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ABSTRACT

One of the two apprecaches to the design of digital interpolators uses
averaged second-order statistics to.minimize the mean square interpolation error.
This approach has been considered only wheq the number of samples employed to
compute a final interpolatéd value is even. In the present paper, we generalize.
systemétically this method to .consider even or odd numbers of samples in that
computétidﬁ-and values of sampling period rétio, with liﬁgai phasé n@h—récursivé'

interpolating filters.
INTRODUCTION

To interpolate between samples of a sequence constitutes a useful technique
in many signal processing applications: speech processing, mecdulation systems,
filter banks, narrowband filters, etc. Basically, the interpolation process can
be considered as a filtering {1} that obtains a sequence with a sampling period‘
T = T/L from other sequence with a sampling period T > T'. L is the sampling
frequency increase. ‘ " '

The design of interpolating filters has been fundamentally;éonsidered from
two points of view. The first poses the problém as the design of a lowpass filter
having specifications independent of the properties of the sequence to be
interpolated {1} {2} {3} {4} . This ﬁethod has its main goal in reducing the
number of operagiéns The seconé’point of view minimizes thé interpolation error
u31ng the spectrum or the autocorrelation of the final sequence {5} {6} . The

present work follows the last approach.
I. INTERPOLATOR DESIGN

Associating 2-1 with the sampling periodfof the interpolated sequence

(7' = T/L), the z—trahéformvof“the original sequence can be expressed as x(zL)_;

and the tranSfer function of the interpoléting filter can be written

. L= . .
H{z) = PR z-jii.(zL) A ’(1)f‘4i1
where Q- ; : g
L - ~Li N \ :
Hj(z ) = ;L 0 hj(l) z o3 ="1,000,0-1 | (2)
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assuming that L is an integer and a non-recursive interpolating filter. The

z-transform of the final sequence is

L-1.
¥(z) = H(z) X(z") = X(z") 2 U+ § z'JHj (zlyx(z"y (3)
Introducing ‘ j=?
Y (z) = X(z)z " O 4a)
¥, (") = B, z") %z, 5 =1,..., £-1 | (4b)
formula (3) becomes
L1 g i
Y{(z) = L =z Yj(z ) : (5}
j:o . L

This result admits the following intérpretation: the output sequence y(n)
is obtained as a time multiplexing of

yo(rL) = x(rL ~PL), r=0,%1,%2,... o n % (6a)
and Q-1
yj(rL) = j(r - i) x{in), 3 = 1,..., L-1; r=0, 1, 2... (6b)
) 1—0

(rL) is the original sequence delayed P sampllng perlods (PT). The
{y (rL)} are obtained by filterlng the original sequence through the {H (z )}
they represent the resultmg values at distances 3T' from the orlginal samples.

Fig. 1 illustrates this interpretatlon.

()
J £ —_ Ll(z) I T'
S i P 1_._ L_3 RN, L o

Ay, (rel) o y‘(rl) ° yz(r’.)
~ "Fig. 1 A ' ' - C

Then, the final samples b.etween x(rL) and x{(rL + L) are given 'By

0-1
RaL+ ) =y, [P+rL]l = T x [+ r - 1)1] K. (1), §=14,...,L-1
Anaprropriate criterion to determine the {hj (1)} is to select those values

" that minimize the mean square error

2 1 L-1 2
= —— I E{[xzL +3) - ReL+ 9]} (8)
=1

where {x(rL + J)} are the samples of x(n) to be estimated. Since each h (i)

e

‘appears only in a term of the sum in (8), e2 can be minimized by mlnlmlzlng each

term separately. Using (7), it can be easily obtained
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. Q-1 .
e:jz = E{[x(zL+ j) - ®(xL+ j)]2 }=R (0 -2 F R_ [G-rpyn+ 3] hj(i) S
Q-1 Q-1 & =0 " (9)
+ ¢ ¢ R [t-n1] hy(4) hy (k)
i=0 k=0

where R _(m) is the autocorrelation of x(n). The minimum of e? appears when {7}

=1

h, =R ' b,
3 3
where
K, =[h (©), hy(1),.eey By(Q - n "’ (11a)
—[R —PL+3),..., Rxx((Q-1 —P)L+j)]T {11b)
and - .
R= ||r_[(i- 10| , . : - (11c)

is the autocorrelation matrix.

