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1. Introduction
This paper is concerned with Borel 1-cocycles on ergodic flows on standard Borel measure
spaces and a certain type of group coactions on (separable) factors.

In [3], Aoi and the present author clarified a close relation between Borel 1-cocycles
in ergodic theory and group coactions in the theory of operator algebras: it was
proven there that cocycles on a discrete measured equivalence relation R are, roughly
speaking, in bijective correspondence with coactions on the associated (Feldman—Moore)
von Neumann algebra W*(R) (see [14]) which fix the Cartan subalgebra of W*(R)
pointwise. This would provide a reasonable evidence that the study of 1-cocycles on
R is ‘equivalent’ to that of special group coactions on W*(R), and thus enables us to
analyze such cocycles by operator-algebraic methods and investigate coactions of the type
described above from a viewpoint of ergodic theory.

Note that 1-cocycles on discrete equivalence relations are almost the same as those
on measure spaces with actions of countable groups (see [13]). Hence, if we pursue
the research along the line illustrated above, we are naturally led to consider cocycles
on measure spaces with continuous group actions, especially cocycles on flow spaces.
They are exactly what we treat in this paper.

Let {F;};cr be a (conservative) ergodic flow on a standard probability space (X, u).
We may think of the covariant system (X, R, {F;}) as the smooth flow of weights
on an approximately finite-dimensional (AFD) factor N of type III. Consider a Borel
I-cocycle ¢ : R x X — K on this ergodic R-space X with values in a (second countable)
locally compact group K. If K happens to be the one-dimensional torus T, then, for each
dominant weight ¢ on N, the cocycle ¢ induces a x-automorphism af of N, called the
extended modular automorphism of ¢ (see [9]). Thanks to [9], we further know which
automorphisms of N arise in this manner.

Given this fact, one might ask what happens if K is a general locally compact group.
To the best of the author’s knowledge, this problem was treated beautifully by Izumi [22]
in a different context when K is compact. To be more precise, he considered a factor N of
type III that admits a family of special (i.e. modular) endomorphisms of N with a certain
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set of properties. Each member 7 of this family induces a Borel 1-cocycle on the smooth
flow of weights on N with values in the unitary group U (n), where n depends on 7. Due to
one of the results of Zimmer in [40], the family then determines a compact group K.
The properties which this family of endomorphisms enjoys now ensure that N admits a
Roberts action (equivalently, a coaction) of K.

Although we could not always hope that this kind of endomorphism exists on N when
K is no longer a compact group, we might still expect that each 1-cocycle on the smooth
flow of weights on N induces a coaction of K on N. The main purpose of this paper is to
show that this is indeed the case.

The organization of the paper is as follows. In §2, we collect all of the standard symbols
and the terms used throughout the paper. Section 3 deals with the problem discussed
above. Let N be a factor of type III whose smooth flow of weights is (X, FV). Fix any
dominant weight ¢ on N. We show that each Borel 1-cocycle ¢ on the ergodic R-space
X n with values in a locally compact group K yields a coaction ,Bf.j of K on N which fixes
the centralizer Ny. We also prove that a different choice of a dominant weight produces a
conjugate coaction, and that a cohomologous 1-cocycle gives rise to a cocycle conjugate
coaction. Therefore, the crossed product by the coaction ,Bf and its dual action depend
only on the cohomology class [c] up to conjugacy. The crossed product is called the
skew-product of N by c¢. If K equals T, then our construction of ﬂf amounts to the
Connes—Takesaki extended modular automorphism group construction explained before.
Hence, we call ﬂf the extended modular coaction associated with ¢ and c. In §4,
we characterize extended modular coactions as coactions that leave the centralizer of a
dominant weight pointwise invariant. In §5, we discuss the Connes spectra of extended
modular coactions. It is proven that the asymptotic range of ¢ is always contained in
the Connes spectrum of ﬂf . Section 6 is concerned with crossed products by extended
modular coactions and their smooth flows of weights. Thanks to the result in §5, the
extended modular coaction /32” turns out to be strictly outer [36] if ¢ is a cocycle having
dense range. For such a cocycle ¢, we will give a complete description of the smooth
flow of weights on the crossed product by ﬂf (Theorem 6.4). This generalizes the result
obtained by Izumi in [22]. In §7, we examine the (Murray—von Neumann) algebraic type of
crossed products by extended modular coactions in a certain situation. Section 8 contains a
study of the dual actions of extended modular coactions associated with 1-cocycles having
dense range. We characterize such an action as an integrable, minimal action whose
Connes—Takesaki module is faithful and integrable. In §9, we give some remark on Galois
correspondence for actions considered in §8. For an integrable, minimal action « of a
locally compact group K on a factor M of type III whose Connes—Takesaki module is
faithful and integrable, we show, with some additional assumption, that an intermediate
subfactor L of the inclusion M* C M is of the form L = M*# for a closed subgroup
H of K if and only if there exist faithful normal semifinite operator-valued weights from
M to L and from L to M*. In Appendices A-D, we include some results which are used
or referred to in the preceding sections. Usually, unitary 1-cocycles for group actions
on von Neumann algebras are assumed to be o-strongly* continuous with respect to the
group parameters. It is, however, widely known (see [31, Notes 20.15]) that the o -strong*
continuity requirement can be replaced, without modifying the notion, by the measurability
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condition we adopt in this paper. This is folklore among specialists, but we could not locate
literature that exhibits a concrete proof. So we include one here that fully utilizes the
argument in [S]. Appendices A-D also contain another construction of the skew-product
algebra obtained in §6. This is used in §9 and seems to be of independent interest. Finally,
we prove that, for any properly ergodic flow space X and any amenable locally compact
group K, there is a Borel 1-cocycle ¢ : R x X — K having dense range.

2. Notation and terminology
Throughout this paper, we assume that all von Neumann algebras have separable preduals.
For a faithful normal semifinite weight ¢ on a von Neumann algebra M, we set

ng = {x € M:¢p(x*x) <00}, myi=ning, mii=mgN M,

More generally, for an operator-valued weight T from a von Neumann algebra M to a
von Neumann subalgebra N, we set

ny={x €M :T(x*x) € Ny}, my:=njnr, mjf:=mynN M.

The Hilbert space obtained from ¢ by the Gelfand—Naimark—Segal (GNS)-construction
will be denoted by Hy, and we let Ay : ny — Hy stand for the natural injection.
As usual, we use the symbols Jy, Ay to denote the modular conjugation and modular
operator associated with ¢.

For a Hilbert space H, B(H) stands for the algebra of all bounded operators on H.

In this paper, any locally compact group will be assumed to be second countable. Let K
be a locally compact group. Unless otherwise mentioned, we always consider a left Haar
measure on K, which we denote by mg. We denote by W*(K) the von Neumann algebra
generated by the left regular representation Ax on L*(K). Remark that W*(K) is the
left von Neumann algebra of the left Hilbert algebra C.(K) of all continuous functions
on K with compact support, where we consider on C.(K) the usual convolution and
involution. The faithful semifinite normal weight on W*(K') associated with the left Hilbert
algebra C.(K) is denoted by ¢k, the Plancherel weight on W*(K). It is known that there
exists a unital normal injective x-homomorphism A g from W*(K) into W*(K) @ W*(K)
characterized by the identity Ag (g (k)) = Ag (k) ® Ak (k) for any k € K. In fact, Ak is
defined concretely by

Ag(x) :=Wg(1®@x)Wg (x € WH(K)),

where Wk is the unitary given by {Wg&}(k, h) = E(hk, h) (€ € L*(K x K)).

We denote the predual of W*(K) by A(K), the Fourier algebra of K (see [10]).
Every element w in A(K) is regarded as a continuous function on K givenby k € K —
w(ig (k)¥),

A coaction of K on a von Neumann algebra M is, by definition, a unital normal
injective x-homomorphism « from M into W*(K) ® M satisfying (Ax ® idy) oo =
(idW*(K) ®a)oa.

Suppose that « is a coaction of K on a von Neumann algebra M.
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(1)  The fixed-point algebra of « is a von Neumann subalgebra M* of M defined by
M* :={a € M : a(a) = 1 ® a}. We use the same notation for the fixed-point
algebra of a group action.

(2) The map T, defined by Ty(a) := (¢x & idpy)(ax(a)) is an operator-valued weight
from M to M*. The coaction « is said to be integrable if T, is semifinite. (For an
action g of K on M, the mappinga € My + || x Br(a) dk defines a faithful normal
operator-valued weight T from M to the fixed-point algebra M P. We say that g is
integrable if T is semifinite.)

(3) The crossed product of M by « is the von Neumann algebra K XM = (a¢(M) U
L*°(K) ® C)”. (In this paper, we adopt the notation in [35] for crossed products by
(quantum) group actions. Hence, in the crossed product notation, the (quantum)
groups appear on the left, while algebras appear on the right, such as K X M,
R ;4x M, and so on.)

(4) Foreachk € K, a; := Ad(pg (k) ® 1)|[§aI><  defines a x-automorphism offax M,
where pg is the right regular representation of K. We call & the dual action of «.
(For the definition of the dual action of an action of a locally compact abelian group,
see [31].)

(5) The map Ty defined by Ty (x) = f x @k (x)dk is an operator-valued weight from

Eax M to a(M). For a normal weight ¥ on M, ¥ = ¥ oa~! o T, is a normal
weight on I?OM M. 1tis called the dual weight of V.

(6) Define the coaction & of K on B(L*(K)) ® M (the stabilization of o) by

a:=AdWg ®1)o (0 ®id) o (id ® «).
It is known that (B(L2(K)) ® M) = K ox M.

(7) Aunitary V € W*(K) ® M is called an a-1-cocycle if it satisfies (Ax ® id)(V) =
Va3(id ® a)(V). If V is such a unitary, then AdV o « is again a coaction of K
on M. Let B be another coaction of K on M. We say that « is cocycle conjugate
to B if there exist a x-automorphism 7 of M and an «-1-cocycle V such that
({d@m)oBon ! =AdVoa.

For the spectral theory for coactions such as the (Arveson) spectrum, the Connes
spectrum and so on, we refer the reader to [27, 28].

Let G, K be locally compact groups, and X be a standard Borel G-space with quasi-
invariant probability measure p. A Borel map ¢ : G x X — K is called a Borel
1-cocycleif c(gh, x) = c(g, hx)c(h, x) forany g, h € G and x € X. Two Borel 1-cocycles
¢, : G x X — K are said to be cohomologous if there is a Borel map ¢ : X — K such
that, for each g € G, ¢/(g, x) = q(gx)_lc(g, x)q(x) for almost every x € X.

Letc : G x X — K be a Borel 1-cocycle as above. The essential range of c is
the smallest closed subset o(¢) of K such that ¢~ (o (¢)) has complement of measure
zero. The asymptotic range (or real image) r*(c) of ¢ (see [13, 30]) is, by definition,
N{o(cp) : B € X, u(B) > 0}, where cp stands for the restriction of ¢ to the subgroupoid
{(g,x) : gx,x € B}. There is a natural G-action on the product standard Borel space
(K x X, mg x p) defined by g - (k, x) := (c(g, x)k, gx). We call this action the skew-
product action associated with ¢, and often write K x. X in short for (K x X, mg x )
with this special action. If both the original G-action on X and the skew-product action are
ergodic, then we say that c has dense range.
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Let M be an infinite factor. Then one can associate in a functorial manner an ergodic
abelian covariant system (Pys, R, F My called the smooth Sflow of weights on M (see [9]).
One way to concretely realize this system is the following. Take a faithful normal semifinite
weight ¢ on M. Then one obtains an abelian covariant system (Z (R ;¢X Ml,\R, 0?), where
Z(N) in general stands for the center of a von Neumann algebra N and ¢ indicates the
dual action of the modular automorphism group o®. It is well-known that this system is
conjugate to the smooth flow of weights on M. Another equivalent realization by using a
dominant weight [9] is given in the next section. In any case, there exist a (not necessarily
unique) standard Borel probability space (X7, 1) and an ergodic flow {F,M }rer on
(X, tar) such that Py = L (X, pr) and FM(f) = f o FM for f € L®(Xy, um)
and r € R. We also call (X;7, F™) the smooth flow of weights on M. The set of all Borel
l-cocycles ¢ : R x Xy — K on (X7, FM) will be denoted by Z!' (FM, K). The group of
all non-singular Borel automorphisms on X, commuting with all {#™} will be denoted
by Aut(FM).

