the

second inequality. q.e.d.

Using Lemma 8.3-Lemma 8.8, we prove the following lemma.

Lemma 8.9. Let M be a compact n-dimensional minimal proper CR
submanifold of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n −
1)g(X,X), then Afa = 0 for all a.

Proof. From Lemma 8.7 and Lemma 8.8, we have

1

2
∆(

∑
a

trA2
fa)

=
∑

a≥2,i

g((∇2A)aei, Aaei) +
∑

a≥2,i

g((∇A)aei, (∇A)aei)

≥
∑

a≥2,i

g((∇2A)aei, Aaei)

= (n + 4)
∑
a

trA2
fa −

∑
a,b≥2

|[Aa, Ab]|2 −
∑

a,b≥2

(trAaAb)
2

≥ (
∑
a

trA2
fa)

(
n − 1

2

∑
a

trA2
fa

)
.

On the other hand, since∑
i

S(ei, ei) = (n + 3)(n − 1) − |A|2 ≥ (n − 1)
∑

i

g(ei, ei),

we have |A|2 = trA2
v +

∑
a trA2

fa ≤ 3(n − 1). From Lemma 8.5 (b), we have
trA2

v ≥ n − 1. Hence we have
∑

a trA2
fa ≤ 2(n − 1) < 2n. Hence, by the

theorem of E. Hopf,
∑

a trA2
fa is constant so that ∆(

∑
a trA2

fa) = 0. Thus we
have Afa = 0 for all a. q.e.d.

From Lemma 8.4 and Lemma 8.9, the first normal space of M is of di-
mension 1 and parallel. Hence we see that M is a real hypersurface of some
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totally geodesic complex projective space CP (n+1)/2 in CPm (cf. [46; p.227]).
This theorem is an extension of the reduction theorem of the codimension of
a generic minimal submanifold in CPm given by Yamagata-Kon [41].
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9 Pinching theorems of the Ricci curvature

We define the notion of the tube of a submanifold. For the local calculation,
assume that N is an embedded real n-dimensional C∞-submanifold of CPm.
For a normal vector field V of N , let F (V ) be a point in CPm reached by
traversing a distance |V | along the geodesic in CPm originating at the base
point x of V with initial tangent vector V . A point p ∈ CPm is called a
focal point of multiplicity ν > 0 of (N, x) if p = F (V ) and the Jacobian of
the map F from the normal bundle of N to CPm has nullity ν at V . Let
BN denote the bundle of unit normal vectors to N . The tube of radius r
over N is defined by the map φr : BN −→ CPm given by φr(V ) = F (rV ).
For sufficiently small value of r at least, φr determines a real hypersurface of
CPm.

In the following, we take the unit normal vector field v of a real hyper-
surface M in CPm, and we put ξ = −Jv. Then ξ is the unit tangent vector
field of M and P 2X = −X + g(X, ξ)ξ, Pξ = 0. We also put Av = A to
simplify the notation. Then ∇Xξ = PAX for any vector field X tangent to
M .

In 1982, Cecil and Ryan classified real hypersurfaces of a complex pro-
jective space CPm with a princilpal curvature vector field ξ.

Proposition 9.1 ([3]). Let M be a real hypersurface (with unit normal
vector v) of a complex projective space CPm on which ξ is a principal cur-
vature vector with principal curvature α = 2cot2r and the focal map φr has
constant rank on M . Then the following hold :

(a) M lies on a tube (in the direction η = γ′(r), where γ(r) = expx(rv)
and x is a base point of the normal vector v) of radius r over a certain Kähler
submanifold N in CPm.

(b) Let cotθ, 0 < θ < π, be a principal curvature of the second funda-
mental form Aη at y = γ(r) of the Kähler submanifold N . Then the real
hypersurface M has a principal curvature cot(r − θ) at x = γ(0).

For the special case that the second fundamental form A satisfies Aξ = 0,
Maeda proved the following

Proposition 9.2 ([26]). Let M be a real hypersurface of a complex pro-
jective space CPm. If Aξ = 0, except for the null set on which the focal map
φr degenerates, M is locally congruent to one of the following :
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(a) a homogeneous real hypersurface which lies on a tube of radius π/4
over a totally geodesic CP k (1 ≤ k ≤ m − 1),

(b) a nonhomogeneous real hypersurface which lies on a tube of radius
π/4 over a Kähler submanifold N with nonzero principal curvatures 6= ±1.