This criterion to defermine the interpolating filter coeffiqients has been
proposed independently in {5} and {6} , but only in {5} the representation (1),
that allows an easy design, is uéed, and only for an even Q. ‘

Although (1) and (2) are valid in any case, the fesulting design satisfies
the usual resfrictions fof non-recursive interpolators only when Q is an eveh
number. This seems to be the reason to consider only this case in {5} and {6} :

Ih the following, we will indicate how to use (1} to verify the above

mentioned restrictions for even or odd Q and L.
I1I. USUAL RESTRiCTIONS ON A NON-RECURSIVE INTERPOLATOR

Although not all reétrictions have been explicitly expressed, they are
usually the follow1ng.

1.~ The same number Q of orlglnal samples has to be used to obtaln each
final sample.

2.- If dA and dP are the distances from a final sample to the furthest
previous and later original samples needed to compute it, respgctivaly, (12)

will be wverified
_ ‘ ' ' (12)
dP dA <L

Fig. 2 illustrates the meaning of this condition.
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Fig. 2: x indicates a correct selection of original samples
© indicates an incorrect selection
Q=4
3.- The same coefficient has to correspond to equal distances between final

and original samples.For example, in Fig. 2, to compute the sample (a), the
coefficients for the samples (2), (3), (4) and (5) have to be equal to the
corresponding to the samples (5), (4), (3) and (2), respectively, in comput'ing
(b). ‘

We will see that these conditions force a linear. phase for H(z).
III. COMPUTING THE IMPULSE RESPONSE OF A NON-RECURSIVE INTERPOLATOR

Let us consider the fulfilment of the indicated three restrictions.

To write H(z) in the form of (1) with
Q-1+m .y
B2 = F Bz ™ % 4 = Tysangh =1 .- (13)
3 o, |
obviously fulfils the first restriction. Though the use of (1) and (2) verifies

this condition, (13) allows to verify the second restriction for any Q and L.

According with (13),~expression (7) has to be rewritten in the form
0-1+m o :
R(eL + ) =y, [(P+o)L] = £ x [(P+r-i)L) n (), 3=1,.0.,0-1 (14)
J i=m. J

Applying the definitions of dA and dP and using (14), we obtain

L + §j =(P+r - Q+ 1-m)L = j- (P-Q+ 1~ m)L (15a)

d, =
d, = (P+r-mkL - (rL+3) = (P - m)L - j - ' ' ‘ (15b)

and ' - ' ) ' '
IdP—dA|=!(ZlP-Zm—-Q+1)VL~2j[ : _- (16)

To consider the verification of the: second restriction, expressed by (12),
we will distinguish two cases.

First case: even Q.

(12) imposes -
"P=Q/2+m _ ) o an

then, selecting m = 0, we arrive to (2). Since

H(z) = T h(i) z %+ '° A (18)
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it is easy to see that (2) forces h{0) = 0. To avoid this, we introduce a

translation to the left, obtaining finally

N =0L - 1 _ (19a)
nfm+1/2-1] =nlw-1s2) =1 (19b)
h (fL - 1) =0, r=1, 2,.c. (19¢)
ho AL+ 3= D =hy(d), = 0,1,...,0-17 3=1,2,...,1-1 (194)

Thus, we can find the impulse response of the interpblating filter from the
solution of (10) with P = Q/2.

Second case: odd Q.
{(12) requires

(Q + 1)/2 (20)

P =

being
m=1 when 1¢ j g[_L/z_l (21a)
m=0 when| L/2 [<jgL-1 _ (21b)

where L__Jindicates truncated greatest integer function. We can observe that, for
even L, the interpolated sample cannot verify (12), because [dP - dAI = L.
This case presents other anomalies, as we will see later.

At first, expression (13) and conditions (21a, b) implicate that the first
L_L/2~J+ 1 samples of the impulse response of the interpolating filter are zero.

Translating the same number of samples to the left, we obtain

N = 1 . - (22a)
n[ | - nsz|l=1 . N : (22b)
h[ | (m-1n/2 J+x] =0, z=1, 2,.... (22¢)

0. . .| i=1,...,0: 3=1,..., L/2

h} iL+ j- L+ 1)/2|)= h.(i), . ' ; 4
I.l ] I_(_ )/_|] j(l) i=0,...,0-1; 3 = I_(L+1)/£],_..,L_1
) . (224)

. Then, we can find the impulse response of the interpolating filter by means

of (22 a, b, ¢, d) from the solution of (10}, where, in this case,

-— - T .
Hj ~[hj(m),..., hj(Q 1+ m)] (23a)

- _en : 9-3 o] T '
B, =[R (L4 m L+, m W 24w oL+ §) | (23b)

and m is given by (21 a, b).
Finally, let us consider the third restriction. According with (14), the

distance between the interpolated sample and the sample that is being used is

g%, By | +r-i)n-rL-3]=]@-iL-3] ©(24)

