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Abstract. It is shown that, for the von Neumann algebra A obtained from a principal
measured groupoidR with the diagonal subalgebraD ofA, there exists a natural ‘bijective’
correspondence between coactions on A that fix D pointwise and Borel 1-cocycles on R.
As an application of this result, we classify a certain type of coactions on approximately
finite-dimensional type II factors up to cocycle conjugacy. By using our characterization
of coactions mentioned above, we are also able to generalize to some extent those results
of Zimmer concerning 1-cocycles on ergodic equivalence relations into compact groups.

1. Introduction
For each action α of a locally compact quantum group G = (M,�) on a von Neumann
algebra A, we obtain an inclusion of A and the fixed-point algebra Aα. The Galois theory
for α means the natural correspondence between the intermediate subalgebras of (Aα ⊆ A)

and the left coideals of G. It is known that there exists a bijective Galois correspondence
when G is a compact Kac algebra and the action α on a factor A is minimal, i.e. the
relative commutant (Aα)′ ∩ A is trivial [17]. In particular, if α is a minimal action of an
ordinary compact group K , then there exists a bijective correspondence between the set
of intermediate subalgebras of (Aα ⊆ A) and the set of closed subgroups of K (we note
that the minimality of α implies that all the intermediate subalgebras of (Aα ⊆ A) are
factors). Motivated by this work, many results concerning minimal actions have been
obtained [6, 29, 36]. However, there seems to be little hope that the arguments made in
those results go beyond the case of minimal actions.

† Current address: Department of Mathematics, Faculty of Science and Technology, Sophia University, Tokyo
102-8854, Japan (e-mail: aoi@mm.sophia.ac.jp).
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In the meantime, by the recent work of the first author, it turns out that there exists
a sort of Galois correspondence for an inclusion of a von Neumann algebra (which is
not necessarily a factor) and a Cartan subalgebra. Let A be a (separable) von Neumann
algebra and D be a maximal abelian von Neumann subalgebra of A. The subalgebra D
is called a Cartan subalgebra of A if D is regular in A and is the range of a faithful
normal conditional expectation from A onto D. It is well known that, if A has a Cartan
subalgebra D, then there exists a discrete measured equivalence relation R on a standard
Borel space (X,B, µ) such that (D ⊆ A) is isomorphic to (W∗(X) ⊆ W∗(R, σ )), where
W∗(R, σ ) is the (twisted) groupoid von Neumann algebra of R and W∗(X) is the diagonal
algebra of W∗(R, σ ) isomorphic to L∞(X). Under this situation, the main result of [2]
states that there exists a bijective correspondence between the set of subrelations and that
of intermediate subalgebras:

B �→ SB ⊆ R,

S �→ W∗(S, σ |S ) ⊆ A.

We emphasize that the above correspondence contains all intermediate von Neumann
subalgebras of D ⊆ A which are not necessarily factors.

On the other hand, the authors studied quantum group actions on von Neumann algebras
whose fixed-point algebras contain Cartan subalgebras. They showed that, if a finite-
dimensional Kac algebra K admits a minimal action α on a factorA such thatAα contains a
Cartan subalgebraD ofA, then K is necessarily cocommutative [3, Theorem 4.1]. To prove
this theorem, they used the fact that Aα was determined by some equivalence subrelation.
However, thanks to the result of [2] mentioned above, this is always the case as long as
the action α fixes the Cartan subalgebra. So, if it is only the fact that Aα is described
by a subrelation that is needed for their result, then we can hopefully expect to eliminate
the following two assumptions in the above theorem: (i) the finite-dimensionality of K;
(ii) the minimality of α (in particular, the factoriality of A). In other words, it is natural to
ask whether the cocommutativity of a possibly infinite-dimensional quantum group follows
if it admits a (not necessarily minimal) action on a von Neumann algebra that fixes a Cartan
subalgebra pointwise.

The first aim of this paper is to give a complete answer to this question under a
more general situation. Namely, we will show that if A has a regular maximal abelian
subalgebra D, and if α : A → M ⊗ A is a faithful action of a locally compact quantum
group G = (M,�) on A such that Aα contains D, then G must be cocommutative
(Corollary 3.2).

The idea used to prove this claim is as follows: since D is a maximal abelian
∗-subalgebra, for each element v of the normalizer of D in A, w := α(v)(1 ⊗ v∗) belongs
to M ⊗ (D′ ∩ A) = M ⊗ D. So w is an M-valued function. An easy computation shows
that (� ⊗ idA)(w) = w12w23, i.e. w is an IG(G)-valued function, where IG(G) is the
intrinsic group of G (see Proposition 3.1). So we have that α(v) = w(1 ⊗ v) belongs to
IG(G)′′ ⊗A. Since D is regular in A, this means that α is a coaction.

Thus, the study of quantum group actions with the property described above can be
reduced to that of coactions of locally compact groups.
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The second aim of this paper is to give a characterization of such coactions
(i.e. coactions that fix regular maximal abelian ∗-subalgebras). One finds without difficulty
that every 1-cocycle on a (principal) measured groupoid into a group K gives rise to
a coaction of K on the corresponding groupoid von Neumann algebra, which fixes
the (regular) diagonal subalgebra. Conversely, we will prove that any coaction on the
groupoid von Neumann algebra with this property arises in this way (Theorem 5.8).
Therefore, this result roughly establishes a ‘bijective’ correspondence between the
1-cocycles on a principal measured groupoid and the coactions on the associated groupoid
von Neumann algebra whose fixed-point algebras contain the regular diagonal subalgebra.
The 1-cocycles on measured equivalence relations are well-studied objects in ergodic
theory. So, in this paper, we will begin analyzing the coactions of the type described
above in terms of 1-cocycles by fully utilizing this useful correspondence.

As the first consequence of the analysis along this line, we will prove that two coactions
α and α′ of the above type are cocycle conjugate to each other if the corresponding
1-cocycles cα and cα′ are cohomologous to each other (Proposition 4.8). Conversely,
we will show that if α is cocycle conjugate to α′, and if the automorphism that gives
this cocycle conjugacy leaves the diagonal subalgebra globally invariant, then cα is weakly
equivalent to cα′ (Proposition 5.10). We also show that the Connes spectrum of a coaction
coincides with the asymptotic range of the corresponding 1-cocycle (Theorem 6.3). This,
together with one of the results in [14] concerning the 1-cocycles on amenable ergodic
equivalence relations, enables us to extend the main result in [19] to general coactions on
the AFD (approximately finite-dimensional) type II factors. More precisely, we will prove
the uniqueness, up to cocycle conjugacy, of coactions of a locally compact group on the
AFD type II factor with full Connes spectrum fixing a Cartan subalgebra pointwise.

Moreover, our study generalizes the results of Zimmer concerning 1-cocycles on ergodic
equivalence relations into compact groups. In [37, Theorem 3.5], Zimmer proved that a
1-cocycle c is cohomologous to a 1-cocycle c′ into a closed subgroup H of K if and only
if the Mackey action of c is K-isomorphic to the transitive space K/H . We succeed in
generalizing this result for all 1-cocycles c on (not necessarily ergodic) discrete measured
equivalence relations into general locally compact groups. Indeed, we will prove that a
1-cocycle c into K is cohomologous to a 1-cocycle c′ into a subgroup H of K if and only
if the Mackey action of c is an extension of the homogeneous K-space K/H , which is
also equivalent to the condition that the dual action α̂c is induced by some action of H
(Theorem 7.2). By using this result, we will introduce the notion of regularity of a
1-cocycle.

The organization of the paper is as follows. In §2, we summarize the basic facts
about measured groupoids and group coactions. In §3, we will prove that, for a
locally compact quantum group G, the existence of an action of G whose fixed-point
algebra contains a special masa implies that G is cocommutative. In §4, we prove
that each Borel 1-cocycle c on a measured groupoid G determines a coaction αc on
the groupoid von Neumann algebra A of G so that its fixed-point algebra contains
the diagonal subalgebra. The converse to this statement is shown in §5 when G is
an equivalence relation. Namely, we will show that, for every coaction α on A the
fixed-point algebra of which contains the diagonal subalgebra, there exists a 1-cocycle c
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such that α is equal to αc. In §6, we prove that the Connes spectrum of a coaction
of the type described above can be phrased in terms of the corresponding 1-cocycle.
In §7, we give a complete answer to the problem as to when a 1-cocycle c : R → K

is cohomologous to a 1-cocycle c′ : R → K whose range is contained in a closed
subgroup of K . The main tool to attack this problem is the theory of induced actions
due to Takesaki [31]. Since, in this paper, we adopt a definition of induced actions
slightly different from (but still equivalent to) the original definition given in [31],
we include our definition of induced actions in Appendix A as for the readers’ convenience.
We conclude this paper with the results about integrability of coactions treated above.
In §8, we prove that a coaction α of a locally compact group K that comes from a
1-cocycle is integrable if and only if K is discrete, provided that the von Neumann algebra
that K coacts is determined by a discrete equivalence relation. In this case, it is known that
there exists a canonical surjective ∗-homomorphism ρ from the crossed product K̂ α�A

onto the basic extension of Aα ⊆ A. We also give a necessary and sufficient condition for
ρ being faithful.

2. Definitions and notation
In this section, we summarize the basic facts about measured groupoids and von Neumann
algebras associated to them. Further details regarding these objects can be found
in [8, 10, 15, 33, 37]. We also briefly discuss group coactions on von Neumann algebras.

We assume that all von Neumann algebras in this paper have separable preduals, and
that all locally compact groups satisfy the second axiom of countability.

For a faithful normal semifinite weight φ on a von Neumann algebra A, we set

nφ := {x ∈ A : φ(x∗x) < ∞}, mφ := n∗
φnφ, m+

φ := mφ ∩ A+.

The Hilbert space obtained from φ by the GNS (Gelfand–Neumark–Segal)-construction
will be denoted by Hφ , and we let �φ : nφ → Hφ stand for the natural injection.

For a (separable) Hilbert space H, we let B(H) denote the algebra of all bounded
operators on H. The center of a von Neumann algebra A will be denoted by Z(A).

2.1. Measured groupoids and groupoid von Neumann algebras. Let G be a standard
Borel groupoid. We always assume that all relevant maps and sets that are related to the
groupoid structure of G are Borel. We denote the source (respectively the range) of an
element γ ∈ G by s(γ ) (respectively r(γ )). The unit space of G, which is the image
of G under the source map or the range map, is denoted by X. For every x ∈ X, set
Gx := r−1({x}), Gx := s−1({x}). We assume from now on that this groupoid G admits a
Haar system {λx}x∈X and a quasi-invariant σ -finite measure µ on X. Let ν be the σ -finite
measure on G given by integrating the Haar system with respect to µ: ν = ∫

λxdµ(x).
We also let λx (x ∈ X) and ν−1 be the images of λx and ν, respectively, under the inverse
map γ �→ γ−1. By definition, ν is equivalent to ν−1 in the sense of absolute continuity,
and we put δ := dν/dν−1. Hereafter, we call a standard Borel groupoid with such a system
(G, {λx}x∈X,µ) a measured groupoid.

Throughout the rest of this subsection, we fix a measured groupoid (G, {λx}x∈X,µ).
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Let G(2) denote the set of all multiplicative pairs of G, i.e. G(2) := {(γ1, γ2) ∈ G × G :
s(γ1) = r(γ2)}. On G(2), we have a measure ν(2) defined by

∫
f (γ1, γ2) dν

(2)(γ1, γ2) =∫∫
f (γ1, γ2) dλ

s(γ1)(γ2) dν
−1(γ1) (refer to [25]).

A Borel map c from G into a locally compact group K is called a (Borel) 1-cocycle if it
satisfies

c(γ1γ2) = c(γ1)c(γ2)

for all (γ1, γ2) ∈ G(2). If another 1-cocycle c′ : G → K satisfies the equation

c′(γ ) = ϕ(r(γ ))c(γ )ϕ(s(γ ))−1 (ν-almost everywhere)

for some Borel map ϕ : X → K , then we say that c′ is cohomologous to c.
Suppose that G1 and G2 are measured groupoids and ci : Gi → K are Borel 1-cocycles.
We say that c1 and c2 are weakly equivalent if there exists a Borel and groupoid
isomorphism ρ from G1 onto G2 which also preserves the null sets such that c2 ◦ ρ is
cohomologous to c1.

For each Borel 1-cocycle c : G → K , we introduce the measured groupoid structure
on Gc := K × G by the following process: the set G(2)

c of multiplicative pairs consists of
points of the form ((k, γ1), (c(γ1)

−1k, γ2)), where k ∈ K and (γ1, γ2) ∈ G(2). The product
and the inverse are defined by

(k, γ1)(c(γ1)
−1k, γ2) := (k, γ1γ2), (k, γ )−1 := (c(γ )−1k, γ−1).