3. Coactions derived from I-cocycles on the space of the smooth flow of weights:
extended modular coactions

The goal of this section is to construct, from a Borel 1-cocycle on the smooth flow of

weights on a type /Il factor N with a dominant weight ¢, a coaction on N whose fixed-

point algebra contains the centralizer Ny (Theorem 3.1).

Let N be a factor of type /Il, and fix a dominant weight ¢ on N. We regard N as
represented standardly on the GNS Hilbert space Hy obtained from ¢.

By the dominancy of ¢, we have a continuous decomposition of N (cf. [9, 31, 33]) as
follows.

(1)  The centralizer Ny of ¢ is of type Il .

(2) There exists a one-parameter unitary group {u(t)};cg in N satisfying N = (Ny U
{u(®)},er)” and u(t) Nyu(t) = Ny forallr € R.

(3) Ifwesetb := Adu(t)|N¢ € Aut(Ny) (¢t € R), then there is a *-isomorphism W
from the crossed product R g Ny onto N such that:
(i) W(me(x)) =xforall x € Ny;
(i) VYAR@) ®1) =u(r) forallr e R;
(iii) the dual action 6 is conjugate to the modular automorphism group {o?},

ie.Wob oW ! = a,(p forany ¢t € R.

(4) There exists a faithful normal semifinite trace T on Ny satisfying v o 6; = e~ for
allt e R.

The smooth flow of weights on N is then the system (Z(Ny), R, 8). So there exist a
standard Borel space Xy, a probability measure i on Xy and an ergodic flow F" on Xy
such that Z(Ng) = L®°(Xy, n) and 6;(f)(x) = f(Finx) for f € L*®°(Xn, u),t € Rand
x € Xy. We often simply write 7x for FVx.

We consider a central decomposition of Ny

®
{N¢,Hr}=/x {Ng(x), He (x)} dpe(x)
N

over (X, i).
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Now assume that we are given a Borel 1-cocycle ¢ € Z!(FN,K) for a locally
compact group K. Since the map (¢,x) € R x Xy > Ag(c(t,x)) € W*(K) is
a bounded Borel function, it determines an element U, in L*(R x Xy, W*(K)) =
W*(K) ® L*°(R) ® Z(Ny). Clearly, U, is a unitary. It is also straightforward to check
that U, satisfies

(Ak ®idroow) @ idzny))(Ue) = (Uc)234(Uc)134. (3.1)
From this, it follows that the equation
BY(X) == Uc(1® X)US (X € BLA(R)) ® B(H:))

defines a coaction ,Bg of K on B(Lz(R)) ® B(Hy).
In the meantime, L2(K) ® L*(R) ® H, admits a direct integral decomposition

b
L2(K) ® L2(R) ® Hy = f L2(K) ® L2(R) ® He (x) dia(x).
XN

Along this decomposition, U, is decomposed into f)?N Uq(x)du(x), where, for any
x € Xpn, Uq(x) may be assumed to act as follows: {U.(x)n}(k,t) = n(c(t, x)*lk, t)
forn € L2(K x R, H;(x)).

THEOREM 3.1. The restriction of ,Bg to the crossed product Rgx Ny determines a
coaction of K on R gx Ng. In fact, we have

By (ro(@) = 1@ 79(a) (a € Ny), (3.2)

ﬂS’(AR(s) ® 1) = (idw+k) ® ) (@)1 @ AR(s) ® 1) (s € R), (3.3)

where Qg is a unitary in W*(K) ® Z(Ny) = L®°(Xy, W*(K)) defined by the Borel

function: x € Xy = Ag(c(—s,x))* € W*(K). Moreover, a different choice of a
dominant weight on N gives rise to a conjugate coaction in this procedure.

Proof. Since mg(Ng) is contained in L*°(R) ® Ny, U, commutes with 1 ® mg(a) for all
a € Ng. Thus, (3.2) follows.
To show (3.3), we first note that U.(1 ® Ar(s) ® 1)U} acts in the following manner:

{Uc(1 @ AR (s) ® DUZENc(k, 1) = &x(c(—s, 1)k, t —5), (34
where
52 52
§=| &du) el (K)®L R)® H =/ LYK x R, Hr (x)) dpe(x).
XN XN
This may be verified by a direct calculation using the cocycle property of c. If Qy is the
unitary defined in the statement of this theorem, then, by (3.4), we get
{Uc(1 @ Ar(s) ® DUSE Ly = {(1 ® Ar(s) ® DE}x(c(—s, 1)k, 1)
= {(dw=x) @ m6)(Q5)(1 @ AR (s) ® D& }x(k, 1).

Thus (3.3) is verified. From (3.2) and (3.3), we have ,Bg’ (Rgx Ng) € W*(K) @ Rox Ny.
It follows that the restriction of ,Bg) to R gx Ny defines a coaction of K on it.
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Finally, let w be another dominant weight on N. By [9, Ch. II, Theorem 1.1], there is a
unitary # € N such that w(a) = ¢(uau™) for a € N4. Then it is easy to check with the
aid of (3.2) and (3.3) that one has ,Bg) o (id® Adu) = (id ® id ® Adu) o 7. Therefore,
By is conjugate to ,Bg’ . m|

Definition 3.2. Thanks to Theorem 3.1, the map (idwy+x) ® W) o ﬂg)mex Ny © vl

a coaction of K on N. We denote it by ﬂf , and call it the extended modular coaction
associated with ¢ and c. From Theorem 3.1, we have

Bl@)=1®a (ae Ny, (3.5)
BL(u(s) = (1 ®@u(s)) (s €R). (3.6)

PROPOSITION 3.3. Letc,c’ : Rx Xy — K be Borel 1-cocycles. They are cohomologous
to each other if and only if there exists a ,BZ) -1-cocycle R such that ,Bf, = AdR o ,63)
(in particular, the coactions are cocycle conjugate).

Proof. Suppose that ¢ and ¢’ are cohomologous. So there is a Borel map ¢ : X — K
such that, for each r € R, ¢/(¢,x) = q(FtNx)_lc(t, x)q(x) for almost every x € Xy.
Consider the Borel map V; : x € Xy = Ag(g(x))* € W*(K). Then V, is a unitary in
L®(Xy, W*(K)) = WH(K) ® Z(Ny). Since Ag(V,4(x)) = V4 (x) ® V,(x), we obtain
(Ag ®1d)(Vy) = (V4)23(Vy)13. By (3.5), we have (id ® ,Bg))(Vq) = (V4)13. This means
that V, is a ,Bf-l-cocycle. Set B := AdV, o ,Bf. We have f(a) = 1 ® a for any
a € Ny. Let {u()} and 6; = Adu(t) be as in the beginning of this section. Fix any
s € R. Then B(u(s)) = V,05(1® u(s))Vq* =V,053(d® O‘Y)(Vq*)(l ® u(s)), where Qf is
the unitary in Theorem 3.1 constructed from c. Note that the unitary V, 05 (id ® Gs)(Vq*)
is regarded as a W*(K)-valued Borel function on Xy given by

x € Xy —> Ak () Hak (c(=s, ) Dk (@(FNx) = Ag (¢ (=s, x)71).

This shows V,; 05 (id ® OAY)(V;) = 5,’ where ng/ is, of course, the unitary in Theorem 3.1
constructed from ¢’. So we obtain B(u(s)) = Q§,(1 ® u(s)). Therefore, f = ,Bf,. Hence,
we may take V, for the desired unitary R.

Suppose next that there exists a ,Bg’ -1-cocycle R such that ,BS =AdRo ,Bg’ . From (3.5)
and the relative commutant theorem, we find that R belongs to W*(K) ® Z(Ng). Thus,
R can be viewed as a W*(K)-valued Borel function on Xy. Since (Agx ® id)(R) =
Ry3(id ® ,Bg))(R) = Ry3R;3, it follows that Ag (R(x)) = R(x) ® R(x). Hence, we may
and do assume that there is a Borel function p : Xy — K such that R(x) = Ag (p(x))*.
By (3.6), we get Qﬁ/ =ROS(1 ®@ u(s))R(1 ® u(s)*) = ROS(1d ® 65)(R*) for any s € R.
As in previous paragraph, this identity means that, for almost every x € Xy, we have

c(=s,.x)7" = p@)e(=s, x) p(FNx).
Therefore, ¢’ is cohomologous to c. O

As cocycle conjugate covariant systems produce conjugate dual covariant systems,
the next corollary immediately follows from Proposition 3.3.
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COROLLARY 3.4. Let ¢ € ZYFN,K). Then the covariant system {I? oX N, ﬂf}
depends only on the cohomology class [c], up to conjugacy. As in [22], we often write
L*(K) ®c N for the crossed product K ,ox N, and call it the skew-product (algebra) of
N by c. ‘

COROLLARY 3.5. Let ¢ € ZY(FN,K) and ¢ be a dominant weight on N as before.
Then c is cohomologous to the trivial cocycle if and only if ﬂf is inner in the sense
that there exists a unitary V.€ W*(K) ® N satisfying (Ag ® id)(V) = Vx3Vi3 and
Bl(a) = V(1 @ a)V* foralla € N.

Proof. This follows at once from Proposition 3.3. O

PROPOSITION 3.6. Let ¢ : R x Xy — K be a Borel 1-cocycle. Suppose that K is
abelian. It is well known that the coaction ,8? of K corresponds to an automorphic action,
still denoted by ,Bf, of the dual group K on N. For any y € K and anyt € R, define a
Borel function ¢, (t) in L*°(Xn) by ¢, (t)(x) := (c(—t,x), y), where (-, -) : K X K—>T
is the natural pairing.
(1) Foreachy € K, ¢, belongs to ZI}.N (R,U(PN)), that is, ¢, is a FN-I-cocycle in the
sense of [9]. (See Appendix A for the symbol Z;_.N R, U(PN)).)
(2) Let ag) be the extended modular automorphism of N associated with FN -cocycle ¢y
Y
(cf- 19, §IV.2]). Then the action y € K — ag) € Aut(N) ofk on N is exactly the
Y

action ,B? .

Proof. Part (1) follows from the results of Appendix A.
For Part (2), let F : L2(K) — L%(K) be the Fourier transform. Thus, it satisfies

Www=ﬁwwka

for any compactly supported continuous function g on K. Since Fig (k)F* is equal to
the multiplication by the function {k,-) on K , it follows from (3.2) and (3.3) that the
automorphic action B¢ satisfies (8%),(a) = a and (BY), (u(s)) = &, (s)u(s) for all
a € Nyg,s €e Rand y € K. This shows that, for each y € K, (,Bf)y is the extended
modular automorphism associated with ¢&, . O

This proposition would justify our terminology ‘extended modular coaction’ for ﬂf .
LEMMA 3.7. We have (idw+k) ® cr;p) o ﬁf’ = ,BZ) o cr;p forallt € R.
Proof. The claimed identity easily follows from (3.5), (3.6) and crt¢ u(s)) = e ¥u(s). O

PROPOSITION 3.8. The weight ¢ is I-invariant with respect to ﬂf in the sense of [35],
that is, it satisfies

¢ (0 ® idw) (B (@) = [£]%¢(a)
forany& € L>(K) and a € m(‘;.

Proof. We know that the equation

Ty(a) :=/aﬁ’(a)dt (@€ Ny)
R
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defines a faithful normal semifinite operator-valued weight from N to N that satisfies
¢ = 7 o Ty. From this and Lemma 3.7, we have, forany a € N,

(idws &) ® Tp) (B2 (a)) = fR (idw+x) ® o) (B (@) di
= fR BL (o (@) di = 1 ® Ty(a).

By this result, if a € m(‘;, we get

¢ (e ®idn) (B2 (@) = (e ® ) (B (@) = (0t ® T 0 Tp) (B (a))
= (w¢ ® T)((ildw+x) ® Tp) (B (a)))
= (0 @ (1 ® Ty(a) = |EI*P(a).