Using these results, we prove the following

Theorem 9.3. Let M be a compact n-dimensional minimal CR subman-
ifold of a complex projective space CPm which is not a complex submanifold
of CPm. If the Ricci tensor S of M satisfies S(X,X) ≥ (n − 1)g(X,X) for
any vector X tangent to M , then M is congruent to one of the following :

(a) a totally geodesic real projective space RP n of CPm,
(b) a pseudo-Einstein real hypersurface M c((n−1)/4, π/4) of some CP (n+1)/2

in CPm,
(c) a real hypersurface of some CP (n+1)/2 in CPm which lies on a tube

of radius π/4 over certain Kähler submanifold N with principal curvatures
cot θ, 0 < θ ≤ π/12.

Proof. We suppose that M is proper. Then Theorem 8.1 implies that
M is a real hypersurface of some totally geodesic complex projective space
CP (n+1)/2 in CPm. By the proof of Lemma 8.2, we have Aξ = 0. On the
other hand, from Lemma 8.5, we obtain APAX = PX for any X tangent
to M . Thus we see that if AX = λX, then APX = (1/λ)PX. Since
3g(PX,PX) ≥ g(A2X,X), we obtain λ2 ≤ 3. We also have rankA = n − 1
because Aξ = 0. A homogeneous real hypersurface which lies on a tube of
radius π/4 over a totally geodesic CP k is minimal if and only if k = (n−1)/4,
that is, M is M c

k,k. The principal curvatures of this real hypersurface are ±1
(see [3; p.493]).

For a nonhomogeneous real hypersurface M which lies on a tube of ra-
dius π/4 over a Kähler submanifold N , by the condition λ2 ≤ 3 and (b) of
Proposition 9.1, we have cot2(π/4 − θ) ≤ 3. Thus we have 0 < θ ≤ π/12.
Consequently, using Proposition 9.1 and Proposition 9.2, we have our theo-
rem. q.e.d.

Remark. The author does not know examples of certain Kähler sub-
manifold N having the properties required in case (c) in Theorem 9.3.

Corollary 9.4. Let M be a compact n-dimensional minimal proper CR
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submanifold of a complex projective space CPm. If the Ricci tensor S of
M satisfies S(X,X) ≥ (n − 1)g(X,X), then M is congruent to one of the
following :

(a) a pseudo-Einstein real hypersurface M c((n−1)/4, π/4) of some CP (n+1)/2

in CPm,
(b) a real hypersurface of some CP (n+1)/2 in CPm which lies on a tube

of radius π/4 over certain Kähler submanifold N with principal curvatures
cot θ, 0 < θ ≤ π/12.

In [25], Maeda proved that if the Ricci tensor S of a compact mini-
mal real hypersurface M of CPm satisfies (2m − 2)g(X,X) ≤ S(X,X) ≤
2mg(X,X), then M is congruent to a pseudo-Einstein real hypersurface
M c((m − 1)/2, π/4) of CPm. Combining this with Corollary 9.4, we have

Corollary 9.5. Let M be a compact n-dimensional minimal proper CR
submanifold of a complex projective space CPm. If the Ricci tensor S satisfies
(n − 1)g(X,X) ≤ S(X,X) ≤ (n + 1)g(X,X), then M is congruent to a
pseudo-Einstein real hypersurface M c((n − 1)/4, π/4) of some CP (n+1)/2 in
CPm.

Next we prove the following

Theorem 9.6. Let M be a compact n-dimensional minimal CR subman-
ifold of a complex projective space CPm. If the Ricci tensor S of M satisfies
S(X,X) ≥ (n − 1)g(X,X) + g(PX,PX) for any vector X tangent to M ,
then M is congruent to one of the following:

(a) a totally geodesic real projective space RP n of CPm,
(b) a totally geodesic complex projective space CP n/2 of CPm,
(c) a complex (n/2) dimensional complex quadric Q(n/2) of some CP n/2+1

of CPm,
(d) a pseudo-Einstein real hypersurface M c((n−1)/4, π/4) of some CP (n+1)/2

in CPm,
(e) a real hypersurface of some CP (n+1)/2 in CPm which lies on a tube

of radius π/4 over certain Kähler submanifold N with principal curvatures
cot θ, where θ satisfies 0 < sin 2θ ≤ 1/3.

For the proof of the theorem, we prepare some lemmas for complex sub-
manifolds. We take an orthonormal basis {v1, · · · , vp, vp+1 = fv1, · · · , v2p =
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fvp} of Tx(M)⊥.