So we have r(k, γ ) = (k, r(γ )) and s(k, γ ) = (c(γ )−1k, s(γ )). Hence the unit space of
Gc is (identified with) K ×X. It is easy to see that

λ(k,x) = (the point mass at k)× λx ((k, x) ∈ K ×X)

is a Haar system, and (left Haar measure) × µ is a quasi-invariant measure. The module
δc is given by δc(k, γ ) = δ(γ ). The measured groupoid Gc thus obtained is called the
skew-product of G by c or the kernel of c. It is well known (see [8, Proposition 7.2]) that
the isomorphism class of the skew-product Gc depends only on the cohomology class of c.

A Borel map σ : G(2) → T is called a (Borel) 2-cocycle on G if it satisfies

σ(γ1, γ2γ3)σ (γ2, γ3) = σ(γ1, γ2)σ (γ1γ2, γ3) (s(γ1) = r(γ2), s(γ2) = r(γ3))

σ (r(γ ), γ ) = σ(γ, s(γ )) = 1 (γ ∈ G).
By using the regular representation of the measured groupoid G, we obtain a

von Neumann algebra acting on L2(G, ν). We first define the subspace AI of L2(G, ν) by

AI := {ξ ∈ L2(G, ν) : ξ is δ-bounded and ‖ξ‖I < ∞}.
See [15] and [34] for the definition and properties of AI and for the terminology used
above. Fix a Borel 2-cocycle σ on G. We then introduce a product and an involution on AI

as follows:

(f ∗ g)(γ ) :=
∫

f (γ1)g(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1),

f 
(γ ) := σ(γ, γ−1)−1δ(γ )−1f (γ−1).
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By the same argument as in [15] and [34], one can show that AI is a left Hilbert algebra
(in fact, a Tomita algebra) in L2(G, ν). The left von Neumann algebra of AI is denoted
by W∗(G, σ ) and is called the groupoid von Neumann algebra of G (or, more precisely,
the groupoid von Neumann algebra of (G, {λx}x∈X, µ)). The modular operator ∇, the
modular conjugation J and the right involution � of AI are given by

∇ξ := δξ, {J ξ}(γ ) = σ(γ, γ−1)−1δ(γ )−1/2ξ(γ−1) (ξ ∈ AI ),

ξ�(γ ) = σ(γ, γ−1)−1ξ(γ−1).

The left multiplication and the right multiplication of f ∈ AI are respectively denoted by
Lσ (f ) and Rσ (f ):

Lσ (f )ξ := f ∗ ξ, Rσ (f )ξ := ξ ∗ f (ξ ∈ AI ).

The abelian von Neumann algebra L∞(X,µ) is embedded into W∗(G, σ ) through the
representation f ∈ L∞(X,µ) �−→ f ◦r . We will always identityL∞(X,µ) with its image
under this representation. This algebra is called the diagonal subalgebra of W∗(G, σ ).

If the groupoid G is principal, then G is a measured equivalence relation and we denote
it by R.

We recall that an abelian von Neumann subalgebra B of a von Neumann algebra A is
called a quasi-Cartan subalgebra of A under the following conditions:
(1) the subalgebra B is normal, i.e. B is the center of its centralizer in A, and B ′ ∩ A is

of type I;
(2) the subalgebra B is regular in A, i.e. the normalizer NA(D) of D in A generates A,

where

NA(D) := {u ∈ A : u is unitary and uDu∗ = D};
(3) there exists a faithful normal conditional expectation from A onto B.
By [8, Theorem 8.8], for each von Neumann algebra A having a regular maximal abelian
von Neumann subalgebra D that contains a quasi-Cartan subalgebra B of A, there exists a
measured equivalence relation R over a standard Borel probability measure space (X,µ)
and a Borel 2-cocycle σ on R such that (A ⊇ D) is isomorphic to (W∗(R, σ ) ⊇ the
diagonal subalgebra L∞(X,µ)). In particular, we know from [10, Theorem 1] that the
relation R is discrete (i.e. each equivalence class is a countable set) precisely when the
algebra D above coincides with B. In that case, we say that D is a Cartan subalgebra of A.

2.2. Group coactions on von Neumann algebras. Let K be a locally compact group.
We denote by W∗(K) the group von Neumann algebra of K , i.e. the von Neumann algebra
generated by the left regular representation λK of K on L2(K). Remark that W∗(K) is the
left von Neumann algebra of the left Hilbert algebra Cc(K) of all continuous functions
on K with compact support, where we consider on Cc(K) the usual convolution and
involution. The faithful semifinite normal weight onW∗(K) associated with the left Hilbert
algebra Cc(K) is denoted by ϕK , the Plancherel weight on W∗(K). It is well known that
the predual A(K) of W∗(K) has a structure of a commutative involutive Banach algebra.
It is called the Fourier algebra of K , and it will be freely identified in this paper with
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a dense ∗-subalgebra of the C*-algebra of all continuous functions on K vanishing at
infinity (cf. [7, 23]).

There is a special normal unital ∗-isomorphism�K fromW∗(K) intoW∗(K)⊗W∗(K),
called the coproduct of W∗(K), defined by

�K(x) := WK(1 ⊗ x)W∗
K (x ∈ W∗(K)),

where WK is a unitary on L2(K) ⊗ L2(K) = L2(K × K) given by {WKξ}(g, h) :=
ξ(hg, h) (ξ ∈ L2(K ×K)). The coproduct satisfies �K(λK(k)) = λK(k)⊗ λK(k) for all
k ∈ K . It is also known that {x ∈ W∗(K) \ {0} : �K(x) = x ⊗ x} = λK(K).

A coaction of K on a von Neumann algebra A is a normal unital ∗-isomorphism α from
A into W∗(K)⊗ A satisfying (�K ⊗ idA) ◦ α = (idW∗(K) ⊗ α) ◦ α.

Suppose that α is a coaction of K on a von Neumann algebra A.
(1) The von Neumann subalgebraAα := {a ∈ A : α(a) = 1⊗a} is called the fixed-point

algebra of α.
(2) The map Tα defined by Tα(a) := (ϕK ⊗ idA)(α(a)) is an operator valued weight

from A to Aα. The coaction α is said to be integrable if Tα is semifinite.
(3) The crossed product of A by α is the von Neumann algebra K̂ α�A := (α(A) ∪

L∞(K)⊗ C)′′.
(4) For each k ∈ K , α̂k := Ad(ρK(k)⊗ 1)|K̂ α�A defines a ∗-automorphism of K̂ α�A,

where ρK is the right regular representation of K . We call α̂ the dual action of α.
(5) A unitary V in W∗(K)⊗ A is called an α-1-cocycle if V satisfies the following:

(�K ⊗ idA)(V ) = V23(idW∗(K) ⊗ α)(V ).

For each α-1-cocycle V , AdV ◦ α is also a coaction of K on A. A coaction α′ of
K on A is said to be cocycle conjugate to α if there exist an α-1-cocycle V and a
∗-automorphism θ of A such that (idW∗(K) ⊗ θ) ◦ α′ ◦ θ−1 = AdV ◦ α.

There is a ‘spectral theory’ for group coactions on von Neumann algebras. We give
a brief review of this theory below. We refer the readers to [21, 22, 23] for rudimentary
results on the spectral theory of a coaction.

As before, let α be a coaction of K on a von Neumann algebra A.
For any a ∈ A, define

Spα(a) := {k ∈ K : φ(k) = 0 (∀φ ∈ Ia)},
where Ia := {φ ∈ A(K) : (φ ⊗ idA)(α(a)) = 0}. For a closed subset E of K , we set
Aα(E) := {a ∈ A : Spα(a) ⊆ E}. The spectrum Sp(α) of α is defined as

Sp(α) =
⋃
a∈A

Spα(a) = {k ∈ K : φ(k) = 0 (∀φ ∈ Iα)},

where Iα := {φ ∈ A(K) : (φ ⊗ idA) ◦ α = 0}. Finally, the Connes spectrum �(α) of α is
the intersection of all Sp(αe), where e runs over all non-zero projections in Aα. Here, for
a projection e ∈ Aα, αe stands for the coaction of K on the reduced von Neumann algebra
eAe defined by αe(b) := α(b) (b ∈ eAe). The Connes spectrum of a coaction is always a
closed subgroup (cf. [23, page 66]).
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3. Some reductions to coaction case
This section is concerned with a locally compact quantum group action whose fixed-point
algebra contains a regular maximal abelian subalgebra. We show below that the existence
of such an action implies that the quantum group is cocommutative. Thus, the study of
quantum group actions with this property can be reduced to that of coactions of locally
compact groups.

Let G = (M , �) be a locally compact quantum group (in the sense of Kustermans and
Vaes) and α be an action of G on a von Neumann algebra A. For the definitions of a locally
compact quantum group and its action on a von Neumann algebra, refer to [20] and [33].

We consider the situation where A contains a von Neumann subalgebra D that satisfies
the following conditions:
(1) the subalgebra D is maximal abelian in A;
(2) the fixed-point algebra Aα contains D;
(3) the normalizing groupoid GNA(D) generates A, where

GNA(D) := {v ∈ A : v is partial isometry and satisfies vv∗, v∗v ∈ D,

vDv∗ = Dvv∗}.
PROPOSITION 3.1. The von Neumann subalgebra {(idM ⊗ ω)(α(a)) : a ∈ A, ω ∈ A∗}′′
of M is contained in IG(G)′′, where IG(G) := {x ∈ M \ {0} : �(x) = x ⊗ x}.
Proof. We identify D with L∞(X,µ), where X is a compact metric space and µ is a
positive Radon probability measure.

Let v ∈ GNA(D), and set w := α(v)(1 ⊗ v∗) ∈ M ⊗ A. Note that, by assumption, we
have vDv∗ ⊆ D ⊆ Aα. Hence, for any b ∈ D, we have

w(1 ⊗ b) = α(v)α(v∗bv)(1 ⊗ v∗) = (1 ⊗ b)w.

This shows that w belongs to M ⊗ D. So, by [32, Theorem 7.17], w may be regarded as
an M-valued bounded measurable function on X. From the above result, it follows that
(idM ⊗ α)(w) = w13. So we get

(�⊗ idA)(w) = (�⊗ idA)(α(v))(1 ⊗ 1 ⊗ v∗)
= (idM ⊗ α)(α(v))(1 ⊗ 1 ⊗ v∗)
= (idM ⊗ α)(w(1 ⊗ v))(1 ⊗ 1 ⊗ v∗)
= w13w23.

This identity implies that, as a function on X, w satisfies �(w(x)) = w(x) ⊗ w(x) for
almost every x ∈ X. Therefore, we may view w as an IG(G)-valued measurable function
on X. So, for any ω ∈ A∗, we have

(idM ⊗ ω)(α(v)) = (idM ⊗ ω)(w(1 ⊗ v)) = (idM ⊗ vω)(w) ∈ IG(G)′′.

From this and the fact that the linear subspace generated by GNA(D) is σ -weakly dense
in A, it follows that

{(idM ⊗ ω)(α(a)) : a ∈ A,ω ∈ A∗}′′
= {(idM ⊗ ω)(α(u)) : u ∈ GNA(D), ω ∈ A∗}′′ ⊆ IG(G)′′.

Thus we are done. �
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A locally compact quantum group G = (M , �) is said to be cocommutative if the
coproduct � satisfies σ ◦ � = �, where σ denotes the flip on M ⊗ M . It is well-known
that a locally compact quantum group G = (M , �) is cocommutative if and only if there
exists a unique locally compact group K such that (M , �) = (W∗(K),�K). An action α

of a locally compact quantum group G = (M , �) on a von Neumann algebra A is said to
be faithful (cf. [17, 33]) if {(idM ⊗ ω)(α(a)) : a ∈ A, ω ∈ A∗}′′ = M .

COROLLARY 3.2. Let G = (M , �) be a locally compact quantum group. If G admits
a faithful action α on a von Neumann algebra A containing a regular maximal abelian
von Neumann subalgebra D inside Aα , then G must be cocommutative.

4. Coactions derived from 1-cocycles
In this section, we will show that, when a 1-cocycle from a measured groupoid into a
locally compact group is given, one can construct a coaction of the group on the associated
groupoid von Neumann algebra. We think that this fact might be known to specialists.
We were not however able to find the literature that actually contains the proof, except for
the case where the group is abelian (see [25, Ch. II, §5]). So we include the proof here
for the readers’ convenience. This would also help to motivate the discussions made in the
following sections.

Throughout this section, we fix a measured groupoid (G, {λx}x∈X, µ). Let us consider
a Borel 1-cocycle c from G into a locally compact group K . Define a linear operator Uc on
the Hilbert space L2(K)⊗ L2(G, ν) by

{Ucξ}(k, γ ) := ξ(c(γ )−1k, γ ) (ξ ∈ L2(K × G), k ∈ K, γ ∈ G ).

It is easy to see that Uc is a unitary.