This completes the proof. a

Remark. We close this section with a brief remark on the construction of the skew-
product L*(K) ®. N. In this/iection, the algebra L°°(K) ®,. N, or rather the covariant

system (L*(K) ® N, K, ,BZ’ ), was obtained by way of constructing the extended
modular coaction ,BZ’ . Although we believe that our approach (by using extended modular
coactions) is very important in its own right, we emphasize that there is another way of
defining the skew-product algebra without introducing the notion of an extended modular
coaction. This approach is fully illustrated in Appendix C. The idea is to directly construct
a ‘continuous decomposition’ of the skew-product algebra from N and c¢. We will make
use of this approach in §9.

4. Characterization of extended modular coactions
The main result of this section (Theorem 4.1) asserts that extended modular coactions are
exactly the coactions whose fixed-point algebras contain the centralizer of some dominant
weight (the dominant weight may vary depending on a coaction). This, together with the
results in the preceding section, would imply that the extended modular coaction is a right
generalization of Connes—Takesaki’s extended modular automorphism group.

As in the previous section, let N be a factor of type /1] and ¢ a dominant weight on N.
We retain the notation introduced in the preceding section.

THEOREM 4.1. If a coaction B of a locally compact group K on N satisfies Ny C N&,
then there exists a Borel 1-cocycle ¢ : R x Xy — K such that B = ,Bép

Proof. For any s € R, set w(s) := (1 ® u(s)*)Bu(s)) € W*(K) ® N. For any x € Ng,
we have

(IT@x)w(s) = 1@ u) )1 @0 (x))Bu(s) = (1 ® u(s)*)BOs (x)u(s))
=1 @u(s)")Bu(s)x) = ws)(1 ®x).

Hence, by the relative commutant theorem [9, Ch. II, Theorem 5.1], we get

w(s) € WHK)® NN (C® Ng) = W*(K) ® N N (Ng) = W*(K) ® Z(Ny).
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Hence, w(-) belongs to W*(K) ® L*°(R) ® Z(Ny), and thus can be regarded as a bounded
Borel function from R x Xy into W*(K).
In the meantime, we have

(Ak ®@idy)(w(s)) = (1 ® 1 ® u(s)*)(Ax ®idn)(B(u(s)))
= (1@ 1®u(s)"){dw+x) ® B)(Bu(s)))
=1 @w) (1 ® Buls)")idw+k) ® B)(Bu(s)))
= w(s)23(dw+(x) ® B)(w(s))

= w(s)23w(s)13.

From this, it follows that w(s, x) satisfies Ag(w(s, x)) = w(s,x) ® w(s,x) for any
s € Rand x € Xy. To sum up, there is a Borel map ¢’ : R x Xy — K such that
w(s, x) = Ak (c'(s, x)) € W*(K).

Fors,t € R, we have

wi+0=~1A®uls +1))Buls +1) =1 @uls +1H"BUE)) (1 @ u®)w)
=1 @u®Hws)(1 @ u®)w(t) = (idw+x) ® 0—)(w(s)w(t).

This shows that, for all 5,7 € R, the map ¢’ satisfies ¢/(s + 1, x) = ¢/(s, 1x)c’(¢, x) for
almostevery x € Xy. By [42, Theorem B.9], there exists a Borel 1-cocyclec : Rx Xy —
K such that, for all s € R, ¢(s, x) = ¢/(s, x) for almost every x € Xy. So we may assume
from the outset that w is determined by this cocycle c.

By definition, we have B(u(s)) = (idw+x) ® 65)(w(s))(1 ® u(s)). Note that, for
each s € R, the unitary (idw+x) ® 6;)(w(s)) is determined by the function x € Xy +—
Ac(s, —sx)) € W*(K). By the cocycle property of ¢, we have c(s, —sx) = c(—s, x)~ L
Hence, (idwx(kx) ® 65)(w(s)) is nothing but the unitary Q; in Theorem 3.1. Thus, we get
Bu(s)) = Os(1 ® u(s)) for any s € R. Therefore, we conclude that § = ,BZ’. O

Remark. The proof of the preceding theorem allows us to obtain the following claim:
if a locally compact quantum group G (in the sense of Kustermans and Vaes [25]) admits
a faithful action B on a type III factor N for which there exists a dominant weight ¢ on
N satisfying Ny C N# (the fixed-point algebra of ), then G must be cocommutative.
To verify this claim, let § be such an action of the locally compact quantum group
G = (M, A, ¢,v¥). We freely employ the notation used in [39] for locally compact
quantum groups and their actions. Note that the proof of Theorem 4.1 is valid up to
the second paragraph, except that we have A(w(s, x)) = w(s, x) ® w(s, x) instead in
the end. This means that, almost everywhere, w(s, x) belongs to the so-called intrinsic
group IG(G) of G, where IG(G) := {u € M : u is a unitary, A(u) = u ® u}.
Hence, it follows that w(s) belongs to IG(G)” ® Z(Ng). In particular, B(u(s)) is in
IG(G)" ® N forall s € R, since N = (Ng U {u(s) : s € R})”. Owing to Ny C NP,
we have B(N) C IG(G)” ® N. From this and the assumption that 8 is faithful,
ie. {(id ® w)(B(a)) : a € N,w € N}’ = M, we find that M is equal to IG(G)".
Therefore, G is cocommutative. Namely, there exists a unique locally compact group K
such that M = W*(K) and A = Ag. In particular, 8 is a (faithful) coaction of this group
K on N as in Theorem 4.1.
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PROPOSITION 4.2. Let ¢y, c3 € ZY(FN, K). If there exist a x-automorphism y of N and
a ,Bﬁ-l—cocycle Vsuchthat¢poy =¢pand (id®Q y) o ,Bg oy l=AdVo ,Bﬁ, then there
exists a transformation T € Aut(FN) such that ¢\ is cohomologous to ¢ o T™!, where
¢2 0 T~ Vis a Borel 1-cocycle in ZYFN,K) given by ¢y o TG, x) :=ca(s, T~ 1),
Proof. Let y € Aut(N) and V be as above. Since y(Ny) = Ny, the coaction f :=
id®y)o ,Bg o y_l of K on N satisfies N O Ng. By Theorem 4.1, B is of the
form g = /32” for some ¢ € Z 1(F N K). Then, by Proposition 3.3, ¢ is cohomologous
to 1. Let v(s) := y(u(s))u(s)* € Ng. Itis easy to check that v is a #-1-cocycle.
By [9, Theorem 5.1], there exists a unitary v € Ny such that v(s) = v*6,(v) for all
s € R. From this and (3.6), we have

QL1 @ u(s)) = BPu(s)) = (id® y) o B (y ' Wu(s)y ' (v*)
=([{[d®@y)((1®y~ )21 @uE)(1®y~ 1)
=(1®vid® (PN yu) (I ®v")
= (1 ®@v)(id® y)(QP) 1 ® v)(1 @ u(s))
= ({1d®y)(QP) (1 @ u(s)),

where Q€ and Q5 are respectively the unitaries in Theorem 3.1 constructed from cocycles
¢ and ¢;. From the above calculation, we obtain Q§ = (id ® y)(QEZ) for any s € R.

Let 7' be the non-singular transformation on X y determined by the automorphism y |z(n,)-
Then we have c(s, x) = c2(s, T~'x). If z € Z(Ny), then

y 065(2) = y(u(s)zu(s)*) = y )y @)y (u(s)*)
= vu($)v*y (v u(s) v = u(s)y (2)u(s)*
=65 0y(2).

This shows that T belongs to Aut(F Ny, O

5. The Connes spectrum ofﬂg’
This section is concerned with a close link between the asymptotic range of ¢ €
ZY(FN, K) and the Connes spectrum of the associated extended modular coaction.

Let N be a factor of type /1] and ¢ a dominant weight on N. We still employ the notation
used in §3. With a locally compact group K, we fix a Borel 1-cocyclec : R x Xy — K
in this section. We simply write 8 for the coaction ,Bg’ .

THEOREM 5.1. The asymptotic range r*(c) of ¢ is contained in the Connes spectrum I' (B)

of B.

Proof. We know that Ny is contained in N B. From this and the relative commutant
theorem, it follows that Z(N#) € (Ng) NN = Z(Ng) € NP . Hence, we get

rp) = m{Sp(,Be) : e is non-zero projection in Z(Ng)},

where 3¢ is the restriction of 8 to eNe.
Let m denote the Lebesgue measure on R.
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Suppose that k belongs to the essential range o (c). Take any compact neighborhood V
of k. So (m x u)(c™'(V)) > 0. Forany t € R, put B; := {x € Xy : (t,x) € c"'(V)}.
Then

/R/L(Bt)dt = (m x w(c (V) > 0.

Choose an s € R such that (Bs) > 0. Seta := xp,u(—s) € N \ {0}. Then, for any
w € A(K) that vanishes on some neighborhood of V, we have

(0 ®idn)(B(a)) = (0 @ 1dN)((1 ® xB,) Q—s(1 @ u(—s5))) = xp,w(c(s, )u(—s) =0,

because {s} x By C c’l(V). From [28, Ch. IV, Lemma 1.2 (ii)], it follows that Spﬁ (a)
is contained in V. Hence, a belongs to Nﬁ(V). By [28, Ch. IV, Lemma 1.2(iv)], & is in
Sp(B). Therefore, we conclude that o (c) € Sp(B).

Take a non-zero projection e in Z(Ng) = L°(Xn). So there is a Borel subset
B of Xy such that e = xp. Consider the reduction Gp of the measured groupoid
G := R x Xy to B and the restriction cp := c|g,. We claim that the essential range

o (cp) of the 1-cocycle c¢p is contained in Sp(B8°). This can be verified as in the preceding
paragraph. Indeed, suppose that k is in o(cp). For any compact neighborhood of %,
we can choose an s € R so that the R-section B, of (cg)~!(V) at s has positive measure.
Put b := xp,u(—s)e € eNe \ {0}. Then, for any w € A(K) that vanishes on some
neighborhood of V, we have (v ® idene) (8°()) = 0. Hence, b belongs to (eNe)ﬁe(V).
This implies that k is in Sp(8°).

By the results of the previous paragraphs, we obtain

r*(¢) =({o(cp) : B S Xy, u(B) > 0}
- ﬂ{Sp(ﬂe) : e is non-zero projection in Z(Ng)} = I'(B).

This completes the proof. a

It is interesting to study under what condition r*(c¢) coincides with F(ﬂf ), except the
case of r*(c) being equal to K.

6. The crossed product K o N and its smooth flow of weights

This section is concerned with crossed products (skew products) by extended modular
coactions associated with 1-cocycles having dense range. Such crossed products turn out
to be factors. It is shown that the smooth flow of weights on such a crossed productis given
by the skew-product action built from the original 1-cocycle.
We continue to use the notation from the preceding sections. For simplicity, we will
denote by B the coaction ,BZ’ of K on N derived from a Borel 1-cocyclec : R x Xy — K.
First we begin with a general lemma.

LEMMA 6.1. Let o be a coaction of K on a von Neumann algebra P acting on a Hilbert
space H. If D is a von Neumann subalgebra of P%, then the stabilization & satisfies
(B(L*(K)) ® D)* = L¥(K) ® D.
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Proof. Since D is contained in P%, we have that, for any 7' € B(L*(K)) ® D,
a(T) = (Wg)12T23(Wk)7T,. This shows that & restricts to B(L*(K)) ® D. Moreover,
this also implies that 7' € (B(LZ(K)) ® D)& if and only if [T>3, (Wg)12] = 0, where
[a, b] := ab — ba. However, the latter condition is equivalent to 7 belonging to
(L®(K) ® C)Y = L*®°(K) ® B(H). Thus, we obtain the desired identity. O

THEOREM 6.2. Suppose that the asymptotic range r*(c) of c¢ is equal to K. Then the
relative commutant B(N) NK gx N reduces to the scalar multiples of the identity. Namely,
the coaction B is strictly outer in the sense of [36].

Proof. Suppose that T is an element of the relative commutant S(N) N K X N.
Since Ny is included in N B it follows from the relative commutant theorem that we have

T € (CR®Ny) NK gx N € B(LA2(K))® (Ng) NB(L*(K))® N = B(L*(K)) ® Z(Ny).

