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Finite-Element Solution of Periodic Waveguides for
Acoustic Waves

MASANORI KOSHIBA, seENIOR MEMBER, IEEg, SEIICHI MITOBE,
AND MICHIO SUZUKI, SENIOR MEMBER, IEEE

Abstract—A numerical approach based on the finite-element method
is described for the analysis of periodic waveguides for acoustic waves.
The validity of the method is confirmed by comparing the numerical
results for the dispersion curves of horizontal shear (SH) waves in a
groove grating on an isotropic material with the experimental results.
The application of this approach is also demonstrated by investigating
the propagation characteristics of SH surface waves in a groove grating
on a layered isotropic material. Furthermore, for a groove grating on
a piezoelectric material, the stop-band width and the center-frequency
shift in the dispersion diagram for Rayleigh waves are calculated, which
are important parameters for design of a reflector, and the influences
of groove shape on these parameters are examined.

I. INTRODUCTION

N recent years, attention has been given to the use of

gratings on solid surfaces to reduce the propagation ve-
locity of acoustic waves and to introduce bandgaps and
cutoff frequencies into their dispersion relations for the
purpose of producing delay lines and filtering devices [1]-
[6]. Several methods for the analysis of periodic wave-
guides in Fig. 1 have been proposed, and the coupled-
mode theory, which derives the coupled-mode equations
under the assumption of small perturbations, is widely
used [7]-[12]. The calculation procedure of this method
is relatively simple, but the accuracy is degraded for large
perturbations. On the other hand, it is possible to increase
the accuracy by expanding the acoustic and electromag-
netic fields in terms of Fourier series by means of the Flo-
quet theorem and deriving the homogeneous linear equa-
tions of infinite order [13]-[19]. However, it seems to be
difficult to apply this approach to arbitrarily shaped peri-
odic waveguides.

In this paper a numerical approach based on the finite-
element method is described for the analysis of arbitrarily
shaped periodic waveguides for acoustic waves. The va-
lidity of the method is confirmed by comparing the nu-
merical results for the dispersion curves of horizontal
shear (SH) waves in a groove grating on an isotropic ma-
terial with the experimental results [4]. We also demon-
strate the application of this approach by investigating the
propagation characteristics of SH surface waves in a
groove grating on a layered isotropic material. Further-
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Fig. 1. Periodic waveguide.

more, for a groove grating on a piezoelectric material, the
stop-band width and the center-frequency shift in the dis-
persion diagram for Rayleigh waves are calculated, which
are important parameters for design of a reflector, and the
influences of groove shape on these parameters are ex-
amined.

II. Basic EQUATIONS

The structure under study is periodic in the x direction
with period 4 as shown in Fig. 1. The region § sur-
rounded by boundaries I'; to I'y is the basic cell. The me-
chanical boundary conditions on I'; and I'y are u, = u, =
u,=0orT, =T, =T, =0, where u,, u,, and u, are
the particle displacements, T,,, T,,, and T, are the
stresses, and n denotes the outward normal direction to
the boundary. The electrical boundary conditions on I';
and I'y are ¢ = 0 or D, = 0, where ¢ is the electric po-
tential and D, is the electric displacement.

Assuming that no variation exists in the z direction, we
have the following equations [1]:

T, /dx + aT,/dy + w’pu = 0 (1a)
aD,/dx + dD,/dy = 0 (1b)
where
u = [u, u, .uz]:r (2a)
A (2b)
A i (2¢)

Here w is the angular frequency, p is the mass density,
and 7T denotes a transpose.
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III. FiINITE-ELEMENT APPROACH

Dividing the region 2 into a number of second-order
triangular elements in Fig. 1, u and ¢ within each element
are defined in terms of the particle displacement and the
electric potential at the corner and midside nodal points:

u=[N]"{u}, (3a)
¢ = {N} {4}, (3b)
where 4
{N} {0} {o} |
[N]=| {0} {~} {o} |. (4)
| {o} {o} {n}_

Here {u}, and {¢}, are the particle displacement and
electric potential vectors corresponding to the nodal points
within each element, respectively, { N } is the shape func-
tion vector [20], [21], {0} is a null vector, and { * } and
{-}7 denote a column vector and a row vector, respec-
tively.