Lemma 9.7 ([14]). Let M be a complex k-dimensional Kähler submani-
fold of a complex m-dimensional Kähler manifold M̄ . Then

1

k
|A|4 ≤

2p∑
a,b=1

|[Aa, Ab]|2 ≤ |A|4,

1

2p
|A|4 ≤

2p∑
a,b=1

(trAaAb)
2 ≤ 1

2
|A|4,

where p = m − k. If M̄ is of constant holomorphic sectional curvature c,
then M is Einstein if and only if

∑2p
a,b=1 |[Aa, Ab]|2 = |A|4/k.

From Lemma 3.1, we have,

Lemma 9.8. Let M be a complex k-dimensional Kähler submanifold of
CPm. Then

g(∇2A,A) = 2(k + 2)|A|2 −
2p∑

a,b=1

|[Aa, Ab]|2 −
2p∑

a,b=1

(trAaAb)
2.

In the following we prove Theorem 9.6. From Theorem 8.1, if M is proper,
then M is a real hypersurface of some CP (n+1)/2 in CPm.

Next we suppose that M is a complex (n/2) dimensional complex sub-
manifold of CPm. Since M is complex minimal submanifold of CPm, we
have

S(X,Y ) = (n + 2)g(X,Y ) −
2p∑

a=1

g(A2
aX,Y ).

Thus we have
∑2p

a g(A2
aX,X) ≤ 2g(X,X), from which |A|2 ≤ 2n. Moreover,

we see that 2I −∑
a A2

a is a positive semi-definite operator. Since Aa is sym-
metric,

∑
a A2

a is positive semi-definite. The operators
∑

a A2
a and 2I −∑

a A2
a

can be transformed simultaneously by an orthogonal matrix into diagonal
forms at each point of M , thus we see that (

∑
a A2

a)(2I − ∑
a A2

a) is positive
semi-definite. Hence we have

tr(
2p∑

a=1

A2
a)

2 ≤ 2|A|2 ≤ 4n. (9.1)
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On the other hand, we obtain

2p∑
a,b=1

|[Aa, Ab]|2 = 2
2p∑

a,b=1

trA2
aA

2
b = 2tr(

2p∑
a=1

A2
a)

2.

Therefore we have
∑2p

a,b=1 |[Aa, Ab]|2 ≤ 4|A|2. From Lemma 9.7, Lemma 9.8
and these equations, we have

1

2
∆|A|2 = g(∇2A,A) + |∇A|2 (9.2)

≥ g(∇2A,A) ≥ |A|2(n − 1

2
|A|2) ≥ 0.

Hence, by the theorem of Hopf, |A|2 is constant so that ∆|A|2 = 0. Thus we
have |A| = 0 or |A|2 = 2n. When |A| = 0, M is totally geodesic.

Next we suppose |A|2 = 2n. By (9.1), we have tr(
∑2p

a=1 A2
a)

2 = 4n, which
induces

2p∑
a,b=1

|[Aa, Ab]|2 = 8n =
2|A|4

n
.

From Lemma 9.7, M is Einstein complex submanifold of CPm.
For any V ∈ N0(x) = {V ∈ Tx(M)⊥ : AV = 0}, we have

∇Y (AV X) = (∇Y A)V X + ADY V X + AV (∇Y X) = 0.

Hence we have ADY V X + (∇Y A)V X = 0. Since the equality of (9.2) holds,
we have ∇A = 0, from which we see that N0 is parallel with respect to the
normal connection. Let V ∈ N0 and U ∈ N1. Then we have

Xg(U, V ) = g(DXU, V ) + g(U,DXV ) = 0.

Hence we see that the first normal space is parallel with respect to the
normal connection. On the other hand, since the equality of (9.2) holds,
we have

∑2p
a,b=1(trAaAb)

2 = (1/2)|A|4. In the next place, we take a basis

{v1, · · · , vp, vp+1 = fv1, · · · , v2p = fvp} of Tx(M)⊥ such that
∑2p

a,b=1(trAaAb)
2 =∑2p

a=1(trA
2
a)

2. Then we have

2p∑
a=1

(trA2
a)

2 =
1

2
|A|4 − 2

p∑
a 6=b

(trA2
a)(trA

2
b),
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from which we have
∑p

a 6=b(trA
2
a)(trA

2
b) = 0. Hence we have dimN1 = 2. Hence

M is an Einstein complex hypersurface of some CP n/2+1 in CPm, that is, a
complex quadric Qn/2 of CP n/2+1 (see [35]). From this and Theorem 9.3, we
have our theorem. q.e.d.