In the meantime, 7 is in K pX N = (B(L>(K)) ® N)#. Hence, by Lemma 6.1, T belongs
to L°°(K) ® Z(Ng). So T can be regarded as a U/ (L°°(K))-valued Borel function on Xy,
where U/(P) in general stands for the unitary group of a von Neumann algebra P.

Next we consider the condition B(u(s))TBu(s))* = T for all s € R. Thus,
Os(1 @ u(s)T(1 Q@ u(s)*)QF = T forall s € R. This means that, for each s € R,
we have

Ak (c(=s, x)*T(=sx)Ag(c(—s,x)) = T(x) (foralmostevery x € Xy). 6.1)
This can be written as an equation of functions on K x Xy as follows:
T(c(—s,x)k, —sx) = T(k,x) (for almost every (k,x) € K x Xy). (6.2)

In order to understand this identity more transparently, we consider the ergodic measured
groupoid G := R x Xy and its skew product G, by the 1-cocycle c on G. Recall that the
groupoid structure on G, := K x§ is defined as follows. The set gf.” of multiplicative pairs
consists of points of the form (k, (s, £x)), (c(s, tx)’lk, (t,x)), wherek € K and s,t € R,
x € Xy. The product and the inverse are defined by

(k, (s, x)), (c(s, tx)flk, (t,x)) := (k, (s + t, x)),
k, (t,x) " i= (e, x) "k, (—1, 1x)).

So the range map r and the source map s of G, are respectively defined by r(k, (¢, x)) =
(k, tx) and s(k, (¢, x)) = (c(t, x)" 'k, x). Hence, the unit space of G, is (identified with)
K x X . With this notation, (6.2) can be expressed as

T(s(k, (t, —tx))) =T (r(k, (t, —tx))).

Since the cocycle ¢ satisfies r*(c) = K, i.e. ¢ has dense range, the skew product G, is
ergodic (cf. [30, Corollaire I1.3.5]). Therefore, T must be constant. O

In the rest of this section, assume that the asymptotic range r*(c) of ¢ is equal to K.
Since the skew-product K x. Xy is ergodic, it follows from [41, Theorem 3.1] that K is
necessarily amenable. Set M := K gx N and o := ,3, the dual action of 8 on M. So «
is a minimal action of K on M, due to Theorem 6.2. Namely, « is faithful and satisfies
M*' NM =C.
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Our next aim is to completely describe the smooth flow of weights on M.

Let ¢ be the dual weight of ¢ on M = K gx N. Put M = R _jx M. We denote by
® g4 the canonical extension of 8 in the sense of [39, Definition 5.5]. So ®g is a coaction
of K on the crossed product N:=R o< N = B(L*(R)) ® Ny (by the Takesaki duality).
By Proposition 3.8 and [39, Theorem 4.1], the Radon—-Nikodym derivative (d¢oB : d¢), in
the sense of [39] is equal to the identity. Hence, from [39, p. 542], the canonical extension
Oy satisfies

Op(0? (@) = (idw+k) ® o) (B(a)) (a € N), (6.3)

OsAR()® D) =1Q@Ar(G)®1 (s €R), (6.4)

where, by abusing the notation, we let ¢® denote the embedding of N into N.Fora € Ny,

we have 0% (a) = 1 ® a. We also have o? (u(s)) = fs ®u(s) for any s € R. Here f; is the
function on R given by f;(t) := ¢'*!. From these identities and Theorem 3.1, we obtain

O(1Ra)=101®a (aeNy), (6.5)

Op(fs ®@u(s)) = (Q)13(1® fs ®uls)) (s €R). (6.6)

In the meantime, thanks to [39, Proposition 5.7], M is isomorphic to K OpX N. Hence,

from now on, we identify M with this crossed product. According to [39, Proposition 5.7]
and (6.3)-(6.6), M is generated by

(CRCRNy U{(Q)13(1® fs ®u(s)) :s e RIUC QR W*R) ® C)

generate O (N)
U(L®(K)®C®O0).
LEMMA 6.3. The fixed-point algebra N®% contains W* (R) ® Ny.
Proof. This follows from (6.4) and (6.5). O

THEOREM 6.4. Under the situation considered above, we have the following.

(1) The center Z(M) 0f1\71 is equal to Og (]\7)’ N M, and M is generated by ©g (]T/) and
Z(M).

(2) The smooth flow of weights on M consists of the flow space Xy := K x Xy and the
flow FMon Xy given by FtM(k, x) = (c(t, x)k, tx) fort € Rand (k,x) € K x Xy.
The factor map from Xy onto X corresponding to the inclusion Z(ﬁ) - Z(M) is
exactly the projection (k,x) € Xy — x € Xy.

(3) The Connes—Takesaki module mod(ay) of oy (k € K) is given by

mod(ak)(g, x) = (gk_l,x) (ke K,(g,x) e KxXpn).
In particular, Ker(mod(«)) = {e}.

Proof. (1) Take any element T in the relative commutant ©g (1\7 )Y N M. TFrom the
observation made above, we find

T € (C® W"(R)® Ny)' N B(LX(K)) ® N € B(L*(K))
® {(W*(R) ® Ng)' N B(L*(R)) ® N}
= B(L*(K)) ® W*(R) ® (Ny) NN = B(L*(K)) ® W*(R) ® Z(Ny).
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From this, together with Lemmas 6.1 and 6.3, it follows that 7 belongs to L*°(K) ®
W*(R) ® Z(Ng). This implies that 7 commutes with every element of L°(K)®C ® C.
Hence, T is in Z(M) Thus, we have Z(M) = Og (N)’ N M. The assertion that M is
generated by g (N )and Z (M ) will be proven in part (2).

(2) For T in part (1), we also have

()13 ® f@uHNTU® fF @u(s))(Qs)j3=T (6.7)

for all s € R. By performing the Fourier transform on R, we regard 7 as a function in
L*°(K x R x Xy). Then (6.7) is equivalent to the condition that, for every s € R,

T(c(—s,x)k,u+s,—sx) =T(k,u,x) (foralmostevery (k,u,x) € K xR x Xy).
(6.8)
On the measure space K x R x Xy, define a measure-class-preserving flow {S;} by
Si(k,u, x) := (c(—t,x)k, u+t, —tx). Wedenoteby y : R — Aut(L*°(K xR x Xy)) the
action of R induced by this flow {S;}. By the result of the previous paragraph, we see
that Z (M) is isomorphic to the fixed-point algebra L°°(K x R x Xy)¥. To realize
the flow space of the smooth flow of weights on M, define a Borel surjective map
Y:KxRxXy— K xXyby

Yk, u,x) = (ctu, x)k,ux) ((k,u,x)e K xR x Xp).

Note that ‘the push-forward measure by v’ is equivalent to the measure on K x Xy in
question.

CLAIM. The map ¥ is an {S;}-factor map (see [20, p. 11] for the term ‘factor map’).
In particular, L*° (K x Xy) is x-isomorphic to L°(K x R x Xy)Y.

Proof of Claim. Let f be a bounded Borel function on K x Xpy. Then

fov(c(=s, x)k,u+s,—sx) = f(c(u+s, —sx)c(—=s, x)k, (u+s5)(—s)x)
= f(c(u, x)k,ux) = f oy(k,u,x).

This shows that f o ¥ is {S;}-invariant.

Conversely, suppose that F' is a bounded Borel {S;}-invariant function on K x R x Xy .
Set f(k,x) := F(k,0, x). Since F is constant on the orbit {S;(k, 0, x) : t € R}((k,x) €
K x Xy), we easily find that foy =F. O

By the claim, Z (M ) can be identified with L°°(K x Xp). The dual action ¢ := (a‘z’)
of the dual weight é on M induces a flow {T;} on K x R x Xy given by T;(k, u, x) =
(k,u + 1, x). Hence, the desired flow { F¥} of weights on M is given by FMy(k, u, x) =
Yk, u +1t,x). Since

Yk, u,x) = (c(u, x)k,ux), vk,u+t,x)=_(c, ux)c(u,x)k, t(ux)),

{FM} is actually given by FM(k x) = (c(t, x)k, tx)

Now we show that M is generated by Og (N ) and Z (M ). For this, it is enough to
prove that the von Neumann algebra generated by @,3 (N )and Z (M ) contains L°(K) ®
C ® C. As we saw just before Lemma 6.3, Og (N) contains C ® W*(R) ® Z(Ny).
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As in the previous paragraph, we assume that ©g (ﬁ ) contains C ® L*°(R) @ Z(Ny) after
performing the Fourier transform on R. By the result of the preceding paragraph, we see
that Z (1\71 ) and C ® L*°(R) ® Z(Ny) together generate the von Neumann subalgebra A of
L>®(K) ® L (R) ® Z(Ny). Suppose that i € L'(K x R x Xy) satisfies

// Ek,s, x)n(k, s, x)dkdsdu(x) =0

for any £ € A. In particular, we have
0= // fle(s,x)k)g(s)h(x)n(k, s, x)dkds du(x)
= // f(k)g(s)h(x)n(c(s,x)flk, s,x)dkds du(x)

for any f € L®(K), g € L) and h € L*°(Xy). Hence, we obtain
n(c(s,x)’lk, s, x) = 0 for almost every (k,s,x) € K x R x Xy. So

O:// |n(c(s,x)71k,s,x)ldkdsdu(x):// [nk, s, x)|dkdsdu(x).

Thus, we conclude that n = 0. It follows that A coincides with L2 (K x R x Xy).

(3) Let & denote the canonical extension [19] of the action « to M. By [19], the Connes—
Takesaki module mod(ax) of o is just the restriction of &y to Z (1\71 ).

By definition, & acts on M, regarded as being equal to R ;x M for the moment, as
follows:

& (0?(m)) = 0% (o (m)) (m € M),
& () ® 1) = 8k (k) 50 (D o a1 : DP))(Gr(s) ®1) (s € R),

where, as before, O’J) stands for the embedding of M into M , 8k 1s the modular function
of K, and (Dw : Dv); in general indicates the Connes Radon—-Nikodym cocycle for
weights w and v. Since q~5 is Sgl-invariant under the dual action & (see [35]), we have
(D¢ oay-1 : DP)s = 5k (k). Thus,

ar(Ar(s) ® 1) = Ar(s) ® 1 (s € R).

Consequently, when M is identified with K X N, @ fixes pointwise all elements in
CO®CRNY) U{(0)13(1 @ fs ®u(s)) : s € RU(C® W*R) ® C) and acts on
L®(K) ® C ® C in the following manner: & (f ® 1 ® 1) = pr(f) ® 1 ® 1, where
pr(f)(h) := f(hk). (In fact, & is just the dual action @ of ®g.) By the result of part (2),
it is now easy to see that the Connes—Takesaki module mod(cy) is given by the asserted
equation. O

COROLLARY 6.5. Keep the notation introduced so far. Then there exists a x-isomorphism
I1 from M onto L®(K) ® N such that:

(1) Modar = (Adpk (k) ®id) o IT;

2) T(T)=1QT forallT € N.
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Proof. By (the proof of) Theorem 6.4, we have a K-equivariant embedding of L°°(K )
into Z (M) - M. From [28, Ch 1I, §2] there exist a coaction 6y of K on N = M¢
and a x-isomorphism IT from M onto K o N such that: A Hoa = (80)k o IT for all
k € K; (1) II(T) = 6o(T) forall T e N (iii) H(n(f)) = f ® 1 for all f € L®(K).
Since L (K) ® C = II(x (L°°(K))) is in the center of K 80X N the coaction 80 is trivial,
ie.80(T) =1 QT forany T € N. This means that K,gox N = L*®(K)® N. Thus,
we obtain the assertion of this corollary. m|

7. Algebraic type ofk Plie N
This section is devoted to a study of the algebraic type of skew-product algebras obtained
from extended modular coactions.

In this section, we assume from the beginning that the Borel 1-cocyclec : Rx Xy — K
has dense range. As we proved in §6, ,BZ’ is strictly outer in this case. Hence, the crossed
product M := K e N is an infinite factor.