LEMMA 4.1. The unitary Uc defined above belongs to W∗(K)⊗ B(L2(G, ν)). Moreover
it is a 1-cocycle of the cocommutative locally compact quantum group (W∗(K), �K) with
respect to the trivial action, i.e. it satisfies (�K ⊗ idB(L2(G,ν)))(Uc) = (Uc)23(Uc)13.

Proof. From the definition of Uc, it is clear that Uc commutes with the operators ρK(k)⊗1
for k ∈ K , where ρK stands for the right regular representation of K . So it belongs to
W∗(K)⊗ B(L2(G, ν)). Recall (see §2.2) that we have

�K(x) = W∗
K(1 ⊗ x)WK (x ∈ W∗(K)).

Hence, for the claimed identity, it suffices to show

(W∗
K)12(Uc)23(WK)12 = (Uc)23(Uc)13.

However, this is straightforward. �

We also fix a Borel 2-cocycle σ on G. With Uc defined above, define an injective unital
∗-isomorphism αc from W∗(G, σ ) into B(L2(K))⊗ B(L2(G, ν)) by

αc(X) = Uc(1 ⊗ X)U∗
c (X ∈ W∗(G, σ )).

THEOREM 4.2. The morphism αc constructed above is a coaction of K on W∗(G, σ ).
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Proof. Referring to the preceding lemma, it is enough to show that αc maps W∗(G, σ ) into
W∗(K)⊗ W∗(G, σ ).

Let f ∈ AI . Then, for any η ∈ L2(K) and ζ ∈ AI , we have

{αc(Lσ (f ))(η ⊗ ζ )}(k, γ ) =
∫

f (γ1)η(c(γ1)
−1k)ζ(γ−1

1 γ )σ(γ1, γ
−1
1 γ ) dλr(γ )(γ1).

(4.1)
This identity shows that the map f ∈ AI �→ αc(L

σ (f )) is the ‘integrated form’ of a
groupoid representation of the tensor product of the following two representations of G
(cf. [15, §3]):

λc : γ ∈ G �−→ λK(c(γ )) ∈ B(L2(K)),

λσ (·) ∈ B(L2(Gs(·), λs(·)), L2(Gr(·), λr(·))),

where {λσ (γ1)ξ}(γ ) := σ(γ1, γ
−1
1 γ )ξ(γ−1

1 γ ) (ξ ∈ L2(Gs(γ1), λs(γ1))). (Namely, λσ

is the σ -regular representation of G [15]). Thus, symbolically, we have αc(L
σ (f )) =

(λc ⊗λσ )(f ). It is then easy to see (cf. [15, Theorem 3.8, Theorem 4.1]) that the operators
of the form (λc ⊗ λσ )(f ) belong to W∗(K)⊗ W∗(G, σ ). �

COROLLARY 4.3. The abelian von Neumann subalgebra L∞(X,µ) is contained in the
fixed-point algebra W∗(G, σ )αc .

One can also ‘lift’ the 2-cocycle σ to the one on Gc and denote it by σc. In what follows,
we will examine the groupoid von Neumann algebra W∗(Gc, σc).

We write Ac for the Gc-version of AI introduced before.
For any function φ on K and any function f on G, define a function φ × f on Gc by

(φ × f )(k, γ ) := φ(k)f (γ ).

It is easy to check that, if φ is inL∞(K)∩L2(K) and f is in AI , the function φ×f belongs
to Ac. We denote by B the self-adjoint subalgebra of Ac generated by the functions φ×f ,
where φ ∈ L∞(K) ∩ L2(K) and f ∈ AI .

LEMMA 4.4. The subalgebra B is dense in Ac with respect to the graph norm of the
S-operator.

Proof. Let F ∈ Ac be such that (φ × f | F) + (F 
 | (φ × f )
) = 0 for all
φ ∈ L∞(K) ∩ L2(K) and all f ∈ AI . For each k ∈ K , define a function Fk on G by

Fk(γ ) := F(k, γ ) (γ ∈ G).

It is easily checked that both Fk and F


k belong to L2(G, ν) for almost every k ∈ K .

First, we have

(φ × f | F) =
∫
K

∫
G
φ(k)f (γ )F (k, γ ) dν(γ ) dk

=
∫
K

φ(k) (f | Fk) dk.
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Second, we have

(F 
 | (φ × f )
) =
∫
K

∫
G
δ(γ )−2 F(c(γ )−1k, γ−1) φ(c(γ )−1k)f (γ−1) dν(γ ) dk

=
∫
K

φ(k)

(∫
G
δ(γ )−2Fk(γ−1)f (γ−1) dν(γ )

)
dk

=
∫
K

φ(k)

(∫
G
F


k (γ )f


(γ )

)
dk

=
∫
K

φ(k) (F


k | f 
) dk.

Hence we obtain ∫
K

φ(k){(Fk | f ) + (F


k | f 
)} dk = 0

for all φ ∈ L∞(K) ∩ L2(K) and all f ∈ AI . Since AI is dense in the domain of the
S-operator, which is separable, we may choose a sequence {fn} in AI which is dense in the
domain of the S-operator. It follows from the identity above that, for almost every k ∈ K ,
we have (Fk | fn) + (F



k | f 


n ) = 0 for all n ≥ 1. Therefore we get Fk = 0 for almost
every k ∈ K . Consequently, F = 0. �

COROLLARY 4.5. We have B′′ = A′′
c as left Hilbert algebras. In particular, the left

von Neumann algebra of the left Hilbert algebra B is W∗(Gc, σc).
PROPOSITION 4.6. The crossed product K̂ αc�W∗(G, σ ) is isomorphic to W∗(Gc, σc).
Proof. By Corollary 4.5, W∗(Gc, σc) is generated by the operators of the form Lσc(φ×f ),
where φ ∈ L∞(K) ∩ L2(K) and f ∈ AI . Take another φ1 ∈ Cc(K) and g ∈ AI . Then,
by equation (4.1), we have

{Lσc(φ × f )(φ1 × g)}(k, γ )
=

∫
(φ × f )(k, γ1)(φ1 × g)(c(γ1)

−1k, γ−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1)

= φ(k)

∫
f (γ1)φ1(c(γ1)

−1k)g(γ−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1)

= {(φ ⊗ 1)αc(Lσ (f ))(φ1 × g)}(k, γ ).
Hence we obtain Lσc (φ × f ) = (φ ⊗ 1)αc(Lσ (f )). Thus we are done. �

Recall that, under the situation as above, there is a canonical action of K on the center
of W∗(Gc, σc), called the Mackey action of c [13, 14]. (This action is referred to also as
the Poincaré flow of c or the range of c [8].)

COROLLARY 4.7. If G is principal, then the Mackey action of c is the restriction of the
dual action (̂αc) of αc to the center of K̂ αc�W∗(G, σ ).

Now we consider another Borel 1-cocycle c′ : G → K which is cohomologous to c.
So there exists a Borel map φ : X → K such that c′(γ ) = φ(r(γ ))c(γ )φ(s(γ ))−1 for
almost every γ ∈ G. By using φ, we introduce a unitary V on L2(K) ⊗ L2(G, ν) by

{V ξ}(k, γ ) := ξ(φ(r(γ ))−1k, γ ) (ξ ∈ L2(K × G)).
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Since V can be regarded as a bounded Borel function γ ∈ G �→ λK(φ(r(γ ))), it follows
that: (i) V belongs to W∗(K)⊗W∗(G, σ ), (ii) it satisfies (�K ⊗ idW∗(G,σ ))(V ) = V23V13.

In the meantime, with the notation in the proof of Theorem 4.2, one has

(λK(φ(r(γ )))⊗1)(λc⊗λσ )(γ ) = (λc
′⊗λσ )(γ )(λK(φ(s(γ )))⊗1) (almost everywhere).

This identity implies that

V αc(L
σ (f )) = αc′(L

σ (f ))V .

Therefore, we obtain the following.

PROPOSITION 4.8. The action αc is cocycle conjugate to αc′ . Hence the isomorphism
class of the crossed product K̂ αc�W∗(G, σ ) depends only on the cohomology class [c] of
the Borel 1-cocycle c.

Proof. We have already shown AdV ◦ αc = αc′ . Hence αc is cocycle conjugate to αc′ .
Since cocycle conjugate actions produce isomorphic crossed products, the second half of
the assertion follows. �

5. Coactions whose fixed-point algebras contain special maximal abelian ∗-subalgebras
In the last section, we saw that every 1-cocycle from a measured groupoid into a locally
compact group gives rise to a coaction of the group on the corresponding groupoid
von Neumann algebra A. One of the features of the coaction so obtained was that the
fixed-point algebra contains the diagonal subalgebra D of A (Corollary 4.3). We now
ask ourselves whether any coaction of the group on A whose fixed-point algebra contains
D arises in this way. The main purpose of this section is to prove that this is
indeed the case, provided that the groupoid is principal (i.e. a measured equivalence
relation).

Measured equivalence relations arise naturally from group actions on measure spaces.
Suppose that a locally compact group K acts on a (standard) Borel space (X,B, µ) in
such a way that G preserves the measure class of µ. Then the graph R := {(kx, x) ∈
X ×X : x ∈ X, k ∈ K} of the equivalence relation induced by the action of K is a typical
example of a measured equivalence relation. When K is a countable discrete group, every
equivalence class is a countable set. Such a measured equivalence relation is said to be
discrete (cf. [9, 10]). If K is a continuous group whose action on X is essentially free, then
the measured equivalence relation R defined above clearly has uncountable equivalence
classes. For example, the left (or right) translation action of K on itself is essentially free.
See also [1, Proposition 1.2]. Another typical example of a measured equivalence relation
with uncountable equivalence classes is obtained as follows: let R0 be a discrete measured
equivalence relation. Also consider the transitive equivalence relation R2 = R × R.
Then define R1 := R2 × R0. It is obvious that R1 has uncountable equivalence classes.
A relation between measured equivalence relations of the types R andR1 mentioned above
is thoroughly discussed in [8] (see also [24]).

Let us fix a coaction α of a locally compact group K on a von Neumann algebra A.
We will assume in what follows that A is expressed in the form W∗(R, σ ), where
R is a measured equivalence relation over a standard Borel measure space (X,µ),
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and σ is a Borel 2-cocycle on R. We also make an assumption that Aα contains the
diagonal subalgebra D := L∞(X,µ).

We also retain the notation introduced in the preceding section.
As we mentioned above, our goal in this section is to find a 1-cocycle c : R → K

satisfying α = αc in the notation in §4. However, before we proceed, let us remark that
if the groupoid R is the equivalence relation generated by an essentially free action of a
countable discrete group � on X, then such a 1-cocycle c : R → K is relatively easily
obtained. In fact, if {u(γ )}γ∈� are the unitaries in A = � � L∞(X) implementing the
�-action on L∞(X,µ), then the same argument as in the proof of Proposition 3.1 shows
that (1 ⊗ u(γ )∗)α(u(γ )) belongs to W∗(K)⊗L∞(X) = L∞(X,W∗(K)), so that there is
a Borel map c : � ×X → K such that

(1 ⊗ u(γ )∗)α(u(γ )) = λK(c(γ, ·)) (γ ∈ �).

It is easy to check that c is a 1-cocycle on the groupoid � × X ∼= R, and that α = αc.
It is, however, not true in general that a principal measured groupoid is realized as the
graph of an equivalence relation induced by an essentially free group action on a measure
space (see [12]). Hence it seems that a lot more work is needed to achieve our goal.

Let ϕR denote the faithful normal semifinite weight on W∗(R, σ ) associated to the
Tomita algebra AI . We call this weight the Plancherel weight of R. Refer to [35] for basic
facts about Plancherel weights. The modular operator and modular conjugation of ϕR are
given in the previous section. Let U be the canonical implementation of the coaction α

associated to ϕR in the sense of [33]. So we have U = J̃ (JK ⊗J ), where J̃ is the modular
conjugation of the dual weight ϕ̃R defined on the crossed product K̂ α�W∗(R, σ ) and JK
is defined on L2(K) by {JKf }(k) = f (k). Then U induces a ∗-representation � of the
Fourier algebra A(K) = W∗(K)∗ of K (see [7]) on L2(R, ν) given by

�(ω) := (ω ⊗ idB(L2(R,ν)))(U
∗) (ω ∈ A(K)).

We know from [7] that the spectrum of the abelian Banach ∗-algebra A(K) is K . Hence,
by [11, Theorem 1.54], there is a uniqueL2(R, ν)-projection-valued measure P onK such
that

�(ω) =
∫
K

ω̂dP

(
=

∫
K

ω(λK(k)) dP(k)

)
.

LEMMA 5.1. The projection-valued measure P is induced by a Borel measurable map
φ : R −→ K in such a way that P(B) = χφ−1(B−1) for all Borel subsets B of K .

