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Modal Analysis of Coupling Problems in Optica| Fibers

ANGEL CARDAMA, MEMBER, 15EE, AND EDWARD T. KORNHAUSER, SENIOR MEMBER, IEEE

Abstract—A modal analysis of the problems of excitation of the
dominant mode in an optical fiber by incident plane waves and
Gaussian beams has been carried out, and the results applied to
the effect on transmission of misalignment in fiber junctions due to
offsets, tilts, and gaps. The results in cases of matched media con-
firm the accuracy of previous theoretical treatments using the Born
approximation, which in turn show good agreement with experi-
mental results. In addition, the modal analysis gives more precise
solutions when there is a mismatch of media and makes possible
the treatment of some problems to which the Born approximation
is not applicable.

I. INTRODUCTION

VER THE PAST five years the advances made in
optical signal processing techniques and in the de-
velopment of low-loss glasses for optical fibers have made
“the utilization of the enormous bandwith available in
optical communications an attractive possibility. However,
if such fibers are actually to be employed as transmission
channels, in the manner of transmission Jines and micro-
wave waveguides, one must be able to couple, splice,
bifurcate, ete., in a way analogous to that used with those
older channels. This is not a trivial technical problem,
because the core of the fiber, where the fields are concen-
trated, is typically only a few microns in diameter so that
the difficulty, for example, of aligning two fibers when
splicing is critical.

The excitation of propagating modes on a fiber by vari-
ous types of source illumination has been studied by
Snyder [1]-[3] and Marcuse [4], both using the Born
approximation. Furthermore, splicing techniques have
been developed [51-[7] and some measurements made
[77-197 of the effects of imperfect alignment at the inter-
face between two uniform fibers. Most recently Cook et al.
[97 have also given a theoretical analysis of the effects of
misalignment in splicing on the transmission coefficient,
again making use of the Born approximation. The im-
portance of such a theoretical calculation lies in the fact
that it would enable one to set meaningful standards of
precision which must be adhered to in the practical means
used for splicing.
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However, all of the theoretical caleulations mentioned
employ the Born approximatior, i.e., the assumption
that the fields at the illuminated cross section of the fiber
consist entirely of those in the incident wave. That there
must be a discrepancy [107] resulting from the use ot this
approximation is indicated by the fact that Marcuse [4]
calculated two wvalues of transmission coefficient corre-
sponding to the two possible boundary conditions to be
used (continuity of tangential E or of tangential H) and
arbitrarily took their geometric mean. Although this
mean result was always quite reasonable, in some cases
one of the two boundary conditions led to a transmission
coefficient Jarger than unity, which is clearly impossible.

Consequently, this paper will reexamine the basic
excitation problems, making use of a more rigorous modal
expansion of the fields, which in turn is based on the
general techniques for hybrid modes developed by Yagh-
jian [117], [12]. The solutions will show that, rather
surprisingly, the result of taking the geometric mean of
the two Born approximation coefficients was remarkably
accurate. IFinally, the results and techniques will be
applied to the problems of the effect on efficiency of
transmission at the junction of two similar optical fibers
of three types of defect in their alignment: tilt of one
axis with respeet to the other, offset of their axes, and
small gaps between the fiber cores. Numerical results
will be presented for all of these problems and compared
with the corresponding Born approximation results.

II. FORMULATION

The surface modes of the infinite circular dielectric rod
have been extensively studied [27, [137], [14], and their
orthogonality well established [15]. The fact that the
modes are hybrid and the existence of a continuous spee-
trum make the exact solution of diffraction and scattering
problems for a fiber with infinite outer diameter (od) a
formidable task. In fact, there is no known exact solution
even for the axially symmetric case, which reduces to a
scalar problem [167], [17]. An exact solution would re-
quire solving an integral equation, and one possible means
of overcoming the difficulty of its solution would be to
approximate the integrals by infinite summations and
solve the resulting linear system. A natural way of achiev-
ing this is to enclose the dielectric rod in a eoncentric
perfectly conducting cylinder with radius large compared
to the core radius and the wavelength. As the radius of the
metallic pipe increases, the surface modes are unaffected
and the nonsurface type modes become a continuum
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(Appendix). This method will allow us to solve the excita-
tion and fiber coupling problems by a normal-mode anal-
ysis, as in a standard waveguide discontinuity problem,
and to take into account the reflected energy.