LEMMA 7.1. If K is compact, then M is factor of type III.

Proof. Since K is compact, there exists a (unique) faithful normal conditional expectation
from K Plie N onto ﬂf (N). As N is of type IIl, K e N must be also of type /11. a

Suppose that N is of type IIl. Since Z(Ng) = C in this case, c is a Borel (hence,
continuous) homomorphism from R into K with m = K. So K is so-called a solenoidal
group. From [4, Propositions 5.15 and 5.16] or [26, pp. 87-89], it follows that K is
topologically isomorphic to R or a connected compact abelian group whose dual group
is (isomorphic to) a subgroup of R with the discrete topology.

As we observed in Proposition 3.6, g := ,Bg’ is regarded as an action of the dual group K
on N by extended modular automorphisms. Since N is of type 111, the extended modular
automorphisms are exactly the modular automorphisms. In this case, we have 8, = agy)
forany y € K, where ¢ : K — R = R is the dual map obtained from c.

Since K is connected, K cannot be discrete, unless K is the trivial group, in which case
M = N. Note that K is trivial exactly when Ker(c) =

If Ker(c) is a proper closed subgroup of R, then Ker(c) has the form (—logA)Z for a
unique A with 0 < A < 1. In this case, since the quotient group R/ Ker(c) is compact,
c(R) must be compact as well. In particular, we have c(R) = ¢(R) = K, and K
is thus topologically isomorphic to T. We may assume in this case that ¢ is actually
given by c(t) := ¥ /198 Then é(n) = 2mn/logh, so we have B, = (GT)” where
T = 2m/logA. It follows from this that M is of type I1I,.

It remains to consider that case where Ker(c) = {0}. As noted before, K is either
isomorphic to R or a connected compact abelian group whose dual group is (isomorphic to)
a subgroup of R with the discrete topology. If K is (isomorphic to) R, then 8 is nothing
but the modular automorphism group o?. So M is of type Il~. If K is compact, then, by
Lemma 7.1, M is of type I1I, for some 0 < A < 1. From Theorem 6.4, the smooth flow
(FM X ) of weights of M is (K, {&}), where & (k) := k + c(¢). If M is of type III,
(0 < X < 1), then (K, {&}) is conjugate to that (T, &) given by ¢ (z) := exp(Rmit/T)z
(z € T), where T = —log A. Then, by Lemma B.1, K and T are topologically isomorphic.
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It is clear in this case that Ker(c) is never trivial, which is a contradiction. So M must be
of type Illy, and K is never isomorphic to T.

To sum up, we have obtained the following.

PROPOSITION 7.2. Suppose that N is of type Ill} (so that c¢ is a continuous

homomorphism from R into K). Then K must be either isomorphic to R or a connected

compact abelian group whose dual group is (isomorphic to) a subgroup of R with the

discrete topology. Moreover, only one of the following occurs.

(1) K is the trivial group, and M = N.

(2) Ker(c) is a proper closed subgroup of R and K is isomorphic to T. In this case,
M is a factor of type III; (0 < A < 1).

(3) The map c is a topological isomorphism, so that K is isomorphic to R. In this case,
M is of type Il .

(4) Ker(c) is trivial, and K is compact, but not isomorphic to T. In this case, M is of
type Ill.

PROPOSITION 7.3. Suppose that M is of type Il. Then K is abelian and non-compact.
Moreover:

(1) if K is non-discrete as well, then N is of type III1;

(2) if K is a discrete infinite group, then N is of type III, (0 < A < 1).

Proof. By assumption, the smooth flow of weights on M is the ergodic flow (R, {n;}),
where 71;(s) := s + ¢. From Theorem 6.4, we know that mod(«) is a faithful action of K
on R that commutes with {#,}. Hence, there exists an injective continuous homomorphism
x from K into R such that mod(cx) = n,«) for any k € K. By the injectivity of x,
K must be abelian. Moreover, since x is a continuous homomorphism, K must be non-
compact. Note further that, since the smooth flow of weights on M is transitive, the factor
flow (FV, X ) is also transitive. This means that N is of type IIl; (0 < A < 1).

If K is further non-discrete, then x (K) = R. Since L>®(R)™4@ ig isomorphic to
L*°(X y) by Theorem 6.4, we have L°°(X y) = C. Therefore, N is of type III;.

Finally, if K is a discrete infinite group, N must be of type /II; (0 < A < 1), because
N is never of type III1 due to Proposition 7.2. O

COROLLARY 7.4. Suppose that K is non-discrete and non-compact. Then the following
are equivalent:

(1) Nisoftypelll;;

(2) M isof type ll.

If one of the above conditions holds, then the cocycle c is actually a topological group
isomorphism from R onto K, and M is (isomorphic to) the crossed product R j¢x N.

LEMMA 7.5. If N is of type Illy, then so is M.

Proof. Since (FN, Xy) is a factor flow of (FM, Xm), (FM, X ) is properly ergodic if
(FN, Xy) is. O
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8. Minimal integrable actions on type Il factors

In §3, we saw that each cocycle ¢ € Z!(FV, K) determines, up to conjugacy, an action
of K on the skew-product algebra, i.e. the dual action of the extended modular coaction
associated with c¢. The goal of this section is to give an abstract characterization of actions
that arise in this way. This was done thoroughly by Izumi in [22] in the case of K being
compact. It turns out that the argument of Izumi can be largely extended to non-compact
case under appropriate assumptions.

THEOREM 8.1. Let o be an integrable action of a locally compact group K on a type 111
factor M. Suppose that the Connes—Takesaki module mod(«) of « is faithful and
integrable. Then o is minimal, and the fixed-point algebra M is also a factor of type III.
The smooth flow of weights on M is the factor flow of FM by mod(e). There exists a Borel
I-cocycle ¢ in ZV(FM® | K) having dense range in K, unique up to equivalence, such that
M is the skew product L>°(K) ®. M%, and « is the dual action of the extended modular
coaction associated with c. Moreover, K is necessarily amenable.

Proof Let N := M“. Take a faithful normal semifinite weight ¢ on N and put w = ¢oTy.
Set M := = Rgyox M D N = = R ¢x N. Denote by 6 the dual action of 0“. As before,
we write (X3, FM) for the smooth flow of weights on M. We also denote by & the
canonical extension of & to M. Thus, we have

ar(o“ (@) = o((a)) (a €M),
& (r() ® 1) =8k (k) 0 ”((Dw o g1 : D)) Or(s) ® 1) (s € R),

where, as before, 0“ again stands for the embedding of M into M. We know [19] that
mod(w) is just the restriction of & to Z(A71). We also have N = M¢.

Let us choose a standard Borel probability measure space (Y, v) and an ergodic flow
{F;},er such that Z(M)™9@ = 1°°(y, v) and 6,(f) = f o F_; for f € L®(Y,v)
and ¢+ € R. Thus, we have a canonical R-equivariant Borel map from X, onto Y
such that p,(u) ~ v, thatis, p : Xy — Y is an ergodic extension of Y to Xy.
From [11, Proposition 1], it follows that there exist a standard Borel space S, a probability
measure m on S, a Borel isomorphism & : § x Y — X and a Borel cocyclea : RxY —
Aut(L*°(S, m)), where Aut(L*°(S, m)) is equipped with the usual (Polish group) topology
when L% (S, m) is viewed as a von Neumann algebra, such that:

(1) Pu(mxv)~pu

(2) po®(s,y) =yforalmosteverye y €Y;

(3) foreach r € R, one has ®(a(z, y)(s), F;(y)) = FIM(CD(S, y)) for almost every
(s,y)e Sx7Y.

Hence, we may assume from the outset that (X, @) is (S x Y, m x v) and FM is

given by FtM (s,y) = (a(t,y)(s), F;(y)). By construction, the module action mod(c)

induces an ergodic action {T;}xex of K on S satisfying Ty o a(t,y) = a(t,y) o Tk.

(More precisely, Ty is determined by the identity: &, o mod(ay) o (CID*)_I(f ®1) =

foT,-1 ®1for f € L>®(S,m), where @, is a x-isomorphism from L°°(Xjs) onto

L°(S x Y) induced by ®.) The integrability of mod(«) implies that of {7} }. From this and

[33, Ch. X, Lemma 4.13], we may and do assume that there is a compact subgroup H

of K such that S = H\K and 7 is the right translation action of K on § = H\K.
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Since Ker(mod(«)) = {e}, we find that H must be trivial. So § = K and 7 is the right
translation action of K on K. Since a(¢, y) commutes with the right translations {7}},
it follows from [34, Theorem 1] that there is a Borel 1-cocycle ¢ : R x ¥ — K such that
a(t,y)(k) = c(t, y)k for k € K. Therefore, we conclude that X, is the skew product
K x Y of Y by the I-cocycle ¢, and that F is nothing but the skew-product action.
Note that ¢ has dense range, because FM is ergodic.

By the previous paragraph, there is an embedding = of L*°(K) into Z (1\7 ) such that
moAdpg(k) = a@p om forall k € K. From [28, Ch. II, §2], we find that there
are a coaction y of K on N and a *-isomorphism IT; from M onto K X N such that:
() MMjoa=ypolly; (i) I (T) = y(T) forall T € ﬁ @{i) [Ty (f)) = f ® 1 for any
f € L®(K). Since L*(K)® C = Hl(n(LOO(K))) is contained the center of K yX N
y must be trivial, i.e. y(T) = 1® T for r any T € N. Thus, we get Hl(M) L*®(K) ®N
From this, we see that NNM=2 (M ) and M = (M NN )V N. By the first identity,
we get Z(N) = (N’ N M)“ = Z(M)m"d(“) = L°°(Y,v). Since 6 acts on Z(M)mOd(“)
ergodically, N must be a factor. In fact, we can do more. By the results obtained above,
we have

(M No?(N)) = (LK) ® N)N(C®c?(N)) = LK) (NNo?(NY)
= L®(K)® Z(N) = I1,(Z(M)).

Hence, M N o®(N) = Z(M). So,ifa € M N N, then 0%(a) € Z(M). Since 6
acts on Z (1\71 ymod@) ergodically, @ must be a scalar. Therefore, we obtain M N N’ = C.
If N were semifinite, then we may assume that ¢ is a trace, in which case Z (]V ) is equal
to W*(R) ® C. Thus, (Y, R, F;) is conjugate to the translation of R on R. This would
entail that ¢ is cohomologous to the trivial cocycle. Since (X7, F™) is ergodic, it would
then follow that K is trivial, which implies that M = N, a contradiction. Hence, N is a
type III factor. We now see that the smooth flow (Xy, F Ny of weights on N is (¥, F)
defined above.

We now assume that the weight ¢ which we started with is a dominant weight on N.

Since ¢ is a Borel I-cocycle on the smooth ﬂow of weights (Xy, FV), we may
consider the extended modular coaction g := ,BL of K on N associated with c.
Let L:=K px N = L°(K) ®: N and n the dual we1ght of ¢. The crossed product

= Rnx L is, as before, identified with K X N. Denote by 9L the dual action

of o7. We write T} for the operator-valued weight associated with the dual action (@ 8):
Ti(a) = fK @k(a)dk. Note that the restriction E; of 7] to MN @ﬁ(ﬁ)/ = Z(A71) is
still semifinite.

In the meantime, we have found that « is an integrable, minimal action with type II1
fixed-point algebra N. From [35, Proposition 6.4], it follows that « is dual. Hence,
there exists a strictly outer coaction v of K on N such that (M, «) is conjugate to
(K x N, 7). In the following, we identify (M, ) with (K ;x N, 7). So the weight
w on M introduced before is the dual weight of ¢. The inclusion (M D) N ) should
be understood as (I% 0,X N o) @T(ﬁ)), where ©; is the canonical extension of .
The canonical extension & of « is the dual action @ Denote by 9™ the dual action
of 0®. We write T, for the operator-valued weight associated with the dual action (/®,\):
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Ta(a) = [ (O7)(a) dk. Note that the restriction Es of T> to M N O (N) = Z(M) is
semifinite, since mod(«) = (/@_f/) k| z(izy 1s integrable by assumption.