Proof. Since D is contained in Aα, U commutes with all the operators of the form 1 ⊗ a,
where a ∈ D. It follows from this and the definition of � that D is contained in �(A(K))′.
Since U∗ = (JK ⊗ J )U(JK ⊗ J ), U commutes also with the operators of the form
1 ⊗ JaJ , where a ∈ D. Hence JDJ is also contained in �(A(K))′. By [15], we
have D ∨ JDJ = L∞(R, ν). This shows that �(A(K))′′ is contained in L∞(R, ν).
In particular, P(B) is a projection in L∞(R, ν) for all Borel subsets B of K . Therefore
E �→ P(E) is an assignment from the Borel σ -algebra of K into the lattice of all the
projections in L∞(R, ν). By [26, Ch. 15, Proposition 19], there is a Borel measurable
map φ from R into K such that P(B) = χφ−1(B−1) for all Borel subsets B of K . �
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COROLLARY 5.2. The canonical implementationU of α belongs to W∗(K)⊗L∞(R, ν),
and it can be regarded as a bounded Borel function γ ∈ R �−→ λK(φ(γ )) ∈ W∗(K).
Moreover, we have

{α(Lσ (f ))(η ⊗ ζ )}(k, γ )
=

∫
η(φ(γ−1

1 γ )φ(γ )−1k)f (γ1)ζ(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1) (5.1)

for all η ∈ L2(K) and all f, ζ ∈ AI .

Proof. By (the proof of) Lemma 5.1, we see that U∗ belongs to W∗(K) ⊗ L∞(R), and
that it can be regarded as a bounded Borel function γ ∈ R �−→ λK(φ(γ ))

∗ ∈ W∗(K).
Equation (5.1) follows from a direct computation by using the fact that α(T ) =
U(1 ⊗ T )U∗. �

LEMMA 5.3. The Plancherel weight ϕR is 1-invariant with respect to α in the sense of
[33, Definition 2.3]. Namely, for any T ∈ m+

ϕR and η ∈ L2(K), we have

ϕR((ωη ⊗ idA)(α(T ))) = ‖η‖2ϕR(T ).

Proof. Define P to be the set of all right-bounded vectors ζ ∈ L2(R, ν) with respect to
the Tomita algebra AI such that ‖Rσ (ζ )‖ ≤ 1. Then we have

ϕR(T ) = sup{ωζ (T ) : ζ ∈ P}
for any T ∈ W∗(R, σ )+.

Let f ∈ AI , η ∈ L2(K) and ζ ∈ P . Then, by Corollary 5.2, we have

ωζ ((ωη ⊗ idA)(α(Lσ (f )∗Lσ (f ))))

= ‖α(Lσ (f ))(η ⊗ ζ )‖2

=
∫∫ ∣∣∣∣∫ η(φ(γ−1

1 γ )φ(γ )k)−1f (γ1)ζ(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1)

∣∣∣∣2

dk dν(γ )

=
∫∫ ∣∣∣∣∫ η(k)f (γ1)ζ(γ

−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1)

∣∣∣∣2

dk dν(γ )

= ‖η‖2
∫ ∣∣∣∣∫ f (γ1)ζ(γ

−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1)

∣∣∣∣2

dν(γ )

= ‖η‖2‖f ∗ ζ‖2 = ‖η‖2‖Rσ (ζ )f ‖2.

Let f0 ∈ L2(R, ν) be a left bounded vector. Then, there exists a sequence {fn}n≥1 in AI

such that limn→∞ ‖f0 − fn‖ = 0 and strong- limn→∞ Lσ (fn) = Lσ (f0). By the above
computation, we obtain

ωζ ((ωη ⊗ idA)(α(Lσ (f0)
∗Lσ (f0)))) = ‖α(Lσ (f0))(η ⊗ ζ )‖2

= lim
n→∞ ‖α(Lσ (fn))(η ⊗ ζ )‖2

= ‖η‖2 lim
n→∞ ‖Rσ (ζ )fn‖2 = ‖η‖2‖Rσ (ζ )f0‖2.
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From this, it follows that

ϕR((ωη ⊗ idA)(α(L
σ (f0)

∗Lσ (f0))))

= sup{ωζ ((ωη ⊗ idA)(α(Lσ (f0)
∗Lσ (f0)))) : ζ ∈ P}

= sup{‖η‖2‖Rσ (ζ )f0‖2 : ζ ∈ P}
= ‖η‖2‖f0‖2 = ‖η‖2ϕR(Lσ (f0)

∗Lσ (f0)).

This proves the lemma. �

COROLLARY 5.4. Let ∇̃ be the modular operator of the dual weight of ϕR, defined on
K̂ α�W∗(R, σ ). Then we have ∇̃ = 1 ⊗ ∇.

Proof. We know from Lemma 5.3 that ϕR is 1-invariant. So, as in the proof of
[33, Proposition 4.3], we can show that ∇̃ = 1 ⊗∇. (Note that, in our case, the operator Q
in the proof of [33, Proposition 4.3] is 1.) �

LEMMA 5.5. The modular conjugation J̃ of ϕ̃R is given by

{J̃ ξ}(k, γ ) = σ(γ, γ−1)−1δ(γ )−1/2ξ(φ(γ )−1k, γ−1)

for any ξ ∈ L2(K)⊗ L2(R, ν) = L2(K × R).

Proof. The claim follows from the fact that J̃ = U(JK ⊗ J ). �

COROLLARY 5.6. We have φ(γ )−1 = φ(γ−1) for almost every γ ∈ R.

Proof. This follows from the previous lemma and the fact that J̃ 2 = 1. �

LEMMA 5.7. The map φ satisfies

φ(γ1γ2) = φ(γ1)φ(γ2)

for ν(2)-almost every (γ1, γ2) ∈ R(2).

Proof. Let f ∈ AI , p ∈ Cc(K). We first regard W∗(K) ⊗ W∗(R, σ ) as being equal to
the groupoid von Neumann algebra W∗(K × R, 1 × σ), where K × R is equipped with
the natural product measured groupoid structure. By Lemma 5.3 and [33, Proposition 2.4],
we have that α(Lσ (f ))(L(p) ⊗ 1) belongs to nϕK⊗ϕR and satisfies

�ϕK⊗ϕR (α(Lσ (f ))(L(p) ⊗ 1)) = U�ϕK⊗ϕR(L(p) ⊗ Lσ (f ))(= U(p ⊗ f )).

Thus α(Lσ (f ))(L(p) ⊗ 1) is equal to L1×σ (F ), where F ∈ L2(K × R) is the left-
bounded vector U(p ⊗ f ) with respect to the left Hilbert algebra Cc(K) ⊗ AI . So we
have F(k, γ ) = p(φ(γ )−1k)f (γ ). In particular, by Fubini’s theorem and Corollary 5.6,
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for any η ∈ Cc(K) and ζ ∈ AI , we have the following:

α(Lσ (f ))(L(p) ⊗ 1)(η ⊗ ζ )(k, γ )

= {F ∗ (η ⊗ ζ )}(k, γ )
=

∫∫
F(h, γ1)(η ⊗ ζ )(h−1k, γ−1

1 γ )σ(γ1, γ
−1
1 γ ) dh dλr(γ )(γ1)

=
∫∫

f (γ1)p(φ(γ1)
−1h)η(h−1k)ζ(γ−1

1 γ )σ(γ1, γ
−1
1 γ ) dh dλr(γ )(γ1)

=
∫∫

f (γ1)p(h)η(h
−1φ(γ1)

−1k)ζ(γ−1
1 γ )σ(γ1, γ

−1
1 γ ) dh dλr(γ )(γ1)

=
∫
(p ∗ η)(φ(γ1)

−1k)f (γ1)ζ(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1)

=
∫
(p ∗ η)(φ(γ−1

1 )k)f (γ1)ζ(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1).

On the other hand, by using Corollary 5.2, we have that

α(Lσ (f ))(L(p) ⊗ 1)(η ⊗ ζ )(k, γ )

= α(Lσ (f ))((p ∗ η)⊗ ζ )(k, γ )

=
∫
(p ∗ η)(φ(γ−1

1 γ )φ(γ )−1k)f (γ1)ζ(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1).

It follows that, for almost every (k, γ ) ∈ K × R, the following equation holds:∫
f (γ1)ζ(γ

−1
1 γ )((p ∗ η)(φ(γ−1

1 )k)

− (p ∗ η)(φ(γ−1
1 γ )φ(γ )−1k))σ (γ1, γ

−1
1 γ ) dλr(γ )(γ1) = 0.

From these results and the facts that Cc(K) ∗ Cc(K) is dense in Cc(K) and the Haar
measure is left invariant, we conclude that, for each η, η1 ∈ Cc(K) and f, g ∈ AI , we have∫

(Fη(γ, γ1, · ) | η1)L2(K)f (γ1)g(γ
−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1) = 0

for almost every γ ∈ R, where Fη is the function on R × R × K given by

Fη(γ, γ1, k) := η(φ(γ−1
1 )φ(γ )k)− η(φ(γ−1

1 γ )k).

Let {fn,m}n,m≥1 be the sequence of Borel functions in AI defined in the proof of
[34, Lemma 1.5] (see also the proof of [15, Lemma 2.9]). Also choose a countable
generating (and separating) Borel subsets {Bn}n≥1 of K of finite measure. Then there
exists a null Borel subset N1 of R such that∫

(FχBi
(γ, γ1, ·) | χBj )fk,l(γ1)f

∨
m,n(γ

−1
1 γ )σ(γ1, γ

−1
1 γ ) dλr(γ )(γ1) = 0

for all γ ∈ R \ N1 and all (i, j, k, l,m, n) ∈ N6, where f ∨(γ ) := f (γ−1). By arguing as
in the proof of [34, Lemma 1.5] or [15, Lemma 2.9], we deduce that, for any γ ∈ R \ N1,
the function

γ1 �−→ (FχBi (γ, γ1, ·) | χBj ) f
∨
m,n(γ

−1
1 γ )
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is 0 for λr(γ )-almost everywhere. From this, we have

0 =
∫∫

|(FχBi (γ, γ1, ·) | χBj )f
∨
m,n(γ

−1
1 γ )| dλr(γ )(γ1) dν

−1(γ )

=
∫∫

|(FχBi (γ−1, γ1, ·) | χBj )f
∨
m,n(γ

−1
1 γ−1)| dλs(γ )(γ1) dν(γ )

=
∫∫

|(FχBi (γ−1, γ−1γ1, ·) | χBj )fm,n(γ1)| dλr(γ )(γ1) dν(γ )

=
∫ (∫

|(FχBi (γ−1, γ−1γ1, ·) | χBj )| dλr(γ1)(γ )

)
fm,n(γ1) dν(γ1)

(by Fubini’s theorem).

It follows that there exists a ν-null Borel subset N2 of R with N−1
2 = N2 such that we

have ∫
|(FχBi (γ−1, γ−1γ1, ·) | χBj )| dλr(γ1)(γ ) = 0

for all γ1 ∈ R \ N2 and (i, j) ∈ N2. Fix an arbitrary γ1 ∈ R \ N2. Then there exists a
λr(γ1)-null Borel subset N(γ1) such that, for any γ ∈ Rr(γ1) \ N(γ1) and any (i, j) ∈ N2,
one has

(FχBi (γ
−1, γ−1γ1, ·) | χBj ) = 0.

Now fix a γ ∈ Rr(γ1) \N(γ1). By the above identity, we obtain

φ(γ−1
1 )φ(γ ) = φ(γ−1

1 γ ).

Since N2 = N−1
2 , we have

φ(γ1γ ) = φ(γ1)φ(γ ) (5.2)

for all γ1 ∈ R \N2 and all γ ∈ Rs(γ1) \N ′(γ1), where N ′(γ ) := N(γ−1). For any j ∈ N,
define a Borel function fj on R(2) by

fj (γ1, γ2) := |χBj (φ(γ1γ2))− χBj (φ(γ1)φ(γ2))|.
From the result obtained above, we get∫

fj (γ1, γ2) dν
(2)(γ1, γ2) =

∫ (∫
fj (γ1, γ ) dλ

s(γ1)(γ )

)
dν−1(γ1) = 0

for all j ∈ N. This implies that fj = 0 for ν(2)-almost everywhere for all j ∈ N. Therefore
identity (5.2) holds for ν(2)-almost every (γ1, γ ) ∈ R(2). �

THEOREM 5.8. Let α be a coaction of a locally compact group K on the groupoid
von Neumann algebra A of a principal measured groupoid R. Suppose that Aα contains
the diagonal subalgebra D of A. Then there exists a Borel 1-cocycle c : R → K such
that, with the notation in the previous section, we have α = αc. In particular, any coaction
of a locally compact group on a von Neumann algebra M whose fixed-point algebra
contains a regular maximal von Neumann subalgebraC of M that contains a quasi-Cartan
subalgebra B of M is derived from a Borel 1-cocycle of the principal measured groupoid
determined by the triple (M ⊇ C ⊇ B) through the result of [8].
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Proof. Let φ be the map obtained in Lemma 5.1. From Lemma 5.7 and [24, Theorem 3.2],
there is a Borel 1-cocycle c : R → K that agrees with the map γ ∈ R �→ φ(γ ) ν-almost
everywhere. In this case, it is clear by Corollary 5.2 that the canonical implementation U
equals Uc. Therefore we have α = αc.