The same distance will be obtained.for i' and j' such that

JU4 = PL = (P - DL - § , (25)
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i.e., ) .
i'=2P -1 - (5 + 3")/L _ (26)
Then, since i' is an integer less than Q,
' =L - (27a)
i'=2p-1-1i ' (27b)

Thus, the third restriction imposes
h,(i) =h__ (2P - 1 - i) a S (28)
j( ) L= 1
We remark that restriction (28) is compatible with (13) when P = Q/2 and

m = 0 (first case) and when P = (Q + 1}/2 and m "is given by (21a, b) (sencod

case).
On the other hand, it can be easily checked that the solution of design

equation (10) verifies (28), since R—1 is a symmetric matrix, and, if we express

by bj(i) the components of 55, we will have
b.{i) = b (2P - 1 - i 29
3 ) - j ) ' (29)

since Rxx(n) is an even function. Then, equation (10) has to be solved for

j=1, 2,... L}L +'1)/g“] , only; obtaining the remaining components using (28).
IV. THE LINEAR PHASE PROPERTY

Expressions (19) and (22) and restriction (28) allow to establish that the
obtained designs verify the linear phase property, except in a case that we

will see later. Let us consider the two previously studied cases separately. .
First case: even Q.
According with (19a, d) and (28), we can write

h(iL +j - 1)=hj(i)=.h ;j(zr -1 -4i)=h [(2P-1-1) L+ L-3-1]=

. (30)

L

=h{N-1- (iL + 3§ - 1]
(30) .proves the linear_phase property.

Second case: odd Q,
From. (22a, d) and'(28),'wé obtain

h(iL+ j- UL+'1)/2J)=hj(i)=hL_ jle-1-i)= nf(2p- 1- )L+ L-j—|_(_L+1)/2_|]=

=h[N -1 -@n+ - @+ 20/2))] 13 .
According with the equality :
@+ 2/2]= |+ 1)/2] ,0dd L. ' (322)
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relation (31) establish the linear phase property when L is odd.

When L is even, we have

|(L+2)/2J= | (L + 1)/3 + 1, even L (32b)
and in (31) we can vérify that there is not linear phase. Nevertheless, taking

hi(N) = h(QL) = h (@) =0 ; (33)

L/2

that implicates a total number of samples
N'=N-1=0L =~ 1 , s (34)

it can be checked the verification of the linear phase property in (31) with
the help of (32b). Condition (33) is compatible with (28), and it leads to the

fulfilment of (12) when Q is odd and L is even.
CONCLUSION

A design method to obtain non-recursive interpolators using the autocorrel-
ation or the spectrum of the original sequence has been introduced. This method
allows to obtain the impulse response of the interpolating filter by means of
solving systems of linear equations having an immediate formulation for even or
odd values of the number of samples Q used to compute a final sample and of the
ratio L between the original and final sampling periods. The obtained filters
verify the linear phase property.

-

REFERENCES

{1} R.W. Schafer, L.R. Rabiner: "A Digital Signal Processing Approach to
Interpolation"”; Proc. IEEE, vol. 61, pp. 692-702; June 1973.

{2} M.G. Bellanger, J.L. Daguet, G.P. Lepagnol: "Interpolation, Extrapolatien,
and Reduction of Computation Speed in Digital Filter"; IEEE Trans. on
Acous,, Speech and Signal Proc., vol. ASSP-22, po. 231-235; Aug. 1974.

{3} R.E. Crochiere, L.R. Rabiner: "Optimum FIR Digital Filter Implementations
for Decimation, Interpolation, and Narrow Band Filtering"; IEEE Trans. on
Acous., Speech and Signal Proc., vol. ASSP-23, pp. 444-456; Oct. 1975.

{4} M.G. Bellanger, G. Bonnerot, M. Coudreuse: "Digital Filtering by Polyphase
Network: Application to Sample-Rate Alteration and Filter Banks'"; IEEE
Trans. on Acous., Speech and Signal Proc., vol. ASSP-24, pp. 109-114;
April 1976. A ‘

{5} G. Oetken, T.W. Parks, H.W. Schiissler:. "New Results in the Design of Digital
Interpolators"; IEEE Trans. on Acous., Speech and Signal Proc., vol.
ASSP-23, pp. 301-309; June 1975. ' '

{6} A.D.Polydoros, E.N.Protonotarios: "Digital Intérbélation of Stochastic
Signals";IEEE Trans. on Circuits and Sys.,vol.CAS-26, pp.916-922; Nov. 1979.

{7} a. Papoulis; Probability, Random Variables, and Stochastic Processes.
New York: Mc Graw-Hill; 1965,

66