By Theorem 6.4 and the results obtained above, there exists a x-isomorphism @
from Z(M) onto Z(L) such that <I>0(a) = a for any a € Z(ﬁ) (more precisely,
®p(O:(a)) = Bg(a) foralla € Z(N)), ®¢ o oM lz¢iny = e lz@) o Poforallz € R
and g o mod(ag) = (@,3),{ o ®¢ for any k € K. From the last identity, we have
E(®0(a)) = ®o(E2(a)) (= Ex(a)) fora € Z(M)..

Take a faithful normal state x on N and put x1 := x o 71, x2 := x o T». Let ny be the
linear span of the elements of the form ab, where a € Nand b € ng,. Se:;t mp = n’fnl.
Then my is a *-subalgebra of n,, N n; , Which is o-strongly* dense in L and globally
invariant under the modular automorphism group o *!. By [23, Lemma 2.1], Ay, (my) is
dense in Hy,.

As in the previous paragraph, let ny be the linear span of elements ab (a € N.ben Ey)
and mp be n3ny. Then Ay, (my) is dense in Hy,.

Now define a linear operator Vj from A, (nz) into A,, (ny) by

n

n
VoA 5, (Z aib;) = Ay, (Za;@o(bﬂ) (ai € N,b; € ng,).
i=1

i=1
Since ®g(ng,) = ng,, the left-hand side of the equality above makes sense. We have

HA“ (Z a,-<bo<b,»))
i=1

2 n n
= Y xoTilaf®o(bibj)aj) = Y x(afEx(®o(bjbj))a;)
i,j=1 i,j=1

n

n
= Y x(@Ea(bjbpaj) = Y x o Ta(ajbibja))

i,j=1 i,j=1

n 2
i=1

This shows that V) is an isometry. It is clearly surjective. Hence, it can be extended to a
umta.ry V from H,, onto H,,. It is easy to check that one has Vab V* = aCDo(b) for any
aeNandb e Z(M) From this and the fact that M = N v Z(M) L=Nv Z(L)
it follows that the equation

®(a) := VaV* (a € M)

defines a *-isomorphism from M onto L satisfying ®(a) = a for all a € N and
D D) = DPg(b) for all b € Z(A71). It is now obvious that we have ® o z?,M = t?,L o ®
foranyr € R. As M = M?" and L = L?", M is -isomorphic to L through ®. So we
identify M with L.

We now have two integrable, minimal actions « and ,3 of K on M, both of which have
the same fixed-point algebra N. From [38, Theorem 3.6], we find that Aut(M/M p ), the
group of automorphisms of M leaving M pointwise invariant, is exactly { ,3;( ke K} =
{ar : k € K}. Hence, there exists a (topological) group automorphism £ of K such that
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,3;( = oy forany k € K. If k € K, then

mOd(Olk—le(k))
= mod(a-1 0 ag(ry) = mod(ay—1) o mod(Br)
= (the right multiplication on K by k) o (the right multiplication on K by )
=id.

Since mod(w) is faithful, we obtain k1 £(k) = e, i.e. £(k) = k. Therefore, o = ,3
Finally, since the skew product X)y = K X, Xy is ergodic, we find from
[41, Theorem 3.1] that K is amenable. O

COROLLARY 8.2. Let M be an AFD factor of type III. For every (necessarily amenable)
locally compact subgroup K of Aut(FM) which acts integrably, there exists an integrable,
minimal action o of K on M such that mod(ay) = k for any k € K. Such an « is unique
up to conjugacy in the sense that, if a' is another integrable, minimal action of K on M
with mod(oc,l) = k for any k € K, then there exists a x-automorphism v of M such that
oz,l =voayov ! forallk € K.

Proof. Let K be a non-trivial locally compact group as above. Choose a standard Borel
probability space (Y, ) such that L™ (X, n & = Loy, ). Thus, we have an ergodic
extension Xj; — Y of R-spaces. Then, as in the second paragraph of the proof of
Theorem 8.1, there exists a Borel 1-cocycle ¢ : R x ¥ — K with dense range such
that Xy = K x. Y and

FM(k, y) = (c(t, )k, ty), mod(ay)(k, y) = (k™" y).

Note that the R-space Y is never conjugate to the translation of R on R. Take the AFD
factor N of type /11 whose smooth flow of weights is the R-space Y. Hence, ¢ belongs to
ZYFN K).

Fix a dominant weight ¢ on N and consider the extended modular coaction 8 := ,8C
associated with c. Set P:=L*(K)Q; N and o := ,B Denote by o the dual weight of ¢.
Since N is AFD, N = R 4% N is also AFD. By Corollary 6.5, P = Rgox P is again
AFD. In particular, P is AFD. In the meantime, by Theorem 6.4, both M and P have the
same smooth flow of weights. Therefore, they are isomorphic [6-8,18,24]. So we may
assume that M = L°°(K) ®. N. Now, by Theorem 6.4, we may take « for the desired
action.

Let ! be another integrable, minimal action of K on M with mod(a,ﬁ) = k for any
k € K. From Theorem 8.1, it follows that there exists a cocycle c; € Z 1 (F N K) such

that M = L*(K) ®., N and al = (/Sﬁ). Then K x. Xy and K x., Xy are isomorphic
R-spaces over X . From this, it follows that ¢ is cohomologous to c;. By Proposition 3.3,
B is cocycle conjugate to ﬂg. Hence, the dual actions « and ! are conjugate. O

9. Remark on Galois correspondence
This section is concerned with Galois correspondence for such actions as treated in the
previous section. Namely, for such an action « of a locally compact group K on a type 111
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factor M, we consider the problem of deciding which intermediate subfactor L of the
inclusion M* C M has the form L = M“¥ for a closed subgroup H of K. It is shown
with some conditions that L is of the form L = M“H exactly when there exist faithful
normal semifinite operator-valued weights from M to L and from L to M*.

Throughout this section, we fix an integrable, minimal action « of an amenable locally
compact group K on a factor M of type II1 satisfying a condition that the module mod(«)
of « is faithful and integrable. Set N := M*. Thanks to Theorem 8.1, N is a factor of
type III and we may assume that there exists a Borel 1-cocycle ¢ € Z!(FV, K) such that
M = L*°(K) ®. N and « is the dual action ﬁ of the extended modular coaction g := ,BZ’
associated with ¢ and a dominant weight ¢ on N. Remark that, due to (the proof of)
[35, Proposition 6.4], « is a dominant action, i.e. « is conjugate to the stabilized action
Ad pg () ® @ on B(L*(K)) @ M.

As in §3, let {u(s)} be a one- parameter unitary group of N satisfying cr;p (u(s)) =
e y(s) for all 5,7 € R, and put 6 = Adu(s)| Ng- Denote by 7 the faithful normal
semifinite trace on Ny with 7 0 6y = e~ *t forany s € R.

LEMMA 9.1. Let L be an intermediate subfactor of N € M. Then there exists a closed
subgroup H of K such that L N (L*°(K) @ Ny) = L*°(K/H) ® Ng.

Proof. Thanks to Proposition C.3, we know that the covariant system
(L®(K) ® Ng, R, Ad B¢ (u(s))| L (k)N Tk © T)

gives a continuous decomposition of M. Foreachr € T, set k; := Ad ﬂf’ U Lo K)@N,-
Note (see Proposition C.3) that the restriction of k to L°°(K) ® Z(Ny) = L°(K x Xn)
is the skew-product action induced from the cocycle c.

Since ﬂf (u(t)) belongsto L forallt € R, Q := L N (L*°(K) @ Ny) is left globally
invariant under the action k. Put A := L N (L®(K) ® Z(Ng)). Take a standard
Borel probability space (Y, v) such that A = L°°(Y, v). By considering ;|4 for any
t € R, (¥, v) can be regarded as an intermediate ergodic R-space of the (normal) ergodic
extension K X, Xy — Xpy. From [12, Theorem 1.4], it follows that there exists a
closed subgroup H of K such that Y is isomorphic to K/H x. Xy over Xy. Hence,
we assume from the outset that ¥ is K/H x. Xy. Thus, A = L®(K/H) ® Z(Ny).
In particular, Q contains L>°(K/H) ® Ng. From this, it is easy to see that the restriction
of the trace 79 ® T to Q is still semifinite, where 7 is a normal state on L°°(K) induced
from a Borel probability measure on K. Hence, there exists a unique faithful normal
conditional expectation E g from L°°(K) ® Ny onto Q suchthat (1o ® 1) o Eg = 19 ® 7.
Let f € L°(K) and a € Ng. Since C® Ny = ,Bg)(N(;)) is contained in L, we have that
1®ae Q. So

(1®a)Eg(f®1) =Eg(f®a)=Eo(f®H1®a).
From this, we get
Eo(f®1) e ON(C®Ny)' =LN(L¥(K)®Z(Ng)) = L¥(K/H) ® Z(Ng).

Thanks to this, we see that 0 = Eo(L*°(K) ® Ny) is included in L*°(K/H) @ N.
Thus, we are done. O
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Definition 9.2. Let B be a coaction of a locally compact group G on a von Neumann
algebra P. According to [27], the equation

BLUX) ;= AdWik)12(0® X) (X €G pgx P)
defines a coaction B¢ of G on G gx P.

THEOREM 9.3. For an intermediate subfactor L of M® C M, the following are

equivalent.

(1) L is globally invariant under the coaction ,Bd, ie. ,Bd(L) CWHK)Q®L.

(2) L is generated by L*(K/H) ® C and B(M®) for some closed subgroup H of K.

(3) L = M®%H for some closed subgroup H of K.

(4) L is globally invariant under the modular automorphism group of the dual weight
of .

If one (hence, all) of the above conditions holds, then the closed subgroup H is determined

uniquely by (2) or (3) or by Lemma 9.1.

Moreover, if the homogeneous space K / H admits a K -invariant Borel measure for the
subgroup H of K which L determines by Lemma 9.1, then the above conditions (1)—(4)
are also equivalent to:

(5) there exist faithful normal operator-valued weights E : M — L and F : L — M*.

In this case, L is of type III and the smooth flow of weights on L is given by the skew-
product actionon K/H x. Xn.

Proof. The equivalence of (1) and (2) is due to [28, Ch. VII, Theorem 2.2].
The equivalence of (2) and (3) is due to [28, Ch. VII, Theorem 1.2].

(3) = (4) Let w be the dual weight of ¢. By Proposition 3.8 and [39, Lemma 2.1],
we have o(f ® 1) = f ® 1 forall f € L*(K) and all t+ € R. Moreover,
by [35, Proposition 3.7], we have o (B(M%)) = B(M?*) for any t € R. Meanwhile,
by (2), L is generated by L°(K/H) ® C and B(M®*). It is now clear that L is globally
invariant under o®.

(4) = (3) Consider the closed subgroup H of K obtained by Lemma 9.1. For any
t € R, put y; := 0|1, where w is the dual weight of ¢. Since M, = L*(K) ® Ny
by Corollary C.4, it follows that LY = M, N L = L*(K/H) ® Ny. Moreover,
by [35, Proposition 3.7], we have

Ys(B))) = o (Bw(1))) = o)) = e ™ B(u(t))
for any s, t € R. From [28, Ch. II, §2], y is a dual action. In particular, we get

L=L"Vv{Bu®):t R} =L®K/H)® Ny Vv {Bu)):t € R}
= L®°(K/H)®CV B(N).

By [28, Ch. VII, Theorem 1.2], the last term in the above identities is equal to M“# .
Therefore, the conditions (1)—(4) are all equivalent.
Let H be the subgroup of K determined by L through Lemma 9.1, and suppose from
now on that the homogeneous space K /H admits a K -invariant Borel measure .
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(3) = (5): Suppose that L = M“¥. Since « is dominant, the equation

E(a) :=/ ar(a)dk (ae My)
H

defines a faithful normal semifinite operator-valued weight E from M to L.
Define a unitary operator S on L2(K ) ® L2(K ) by

(SEVK, 1) := 8(k)/?E(k, k) (£ € L*(K x K)).