The well-known constitutive relations for piezoelectric
materials are written as [1], [20]

T =[c]S — [e]'E (5a)

D = [e]E + [¢] S (5b)
where T, S, D, and E are the stress, strain, electric dis-
placement, and electric field vectors, respectively, and
[c], [e], and [€] are the elastic constant, piezoelectric,
and permittivity tensors, respectively.

The strain vector S and the electric field vector E are
expressed as [20]

(6a)
(6b)

S = [B.] {u},
Bo= _'[B!ﬁl] {‘f’}
where [B,] and [B,] are given by

{n) {0} {0} {Oi

3

10}

[B.]=| {0} {~} {0} {o} f{o} (N}
{0} {o} {o} {m} {N} {0} |
(7a)
[B,] = [{N:} {N} {o}]. (7b)

Here {N,} = d{N}/oxand {N,} = 0{N}/ay.
Equation (5) is now expressed in terms of {u}, and

{¢}.as
T = (8a)

(8b)

[c][B.] {u}, + [e] [B,] {$},
D = —[e] [B,] {¢}, + [e] [B.] {u},.

Using a Galerkin procedure on (1), we obtain

H [N] (3T,/dx + 9T, /dy + wp.u) dQ = {0}

(9a)
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é

where the integration is carried over the element subdo-
main £,.
Integrating by parts, (9) becomes

H ([N]T, + [N] T, — w’p.[N]u) dQ

e

— S [N]T,dl = {0} (10a)
|| (w3 o, + (4} ,) a0
L S {N}D, dl' = {0} (10b)
where [N,] = 0d[N]/ox, [N,] = Ad[N]/dy, T, =

i e il ] T and the second integration on the left-
hand side is carried over the contour I, of the region £,.

Noting that T, and D, are continuous across I', (bound-
ary conditions at the interface between two different me-
dia) and considering the boundary conditions on I'; and
I'4 (See Section II), from (3), (8), and (10) the following
global matrix equation is derived:

k1 1€l |[{u} | _ |04 01] | {u}
[cl’ -[61]| {9} [0] [o] || {¢}
B A g
E}](_l)’g SE[N]TI‘F‘dy
Bevs [mole| O
where s
x1=3 || B11e], (B deay  (120)
€1=3 || Bl (B @ ey (120)
[G] = Z SS [B,] [€], [Bs] dxdy (12c)
M =2 || oM (V) dr s, (120)

£

Here {u} is the nodal particle displacement vector, { ¢ }
is the nodal electric potential vector, [0] is a null matrix,
and I, and I, extend over all different elements and the
elements related to the boundaries I'; and I';, respec-
tively. Constraints on the stress and the electric displace-
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ment on I'; and I'y are natural boundary conditions and
will be automatically satisfied. Constraints on the particle
displacement and the electric potential on I'; and I'y may
be imposed simply by deleting a row and a column of the
relevant element matrices.

The periodic conditions are given by

ul|, =pu |r1 (13a)
re = pr| (13b)
¢, =po|, (13c)
D.|. = pD. | (13d)
where
p = exp (—jBd). (14)
Here ( is the phase constant in the x direction.
Using (13), from (11) we obtain
(K] [C] ]| {a}
[C]T —[G]]|| {4}
,| [M] [0]|] {a}
DA e v Uit
where
(a} = H (16)
o (el
Gt (T S

i

Here the components of the {u# }, and { ¢}, vectors are
the values of the particle displacement and the electric
potential at nodal points on the boundary I';, respectively;
the components of the {u }, and { ¢ }, vectors are the val-
ues of the particle displacement and the electric potential
at nodal points in the interior region except the boundaries
I'; and T',, respectively; the matrices [C], [G], and [M],
are given by replacing K in (18) by C, G, and M, respec-
tively; * and T denote a complex conjugate and a complex
conjugate transpose, respectively; and f Koo, [Klo1, * -
and [ K], are the submatrices of [K]:

SR 2K KL
(%], K]y, [K],
__[K]zu [K]El [K]zz_

Eliminating { ¢ } from (15), we obtain the following final

[K] = (19)

eigenvalue equation:

(K] + [C1[G17" [CT) {u} — w[M] {u} = {0}.
(20)

This equation determines the propagation characteristics
of periodic waveguides. In the present analysis, the Cho-
lesky method, the Householder’s method, the method of
bisections, and the method of inverse iterations are suit-
ably used for solving (20).