The last part of the theorem follows from the first part and the remark at the end
of §2.1. �

COROLLARY 5.9. Let the notation be as in Theorem 5.8. For each automorphism θ of A
such that Aθ contains D, there exists a 1-cocycle c : R → T such that θ = θc : Lσ (f ) �→
Lσ (f c).

Let us continue to consider the situation set out at the beginning of this section. Suppose
that we have another coaction α′ of K on A with Aα′ ⊇ D. Referring to Theorem 5.8,
there exists a Borel 1-cocycle c′ : R −→ K satisfying α′ = αc′ . In the previous section,
we saw that αc′ is cocycle conjugate to αc if c′ is cohomologous to c. We now assume
instead that αc′ is cocycle conjugate to αc with a special ∗-automorphism. Namely, let
us suppose that there exist an αc-1-cocycle V in W∗(K) ⊗ A and a ∗-automorphism θ

of A such that θ(D) = D and (idW∗(K) ⊗ θ) ◦ αc′ ◦ θ−1 = AdV ◦ αc. We first show
that there exists a Borel and groupoid automorphism ρ of R (which of course preserves
the measure class [ν]) such that (idW∗(K) ⊗ θ) ◦ αc′ ◦ θ−1 is equal to αc′◦ρ−1 . Indeed,
let u be the canonical implementation of θ on L2(R). Note then that Adu leaves D and
D ∨ JDJ = L∞(R, ν) globally invariant, where J is the modular conjugation of the
Plancherel weight ϕR. Hence, by the same argument as in the proof of [10, Theorem 2],
we obtain a Borel and groupoid automorphism ρ of R which preserves the class [ν] and
satisfies Adu (f ) = f ◦ ρ−1 for all f ∈ L∞(R, ν). Now we define a unitary v in
B(L2(R)) by

(vξ)(γ ) := ξ(ρ−1(γ ))

[
dν ◦ ρ−1

dν
(γ )

]1/2

.

Since uv∗ is in L∞(R)′ ∩B(L2(R)) = L∞(R), there exists g ∈ L∞(R) such that |g| = 1
and u = gv. A direct calculation shows that

{(1 ⊗ u)Uc′(1 ⊗ u∗)ξ}(k, γ ) = {(1 ⊗ gv)Uc′ (1 ⊗ v∗g)ξ}(k, γ )
= ξ(c′(ρ−1(γ ))k, γ )

= {Uc′◦ρ−1ξ}(k, γ )
for each ξ ∈ L2(K × R). So we conclude that (1 ⊗ u)Uc′(1 ⊗ u∗) = Uc′◦ρ−1 and

(idW∗(K) ⊗ θ) ◦ αc′ ◦ θ−1(a) = Uc′◦ρ−1(1 ⊗ a)U∗
c′◦ρ−1 = αc′◦ρ−1(a) (a ∈ A).

Thus our claim has been proven. Furthermore, since both Aαc and A
α
c′◦ρ−1 contain D,

V belongs to W∗(K) ⊗ A ∩ (C ⊗ D)′ = W∗(K) ⊗ D. Hence the cocycle identity
(�K ⊗ idA)(V ) = V23(idW∗(K) ⊗ αc)(V ) is nothing but (�K ⊗ idA)(V ) = V23V13.
Then, by arguing as in the proof of Proposition 3.1 or as in this section, we may conclude
that V induces a Borel map φ : X −→ K such that {V ∗ξ}(k, γ ) = ξ(φ(r(γ ))k, γ ) for
any ξ ∈ L2(K × R). Since Uc, Uc′◦ρ−1 and V satisfy the identity in [33, Proposition 4.2],
it follows that we have c′(ρ−1(γ )) = φ(r(γ ))c(γ )φ(s(γ ))−1 for almost every γ ∈ R.
Therefore c′ is weakly equivalent to c. Thus we have proven the following.
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PROPOSITION 5.10. Let A be the groupoid von Neumann algebra of a principal measured
groupoid R, twisted by a Borel 2-cocycle σ on R, and D the diagonal subalgebra of A.
Suppose that α and β are coactions of a locally compact group K on A such that D ⊆ Aα

and D ⊆ Aβ . Let cα (respectively cβ ) be a Borel 1-cocycle into K corresponding to
α (respectively β). If there exist an α-1-cocycle V and a ∗-automorphism θ of A such
that θ(D) = D and (idW∗(K) ⊗ θ) ◦ β ◦ θ−1 = AdV ◦ α, then cα is weakly equivalent
to cβ .

Remark. The converse of Proposition 5.10 holds if there exists a measure-class preserving
Borel and groupoid automorphism ρ of R such that: (i) cβ ◦ ρ−1 is cohomologous to cα ,

(ii) ρ fixes the 2-cocycle σ , (iii) the Haar system {λx} of R satisfies λr(γ ) = λr(ρ
−1(γ ))◦ρ−1

for almost every γ ∈ R. (Note that the condition (iii) is automatically fulfilled if R is a
discrete equivalence relation.) Indeed, if such a ρ exists, then define a unitary v by

(vξ)(γ ) := ξ(ρ−1(γ ))

[
dν ◦ ρ−1

dν
(γ )

]1/2

.

One shows that θ := Ad v|A yields an automorphism of A. It is then easy to check that
αcβ◦ρ−1 = (idW∗(K) ⊗ θ) ◦ β ◦ θ−1.

At the beginning of [8, Section 8], Feldman et al claim without proof that any measure-
class preserving Borel and groupoid automorphism ρ of R satisfying the condition (ii)
gives rise to a (spatial) automorphism θρ of A with θρ(D) = D. We have not been
able to verify this claim. However, with the help of their claim, we could eliminate the
condition (iii) in the above ‘converse’ statement.

6. Connes spectrum and asymptotic range
The main results of the preceding two sections together illustrate that there is an intimate
relationship between Borel 1-cocycles on a measured groupoid and coactions on the
groupoid von Neumann algebra that fix the diagonal subalgebra. Therefore, one would
hope that 1-cocycles can be studied in terms of the coactions which they produce, or that
coactions of the type described above can be examined through the 1-cocycles that they
determine. In the rest of this paper, we will pursue this line of research.

In this section, we will compare two important algebraic invariants; the Connes
spectrum of a coaction, and the asymptotic range of a 1-cocycle, and show that they
actually coincide with each other.

As in §5, let c : G −→ K be a Borel 1-cocycle from a principal measured groupoid
G into a locally compact group K . Again we consider the coaction αc of K on the
von Neumann algebra A := W∗(G, σ ).

Recall that the essential range σ(f ) of a Borel map f from a measure space (Y , ν)
into a second countable topological space Z is the smallest closed subset F of Z such that
f−1(F ) has complement of ν measure zero (see just before [9, Definition 8.2]). It is easy
to check that z ∈ Z belongs to σ(f ) if and only if, for any (compact) neighborhoodU of z,
one has ν(f−1(U)) > 0.
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Remark. We remark that, for each measurable subset E of G of positive measure, there
exists a measurable subset F of E such that χF is a non-zero element of AI . Indeed, since
ν(E) > 0, there exists E′ ⊆ E such that 0 < ν(E′) < ∞. So, there exists a > 1 such that
0 < ν(E(a) ∩ E′) < ∞, where E(a) is defined in [15]. Set F := E(a) ∩ E′. By using
[15, Lemma 2.6], we conclude that χF is not equal to 0 and belongs to AI .

In the next lemma, let H be the closed subgroup of K generated by the essential range
σ(c) of the 1-cocycle c. Roughly, the lemma says that we may regard α = αc as a coaction
of H .

LEMMA 6.1. Let the notation be as above. The von Neumann algebra λK(H)′′ coincides
with {(idW∗(K) ⊗ ω)(α(a)) : a ∈ A, ω ∈ A∗}′′.

To prove the lemma, we use the following.

LEMMA 6.2. Let f ∈ AI and ω ∈ A(K). Then (αc)ω(L
σ (f )) := (ω ⊗ idA)(αc(Lσ (f )))

equals Lσ ((ω ◦ c)f ).
Proof. We may and do assume that ω has the form ω = ωη1,η2 for some η1, η2 ∈ L2(K).
For any ζ1, ζ2 ∈ L2(G), by equation (4.1), we have

((αc)ω(L
σ (f ))ζ1 | ζ2)

= (αc(L
σ (f ))(η1 ⊗ ζ1) | η2 ⊗ ζ2)

=
∫
K

∫∫
η1(c(γ1)

−1k)η2(k)

× f (γ1)ζ1(γ
−1
1 γ )σ(γ1, γ

−1
1 γ )ζ2(γ ) dλ

r(γ )(γ1) dν(γ ) dk

=
∫

ω(c(γ1))f (γ1)ζ1(γ
−1
1 γ )σ(γ1, γ

−1
1 γ )ζ2(γ ) dλ

r(γ )(γ1) dν(γ )

= (Lσ ((ω ◦ c)f )ζ1 | ζ2).

Thus we are done. �

Proof of Lemma 6.1. We denote {(idW∗(K) ⊗ ω)(α(a)) : a ∈ A, ω ∈ A∗}′′ by L.
We first claim that L ⊆ λK(H)′′. If L is not contained in λK(H)′′, there exists a ∈ A

and ω ∈ A∗ such that (idW∗(K) ⊗ ω)(α(a)) �∈ λK(H)′′. We may and do assume that
a = Lσ (f ) for some f ∈ AI . So there exists φ ∈ A(K) such that φ(λK(H)′′) = 0
and φ((idW∗(K) ⊗ ω)α(Lσ (f ))) �= 0. By Lemma 6.2, we have that Lσ ((φ ◦ c)f ) =
(φ⊗idA)(α(Lσ (f ))) is not equal to 0. In particular, ν({γ ∈ G : (φ◦c)(γ )f (γ ) �= 0}) > 0.
On the other hand, by the definition of φ, we obtain {γ ∈ G : (φ ◦ c)(γ )f (γ ) �= 0} ∩
c−1(H) = ∅. So we conclude that

ν({γ ∈ G : (φ ◦ c)(γ )f (γ ) �= 0})
= ν({γ ∈ G : (φ ◦ c)(γ )f (γ ) �= 0} ∩ c−1(H))

+ ν({γ ∈ G : (φ ◦ c)(γ )f (γ ) �= 0} ∩ c−1(H)c)

= 0,

a contradiction. Thus our claim has been proved.
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Conversely, we show that λK(g) belongs to L for each g ∈ σ(c). Indeed, if λK(g) is
not contained in L, then there exists φ ∈ A(K) such that φ(g) �= 0 and (φ ⊗ ω)α(a) = 0
for any ω ∈ A∗ and a ∈ A. Since φ is continuous, there exists a neighborhood U of
g such that φ(λK(h)) �= 0 for each h ∈ U . By the definition of σ(c), c−1(U) is not a
ν-null set. So, by the Remark before Lemma 6.1, there exists a measurable subset E of
c−1(U) such that 0 < ν(E) < ∞ and χE ∈ AI . Now we set a := Lσ (χE). By the
definition of E, (φ ◦ c)(γ )χE(γ ) �= 0 for each γ ∈ E. So, by Lemma 6.2, we have that
(φ ⊗ idA)α(a) = Lσ ((φ ◦ c)χE) is not equal to 0. In particular, there exists ω ∈ A∗ such
that (φ ⊗ ω)α(a) �= 0, a contradiction.

Therefore we complete the proof. �

According to [9, Definition 8.2], the asymptotic range r∗(c) of the 1-cocycle c is by
definition ∩{σ(cB) : B ⊆ X, µ(B) > 0}, where cB stands for the restriction of c to the
reduction GB by B.

Our aim of this section is to establish a relationship between r∗(c) and �(αc).
Let e be a projection in D = L∞(X) and B be the Borel subset of X satisfying

e = χB ◦r . Then it is easy to see that the reduced von Neumann algebra eAe is (isomorphic
to) W∗(GB, σB). Note that the action (αc)e obtained by restricting αc to eAe is that derived
from the 1-cocycle cB .

THEOREM 6.3. We have �(αc) = r∗(c).

Proof. Since the center Z(Aα) is contained in D, we have

�(αc) = ∩{Sp((αc)e) : e : non-zero projection in D}.
Hence, thanks to the argument preceding this theorem, it suffices to show that
Sp(αc) = σ(c).