Note that, for any f € L®°(K), S(1 ® f)S* is a function in L*°(K) ® L*°(K) given
by (k,1) € K x K — f(lk). So, if f € L*®(K/H), then S(1 ® f)S* belongs to
L®°(K/H) ® L®(K). Meanwhile, because S belongs to L*°(K) ® W*(K)’, we have
S12(1 ® B(a))S}, = 1 ® B(a) foralla € N. Since L = L*°(K/H) ® C Vv B(N) by the
implication (3) = (2), it follows from the above observation that the equation

nX)=EN1X)(S*®1) (Xel)

defines an injective normal unital x-homomorphism from L into L*°(K /H)® M. Take any
X € Ly andput F(X) := (1 ®idpy)(n(X)). We claim that F(X) belongs to the extended
positive part of M* = B(N). For this, it suffices to show that F(X) is fixed by the dual
action «. First we observe that § satisfies (Ax (k) ® px (k))S = S(Agx (k) ® 1) for any
k € K. Since t o Ad Ak (k) = p by the K-invariance of x, we have

ok (F (X)) = (n @ idy) ((Ad Ak (k) @ o) (n(X)))
= (1 ®idpy)(Ad((Ak (k) ® px (k))S @ 1)(1 ® X))
= (n®idy)(Ad(S(Ak (k) ® 1) ® 1)(1 ® X))
= (n ®idp)(Ad S12(1 ® X))
= (n®idy) (X)) = F(X).
Thus our claim has been proven. Because n(8(a)) = 1 ® B(a) foralla € N, we have

F(B(@)*XB(a)) = B(a)*F(X)B(a).

Hence we find that F' is a faithful normal operator-valued weight from L onto M“. If f is
a positive function in L>(K /H) N L'(K /H), then, by the K - invariance of 1, we have

F(f®1)=</K/Hfd/L>-1.

This shows that F' is semifinite.

(5) = (3): Put N := M“. By assumption, we have two faithful normal semifinite
operator-valued weights 7, and F o E from M onto N. Note that the Radon—Nikodym
cocycle [DTy, : D(F o E)]; belongsto NN M = C. So T, is a positive scalar multiple of
F o E. Hence, we may assume that 7, = F o E.

Setw:=¢poTyandy :=¢poF.
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Let
M:=Rgsox M, L:=R_ yxL, N:=RgsxN.

Then both L and N are regarded as von Neumann subalgebras of M satisfying N -
L - M. As we saw in the proof of Theorem 6.4, we have M =NV Z(]VI) and
NNM =2 (M). Moreover, we know that the smooth flow (X, FM) of weights
on M is the R-ergodic extension (K x. Xy, mg X uy), the skew product by ¢, over
the smooth flow (Xy, FV) of weights on N. Since Z(ZVI) > Z(Z) o) Z(]V), the
smooth flow (X7, FL) of weights on L is an intermediate factor space of the extension
K x. Xy — Xpy. From [12, Theorem 1.4], there exists a closed subgroup H of K
such that X is (isomorphic to) the (so-called isometric) extension K/H x. Xy over Xy:
Fl(q(k), x) = (q(c(t, x)k), FNx) for (q(k),x) € K/H x Xy, where ¢ : K — K/H
is the quotient map. This particularly means that Z (Z) is exactly the fixed-point algebra
Z(M)m"d("‘ﬁ) = L®°(K/H) ® L*(Xy), and that the smooth flow of weights on L is
given by the skew-product action on K/H x. Xy. Note that the skew-product action on
K/H x. Xy is never conjugate to (R, Translation), since M is of type III. In particular,
L must be of type II1.

CLAIM. L is generated by ﬁ and Z(Z). Moreover, we have L = 1\75‘”, where @ is the
canonical extension of « to M. (As noted before, & can be identified with the dual action
Og of the canonical extension ® g of the coaction B to N.)

Proof of Claim. Let ™ be the dual action (0“’) and put L= z?M|L, N = 19M|N
Denote by 7, the faithful normal semifinite trace on M satisfying 7, o z? = e,
for any + € R. Define Ty and K s1rn1larly Take a unique fa1thfu1 normal semifinite
operator-valued weight E from M to L such that Tw = Ty © E. Choose also a unique
operator-valued weight F from L to N with Ty =T¢ O F. So F o E is a faithful normal
semifinite operator- valued weight from M to N. Meanwhile, we have an operator-valued
weight T from M to N associated with the cannonical extension &, which is semifinite
due to the integrability of «. Moreover, the restriction of T to MNN = Z (M ) is
still semifinite, because of the integrability of the module action mod(«). By [17], the
restriction of F o E to Z (1\71 ) is semifinite. In particular, S := E |Z( N is a faithful normal
semifinite operator-valued weight from Z (M )to Z (Z) By [17], the o-weak closure of
S(m 5) coincides with Z(L) Let no b be the linear span of elements of the form ab, where
a € N and b € ng. Since M=Nv Z(M) it follows that ng is a o - strongly dense
left ideal of M. Put my = nono Then my is also o-weakly dense i in M. From this,
it is easily checked that the o-weak closure of E(mo) coincides Wlth L. Note that, by
definition, E (mp) is the subspace generated by NS (mg). Therefore, Lis generated by N
and Z(L).

Let IT be the *x-isomorphism from M onto L®(K)® N. By the result of the previous
paragraph we see that H(Z) is generated by H(]V) =C® N and H(Z(Z)). Since Z(Z) =
Z(M)mod@n) — 7 (M) it follows that

H(Z(L)) — H(Z(M)){Ad(pk(k)®l)2k€H} = (L®(K)® Z(ﬁ)){Ad(ﬂK(k)@)l):kEH}
= L®(K/H)® Z(N).
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Hence,
(L) = L¥(K/H)® N = (L®(K) ® N)!Adlx )@h:keH)
= H(M){Ad(pK(k)@l):kEH} _ H(M&H)‘
Therefore, we obtain L = M% ., Thus, the claim has been proven. O

By the claim, we have
L = ZZ?L — (M&H)ﬁM — (MZ?M)&H — MO([-[.
Thus we are done. O

Remark. We conclude this section with a remark on Theorem 9.3. If K is compact, then, by
[23, Theorem 3.15], there always exists a (unique) faithful normal conditional expectation
from M onto an arbitrary intermediate subfactor containing N := M“. So one gets a
complete Galois correspondence in this case. Hence, there might always be a faithful
normal semifinite operator-valued weight from M to any intermediate subfactor, even if K
is no longer compact. However, we do not know whether this is the case or not. It would
be very interesting to give a complete answer to this problem. If we set about finding a
solution to this problem, we see that it suffices to examine the case in which both M and
M* are of type I1]j. Indeed, since K may be assumed to be non-trivial, i.e. not equal to {e},
it follows from Theorem 6.4 that it is enough to treat the case where M is of type III;
(A # 1). In that case, due to Proposition 7.2, N being of type /Il entails that K must
be compact. Hence, [23] takes care of the complete Galois correspondence when N is a
type 111 subfactor. So we may suppose that N is also of type III;; (0 < 1/ < 1).

Assume for the moment that M is a type Il (0 < A < 1) factor. Then, by [9, Ch. IV,
Proposition 1.3], Aut(F¥) is a compact (abelian) group, isomorphic to T. So the closure
mod(ag) of mod(arg ) in Aut(FM) is either a finite group or Aut(F™) itself. In the former
case, K is a finite group, as mod(x) is faithful. Hence, [23] takes care of the Galois
correspondence in this case again. In the latter case, we have

M
Py = P;I/Ilod(ax) — P[ﬁ[ut(F ) _C.

This means that N is of type III;, a contradiction.

It thus remains to investigate the case where M is of type Illp. Assume for a while that
N is of type III;s (0 < A’ < 1). Then Xy = [0, —logx’) and FNs = s + ¢ mod(—log’).
Note that, since Py C Py and F,N = tM|pN for any ¢t € R, the T-set T(M) (see [5])

contains the T -set
T(N) = 21
~ log X
Let & (x) := exp(—2mix/log)’) (0 < x < —logA’), which is an eigenfunction for the

flow FV corresponding to
2

log A/
Letm : Xy = K x Xy — X be the projection and set g := &y o 7. It is clear that ng
is, in turn, an eigenfunction for the flow F M pyt

e T(N).

Q= {(k,x) € Xp : nolk, x) = 1}.
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It follows at once that 2 = K x {0}, so we may identify 2 with K. We have

FMoe (k. 0) = (c(—log ), 0)k, FﬁogA,O) = (c(—log X, 0)k, 0).

So we define a transformation 7 on = K by Tk := c(—log}/, 0)k for any k € K.
Then the flow (X7, F™) is realized as the flow built under the constant function —log A/
with the base transformation 7 on 2 = K. Since 2 = K must be non-atomic and 7 is
ergodic, we find that K is non-discrete, and that the closure of {c(—log’,0)" : n € Z}
is dense in K. Hence, K is a so-called monothetic group. By [29, Theorem 2.3.2]
(or [4, Theorem 19, p. 11, 25]), K is a compact abelian group. So, once again, [23] takes
care of the complete Galois correspondence.

Therefore, it suffices to examine the case in which both M and M are of type 111y, as
claimed.

A. Appendix. Borel unitary cocycles

The unitary 1-cocycles for group actions on von Neumann algebras are assumed to be
o-strongly* continuous with respect to the group parameters. Here we show that the
o-strong* continuity requirement can be replaced, without modifying the notion, by the
measurability condition as follows. Our proof relies upon the argument in [S].

LEMMA A.l. Let o be an action of a locally compact group G on a von Neumann algebra
M. Suppose thatu : G — U(M) is a Borel map satisfying ugn = ugog(up) forany g, h €
G, where U(M) is the unitary group of M equipped with the strong operator topology.
Then there is a unitary U in M @ L*°(G) such that ug ® 1 = U(ag @ AdAg ())(U™) for
allg € G.

Proof. Take a Hilbert space H for which {M, H} is a standard representation. Define a
unitary U on H ® L*(G) = L*(G, H) by {U&}(g) := ugzé(g). Since U can be regarded
as an M-valued bounded Borel function on G givenby g € G — u, € M, U belongs to
M ® L®(G) € M ® B(L*(G)). Let v(g) be the canonical implementation of a, on H.
Then, for any £ € L2(G, H), we have

{(ag ® Ad A () (U)E}(h) = {(vg ® 16 (&)U (v(8)* ® A6 ())&} ()
= V(U@ ® A6} g h)
= v(Qug-1,{(W()* ® A6 (9)")ENE ')
= v(Qu g 1,v(8) E(h) = ag(u g 1,)E(h)
= ag(ug-10g-1(up))§(h)
= oy (g upé(h) = whup& (h)
= {(} ® DUE)(h).
Thus, we get (ag @ AdAg(g)(U) = (”Z ® 1)U. This completes the proof. O
Thanks to Lemma A.1, we immediately obtain the announced assertion below.

COROLLARY A.2. Let a be an action of a locally compact group G on a von Neumann
algebra M. The set of all unitary a-I-cocycles coincides with that of all Borel maps
u: G — UM) satisfying ugn = ugog(up) forany g, h € G.
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Let M be an infinite factor. We denote by (P, R, F M ) be the smooth flow of weights
on M. Then there exist a standard Borel probability space (X, () and a flow {FtM HeR
on X such that Pyy = L®(Xpy, ppr) and FM () = h o FM forany h € L% (X, im)
and any ¢t € R. Following convention, let Z;_.M (R, U(Pyr)) stand for the set of all unitary
FM_1-cocycles on Py.

Letc € Z 1(F M T). For any ¢ € R, define a bounded Borel function u; on Xy by
u; (x) := c(—t, x). Then we have

U (x) = c(=s —t,x) = c(—t, FMx)e(—s, x)
= u§()uf (F2x0) = uf(0) 7 @) (x).
Hence, u$,, = uSFM u?).

LEMMA A.3. Themapt € R — uf € U(Py) is o-strongly* continuous. Therefore, u® is
a unitary fM-]-cocycle on Py = L®(X y).

Proof. The idea of our proof is more or less the same as that of Lemma A.l. Define a
unitary U on the Hilbert space L2(R x Xu) by {U&}(s, x) := c(—s, x)E(s, x). Itis easy
to see that U belongs to L (R) ® L*°(X ). Lett € R. Then we have
{UAdAR (1) ® FMUEN(s, x) = c(—s, x)c(=s + 1, F¥x)&(s, x)
= c(=s, x)c(=s, x)c(t, FYx)E(s, x)

= c(=1,x)&(s, x) = {(1 ® uy)E}(s, x).