To find the scattered and transmitted fields for a wave

incident at z = 0, Fig. 1, we will have to expand the fields

on both sides of the interface as an infinite summation
of the modes in each structure. Continuity of the trans-
verse components of the fields at z = 0 gives

Z an/en/ + Ez = Z [2 79 -7
n m

- Zan/hn,+Hi = Zamhm (1)
where E,, H; are the transverse incident fields, en, A the
transverse fields of the surface and nonsurface modes of
the fiber, and e,’, k.’ are the forward traveling modes of
the homogeneously filled circular waveguide [187 in the
launching case or the hybrid modes of the fiber in the fiber
junction case.

The set of modal coefficients a.,, which will give the
efficiencies of excitation, can be obtained from (1) by
cross multiplication by A," and e,’, integration over the
cross-sectional area A at the left of the interface, and
making use of the orthogonality of the modes, giving

a'n/Nnn, + An = Z a’m]l/[mn

~0,'No' + By = 2 auN," (2a)
these two equations can be added to obtain a linear system
for the modal coefficients of the transmitted modes

> | Mut+ Nym | = A+ B, n=12--- (2b)

m=1

where N.,’ = [e,’ X h,’+2da are the normalization fac-
tors of the TE and TM modes and

4, = f (E, X h/)-2da 3)
A4

B, = f (e X HY)-4da (4)
A

N = f (ex X hy) -4 da (5)
A

Mo = f (en X hi') -3 da. 6)
A

A, and B, can be calculated from the expressions of the
incident fields, and the cross-normalization factors, N,™
and M," have been calculated by Yaghjian [12] by
reducing the surface integrals to line integrals and are
given in the Appendix.
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Fig. 1.

The summation over n includes for the launching case
all TE and TM modes of the homogeneous circular metal-
lic waveguide arranged in order of increasing eigenvalues,
and in the fiber junction case all the propagating surface
modes and all the nonsurface modes (Appendix).

To obtain a numerical solution of (2b), we shall have
to truncate the system and solve the resulting finite
system, adding more equations until the modal coefficients
obtained become stable within the accuracy of the com-
putations, and the addition of new equations does not
produce further variations.

Practical fibers are made with the radius of the cladding
large compared to the core radius and usually are ex-
iernally coated. This in fact reduces the continuous
spectrum to a discrete one but does not affect significantly
the surface modes. The preceding model can be viewed
not only as a solution for the transversally infinite fiber
but as an exact study of the propagation and excitation
of modes in a fiber with a metallic external coating.

III. EXCITATION COEFFICIENTS

A. Truncated Uniform Plane Wave

For this case, the incident fields at z = 0 are taken as
those of a uniform plane wave in a medium of dielectric
constant e illuminating a circle of radius ¢ concentrie
with the fiber and propagating at an angle 8 with respect
to the axis of the fiber 2. The plane of the fiber axis and
the direction of incidence is taken to be the r, z plane, so
that

E; = Eyexp (—jkszsin 9)E (7)

H; = (63/#0)1/% X E; (8)

with ks? = wlue;, 4 = Zsinf + 2cosd, and an e! time
dependence is assumed.

We will consider only z-polarized plane waves, which
excite only modes with ¢1(¢), ¢2(¢) given by (A6) with
n = 1. Expressions for the other polarization could be
similarly derived. Also we will assume the fields incident
at z = 0, but if the source were at z = 2(z < 0) with
es or a different medium in the region z < z < 0, the
problem could be treated in a similar way by writing the
continuity equations at the z = z; and z = 0 interfaces
and eliminating coefficients until we are left with a system
relating incident and transmitted fields, as will be done in
studying the effects of gaps in fiber joints.
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Tor an z-polarized uniform plane wave, we obtain

E,= —E;exp (—jArcos ¢) sin @ (9a)
E,. = Eyexp (—jAr cos ¢) cos § cos ¢ (9b)
E, = —Eyjexp (—jArcos ¢) cosfsing  (9¢)
with
A=lkssiné (10)

the H; field components are obtained from (8) and (9).