We suppose that M is a compact n-dimensional minimal CR submanifold
of a complex projective space CPm. When the Ricci tensor S of M satisfies
S(X,X) ≥ (n − 1)g(X,X) + 2g(PX,PX) for any vector X tangent to M ,
the cases (c) and (e) in Theorem 9.6 do not occur. Thus we obtain

Theorem 9.9 ([18]). Let M be a compact n-dimensional minimal CR
submanifold of a complex projective space CPm. If the Ricci tensor S of M
satisfies S(X,X) ≥ (n− 1)g(X,X) + 2g(PX,PX) for any vector X tangent
to M , then M is equivalent to one of the following:

(a) a totally geodesic real projective space RP n of CPm,
(b) a totally geodesic complex projective space CP n/2 of CPm,
(c) a pseudo-Einstein real hypersurface M c((n−1)/4, π/4) of some CP (n+1)/2

in CPm.
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10 Real hypersurfaces of a complex space form

In this section we first study the Ricci tensor on the holomorphic distribution
on CR submanifolds in a complex space form and give a characterization of
pseudo-Einstein real hypersurfaces ([19]).

Theorem 10.1. Let M be an n-dimensional CR submanifold of a com-
plex space form Mm(c), c 6= 0, h = dimDx > 2, with semi-flat normal
connection. Suppose that the curvature tensor R and the Ricci tensor S sat-
isfy g((R(X,Y )S)Z,W ) = 0 for any tangent vectors X,Y, Z,W ∈ Dx. Then
we have

g(SX, Y ) =
1

h
(r −

q∑
a=1

g(Stva, tva))g(X,Y )

for any vectors X,Y ∈ Dx, where r denotes the scalar curvature of M and
{v1, · · · , vq} is an orthonormal basis of JD⊥

x .

Proof. Since g((R(X,Y )S)Z,W ) = 0 for any tangent vectors X,Y, Z,W ∈
Dx, the first Bianchi identity gives

g(R(X,Y )SZ + R(Y, Z)SX + R(Z,X)SY,W ) = 0.

We take an orthonormal basis {e1, · · · , eh, tv1 := eh+1, · · · , tvq := en} of
Tx(M), where {e1, · · · , eh} is an orthonormal basis of Dx and {v1, · · · , vq}
is an orthonormal basis of JD⊥

x . Then we have

g(
h∑

i=1

R(ei, Pei)SX +
h∑

i=1

R(Pei, X)Sei +
h∑

i=1

R(X, ei)SPei, Y ) = 0.

Since Ptva = 0 for a = 1, · · · , q, we have

g(
n∑

i=1

R(ei, Pei)SX +
n∑

i=1

R(Pei, X)Sei +
n∑

i=1

R(X, ei)SPei, Y ) = 0.

Since we have

g(
n∑

i=1

R(Pei, X)Sei, Y ) = −g(
n∑

i=1

R(ei, X)SPei, Y ),

it follows that
n∑

i=1

g(R(ei, Pei)SX, Y ) = 2
n∑

i=1

g(R(ei, X)SPei, Y ).
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On the other hand, by the equation of Gauss, we obtain∑
i

g(R(ei, Pei)SX, Y )

= (−2h − 4)cg(PSX, Y ) +
∑

i

g(AB(Pei,SX)ei, Y )

−
∑

i

g(AB(ei,SX)Pei, Y ),

2
∑

i

g(R(ei, X)SPei, Y )

= c{−2g(PSX, Y ) + 2g(PSPX,PY ) + 4g(PX,PSPY )

−2
∑

i

g(SPei, Pei)g(PX, Y )} + 2
∑

i

g(AB(X,SPei)ei, Y )

−2
∑

i

g(AB(ei,SPei)X,Y ).

Thus we have

c{(−2h − 2)g(PSX, Y ) − 2g(PSPX,PY ) − 4g(PX,PSPY )}
= −2c

∑
i

g(SPei, Pei)g(PX, Y ) + 2
∑
i,a

g(Aaei, Y )g(AaX,SPei)

−2
∑
i,a

g(AaX,Y )g(Aaei, SPei) − 2
∑
i,a

g(Aaei, Y )g(AaPei, SX).