Let k ∈ σ(c). Take any compact neighborhood U of k. Since ν(c−1(U)) > 0, by
the Remark before Lemma 6.1, there exists a measurable subset E ⊆ c−1(U) such that
ν(E) > 0 and χE ∈ AI . Then define a := Lσ (χE) ∈ A \ {0}. If ω ∈ A(K) vanishes on
some neighborhood of U , then, by Lemma 6.2, we have (αc)ω(a) = 0. From [23, Ch. IV,
Lemma 1.2(ii)], it follows that Spαc(a) ⊆ U . Hence a belongs to Aαc(U). By [23, Ch. IV,
Lemma 1.2(iv)], k lies in Sp(αc).

Conversely, suppose that k ∈ Sp(αc). We will show that for each open neighborhood V
of k, c−1(V ) is not a ν-null set. Indeed, if ν(c−1(V )) is equal to 0 for some V , we have
Lσ (f ) = Lσ (f χc−1(V )c ) for each f ∈ AI . So, for each ω ∈ A(K) such that suppω ⊆ V

by Lemma 6.2, we have that

(αc)ω(L
σ (f )) = Lσ (f χc−1(V )c (ω ◦ c)) = 0.

So we conclude that (αc)ω(a) = 0 for each a ∈ A and ω ∈ A(K) such that suppω ⊆ V .
In the meantime, since V is open, for each h ∈ V , there exists ω ∈ A(K) such that
ω(h) = 1 and suppω ⊆ V . This shows that for each a ∈ A, h �∈ Spαc (a). This contradicts
[23, Ch. IV, Lemma 1.2(iv)]. Therefore, k belongs to σ(c). �

COROLLARY 6.4. The normalized Connes spectrum �n(αc) of αc in the sense of
[23, Ch. V, Definition 2.5] coincides with the normalized proper range npr(c) in the sense
of [9].
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By combining Theorem 6.3 with one of the results of Golodets and Sinel’shchikov
in [14], we can extend the main result of Kawahigashi in [19] concerning the classification,
up to cocycle conjugacy, of actions of locally compact abelian groups on the AFD type II
factors which fix Cartan subalgebras.

PROPOSITION 6.5. Let A be an AFD type II factor. Suppose that α and α′ are coactions
of a locally compact group K on A such that each of Aα and Aα′

contains a Cartan
subalgebra of A. If �(α) = �(α′) = K , then α is cocycle conjugate to α′.

Proof. Suppose that Aα (respectively Aα′
) contains a Cartan subalgebra D1

(respectively D2) of A. By [5], there exists a ∗-automorphism θ of A such that
θ(D1) = D2. Set αθ := (idW∗(K) ⊗ θ−1) ◦ α ◦ θ . Then we have Aαθ = θ(Aα).
So D2 = θ(D1) ⊆ θ(Aα) = Aαθ . Clearly, αθ is cocycle conjugate to α. Hence it suffices
to assume from the outset that D1 = D2 =: D.

We may assume that the inclusion (D ⊆ A) is of the form (L∞(X) ⊆ W∗(R)) for an
amenable ergodic type II equivalence relation R on a standard Borel space (X, B, µ) with
an invariant measureµ. By Theorem 5.8, there exist Borel 1-cocycles c and c′ from R to K
such that α = αc and α′ = αc′ . By Theorem 6.3, we have r∗(c) = r∗(c′) = K , i.e. both Rc

and Rc′ are ergodic equivalence relations. So we may apply [14, Lemma 1.13], and obtain
that there exist cocycles c and c′ cohomologous to c and c′, respectively, as 1-cocycles onR
such that c is equal to c′ ◦ ρ for some ρ ∈ N[R], the normalizer of R. By Proposition 4.8,
α (respectively α′) is cocycle conjugate to αc (respectively α

c′ ). Furthermore, a direct
computation shows that for each X ∈ W∗(R),

αc◦θ (X) = (1 ⊗ �−1
ρ )(αc(�ρ(X))),

where �ρ is an automorphism on W∗(R) that is defined by

�ρ(L(f )) := L(f ◦ ρ).
So we conclude that (1 ⊗ �ρ)αc◦ρ = αc ◦ �ρ , i.e. αc◦ρ is conjugate to αc. Hence α is
cocycle conjugate to α′. �

We note that, by using the notion of a double cocycle in the sense of Golodets and
Sinel’shchikov [14], it is possible to classify those coactions on (not necessarily type II)
AFD factors which fix Cartan subalegbras. Assume that R is an amenable ergodic
equivalence relation. Let c and c′ be non-transient Borel 1-cocycles on R to a locally
compact group K . Set A := W∗(R) and r := log δ. By [14, Theorem 3.1], we see that,
if the double cocycles c × r and c′ × r are conjugate, then c is weakly equivalent to c′.
Meanwhile, one can check that the crossed product K̂ × R αc×r�A is isomorphic to the
crossed product of K̂ αc�A by a modular action. Therefore, Theorem 3.1 in [14] can be
translated in an operator-algebraic term as follows.

THEOREM 6.6. Let α and α′ be coactions of a locally compact group K on an AFD factor
A such that each of Aα and Aα′

contains a Cartan subalgebra of A. Suppose that the
crossed products P1 := K̂ α�A and P2 := K̂ α′�A are non-type I von Neumann algebras.
Then α is cocycle conjugate to α′ if and only if there exists a ∗-isomorphism � from the
center Z1 of the crossed product R�P1 by a modular action on P1 onto the centerZ2 of the



Characterization of algebras containing maximal abelian ∗-subalgebras 1695

crossed product R � P2 by a modular action on P2 such that, with θ(i) (i = 1, 2) the dual

action of the modular action on Pi , and with (̃̂α) (respectively (˜̂α′)) the canonical extension
of the dual action α̂ (respectively α̂′) of α (respectively α′) to R�P1 (respectively R�P2),

� intertwines the product actions θ(1)|Z1 ◦ (̃̂α)k|Z1 of K × R on Z1 and θ(2)|Z2 ◦ (˜̂α′)k|Z2

on Z2.

We conclude this section with a result on spectral subspaces for the case of G being
a discrete principal measured groupoid. Recall that, for each closed subset H of K , the
spectral subspace Aα(H) is defined by

Aα(H) := {a ∈ A : Spα(a) ⊆ H }.
It is easy to see that Aα(H) is a bimodule over the Cartan subalgebra D. In what follows,
we prove that Aα(H) is determined by a Borel subset of G. For this purpose, we use the
following lemma.

LEMMA 6.7. Suppose that an element ρ of the full group [G]∗ of G satisfies ν(�(ρ)) > 0,
and that c(�(ρ)) is contained in open subset L of K . Here �(ρ) stands for the graph of ρ.
Then there exists k ∈ L such that ν(�(ρ) ∩ c−1(U)) > 0 for any neighborhood U of k.

Proof. Suppose that, for each k ∈ L, there exists a neighborhood Uk of k such that
ν(�(ρ) ∩ c−1(Uk)) = 0. Since {Uk}k∈L is a covering of the open set L, there exists a
sequence {kn}∞n=1 in L such that {Ukn}∞n=1 is a covering of L. So we have

ν(�(ρ)) ≤
∞∑
n=1

ν(�(ρ) ∩ c−1(Ukn)) = 0,

which is, a contradiction. �

PROPOSITION 6.8. Let the notation be as above. The spectral subspace Aα(H) is equal
to I(c−1(H)), where I(c−1(H)) is defined by the following expression:

I(c−1(H)) := {Lσ (f ) ∈ A : ν(supp(f ) ∩ c−1(H)c) = 0}.
Proof. It is easy to check that I(c−1(H)) is contained in Aα(H).

Conversely, if Lσ (f ) is in Aα(H) \ I(c−1(H)), then there exists ρ ∈ [G]∗ such that
�(ρ) ⊆ R \ c−1(H) and ν(supp(f ) ∩ �(ρ)) > 0. By using the previous lemma, we
may assume that c(�(ρ)) is contained in a compact subset U of K \ H . Now we set
v := Lσ (χ�(ρ)δ

−1/2) and a := E(Lσ (f )v∗)v, where E : A → D is the faithful normal
conditional expectation. Since Aα(H) is a bimodule over D, a is a non-zero element of
Aα(H). However, by the construction of a, for each h ∈ H , there exists φh ∈ A(K) such
that φh(h) = 1 and supp(φ) ∩ U = ∅, i.e. h does not belong to Spα(a). So we conclude
H ∩ Spα(a) = ∅, i.e. a �∈ Aα(H), is a contradiction.

Therefore we complete the proof. �

7. Exchangeability for a 1-cocycle with a smaller range within the cohomology class
It sometimes happens that a Borel 1-cocycle on a measured groupoid into a group can be
exchanged, within its cohomology class, for a cocycle whose range is a smaller subgroup.
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In this section, we choose to study this phenomenon from a (operator-algebraic) viewpoint,
as taken in the previous sections. It should be noted that a study from a measure-theoretic
viewpoint was taken up by Zimmer in [37] when a group in question is compact.

Let R be a discrete measured equivalence relation on a standard Borel probability
measure space (X,B, µ), σ a Borel 2-cocycle on R and c : R → K be a Borel
1-cocycle on R. We set A := W∗(R, σ ) and denote by D the associated Cartan subalgebra
L∞(X,µ) of A. Let αc be the coaction of K on A determined by c. We will freely use the
notation introduced in §§2 and 3.

Suppose first that c is cohomologous to a Borel 1-cocycle c′ whose range is contained
in a closed subgroup H of K . As we saw before, there is a unitary R ∈ W∗(K) ⊗ D

satisfying αc′ = AdR ◦ αc (in particular, R is an αc-1-cocycle). Hence the corresponding
two dual-covariant systems (Ã := K̂ αc�A,K , α̂c), (Ā := K̂ αc′�A, K , α̂c′) are conjugate.

Consequently, (Z(Ã),K, α̂c|Z(Ã)
) and (Z(Ā),K, α̂c′ |Z(Ā)) (i.e. the Mackey actions) are

conjugate. We know that

Z(Ā) = {F ∈ L∞(K ×X) : F(k, x) = F(c′(y, x)k, y)
(almost every (k, (x, y)) ∈ K ×c′ R)}.

Since the range of c′ is contained in H , the map τ : L∞(K/H) → Z(Ā) given by
τ (φ) := φ∨ ⊗ 1 (φ ∈ L∞(K/H)) is well defined, where f ∨(k) := f (k−1) for
f ∈ L∞(K). (Note that in what follows, we freely identify a function f in L∞(K/H)

with a function in L∞(K) that satisfies f (kh) = f (k) for all h ∈ H .) It is also easy
to see that τ is a K-equivariant embedding of L∞(K/H) into Z(Ā). Hence, from [31]
(see also Appendix A), we find that the dual action α̂c′ is induced from an action β of H
on a von Neumann algebra P . Our immediate purpose is to identify this covariant system
(P,H, β). For this, let us denote c′ by c0 when c′ is viewed as a 1-cocycle from R into H .
So αc0 is a coaction of H on A. Put P := Ĥ αc0

�A and β := α̂c0 .

From now on, we fix a quasi-invariant measure � on K/H . As in Appendix A,
denote by ρ the rho-function on K associated with µ. We choose a Borel cross section
θ : K/H → K of the quotient map π : K → K/H with θ(π(e)) = e.

Define three unitaries TK = T ∗
K from L2(K) onto itself, V from L2(K) onto

L2(K/H)⊗ L2(H) and TH = T ∗
H on L2(H) by

{TKf }(k) := �K(k)
−1/2f (k−1) (f ∈ L2(K), k ∈ K),

{V ξ}(p, h) := ξ(θ(p)h)ρ(θ(p)h)−1/2 (ξ ∈ L2(K), p ∈ K/H, h ∈ H),

{V ∗η}(k) = η(π(k), hk)ρ(k)
1/2 (η ∈ L2(K/H ×H)),

{THf }(h) := �H(h)
−1/2f (h−1) (f ∈ L2(H), h ∈ H).

Note that TKλK(k)TK = ρK(k) and THλH (h)TH = ρH (h). We also have V ∗(φ ⊗ 1)V =
φ (φ ∈ L∞(K/H)), V ∗(L∞(K/H) ⊗ L∞(H))V = L∞(K) and V ∗(1 ⊗ ρH (h))V =
ρK(h) for all h ∈ H .
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Set S1 := (V ∗ ⊗ 1L2(R))(1L2(K/H) ⊗ TH ⊗ 1L2(R)). Then we have

S1(L
∞(K/H)⊗ P)S∗

1

= S1{(L∞(K/H)⊗ L∞(H)⊗ 1L2(R)) ∨ (1L2(K/H) ⊗ αc0(A))}S∗
1

= (L∞(K)⊗ 1L2(R)) ∨ S1(1L2(K/H) ⊗ αc0(A))S
∗
1 .

Next we set S2 := (TK ⊗ 1L2(R))S1. From the above computation, we get

S2(L
∞(K/H)⊗ P)S∗

2 = (L∞(K)⊗ 1L2(R)) ∨ S2(1L2(K/H) ⊗ αc0(A))S
∗
2 .