We shall have to solve the system (2). Substitution
into (3), (4) of the fields of the homogeneously filled
circular waveguide [18] gives for 4, and B, the following

expressions.
For n odd, TE;, modes
2 ¢ 27
A= —g B:2Ey 0050[ f exp (—jAr cos ¢)
WY n 0 Y0
[{M cos? ¢ + Ji' (var) sin? ¢] rdrdé (11)
Yal'

with v, = Pi//b (n =2m — 1, m = 1,2,--+), where

Py, is the mth order zero of J/, b is the radius of the guide,

and B, is the propagation constant of the nth mode. Use

of the recurrence relations for the Bessel fuctions gives
Bn2E0

c 27 )
An =~ 2—60”0—7; cos § ‘/(; fo exp (—jAr cos ¢) [Jo(var)
+ Ja(yar)cos 2¢ Jr dr dé.  (12)

Using the associated series

exp (—jArcos ) = Jo(Ar) + 2 3 (—)u(Ar) cos ke

E—1
(13)
and integrating over ¢ gives
2B ;
Ay = —5 25 () o cos 01 (14)
k3'Yn
with
Lt = [ L) Ta(ar) = Ty (A Jrdr - (15)
0

which can be integrated analytically to give
—[Le/ (va? — 82) H{A[To(vac) + J2(vac) V1(Ac)

I = valJo(Ac) + 2(A) Vi(yme)}, A 5 ya.
(2/ 4% (Ac), A=
(16)
B, is obtained in the same way as
' . BrE
By = =322 (juyiin,s (17)
for normal incidence (8 = 0), A = 0, and
cJ1(Yn
I,,1=“—lf/”—"), A=0. (18)
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Fig. 2. HE;; mode launching efliciency in a fiber with n: = 1.50,

ns = 149, b

=25u,a = 1,2, N = 0.9 4, excited by a truncated

uniform plane wave at oblique incidence versus radius of illumi-

nated area.

Similarly for n even, TMy, modes, we have

A

B,

i

ks Eq
=J

n

. ﬁnEﬁ
—J

Tn

with v, = Py,/b (n =2m, m =

the mth order zero

Of J1.

(e3/ o) Y2 cos 81,2

{es/ o) 2wl ,2

(19)

(20)

1,2,-++), where Py, is

1= / o (va o Ar) + Ja(var) (AR T dr (21)
[1]

and
—[c/(7n2 - AZ)]{A[JO('YnC) - J2('Ync) ]JI(AC)
— va[Jo(b0) — J2(Ac) Mi(va0) }, A
It =
(¢2/2) {Jo2(Ac) + J12(Ac) + J22(Ac)
— J3(Ac)J1(Ac)}, A=,
(22)
at normal incidence
1,,2=M, A=0. (23)

Substitution in (2) gives a system with the modal coeffi-
cients in the fiber as unknowns. Fig. 2 represents numerical
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Fig. 3. HE:; mode launching efficiency in a fiber with n; = 1.50,
ng = 1.49,b = 25,0 = 1,2 4, Ay = 0.9 g, excited by a Gaussian
beam at oblique incidence versus Gaussian width o.

TABLE I

Born Approxi-

Modal Sotution Modal Solution mation

a(u) forn; =1 for n; = 1.49 (Geometric mean)
0.5 33.83 percent 35.24 percent 34.16 percent
1. 80 72 84.08 83.81

1.5 95.78 99.75 99.60

2. 90.12 93.84 93.69

2.5 78.10 81.32 81.19

3. 65.81 68.52 68.40

3.5 35.09 57.36 57.26

4. 46.25 48.15 48.07

Note: HEy mode launching efficiency in a fiber with n; = 1.50,
ne = 149, b = 25 p, & = 2 u, Ao = 0.9 u excited by a Gaussian
beam of width ¢ at normal incidence from a medium with refraction
index n.

solution of that system and gives the efficiency of excita-
tion of the HEy mode versus radius of the illuminated
area for various angles of incidence. A more extensive
set of curves {or different fibers, outer radius and medium
of incidence together with the corresponding Born ap-
proximations can be found in [197].