Since the Ricci tensor S of M is given by

SX = (n − 1)cX − 3cP 2X +
∑
a

trAa · AaX −
∑
a

A2
aX,

we obtain, for X,Y ∈ Dx,∑
i,a

g(Aaei, Y )g(AaX,SPei) −
∑
i,a

g(AaX,Y )g(Aaei, SPei)

−
∑
i,a

g(Aaei, Y )g(AaPei, SX)

=
∑
i,a,b

trAbg(Aaei, Y )g(AaX,AbPei) −
∑
i,a,b

g(Aaei, Y )g(AaX,A2
bPei)

−
∑
i,a,b

trAbg(Aaei, Y )g(AaPei, AbX) +
∑
i,a,b

g(Aaei, Y )g(AaPei, A
2
bX)

−
∑
i,a

(n − 1)cg(AaX,Y )g(Aaei, Pei) + 3
∑
i,a

cg(AaX,Y )g(Aaei, Pei)
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−
∑
i,a,b

trAbg(AaX,Y )g(Aaei, AbPei) +
∑
i,a,b

g(AaX,Y )g(Aaei, A
2
bPei)

= −
∑
a,b

trAbg(AaY, PAbAaX) +
∑
a,b

g(AaY, PA2
bAaX)

+
∑
a,b

trAbg(AaY, PAaAbX) −
∑
a,b

g(AaY, PAaA
2
bX)

−
∑
i,a,b

trAbg(AaX,Y )g(Aaei, AbPei) +
∑
i,a,b

g(AaX,Y )g(Aaei, A
2
bPei).

Since the normal connection of M is semi-flat, the equation of Ricci gives

AaAbX = AbAaX

for any X ∈ Dx. Therefore, the equation above vanishes identically. From
these equations and the assumption c 6= 0, we have

(h + 1)g(PSX, Y ) + g(PSPX,PY ) + 2g(PX,PSPY )

=
∑

i

g(SPei, Pei)g(PX, Y )

for any X,Y ∈ Dx. This implies

(h − 1)g(PSX, Y ) + g(SPX, Y ) =
∑

i

g(SPei, Pei)g(PX, Y ).

Since PX,PY ∈ Dx, we also have

(h − 1)g(PSPX,PY ) + g(SP 2X,PY ) =
∑

i

g(SPei, Pei)g(PX, Y ),

and hence

(h − 1)g(SPX, Y ) + g(PSX, Y ) =
∑

i

g(SPei, Pei)g(PX, Y ).

From these equations, we obtain

(h − 2)g(SPX,PY ) = (h − 2)g(SX, Y ).

Since h > 2, we have g(SPX,PY ) = g(SX, Y ). Thus, by the definition of
the scalar curvature r of M , we get

hg(SX, Y ) =
∑

i

g(PSei, Pei)g(X,Y )

= (r −
q∑

a=1

g(Stva, tva))g(X,Y ),
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which proves our assertion. q.e.d.

Let M be a real (2m− 1)-dimensional hypersurface immersed in Mm(c).
We take the unit normal vector field N of M in Mm(c) and define a tangent
vector field ξ by ξ = −JN , which is called the structure vector field. We put
η(X) = g(X, ξ). As a corollary of Theorem 10.1, we have

Corollary 10.2. Let M be a real hypersurface of a complex space form
Mm(c), c 6= 0, m ≥ 3. Suppose that the curvature tensor R and the Ricci
tensor S of M satisfy g((R(X,Y )S)Z,W ) = 0 for any tangent vectors X,
Y , Z and W orthogonal to ξ. Then we have

g(SX, Y ) =
1

2m − 2
(r − g(Sξ, ξ))g(X,Y ),

for any tangent vectors X and Y orthogonal to ξ, where r denotes the scalar
curvature of M .

Theorem 10.3. Let M be a real hypersurface of a complex space form
Mm(c), c 6= 0, m ≥ 3. Then the curvature tensor R and the Ricci tensor S
of M satisfy g((R(X,Y )S)Z,W ) = 0 for any tangent vector fields X, Y , Z
and W orthogonal to ξ if and only if M is pseudo-Einstein.

Proof. We suppose that M satisfies g((R(X,Y )S)Z,W ) = 0 for any
tangent vector fields X, Y , Z and W orthogonal to ξ. We can choose an
orthonormal basis {e1, · · · , e2m−2, ξ} of Tx(M) such that the second funda-
mental form A is represented by a matrix form

A =


λ1 · · · 0 h1
...

. . .
...

...
0 · · · λ2m−2 h2m−2

h1 · · · h2m−2 α

 .