IV. CoMPUTED RESULTS

First, we consider a groove grating on an isotropic ma-
terial. Fig. 2 shows the dispersion curves of SH waves of
an isotropic waveguide with rectangular grooves, where
ks = w/v, and v, is the bulk shear wave velocity. Our
results agree well with the experimental results [4]. Com-
parison of the results in Fig. 2(a) and (b) shows that the
deeper grooves give a greatly increased amount of wave
slowing.

Fig. 3 shows the dispersion curve of the fundamental
SH surface wave of a layered isotropic waveguide with
rectangular grooves, where k;; = w /v, and v;, and v,,
are the bulk shear wave velocities of the substrate and the
film, respectively. The phase velocity of this SH surface
wave is lower than that of the fundamental Love wave
and, for large Bd, this velocity may become even lower
than the bulk shear wave velocity of the film (z,,).

Next we consider a groove grating on a piezoelectric
material (¥Y-Z LiNbO;) and investigate the stop-band
width and the center-frequency shift at 8d = w (the first
Bragg reflection) in the dispersion diagram for Rayleigh
waves. In the case of Rayleigh waves, we set u, = u, =
u, = Dy, = 0 on the boundary I'; in Fig. 1 [20].

Fig. 4 shows the normalized stop-band width AF/f
and the normalized center-frequency shift Af/f; of a pi-

(K], + p*[K],, (K],

[K]y; + pIK],,

Kl % lk) 2 ARl | (18)

ezoelectric waveguide with rectangular grooves, where
AF [fy, Af/fy, and f; are given by

AF/fo = (fi = fi)/fo (21)
Aflfo = [(fi + £)/2 = H)/Fo (22)
fo = vg/2d. (23)

Here f, and f) are the upper and lower bound frequencies
of the stop band, respectively, and vy is the velocity of
the Rayleigh wave on a Y-Z LiNbO; substrate. In Fig. 4
the groove width is one-half of the period d, the groove
depth 4 is varied, and the substrate thickness is about five
times the period d. Our results for the center-frequency
shift agree well with the experimental results [6].

Lastly, we examine the influences of groove shape on
the stop-band width and the center-frequency shift of the
groove grating on Y-Z LiNbO;. Fig. 5 shows AF /f, and
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Fig. 2. Dispersion curves of SH waves of isotropic waveguide with rectangular grooves. {a) Shallow groove. (b) Deep groove.
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Fig. 3. Dispersion curve of fundamental' SH surface wave of layered
isotropic waveguide with rectangular grooves.

Af/fy at Bd = 7 of a piezoelectric waveguide with trap-
ezoidal grooves (6 # 0), where dashed lines are for the
rectangular grooves (6§ = 0) and are the same as the solid
lines 'in Fig. 4. It is found from Fig. 5 that the center-
frequency shift is decreased as 6 becomes larger. This 1s
due to the fact that for large #, namely, a gentle slope, the
energy storage effect [3] becomes smaller. When the area
of trapezoidal groove (S,) is larger than that of rectan-
gular groove (S,), namely, S, > S, in Fig. 5 (a), the stop-
band width for trapezoidal grooves is smaller than that for
rectangular grooves. Also, as 6 becomes larger, the stop-
band width is decreased. When S, = §, in Fig. 5(b), the
influence of # on the stop-band width is extremely small.
When S, < §, in Fig. 5(c), the stop-band width for trap-
ezoidal grooves is slightly larger than that for rectangular
grooves. For very large 6 (for example, 8§ = 80°), how-
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Fig. 4. Stop-band width and center-frequency shift for Rayleigh wave of
piezoelectric waveguide with rectangular grooves.

ever, the stop-band width for trapezoidal grooves be-
comes smaller than that for rectangular grooves.

V. CoNCLUSION

A method of analysis based on the finite-element
method was developed for the solution of the propagation
problem in periodic waveguides for acoustic waves. Nu-
merical examples are presented for the groove gratings for
SH waves and Rayleigh waves. This approach can be eas-
ily applied to the metallic gratings [2], [5], [7], [8], [13]-
[16], [19].
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Fig. 5. Stop-band width and center-frequency shift for Rayleigh wave of
piezoelectric waveguide with trapezoidal grooves. (a) S, > S,. (b) §, =
S,. (¢} S, < §, (S, and §, are areas of trapezoidal and rectangular grooves,

respectively).
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