The transmitted HEy;; mode was found to be in phase
with the incident fields; values of Bessel functions were
caleulated to six digits accuracy and the ratio of imaginary
to real part of the modal coefficient is of the order of 10~

Maximum launching efficiencies ot 80 percent with
matched media and 77 percent for vacumn were obtained
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for the @ = 2u fiber which is just below cutoff of the TMq,
mode [13], and at 4° deviation from normal incidence it
drops to about half that value for the matched case. As
the fiber radius decreases, so does the maximum of the
curves. The effect of tilts increases with the refractive
index of the medium of incidence. Fibers of small radius
need a much greater illuminating area, as expected, i.e.,
most of the power is in the clading. The outer pipe does
not have a noticeable effect in the fiber well above cutoff.

B. Gaussian Beam

We shall now consider an incident Gaussian beam prop-
agating at an angle 8 with respect to the axis of the fiber
2. Again, the plane of the axis and the direction of incidence
is taken to be the x, z plane, and the center of the beam
is displaced a distance d on the positive z-axis.

For small angles of incidence we have

a2 2 -
exp (— 5;2-) exp (— 5;) exp ({r cos ¢) K.

i =

0
(2wa?) 12

(24)

H; is given by (8) with
¢=D—jA (25)
D=4d/s? (26)

and A given by (10).

We shall consider only z-polarized beams and treat
oblique incidence and offsets separately. If both were
considered, it would be necessary to perform numerical
integrations with Bessel functions of the complex argu-
ment {r. If the center of the beam were not on the r-axis
but at a point (d,a), then the argument of ePr®s$ in (24)
would be replaced by Dr cos (¢ — «) and both polariza-
tions of the HEy mode would be excited. The formalism
to treat those cases is the same as that for the cases A = 0
or D =0, but the computations become much more
cumbersome,

For oblique incidence (D = 0) we obtain the expressions
for A, and B, given by (14), (17), (19), (20) but with

1 b 72
— Lo(yar)Jo(Ar) Jrdr  (27)
1 b 22
1> = (2m0?) 1/_2_/(; éxp <_ 2_;‘5) Lo (var)Jo(Ar)
4+ Jo(yar)a(Ar) Jrdr.  (28)

Both of these expressions require numerical integration,
and if both tilts and offsets were to be considered simul-
laneously, a multiplicative factor exp (—d?/2¢%) would
appear and { would replace A.

Fig. 3 shows two of the curves obtained [197]. Maximum
values of efficiency are 99.7 percent for a = 2u and 98.7
percent for ¢ = 1.5u. As the radius of the core a decreases,
the maximum decreases and the effect of tilts increases.
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Fig. 4. HE;; mode launching efficiency in a fiber with n, = 1.50,
ng = 149, b = 254, ¢ = 1,2 g, Ao = 0.9 p, excited by a Gaussian
beam with the axis displaced d versus Gaussian width .

Again, the efficiency for the vacuum was about 4 percent
less than for n; = n,. The results are insensitive to changes
in the pipe radius except for fibers with very small core
radius. A Born approximation was carried out for the
same cases, and the geometric mean of the two values
obtained for the modal coefficient was in very good agree-
ment for matched media, but for incidence from the
vacuum was about 4 percent higher than the corresponding
modal solution (Table I). Since the theoretical calculations
of Cook et al. [97] are also based on the Born approxima-
tion, the same degree of precision presumably also applies
to them. '

For beam offsets (A = 0), using the associated series

exp (Drcos¢) = Li(Dr) + 2 I.(Dr) cos k¢ (29)

k=1

we again obtain 4, and B, given by (14), (17), (19), (20)
but with

exp (—d?/2q%) [°

I = (27g?) 12 €xXp <_ éi—az> [So(var) Lo (Dr)
+ Jo(yur) L(Dr) Jr dr - (30)
xp (—d/26%) ° :
W= Ex—r}é;,;;{—,;—) exp (— :;%) [Ja(var) Lo(Dr)
— Jolvur) L(Dr) Jrdr.  (31)