Then, we have

Sei = (2n + 1)cei − 3cη(ei)ξ + hAei − A2ei

= ((2n + 1)c + hλi − λ2
i )ei + hi(h − λi − α)ξ −

2m−2∑
k=1

hihkek,

Sξ = (2m + 1)cξ − 3cη(ξ)ξ + hAξ − A2ξ
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= (2m − 2)cξ + h(
2m−2∑
k=1

hkek + αξ) − A(
2m−2∑
k=1

hkek + αξ)

=
2m−2∑
k=1

hk(h − λk − α)ek + ((2m − 2)c + αh −
2m−2∑
k=1

h2
k − α2)ξ.

By Corollary 10.2, we have

g(Sei, ej) = −hihj = 0 (i 6= j), (10.1)

g(Sei, ei) =
1

2n − 2
(r − g(Sξ, ξ)) (i = 1, · · · 2m − 2). (10.2)

Equation (10.1) shows that at most one hi does not vanish. Thus we can
assume that hi = 0 for i = 2, · · · , 2m − 2. We set a = g(Sei, ei). Then we
have

Se1 = ae1 + h1(h − λ1 − α)ξ,

Sei = aei (i = 2, · · · , 2n − 2), (10.3)

Sξ = h1(h − λ1 − α)e1 + ((2m − 2)c + αh − h2
1 − α2)ξ.

Since g((R(X,Y )S)Z,W ) = 0 for any tangent vector fields X, Y , Z and W
orthogonal to ξ, we have

g(R(X,Y )SZ − SR(X,Y )Z,W ) = 0.

By the equation of Gauss, for any j ≥ 2, we obtain

0 = g(R(e1, ej)Se1, ej) − g(SR(e1, ej)e1, ej)

= ag(R(e1, ej)e1, ej) + h1(h − λ1 − α)g(R(e1, ej)ξ, ej)

−ag(R(e1, ej)e1, ej)

= h1(h − λ1 − α)g(R(e1, ej)ξ, ej).

By the equation of Gauss, we have

g(R(e1, ej)ξ, ej) = g(Aej, ξ)g(Ae1, ej) − g(Ae1, ξ)g(Aej, ej)

= −h1λj.

Thus we see that h2
1λj(h − λ1 − α) = 0 for j ≥ 2. If h1(h − λ1 − α) 6= 0,

then we have λj = 0 for j ≥ 2. Since h = trA, we have h = λ1 + α.
This is a contradiction. So we have h1(h − λ1 − α) = 0. By (10.3), we see
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that M is pseudo-Einstein and that h1 = 0 (see [15]). Thus we see that,
if g((R(X,Y )S)Z,W ) = 0 for any tangent vector fields X, Y , Z and W
orthogonal to ξ, then M is pseudo-Einstein.

Conversely, if M is pseudo-Einstein, we have SZ = aZ + bη(Z)ξ = aZ
and SW = aW for any tangent vectors Z and W orthogonal to ξ. Then
we have g((R(X,Y )S)Z,W ) = g(R(X,Y )SZ,W ) − g(SR(X,Y )Z,W ) = 0.
q.e.d.

As an application of Theorem 10.3, we prove the following theorem (see
[11], [13]).

Theorem 10.4 There are no real hypersurfaces with R(X,Y )S = 0,
semi-symmetric Ricci tensor, of a complex space form Mm(c), c 6= 0, m ≥ 3.

Proof. We suppose that the Ricci tensor S of the real hypersurface M
is semi-symmetric, that is, the curvature tensor and the Ricci tensor satisfy
R(X,Y )S = 0 for any tangent vector fields X and Y . Then by Theorem 10.3,
the real hypersurface M is pseudo-Einstein. Consequently, the Ricci tensor S
satisfies Sei = aei for i = 1, · · · , 2m−2 and Sξ = (c(2n−2)+αh−α2)ξ := bξ.
Then, for any i = 1, · · · , 2m − 2, we have

0 = R(ξ, ei)Sξ − SR(ξ, ei)ξ

= bR(ξ, ei)ξ − SR(ξ, ei)ξ

= b{−cg(ξ, ξ)ei − g(Aξ, ξ)Aei}
−S{−cg(ξ, ξ)ei − g(Aξ, ξ)Aei}

= −bcei − bαλiei + acei + aαλiei

= (a − b)(c + αλi)ei.

Since b 6= a, we have λi = −c/α, i = 1, · · · , 2m − 2. We put λ = −c/α.
Suppose that X is a unit vector field orthogonal to ξ. Then we have

∇X∇ξξ = ∇XPAξ = 0,

∇ξ∇Xξ = ∇ξPAX = λ∇ξPX

= λ(∇ξP )X + λP∇ξX

= λ(η(X)Aξ − g(Aξ,X)ξ) + λP∇ξX

= λP∇ξX,

∇[X,ξ]ξ = PA[X, ξ]
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= PA∇Xξ − PA∇ξX

= PAPAX − PA∇ξX

= λ2P 2X − PA∇ξX

= −λ2X − PA∇ξX.