By a direct computation using equation (4.1), we see that

S2(1L2(K/H) ⊗ αc0(L
σ (f )))S∗

2 = αc′ (L
σ (f )).

Hence
S2(L

∞(K/H)⊗ P)S∗
2 = Ā. (7.1)

Moreover, by using properties of the ρ-function (cf. [11, §2.6]) and the notation described
in the Appendix A, one can verify that

{S∗
2 (ρK(k)⊗ 1L2(R))S2η}(p, h, (x, y))

=
[
d � ◦ k−1

d �
(p)

]1/2

�H(χ(k
−1, p))−1/2η(k−1p, hχ(k−1, p)−1, (x, y)) (7.2)

for any η ∈ L2(K/H × H × R). From this, we find that Ad S∗
2 (ρK(·) ⊗ 1L2(R))S2 is

exactly the action δ of K defined in the Appendix A. We summarize the results obtained
so far in the proposition that follows.

PROPOSITION 7.1. Let R be a discrete measured equivalence relation on a standard
Borel probability measure space (X,B, µ), σ a Borel 2-cocycle on R and c : R → K be
a Borel 1-cocycle on R into a locally compact group K . We set A := W∗(R, σ ). Let αc
be the coaction of K on A determined by c.

If c is cohomologous to a Borel 1-cocycle c′ whose range is contained in a closed
subgroup H of K , then the dual action α̂c is induced from an action β of H on a
von Neumann algebra P . In this case, one can take the covariant system (P,H, β) to
be (Ĥ αc0

�A, H , α̂c0), where c0 : R → H is the 1-cocycle obtained by regarding c′ as an
H -valued 1-cocycle.

So far, we have seen that the fact that a given 1-cocycle can be exchanged for another
1-cocycle whose range is contained in a smaller subgroup implies that the dual action of
the associated coaction is induced from an action of the smaller subgroup. As we will see
below, these conditions are in fact equivalent.

THEOREM 7.2. Let R and K be as before. Suppose that c : R → K is a Borel 1-cocycle,
and let αc be the corresponding coaction of K on A := W∗(R, σ ). We also let H be a
closed subgroup of K . Then the following assertations are equivalent.
(1) There exists a Borel 1-cocycle c′ : R → K , cohomologous to c, such that the range

of c′ is contained in H .
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(2) There exists an injective normal ∗-homomorphism� from L∞(K/H) into the center
of the crossed product K̂ αc�A such that � ◦ �k = (̂αc)k ◦� for all k ∈ K , where �k
is the action derived from the left translation by k on the homogeneous space K/H .

(3) The dual system {K̂ αc�A,K, α̂c} is induced from some covariant system {P,H, β}.
If one of (1)–(3) occurs, then one can take {P, H, β} to be {Ĥ αc0

�A,H, α̂c0}, where
c0 : R → H is the 1-cocycle obtained by regarding c′ as an H -valued 1-cocycle.

Proof. We have already shown that (1) implies (2). The last half of our assertion is exactly
the content of Proposition 7.1. That (2) is equivalent to (3) is exactly the Imprimitivity
theorem for induced actions. Therefore, it remains to prove that (2) implies (1). The way
this is done is essentially the same as in [37, Theorem 3.5].

As before, let Ã := K̂ αc�A. Since L∞(K) ⊗ D is a Cartan subalgebra of Ã, Z(Ã)
is contained in L∞(K) ⊗ D = L∞(K × X), the morphism � can be viewed as a
K-embedding into L∞(K × X). Hence we may assume that there exists a K-equivariant
Borel map ψ from K × X onto K/H such that �(f ) = f ◦ ψ . As the range of � is
contained in Z(Ã), we have

ψ(k, x) = ψ(c(x, y)−1k, y) (almost every (k, (x, y)) ∈ K ×c R).

Hence K0 := {k ∈ K : ψ(k, x) = ψ(c(x, y)−1k, y) (almost every (x, y) ∈ R)} is a conull
Borel subset of K . Thus there exists k0 ∈ K0 such that R0 := {(x, y) ∈ R : ψ(k0, x) =
ψ(c(x, y)−1k0, y)} is conull. So, if (x, y) ∈ R0, then, because ψ is a K-equivariant, we
have

k−1
0 · ψ(e, x) = k−1

0 c(x, y) · ψ(e, y).
Equivalently, for all (x, y) ∈ R0, one has

ψ(e, x) = c(x, y) · ψ(e, y). (7.3)

Choose a Borel cross section θ : K/H → K with θ(π(e)) = e. Then, by equation (7.3),
we have

θ(ψ(e, x))−1c(x, y)θ(ψ(e, y)) ∈ H (7.4)

for all (x, y) ∈ R0. Motivated by this, we define a new Borel 1-cocycle c1 : R → K by

c1(x, y) := θ(ψ(e, x))−1c(x, y)θ(ψ(e, y)) ((x, y) ∈ R).

By definition, c1 is cohomologous to c, and c1(x, y) ∈ H almost every (x, y) by
equation (7.4).

Finally we replace c1 by another cocycle c′ that satisfies c1 = c′ almost everywhere
and c′(x, y) ∈ H for all (x, y) ∈ R. For this, put N := {(x, y) ∈ R : c1(x, y) �∈ H }.
Since N is a Borel null subset, there exists a Borel null subset N1 of X such that, if
x ∈ (N1)

c, then (x, y) �∈ N , i.e. c1(x, y) ∈ H for all y ∼ x. Suppose that G is a countable
discrete group acting non-singularly on X that generates the equivalence relation R [9].
Then set N := ⋃

g∈G gN1, the saturation of N1. Note that, by definition, for (x, y) ∈ R,
x ∈ N if and only if y ∈ N . It is clear that R ∩ (N × N) is a Borel null subset of R and
R ∩ (R ∩ (N × N))c = R ∩ (Nc × Nc). Remark also that, if (x, y) ∈ R ∩ (Nc × Nc),
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then (x, y) �∈ N , so that c1(x, y) ∈ H . With these in mind, we define a Borel map
c′ : R → K by

c′(x, y) =
{
c1(x, y) if (x, y) ∈ R ∩ (Nc × Nc),

e if (x, y) ∈ R ∩ (N ×N).

Hence c′ = c1 almost everywhere. It is easy to check that c′ is a 1-cocycle. Moreover, it is
obvious by definition that c′(x, y) ∈ H for all (x, y) ∈ R. Thus we are done. �

We conclude this section with a result on regular cocycles. We recall that a cocycle c
from an ergodic discrete equivalence relation R into a locally compact group K is regular
if the Mackey action of c is (essentially) transitive. In [28, Proposition 2.1(2)], Schmidt
claimed that c is regular if and only if there exists a 1-cocycle c′ cohomologous to c such
that the closed subgroup generated by the range of c′ is equal to r∗(c′). However, he did
not give a proof to the claim in the paper. Moreover, the paper [27], which is referred to
in [28, Proposition 2.1], treated only the case of the group K being abelian. So, in this
paper, we will give a complete proof to a more general situation.

Definition 7.3. Let (R, {λx}x∈X,µ) be a principal measured groupoid and K be a locally
compact group. We say that a Borel 1-cocycle c : R → K is regular if there exists a
1-cocycle c′ cohomologous to c such that the closed subgroup generated by the range of c′
is equal to r∗(c′).

PROPOSITION 7.4. Suppose that c : R → K is a Borel 1-cocycle from a discrete
measured equivalence relation R on (X,µ) into a locally compact group K . Let A be the
groupoid von Neumann algebra of R, twisted by a Borel 2-cocycle on R. The following
assertations are equivalent:
(1) the cocycle c is regular.
(2) there exists a closed subgroup H of K such that each ergodic component of

the Mackey action of c is K-isomorphic to K/H , i.e. the covariant system
(Z(K̂ αc�A),K, α̂c|Z(K̂ αc�A)) is conjugate to (L∞(K/H) ⊗ Z(A),K, �k ⊗
idZ(A)), where �k is as in Theorem 7.2.

In particular, if α̂c|Z(K̂ αc�A) is transitive on Z(K̂ αc�A), (which implies thatA is a factor)
then c is regular.

Proof. Put Ã := K̂ αc�A.
(1) ⇒ (2): Since c is regular, there exists a 1-cocycle c′ cohomologous to c such that

the asymptotic range of c′ is generated by the range of c′. Set H = r∗(c′). As before,
denote by c0 the cocycle c′ viewed as a cocycle from R into H . By definition, we have
�(αc0) = r∗(c0) = H . By [23, Ch. IV, Corollary 1.6] and [23, Ch. V, Corollary 2.7], we
conclude that the center of Ĥ αc0

�A is equal to αc0(Z(A)).
In the meantime, by Proposition 7.1, K̂ αc′�A is isomorphic to L∞(K/H)⊗ Ĥ αc0

�A,
and the dual action α̂c′ is conjugate, through this isomorphism, to the action δ of K defined
in the Appendix A. By the previous paragraph, we have Z(L∞(K/H) ⊗ Ĥ αc0

�A) =
L∞(K/H)⊗ αc0(Z(A)). It is easy to verify that, on this abelian subalgebra, the action δk

is exactly �k ⊗ idαc0 (Z(A)). Thus we are done.
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(2) ⇒ (1): By assumption, there is a ∗-isomorphism � from Z(Ã) onto L∞(K/H) ⊗
Z(A) such that � ◦ (̂αc)k = (�k ⊗ idZ(A)) ◦ � for all k ∈ K . Then �(f ) := �−1(f ⊗ 1)
(f ∈ L∞(K/H)) defines an injective normal ∗-homomorphism from L∞(K/H) into
Z(Ã) satisfying �◦�k = (̂αc)k ◦� for any k ∈ K . By Theorem 7.2, we have that: (i) there
exists a Borel 1-cocycle c′ cohomologous to c such that the range of c′ is contained in H ;
(ii) there is a K-isomorphism� from K̂ αc�A onto L∞(K/H)⊗Ĥ αc0

�A, where c0 is, as
before, the 1-cocycle obtained by regarding c′ as an H -valued 1-cocycle. Moreover, by the
construction, we may assume that � satisfies the equation�−1(f ⊗1) = �(f ) for all f ∈
L∞(K/H). Denote by δ (as in Appendix A) the action of K on L∞(K/H) ⊗ Ĥ αc0

�A,
conjugate to α̂c through � .

Put � := � ◦ �−1|L∞(K/H)⊗Z(Ĥ αc0
�A). Since � ◦ δk = (�k ⊗ id) ◦ � for all k ∈ K ,

we have

�((L∞(K/H)⊗ Z(Ĥ αc0
�A))δ) = (L∞(K/H)⊗ Z(A))�⊗idZ(A) = C ⊗ Z(A).

Meanwhile, because

(L∞(K/H)⊗ Ĥ αc0
�A)δ = C ⊗ (Ĥ αc0

�A)α̂c0 = C ⊗ αc0(A),

it follows that (L∞(K/H)⊗ Z(Ĥ αc0
�A))δ = C ⊗ αc0(Z(A)). Hence we get

�(C ⊗ αc0(Z(A))) = C ⊗ Z(A).
We also know that

�(L∞(K/H)⊗C) = �(�−1(L∞(K/H)⊗C)) = �(�(L∞(K/H))) = L∞(K/H)⊗C.

Hence we have

�(L∞(K/H)⊗ Z(Ĥ αc0
�A)) = L∞(K/H)⊗ Z(A)

= (L∞(K/H)⊗ C) ∨ (C ⊗ Z(A))
= �(L∞(K/H)⊗ C) ∨�(C ⊗ αc0(Z(A)))
= �(L∞(K/H)⊗ αc0(Z(A))).

From this, it follows that Z(Ĥ αc0
�A) = αc0(Z(A)). From [23, Ch. IV, Corollary 1.6]

and [23, Ch. V, Corollary 2.7] once again, we see that the Connes spectrum of αc0 is
equal to H , i.e. the asymptotic range r∗(c0) coincides with H . This in turn implies that
r∗(c′) = H . Therefore, c is a regular cocycle. �

8. Integrability of coactions
In this section, we will discuss the integrability of the coactions of the type considered in
the previous sections.

Let α be a coaction of a locally compact group K on a von Neumann algebra A having
a Cartan subalgebra D inside Aα. As before, we realize A as W∗(R, σ ) for some discrete
measured equivalence relationR on a standard measure space (X, µ) and some normalized
Borel 2-cocycle σ on R. Also choose a Borel 1-cocycle c : R → K in such a way that
α = αc. Denote by Uc the canonical implementation of α. We assume that µ is a (quasi-
invariant) probability measure. Then the characteristic function ξ0 of the diagonal set of R
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belongs to L2(R) and is a cyclic and separating vector for A. Denote by Jξ0 the modular
conjugation associated to the faithful normal state ωξ0 on A. Let A2 := Jξ0(A

α)′Jξ0 , the
basic extension of the inclusion Aα ⊆ A. Since Aα is W∗(S, σ |S ) with S := Ker(c), we
know that A2 is generated by A and the (Jones) projection χS .