Fig. 4 shows the effect of offset misalignments and indi-
cates that they are more critical than tilts. Alignments
of cores of 1 or 2 microns in fiber joints is not an easy task,
especially in the field; also in the launching system there
is the possibility of some misalignment. In fibers close to
cutoff of the TMy; mode an offset equal to the core radius
reduces the efficiency by more than half. As the radius
of the core is decreased the effect decreases, as expected.
Also as ¢ increases the effect becomes less important but
then the efficiency drops and the effect of tilts increases.
Born approximations for these cases can be found in [197.
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IV. THE FIBER BUTT JOINT WITH A GAP

The problem depicted in Fig. 5 is that of two identical
metallic coated fibers aligned on the same axis, but whose
ends are separated by the gap region 0 < z < 2z which
has a refractive index 7z In region I, z < 0, there is a
set of forward-moving incident modes with amplitudes
al, k = 1,2, +--, k, and backward-moving reflected modes
with coefficients .. Region II, 0 < z < 2, is charac-
terized by a set of TE and TM circular waveguide modes
with forward-directed modal coefficients @,® and back-
ward-directed ones b,®; and in region III, z > 2, a set of
transmitted hybrid modes a,® is excited.

If one talkes the cross product ot the modal fields h,, and
e, with the equations for continuity at z = 0 of tangential
E and H, respectively, and then integrates over the cross
section, the result is

L 0

K
> 61m®Nig — N @ >, AN, — 3 b, PN,

k=1 n=1

n=1

(32)
K 0 ©
Z 6kmakolek + { mma'mu) = Z an(z)an + Z anZ)an’
k=1 n=1 n=1
m=12--- (33)

where the cross-normalization factors N,” and AM," are
defined as in (3), (6), and where
N = / (en X hn) -2 da. (34)
A

An exactly similar procedure applied at z = z, yields

‘an@)N‘nnl exp (_jBn/ZO) e bnu)Nnn, exp (jﬁnlzo)

= 2 a,®M"exp (—jBio) (35)

=1

an PNy’ €xp (—JBn'20) + b PN na' €Xp (.fﬁnlzﬂ)

= 2 a®Nylexp (—j8m) (36)
=1
where 8, is the propagation constant of the nth mode and
the primes refer to region II.
The reflected mode coefficients and those in region II
may be eliminated from the four sets of equations ob-
tained, leaving

-] -]
5 a® { 5,
=1 n=1 2N nn,

]m,nUl,n exp [J(:Bn/ - ﬁl)zo:] - Vm,nvl.n eXp [_J(ﬂn, + ﬁl)zo:l} ud

= Z Sem2a:ON kky

k=1

m=123,.++ (37)
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Fig. 6. —: Coupling efficiency for a gap of length 2z in a fiber
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°:. Experimental results [8] for a fiber of 3.7-u diameter core,
ny = 1.6171, ny = 1.6038, at X == 0.6328 presented on the same
normalized separation-core radii scale.

where Upn = Noo+ M2 and V,,,, = M0 — N™

When there is only a single incident mode, the HIEy,
all terms except the first one on the right hand side are
zero, and that one is 2a;°Ny. Numerical solutions for
this case have been found by truncating the system of
equations to m < 40 for four different sizes of fiber with
ng = ne = 1.49, corresponding to a gap filled with match-
ing oil, and n; = 1 corresponding to an air gap. The
results are shown in Tig. 6, which also includes a compari-
son with the experimental results of Bisbee [8]. Even
though his ratio a/\ is somewhat different, the agreement
is good, as it was for his data on offsets as well; however,
it should be emphasized that, unlike the other problems
previously considered, no Born approximation solution
can be obtained for this one, and the theoretical values
are the only ones available. If might also be noted that
the reason the curves are relatively insensitive to the value
of a/A is that the absolute transverse distribution of the
fields remains nearly the same even though more of it is
contained in the cladding at smaller a/\.

The same technique could be applied to the case of
lateral displacement as well, but the lack of rotational
symmetry would make the calculations of the cross-
normalization factors much more complicated, requiring
numerical integration.

V. SUMMARY AND CONCLUSIONS

The effect of including a conducting boundary at r = b
was found to be insignificant as long as x = b/a > 4;
there was less than 0.3 percent difference between the
calculated launching efficiencies for pipes of 8-u and 25-u
radius. The type of coating used on the fiber seems to be
irrelevant.