Thus we obtain

R(X, ξ)ξ = ∇X∇ξξ −∇ξ∇Xξ −∇[X,ξ]ξ

= −λP∇ξX + λ2X + PA∇ξX.

So we have

g(R(X, ξ)ξ,X) = −λg(P∇ξX,X) + λ2g(X,X) + g(PA∇ξX,X)

= λg(∇ξX,PX) + λ2g(X,X) − λg(∇ξX,PX)

= λ2g(X,X) = λ2.

By the equation of Gauss, we have g(R(X, ξ)ξ,X) = c + αλ = 0. These
equations imply λ = 0 and c = 0. This is a contradiction. So we have our
theorem. q.e.d.

Remark. We can see that the totally η-umbilical pseudo-Einstein real
hypersurfaces of CPm and CHm satisfies c + αλ 6= 0 by a straightforward
computation using principal curvatures of examples (see [13]). Here, we
proved Theorem 10.4 by a slight general method.

We next consider the condition for the holomorphic distribution on real
hypersurfaces such that the second fundamental form A of a real hypersurface
M satisfies g(AX, Y ) = ag(X,Y ) for any X,Y ∈ D, a being a function,
which includes the notion of totally η-umbilical real hypersurfaces, that is,
the second fundamental form A satisfies AX = aX + bg(X, ξ)ξ for some
functions a and b, and is independent of the condition with respect to the
structure vector field ξ (see [38]).

Let M be a real hypersurface of a complex space form Mm(c), c 6= 0. If
the distribution D is integrable and its integral manifold is a totally geodesic
submanifold Mm−1(c), then M is said to be ruled real hypersurface.

We prove the following theorem.
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Theorem 10.5. Let M be a real hypersurface of a complex space form
Mm(c), c 6= 0, m ≥ 3. If the second fundamental form A of M satisfies
g(AX, Y ) = ag(X,Y ) for any X,Y ∈ Dx, a being a function, then M is
either totally η-umbilical or it is locally a ruled real hypersurface.

To prove the theorem above, we prepare some lemmas.
Let M be a real hypersurface of Mm(c), c 6= 0, m ≥ 3. Suppose that the

second fundamental form A satisfies g(AX, Y ) = ag(X,Y ) for any X,Y ∈
Dx. We can choose a local field of orthonormal basiss {e1, · · · , e2m−2, ξ} of
M such that the second fundamental form A is represented by a matrix form

A =


λ1 · · · 0 h1
...

. . .
...

...
0 · · · λ2m−2 h2m−2

h1 · · · h2m−2 α

 .

where we have put hi = g(Aei, ξ), i = 1, · · · , 2m − 2 and b = g(Aξ, ξ).
First of all, we consider the case a 6= 0.

Lemma 10.6. Let M be a real hypersurface of Mm(c), c 6= 0, m ≥ 3.
Suppose that the second fundamental form A of M satisfies g(AX, Y ) =
ag(X,Y ), a 6= 0, for any X,Y ∈ Dx. Then h1, · · · , h2m−2 satisfy

hig(φej, ek) = hjg(φek, ei) = hkg(φei, ej)

for any i 6= j, j 6= k, k 6= i.

Proof. In the following, let i, j, k and l satisfy i, j, k, l ≤ 2m − 2. By the
equation of Codazzi, we have

(∇ei
A)ej − (∇ej

A)ei = 2cg(ei, φej)ξ.

Since Aei = aei + hiξ for i = 1, · · · , 2m − 2, we have

(∇ei
A)ej − (∇ej

A)ei

= ∇ei
Aej − A∇ei

ej −∇ej
Aei + A∇ej

ei

= ∇ei
(aej + hjξ) − A∇ei

ej −∇ej
(aei + hiξ) + A∇ej

ei

= (eia)ej + a∇ei
ej + (eihj)ξ + hjφAei − A∇ei

ej

−(eja)ei − a∇ej
ei − (ejhi)ξ − hiφAej + A∇ej

ei

= 2cg(ei, φej)ξ
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for any i 6= j. Thus, for any k such that k 6= i and k 6= j, we have

0 = ag(∇ei
ej −∇ej

ei, ek) + ag(hjφei − hiφej, ek)

−g(∇ei
ej −∇ej

ei, Aek) (10.4)

= ahjg(φei, ek) − ahig(φej, ek) + hkg(ej,∇ei
ξ) − hkg(ei,∇ej

ξ)

= ahjg(φei, ek) − ahig(φej, ek) + hkg(ej, φAei) − hkg(ei, φAej)

= ahjg(φei, ek) − ahig(φej, ek) + 2ahkg(ej, φei).