Suppose now that α is integrable. Then, by [33, Theorem 5.3], there exists a normal and
surjective ∗-homomorphism ρ from K̂ α�A onto A2 satisfying

ρ(α(a)) = a (∀a ∈ A), (8.1)

ρ(ω ⊗ 1) = ω ◦ c (∀ω ∈ A(K)). (8.2)

Then, for any ω ∈ A(K), we have

ρ(ω ⊗ 1)χS = (ω ◦ c)χS = ω(1)χS ∈ CχS .

It follows from the normality of ρ that ρ(L∞(K)⊗ C)χS ⊆ Cp. Hence the equation

ρ(f ⊗ 1)χS = φ(f )χS (f ∈ L∞(K))

defines a character φ on L∞(K), which is by construction normal. This is possible exactly
when K is discrete, as any character on a non-atomic masa in B(H) for some (separable)
Hilbert space H must be singular (see [30, §10.19]). Thus we have proven the following.

PROPOSITION 8.1. Let α be a coaction of a locally compact group K on a von Neumann
algebra A having a Cartan subalgebra D contained in Aα . The group K is discrete if and
only if α is integrable.

COROLLARY 8.2. Let α be a coaction of a locally compact group K on a von Neumann
algebra A having a Cartan subalgebra D contained in Aα. If α is semidual, then K is
discrete.

Proof. Suppose that α is semidual. By [33, Proposition 5.12], α is integrable, and the
homomorphismρ in Proposition 8.1 is faithful. Hence, by Proposition 8.1, K is discrete. �

Finally, by making use of the Jones projection χS , we will give a complete answer when
the surjection ρ is bijective.

PROPOSITION 8.3. Let the notation be as above. If K is discrete, i.e. α = αc is integrable,
the following assertions are equivalent:
(1) the surjective ∗-homomorphism ρ is faithful;
(2) for each k ∈ K , r(c−1(k)) is a conull set;
(3) for each k ∈ K , there exists a countable set of normalizing groupoid {vk,i}i∈Ik such

that each vk,i belongs to Aα(k) and {vk,iv∗
k,i}i∈Ik is a partition of unity.

Proof. (1) ⇒ (2). Suppose that there exists k ∈ K such that µ(X \ r(c−1(k))) > 0.
Put E := X \ r(c−1(k)) and a := Lσ (χE). A direct computation shows that ρ(α(a)
(δk ⊗ 1)) = 0, where δk is the function on K defined by δk(m) := δk,m. So we conclude
that ρ is not faithful.
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(2) ⇒ (3). This easily follows by using Zorn’s lemma.
(3) ⇒ (1). We claim that there exists the inverse to ρ. By using {vk,i}i∈Ik , we find that

the projection χc−1(k) coincides with
∑

i∈Ik vk,iχSv
∗
k,i . Let a2 ∈ A2. For each i ∈ Ik , we

have that a2vk,iχSv∗
k,i is in Avk,iχSv∗

k,i . So there exists a unique element ak,i in Avk,iv
∗
k,i

such that a2vk,iχSv∗
k,i = ak,ivk,iχSv∗

k,i . So we have

a2 =
∑
k∈K

∑
i∈Ik

ak,ivk,iχSv∗
k,i =

∑
k∈K

∑
i∈Ik

ak,iχc−1(k),

in the sense of the strong operator topology. Let θ be the map from A2 to K̂ α�A which is
defined by the following:

θ

(∑
k∈K

∑
i∈Ik

ak,iχc−1(k)

)
:=

∑
k∈K

∑
i∈Ik

α(ak,i)(δk ⊗ 1).

Since
∑

i∈Ik vk,iv
∗
k,i = 1, θ is well defined. Moreover, a direct computation shows that

θ = ρ−1. In particular, ρ is faithful. �

A. Appendix. Induced actions on von Neumann algebras
This appendix is designed to collect together some fundamental facts about induced actions
on von Neumann algebras. The arguments made in §7 heavily rely on the theory of induced
actions developed by Takesaki in [31]. As the readers might notice there, we have adopted
a definition of the induced action that is slightly different to that of [31]. Although our
definition is of course equivalent to Takesaki’s, we feel that it is necessary for the sake of
completeness of our arguments to state and prove the main results on induced actions in
terms of our definition, which will be done in this Appendix A. Therefore, we have to
emphasize that the two results obtained below are essentially nothing new.

Let P be a von Neumann algebra. Also let G be a locally compact group and H a closed
subgroup of G. Assume that we are given an action β of H on P . We considerL∞(G)⊗P

and regard it as the set of all essentially bounded measurable P -valued functions on G.
Define an action γ of H and an action κ of G on L∞(G)⊗ P by

γh(X)(s) := βh(X(sh)), κg(X)(s) := X(g−1s)

(X ∈ L∞(G)⊗ P, s, g ∈ G,h ∈ H).

Clearly, two actions γ , κ commute. Put Q := (L∞(G) ⊗ P)γ . For any g ∈ G, define αg
to be the restriction of κg to Q. Thus we obtain an action α of G on Q. This action α is
called the action induced by β [31]. The pair {Q,α} is usually denoted by IndGH {P, β}.

We denote by π the canonical surjection from G onto the quotient space G/H .
Fix a quasi-invariant measure µ on G/H . Denote by ρ the rho-function associated to
this quasi-invariant measure (see [11, Section 2.6]). We also choose a Borel cross section
θ : G/H → G with θ(π(e)) = e. Then every g ∈ G can be uniquely represented in the
form g = sghg , where sg = θ(π(g)). As in [4] and [38], we introduce a Borel 1-cocycle
χ from G× (G/H) into H by

χ(g, x) := hgθ(x) = θ(gx)−1gθ(x) (g ∈ G, x ∈ G/H).
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Now we consider the von Neumann algebra R := L∞(G/H) ⊗ P and regard it as the
set of all essentially bounded measurable P -valued functions on G/H . Then we define an
action δ of G on R by

δg(Y )(x) = β−1
χ(g−1,x)

(Y (g−1x)) (Y ∈ R, x ∈ G/H, g ∈ G).

By the cocycle identity of χ , δ is indeed an action.

PROPOSITION A.1. The induced action α of G on Q is conjugate to δ constructed above.

Proof. Define a map � from R into L∞(G)⊗ P by

�(Y )(g) := β−1
hg

(Y (π(g))) (Y ∈ R).

We then have

γh(�(Y ))(s) = βh(�(Y )(sh)) = βh(β
−1
hsh

(Y (π(s))))

= β−1
hs

(Y (π(s))) = �(Y )(s).

This shows that �(Y ) belongs to Q. Thus � maps R into Q. It is easy to see that � is an
injective ∗-homomorphism. In order to prove that � is surjective, introduce a map � from
Q into R by

�(X)(x) := X(θ(x)) (X ∈ Q,x ∈ G/H).

Then we have

�(�(X))(g) = β−1
hg

(�(X)(π(g))) = β−1
hg

(X(θ(π(g))))

= β−1
hg

(X(sg)) = β−1
hg

(X((sghg)h
−1
g ))

= γ
h−1
g
(X)(g) = X(g).

Hence � is surjective. Let Y ∈ R. Then we compute the following:

�(δg0(Y ))(g) = β−1
hg
(δg0(Y )(π(g))) = β−1

hg
(β−1

χ(g−1
0 ,π(g))

(Y (g−1
0 π(g))))

= β−1
h
g−1

0 sg
hg
(Y (π(g−1

0 g))) = β−1
h
g−1

0 g

(Y (π(g−1
0 g)))

= �(Y )(g−1
0 g) = αg0(�(Y ))(g).

Therefore, α is conjugate to δ. �

THEOREM A.2. (Imprimitivity Theorem) Let α be an action of a locally compact groupG
on a von Neumann algebra Q, and H be a closed subgroup of G. Suppose that there
exists a G-equivariant embedding of L∞(G/H) into the center of Q. Then there exists an
action β of H on a von Neumann algebra P such that the induced action of β is conjugate
to α.

Proof. In what follows, we fix a quasi-invariant measure µ on G/H . Choose a
(separable) Hilbert space H so that {Q, H} is a standard representation. Let U(g) be
the canonical implementation of αg on H. So U is a unitary representation of G on H.
We identify L∞(G/H) with the image Z of the embedding above. Then we obtain the
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transitive imprimitivity system for {U,H}. By the Mackey–Blattner theorem for induced
representations, there exists a unitary representation {L,K} ofH such thatU is the induced
representation ofL. Therefore,H can be identified with L2(G/H,µ)⊗K = L2(G/H,K).
Then U can be expressed in the form

{U(g0)η}(x) =
[
d(µ ◦ g−1

0 )

dµ
(x)

]1/2

L−1
χ(g−1

0 ,x)
η(g−1

0 x)

(η ∈ L2(G/H,K), g0 ∈ G, x ∈ G/H),

where χ : G ×G/H → H is the 1-cocycle defined earlier.
To any Y ∈ Z′, there corresponds an essentially bounded B(K)-valued function Y (·)

on G/H such that {Yη}(x) = Y (x)η(x) for all η ∈ L2(G/H, K) [32, Theorem 7.10].
Following the notation in [32], we write Y = ∫ ⊕

G/H Y (x) dµ(x) in this case. If Y =∫ ⊕
G/H Y (x) dµ(x) ∈ Q, then we have

αg(Y ) =
∫ ⊕

G/H

Y (g−1x) dµ(x).

Let A be the set of all Y ∈ Q such that limg→e ‖αg(Y ) − Y‖ = 0. If Y has the form
Y = ∫ ⊕

G/H Y (x) dµ(x), then the limit can be rewritten as limg→e ‖Y (g−1·)−Y (·)‖∞ = 0.

Let Y = ∫ ⊕
G/H

Y (x) dµ(x) ∈ A. Then, for each ω ∈ B(K)∗, g ∈ G �→ 〈Y (π(g)), ω〉 ∈ C
is essentially bounded. Take a strong lifting  of L∞(G) that commutes with the left
translation [18]. Let FY,ω :=  (〈Y (π(·)), ω〉). From the property of Y (·), it follows
that FY,ω is uniformly continuous. For each g ∈ G, there exists a unique element
SY (g) ∈ B(K) such that 〈SY (g), ω〉 = FY,ω(g) for all ω ∈ B(K)∗. Let P be the
von Neumann subalgebra of B(K) generated by {SY (e) : Y ∈ Q}. Let Ỹ (x) := SY (θ(x))

for all x ∈ G/H . It is then easy to check that Ỹ (x) = Y (x) for µ-almost every x ∈ G/H .
So Ỹ := ∫ ⊕

G/H Ỹ (x) dµ(x) = Y . Let g0 ∈ G and Y ∈ A. Then αg0(Ỹ ) = αg0(Y ) is in A.
For any ω ∈ B(K)∗, since the lifting ρ commutes with the left translation, we have

Fαg0 (Ỹ ),ω
=  (〈αg0(Ỹ )(π(·)), ω〉) =  (〈Ỹ (g−1

0 π(·)), ω〉)
=  (〈Ỹ (π(g−1

0 ·)), ω〉) = FỸ ,ω(g
−1
0 ·).

This yields
Sαg0 (Y )

(g) = Sαg0 (Ỹ )
(g) = SỸ (g

−1
0 g) = SY (g

−1
0 g).

In particular, ˜
αg0(Ỹ )(x) = S

αg0 (Ỹ )
(θ(x)) = SY (g

−1
0 θ(x)) and SY (g

−1
0 ) = Sαg0 (Y )

(e) ∈ P .

Let h ∈ H and Y ∈ A. For any ξ ∈ K and any continuous function φ on G/H with
compact support, we have

φ(π(e)) LhSY (e)L
∗
hξ =

[
d(µ ◦ h)

dµ
(π(e))

]−1/2

LhỸ (π(e)){U(h)∗(φ ⊗ ξ)}(π(e))

=
[
d(µ ◦ h)

dµ
(π(e))

]−1/2

Lh{ỸU(h)∗(φ ⊗ ξ)}(π(e))
= {U(h)ỸU(h)∗(φ ⊗ ξ)}(π(e))
= {αh(Ỹ )(φ ⊗ ξ)}(π(e)) = φ(π(e))αh(Ỹ )(π(e))ξ

= φ(π(e))Sαh(Y )(e)ξ.



Characterization of algebras containing maximal abelian ∗-subalgebras 1705

Hence we obtain LhSY (e)L
∗
h = Sαh(Y )(e) ∈ P . It follows that AdLh|P defines an action

β of H on P . From the way we constructed the action β, it is plain to see that the induced
action of β is the original action α. �
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