The maximum transmission coefficient for excitation
by a normally incident uniform plane wave was 81 percent,
as compared with a value of 80 percent obtained by Snyder
[37] with a Born approximation. The corresponding values
for excitation by a Gaussian beam were 99.6 percent, as
compared with a value of 99.7 percent reported by Marcuse
[4] when the beam is incident from a medium matched
to the cladding. In fact, if one takes the geometric mean
of the two possible Born approximation solutions, the
results are surprisingly close (within 0.2 percent) to the
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modal solution in all cases where the media were matched;
but if the medium of incidence is vacuum, the Born ap-
proximation solution is about 4 percent higher (Table I).

The practical effect of tilts or offsets of the incident
beam is quite pronounced; an offset of one core radius
or a tilt of 4° reduces the coupling efficiency to less than
50 percent for the cases treated. However, a gap of 25
radii is required to produce a comparable effect when
matching oil is used or about 15 radii for an air gap, so
that in practice the gap is apt to be a much less serious
problem. The effect of a gap of given length is insensitive
to the core diameter when it is of the order of a wavelength
because the lateral extent of the fields does not change
very much. However, as Cook et al. [97] have pointed out,
a smaller core diameter makes the effect of offsets, as
measured in core diameters, less critical and of angular
displacements more critical when one finally approaches
the situation where the fields begin to spread laterally.

Although the gap problem was solved by rigorous
application of the boundary conditions to the modal
expansions, in the tilt and offset problems in fiber junc-
tions computational symplicity prompted an approximate
treatment, replacing the incident HE;; mode in the fiber
by a Gaussian beam. This should, however, give excellent
results for the case of incidence from an actual fiber for
that value of o corresponding to maximum transmission
at normal incidence and no offset, since at this point the
two types of incident fields are very nearly identical. That
choice of ¢ is appropriate because the two fibers were
assumed identieal, and coupling is maximum when the
incident wave is very nearly matched to the transmitted
mode. This simplification is also borne out by the experi-
mental results of Cook et al. [97], who got good agreement,
with their Born approximation calculations.

A related problem, that of the radiation into a uniform
medium from the termination of a fiber, has been treated,

. yielding a transmission coefficient of 96 percent for radia-

tion into a vacuum and 100.0 percent tor a matched
medium.

In conclusion, the more rigorous modal analysis has
shown that the Born approximation does give accurate
results in all cases treated using matched media, and
that, even though it requires somewhat greater computa-
tional effort, the modal approach would be advantageous
in problems where serious mismatches of refractive index
oceur or where the Born approximation is inapplicable, as
in the case of the gap.

APPENDIX

The set of functions e, k., are the fields of the modes
of a dielectric rod of permittivity ¢ and radius a in a
medium of lower permittivity e surrounded by a per-
fectly conducting pipe of radius b and can be obtained
from the usual Jongitudinal formulation [187].

For the range of the propagation constant k> < 82 <
E?(k19® = o’ueer2), we obtain the surface-type modes,
whose existance is independent of the surrounding pipe
and which have fields localized to the vicinity of the core
with cutoff condition 8 = k. Their longitudinal com-
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ponents are given by
Jolaar), r<a
K.(xw)I.(sr) — I, (xw) K, (;ST)

Be = 019) 1 InW) = ST o) = T (x0) Kn(w) ’
a<r<b (Ala)
H, = (&/u)2(8/ k1) Prge(@)
Julayr), r < a
Ko () In(sr) — L' () K (s7)
, <r<hb
Il e o o) = I ) Ku(w) &
(Alb)
where
x = b/a (A2)
U = i, w = sa w2 4w = V2 = a2 ued
(A3)
6 = 1 — 62/61 = 1 - "lz‘z/nl2 (A4)
0[12 = k12\_ 62 s = B2 —_ 1022 (A5)
sin n¢ cOos ne
q(e) = [ 9(8) = (A6)
o8 N —sin ne
with n a nonnegative integer.
The eigenvalue equation is
62
F1 = 51_2 P1 (A7)
with
V2 n
P = - A8
VT w4 mbs (48)
wrw? '
By = — (m ~+ (1 — 8)m&) (A9)
A%
T (w) K./ (w)
= = 7 Al0
T T wKa(w) (A10)
L/ (w) /K (w) = Ln(xw) /Kn(xw)
= All
b= w0 K@) — Lcw) K)o
5 = L (w) /K. (w) — L/ (xw) /K. (xw) (A11b)

In(w)/Kn(w) — I (xw) /K (xw) .