By this equation, we obtain

ahkg(φej, ei) − ahjg(φek, ei) + 2ahig(ek, φej) = 0, (10.5)

ahig(φek, ej) − ahkg(φei, ej) + 2ahjg(ei, φek) = 0. (10.6)

Since a 6= 0, the equations (10.4) and (10.5) imply hi(φej, ek) = hkg(φei, ej).
Using (10.6), we have

hig(φej, ek) = hjg(φek, ei) = hkg(φei, ej).

q.e.d.

Lemma 10.7. Let M be a real hypersurface of Mm(c), c 6= 0, m ≥ 3.
Suppose that the second fundamental form A of M satisfies g(AX, Y ) =
ag(X,Y ), a 6= 0, for any X,Y ∈ Dx. If hi = 0 for some i, then h1 = · · · =
h2m−2 = 0.

Proof. Suppose that there exists hi which satisfies hi = 0. Then we have

hjg(φek, ei) = hkg(φei, ej) = 0

for any j and k such that j 6= k, k 6= i and i 6= j. If there is a hj 6= 0, then
g(φek, ei) = 0 for any k such that k 6= i and k 6= j. Thus we have ei = φej or
ei = −φej. Since hkg(φei, ej) = 0, we have hk = 0 for any k such that k 6= i
and k 6= j.

Let l satisfy l 6= i, l 6= j and l 6= k. Since hk = 0 and hi = 0, we have

hjg(φek, el) = hkg(φel, ej) = 0,

hjg(φei, el) = hig(φel, ej) = 0.

Since hj 6= 0, el satisfies g(φek, el) = 0 for any k 6= j, k 6= i and g(φei, el) = 0.
Thus we obtain el = φej or el = −φej. Then we have ei = el or ei = −el.
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This is a contradiction. So we see that if there is an hi = 0, then h1 = · · · =
h2m−2 = 0. q.e.d.

Lemma 10.8. Let M be a real hypersurface of Mm(c), c 6= 0, m ≥ 3.
Suppose that the second fundamental form A of M satisfies g(AX, Y ) =
ag(X,Y ), a 6= 0, for any X,Y ∈ Dx. Then there exists i such that hi = 0.

Proof. Suppose that h1 6= 0, · · · , h2m−2 6= 0, and i, j, k and l are different
for each other. By Lemma 10.6, we have

hig(φej, ek) = hjg(φek, ei) = hkg(φei, ej), (10.7)

hjg(φek, el) = hkg(φel, ej) = hlg(φej, ek), (10.8)

hkg(φel, ei) = hlg(φei, ek) = hig(φek, el), (10.9)

hlg(φei, ej) = hig(φej, el) = hjg(φel, ei). (10.10)

By (10.8) and (10.10), we obtain

hig(φej, ek) =
hihk

hl

g(φel, ej)

= −hihk

hl

× hl

hi

g(φei, ej)

= −hkg(φei, ej).

Since hig(φej, ek) = hkg(φei, ej), we have hig(φej, ek) = 0. Since hi 6= 0, we
have g(φej, ek) = 0 for any j and k such that i 6= j, j 6= k and k 6= i. Here,
we fix the index i. Then we obtain ek = φei or ek = −φei for any k 6= i. This
is a contradiction. Consequently, we see that there is a hi such that hi = 0.
q.e.d.

Proof of Theorem 10.5.
From Lemmas 10.6, 10.7 and 10.8, if a 6= 0, we have hi = 0 for all i, and

hence A = aI + bη ⊗ ξ. Thus M is a totally η-umbilical real hypersurface.
We next suppose that a = 0. Then g(AX, Y ) = 0 for any X,Y ∈ D.

Using the basic formulas from the Preliminaries, we easily check that, for
any X,Y ∈ D, we have

g(∇XY, ξ) = −g(Y, φAX) = g(AX, φY ) = 0.

From here we see that always ∇XY ∈ D and the distribution D is integrable.
Moreover, ∇̃XY = ∇XY , and hence the integral manifold of D is a totally

71



geodesic complex submanifold of Mm(c). Consequently, M is locally a ruled
real hypersurface. This completes the proof of our theorem. q.e.d.
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