Thus, we obtain U(Ad AR (1) ® .7-",M)(U*) = 1 ® uy. From this, the o-strong* continuity
of u¢ follows. O

PROPOSITION A.4. The map
ceZ'(FM, T) — u € Zy (R, U(Py))

introduced above establishes a bijective correspondence between Z'(FM,T) and

Zy (R, U(Py)).

Proof. 1tis clear that the map ¢ — u€ is injective.

Let u € Z;__M (R, U(Py)). Define a unitary U on the Hilbert space LZ(R x X7)
by {U&}(s,x) = us(x)é(s,x). By the proof of Lemma A.1, we have 1 ® u; =
UAdIAR(®) ® ftM)(U*) for all + € R. Since U belongs to L®(R) ® L*(Xy), it
follows that there exists a bounded Borel function f on R x Xj; with | f| = 1 such that
U is the multiplication operator induced by f. Define a function ¢’ : R x Xpy — T
by ¢'(s,x) := f(—s,x). By the definition of U, we find that, for each t € R,
u;(x) = ¢/(—t, x) for almost every x € Xj. Meanwhile, by the cocycle property of u,
we have ugy; = ug - (u; o Ff”s) for any s,¢ € R. From this, it follows that, for each
s,t € R,onehas ¢’(—s —t,x) = c'(—s, x)c'(—t, Fﬁ’lsx) for almost every x € Xj. Hence,
from [42, Theorem B.9], there exists a cocycle ¢ € ZY(FM 'T) such that ¢ = ¢’ almost
everywhere. Now it is easy to check that u¢ = u. O
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B. Appendix. Isomorphism

LEMMA B.1. Let H, K be locally compact abelian groups with left Haar measures m y
and mg, respectively. Suppose that there are continuous homomorphisms p : R — H
and q : R — K with dense ranges such that the ergodic flows &(g) = g + p(t)
and n;(k) = k + q(t) are conjugate. Then there is a topological group isomorphism
mw:H — K suchthatmw o p =gq.

Proof. Let @ be a Borel isomorphism from H onto K such that mg o ® ~ mp and, for
eacht e R, ®o&,(h) = n; o ®(h) for almost every h € H, and O lon k) =&o0d (k)
for almost every k € K.

Define a unitary W : L*(H) - L*(K) by

d o ®-1
(Wehk) = ,/"’Zf(k);(dfl(k)) (¢ € LA(H)).
mg

Then we have WAy (p(t))W* = Ag(gq(t)) for all 1 € R. From this and the fact that
p(R) = H and ¢(R) = K, it follows that Wiy (H)W* = Ag (K ). Hence, the equation

Wig(WW* = rg (x(h)) (h € H)

defines a topological group isomorphism 7 from H onto K. It is clear that we have
w(p)) =q(t) forallr € R. O

C. Appendix. Another construction of L*(K) ®. N
Let N be a factor of type /Il and ¢ a dominant weight on N. Also, let {u(s)};er S N,
Os := Adu(s)|n, € Aut(Ng) and 7 be as in §3.

With (X, FV) the smooth flow of weights on N, fix a Borel 1-cocycle ¢ € Z(FV, K)
having dense range, where K is a locally compact group.

Thanks to [33, Ch. XII, Lemma 3.4], we know that there exists an action 6 of R on
L°°(K)® Ny such that: (i) 6 extends the action 6 on Ny = CQNy € L®(K)®Ny; (ii) the
restriction of @ to the center L®(K) ® Z (Ng) = L*®°(K x Xy) is induced by the skew-
product action of R derived from c¢. For our purpose, let us recall the construction of the
covariant system (L°°(K) ® Ng, R, ] ). First, we consider the R-equivariant disintegration
of (Ny, R, 0) over (Xy, un):

®
Ny :/X Np(x)dun(x), 05~ {65}, Osx s Np(x) = Ny (Fx).
N

We then have

52]

L>®(K) ® Ny =/K . Pk, x)d(mg x uy)(k, x),

where P(k,x) = C® Ny(x) for any k € K. We put, for any s € R,
bs.(kx) i= idc ® 5. : P(k, x) — P(c(s, )k, FNx).

The *x-automorphism 9} is then defined, for any

D
a=/ a(k,x)d(mg x py)(k, x) € L (K) ® Ny,
KXXN
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by
b5(a)(c(s, )k, FNx) 1= 05 (k.x)(alk, x)) = (idc ® b5.1)(a(k, x)).

We also look at the decomposition of the trace t:

5]
T = / Tedun(x).
XN

With tg the faithful normal trace on L°°(K) given by integration with respect to mg,
consider the trace Tx ® v on L(K) ® Ny. The identity T o 6y = e™*1 yields TENy ©
Os.x(a(x)) = e_STFVNx (a(EYNx)) forany a = f;BN a(x)dun(x) € Ny. By using this, one
can check that (tx ® T) 0 s = e (g ®7) for all s € R. Thus, the system (L*°(K) ® Ny,
R, 5, Tk ® T) is a ‘continuous decomposition’. Since 6 acts on the center of L*(K)® Ny
ergodically because ¢ has dense range, the crossed product M := R z;x (L*°(K) ® Ny) is
an infinite factor. By construction, the smooth flow (X 7, F) of weights on M is the skew
product K x. Xy. It is easy to see that M, regarded as acting on L?(R) ® L*(K) ® Hyp,
contains the algebra W*(R) @ C® C Vv 5(C® Ny) (= m9(Ny)13) = Rox Ny = N, where
7 is the natural injective *-homomorphism from L (K)® N into the crossed product M.
Let us denote by v the above embedding N — M. Note that, for any f € L*°(K), we
have

Ad(1 ® px (k) @ D(m(f @ 1)) = mz(Ad pg (k) (f) ® 1). (C.1)

From this, it follows that o := Ad(l ® px (k) ® 1)|a defines an action @ of K on M.
By (C.1), it is clear that the mapping f € L*(K) + m;(f ® 1) € M is a K-equivariant
embedding of the covariant system (L*°(K), K, Adpg(-)) into (M, K, «). Hence,
by [28, Ch. II, §2], there exist a coaction By of K on M* and a *x-isomorphism W from M
onto fﬂox M® such that \I/(/a\) = Bo(a) foralla € M*, V(5(f ® 1)) = f ® 1 for all
feL®(K)and W ooy = (Bo); oW forall k € K.

LEMMA C.1. The fixed-point algebra M® coincides with v(N) = (R gx Ng)13.
Proof. 1t is easy to see that v(NN) is contained in M“. By the definition of o, we have
M*=MN{1®pxk(k)®1:keKY =Mn(BL*R)® W K)® B(Hy))
€ (B(L*(R) ® L™(K) ® Ng) N (B(L*(R) ® W*(K) ® B(Hp))
= B(L*(R)) ® C ® Nj.

So let us suppose that X is in B(Lz(R))®N¢ such that X13 € M*. Since 9~,|¢;®N¢ =1d®°0;
forall t € R, we have

X13 = (AdAR(—1) ® 6)(X13) = (AdAR(—1) ® id ® 6,)(X13).

This shows that X belongs to (B(L?(R)) ® Ny)Ad (=)0 — R gy N,. Therefore, X3 is
in V(). O

LEMMA C.2. The fixed-point algebra (M*)P0 of By contains the algebra V(Ny) =
79 (Ng)13.
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Proof. Clearly, mg(a)13 = m;(1 ® a) commutes with 77;(f ® 1) for any a € Ny and
any f € L®(K). Through the isomorphism W, this is equivalent to saying that Bo(a)
commutes with f®1. From this, we find that By(7¢(a)13) = 1®mg(a)13 foranya € Ny. O

Thanks to Lemma C.1, the equation g1 := (id ® v’l) o fo o v defines a coaction B of
K on N. The map id ® v gives a x-isomorphism from K g N onto K gox M¥ satisfying
(id ® v)(B1(a)) = Po(v(a)) foralla € N and (73\0)k o(ild®v)=(@(Gd®Vv)o (78\1)k for all
keKk.

By Lemma C.2, the fixed-point algebra N#! contains Ng. By Theorem 4.1, there is a
cocycle ¢; € Zl(F N K ) such that 8; is the extended modular coaction ,Bﬁ associated

with ¢1. Since (M, K, «) is conjugate to (L*°(K) ®., N, K, (ﬁﬁ)), it follows that ¢ is
cohomologous to ¢, and hence we may identify the covariant system (M, K, o) obtained
above with the skew product (L*°(K) ®. N, K, (,BZ))).

By looking carefully at the isomorphisms ¥ and id ® v obtained above, we deduce the
following.

PROPOSITION C.3. The covariant system (L°°(K) ® Ny, R, Ad ﬁf(u(s))le(K)®N¢,
Tk ® T) gives a continuous decomposition of the skew-product algebra L*°(K) ®, N.
Therefore, the smooth flow of weights on L°°(K) ®, N is the covariant system (L°°(K) ®
Z(Ng), R, Ad B2 (u(-))), as proven in §6.

COROLLARY C.4. Let (L°(K) ® Ny, R, Adﬂf(u(s))lLoo(K)@Nd), Tk ® T) be as in
Proposition C.3. Also, let  denote the dominant weight on L>°(K) ®. N obtained
as the dual weight of tx ® t. Then  is proportional to the dual weight é (of ¢) on
L®(K)®. N = I’{\ﬂflx N. In particular, b is always dominant.

Proof. Before we proceed to a proof, let us note that, if L>°(K) ®. N is of type 11, then it
is easy to see that ¢ is dominant, because ¢ ¢ is clearly equivalent to ¢ for any ¢ > 0 due
to the fact that ¢ itself is by assumption dominant and é = ¢ o T,, where « is the dual
action of ﬁf .

Letw := ¢~S and M := L*°(K) ®. N. By Proposition 3.8 and [39, Lemma 1.2], we have
o (f®1)= f®I1forall f € L°°(K)andall ¢ € R. From this, we see that the centralizer
M,, of w contains L®(K) ® C v ,BZ’(N(,)) = L®(K) ® Ng. Letu; := (Dw : DY),
the Connes cocycle derivative of w with respect to ¥. Since both M,, and My, contains
L>*(K) ® Ny, it follows from the relative commutant theorem that each u, belongs to
M"p NM = Z(My) = L*°(K x Xy). In particular, u, is a one-parameter unitary group.

For any s, t € R, we have, by [35, Proposition 3.7],

ol (B2 () = B (0 (u(s))) = BLle ™ u(s)) = e ™ BS (u(s)).

In the meantime, by Proposition C.3, we also have at‘/’ (ﬂf (u(s))) = et ﬁf (u(s)). Hence,
each u, is contained in (L*°(K) ® LC"’(XN))AGl p! @) which is the scalar multiples of the
identity by Proposition C.3. Hence, there is a constant ¢ > 0 such that u, = ¢'’. This means
that w = c . O
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D. Appendix. Existence of Borel 1-cocycles on properly ergodic flows having dense range
The following is an easy generalization of [22, Proposition A.5] to the noncompact case.
We need to assume below that the locally compact group K is amenable, because of
[41, Theorems 2.1 and 3.1].

PROPOSITION D.1. Let (X, 1) be a properly ergodic R-space. Then, for any amenable
locally compact group K, there exists a Borel 1-cocycle ¢ : R x X — K having dense
range.

Proof. By representing the given flow as a flow built under a ceiling function with an
ergodic single transformation (cf. [33, Ch. XII, §3, Theorem 3.2]), it suffices to prove
the proposition for a Z-action. Let S be a given non-singular and properly ergodic
transformation on (X, ). We show that there exists a Borel 1-cocyclec : Z x X — K
having dense range. We take a type II; ergodic transformation 7' on a standard Borel
probability space (Y, v). Thanks to [15], [21] or [1], there exists a Borel 1-cocycle ¢ :
Z x Y — K which has dense range in K. From this point on, we have only to follow the
argument in the proof of [22, Proposition A.5] in order to obtain the result. O
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