As b increases, these modes become the surface modes
of the open rod. In the limiting case x — © :&4 — 1,6 — 1,
and (Al), (A7) become the expressions for the open fiber
[27]. Use of the asymptotic expressions for the Bessel
functions yields for x >> 1

—1 — ¢x —1 + ex
o~ 1 — ox 5~ I+ o s for w>1
E~142/x H~1—-2/x, for xw<K1
and n > 1.
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The nonsurface type modes are obtaihed in the range
82 < ky? and the longitudinal components are given by

Ja(oar), r<a
_ Snlaa) Na(xv) — Na(aar)dn(xv)
Be = 01(@) 4 Il = N ) = Va0 ()
a<r<b (Al2a)
H, = (e/w0)(B/k1) Pogs(9)
Inlarr), r<a
J,,(Olgzl') N,.’(xv) —_ A\“n(wz?‘)']nl(xl)) .
Il = N ) — N Gy T ST S?
(A12b)
with
0[12 = ]C12 et B‘Z 0122 = 7022 - ,82 (A13)
U= a0 V= a0 W=V (Al4)
and the eigenvalue equation
F?‘ = (,62//\"12)132 (A15>
12 n
= _— Al6
u? —m + neye ( )
u?
Fo=— (—m—+ (1 —8)nm) (A17)
ni?
IATCO)
B N () (A18)
J () /NS (0) — Jo(xv) /No(xv)
= Al9
N T 0 Nu) — Taba) [NaG)
’ ' N T
yo = Jﬂ (v)/Nn (Z)) Jn (XU)/An (XU) (Algb)

—Ja0)/Na(v) — 1) () /N (x0)

The following surface integrals have been reduced by
Yaghjian [11] to simple line integrals. The index m is used
for the modes of the fiber, and n refers to the modes of the
homogeneous cylindrical waveguide.

M = f (& X b)) 2 da
A
= ;%}”f (umhmzhnl - fnenz,em) 'ﬁ/‘ dl

ot f (B2 hns'€m + Brem:ha’) -7 dl.

pnlz — P
(A20)

The cross-normalization coefficlent
Nnm = ./ (en, X hm) -2 da
A

is obtained from (A20) with n and m interchanged:
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Nmm = / (em X hm) '2 da/
A
_ i dhy, _  dens >
= 26 {wf: (mehmz dﬂm €m dﬁm €m
AP, dh,,
7 m m me T ) 7 A21
s fc(dﬂme e dm) ””} (a21)

where the contour ¢ includes both sides of all the inter-
faces, and

(A22)

I3 4
Pn 2= wzlioén - Bn 2

pmz = 0)2#05171 - Bm2~ (A23)
For a fiber with & in the core and e in the cladding, we
have

. 1 1
N» = —jma (’Yn2 2 .2

— Om Yn

2) (C’-’#Ohnzlhmr

— Olgw

+ ﬂmh’mzemﬁl + Bn’enzlhmrb)

i ’
€1 €2

+ jrawe ( - =

7n2 — o’ Yn

2) Emnr  (A24)

— Oom

. 1 1
mt = ]1l'(l< 2 2 - 2 2) (wﬂﬂhmzhn/
Yn© T Cim Yn® " O2m

'i" Bn,hnz/emqs + ,['omemzhnda,)

. ' 1 61'/ & ’ _
- jwawes 7n2 — a1m2 - ’ynz _ a2m2 Cnz emr(a' )
(A25)
where
Yol = wiuges — B, (A26)
ain® = wluger — Bul (A27)
om? = wuweer — Bu’. (A28)
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All field components have the angular dependence

removed and are evaluated at r = a, except e (a™),
which denotes the radial clectric field ot the core at r = a.
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