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The variable u(t) is a complex white Gaussian process with the
real and imaginary components mutually uncorrelated. The auto-
correlation function of g(t) will be determined by the combined
effect of the filter and the non-linear memoryless transforma-
tion. This non-linear function has been choosen because it
transforms a pair of jointly distributed Gaussian variables
into a complex one having log-normal envelope.

It 1is also straigthforward to show that the pdf of the phase
will be Gaussian. But this would not be worrying assuming that
the phase standard deviation is big enough compared with n. In
fact the phase must be understood modulo-2n. Therefore folding
the phase distribution at every 2n interval we get a quasi
uniform characteristic inside the interval (-a,n). In turn,
this will be one of the assumptions to be validated.

The frequency spread of g(t), and therefore the fading rate,
can be controlled by specifying a shape for the output spectrum
and allowing the control on its characteristic parameters
(bandwidth,...). As it was mentioned earlier, the output spec-
trum will be conformed by the combined effect of the filter
transfer function and the non-linear device. In fact the mean
and the autocorrelation of g(t) can be written as follows [1]

E{g(£)} = exP((Ryy(0)~Ryy(0))/2) (COS(Ryy (0)+

3 sin(Ryy(0))) (1)
Rgg(t) = cexp(Rxx(t)+Ryy(t)+RXX(0)—RYY(O)
J (Ryy (£) “Ryy (£))) (2)

Concerning the average power of the output process it must be
noted that it could be controlled indistinctly at the input or
at the output of the complex exponential. The control at the
output is 1like if we were adding a dc term to the Gaussian
process w(t). In this case the pdf of the lognormal process
becomes spread out as much more output power is required.
Therefore the probability that the output envelope is below a
given fading depth may be very low even for a great output
power.On the contrary, the control at the input makes the pdf
more concentrated near the origin, allowing a more flexible
control of the probability of exceeding a given fading depth
with moderate output powers. As a consequence we choosed this
second approach although its inherent drawbacks which will be
pointed out later.

SPECTRUM SHAPING OF g(t)

First of all we assume that the cross-correlation functions
between the real and the imaginary components of the process at
the input of the non-linear function are both equal to zero and
also that, for the same process, the autocorrelation of the
imaginary component is proportional to the autocorrelation of
the real part. In the following paragraphs we note by L the
proportionality factor. This is

Ryy (£) = Ryy(t) = 0 (3)

Ryy(t) = L Ryy(t) (4)



Then (1) and (2) become
E{g(t)} = exp(((1-L)Ryy(0))/2) (3)
Rgg(t) = exp((1+L)Ryy(t) + (1-L)Ryy(0)) (6)

and the output power will be

P = Rgyg(0) = exp(2Ryy(0)) (7)

Also under the above mentioned hypothesis is easy to show that
the squared magnitude of the transfer function H(f) is propor-
tional to the Fourier transform of the following expression

~(1-L)Ryy (0) / (14L) + 1n (Rgg(t) / (1+L) (8)

from which we can realize that it is not possible to guarantee
the existence of a solution for any output spectrum (autocorre-
lation) shape. -

Proposed approach

Comming back to the meaning of expression (8) it is clear that
if the output spectrum is Gaussian the squared: magnitude of
H(f) adopts a closed expression, thus simplifying the involved
mathematics. In this context it must be kept in mind that our
final goal is not so much to get a predefined spectrum but to
control its characteristic parameters.

Assuming that the output spectrum is Gaussian and using (8) - it
can be seen that the autocorrelation of w(t) should be an
inverted parabola centered around the origin. This is of course
a non feasible autocorrelation function. Therefore an approach
must be used. In the following two paragraphs we summarize it.

First of all, the parabola is truncated from the point where it
is =zero (to) as it is shown in figure 2. In this case, the
autocorrelation of the 1lognormal process becomes Gaussian
inside the interval (-t,,t,) and flat outside of it. Moreover,
the flat term is inversely proportional to the exponential of
the factor L. Therefore, making L as much great as possible the
fitting of the output spectrum to a Gaussian one is improved.
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Figure 2. The parabola is truncated from
the point where it is zero.

f;,) Ky



On the other hand, to simplify the filter synthesis, the trun-
cated parabola is approached with a Gaussian function (figure
3).
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Figure 3. The truncated parabola is fitted
to a Gaussian function.

In order to fit the Gaussian function to the parabola, the
second one 1is equated to the first two terms of the series
expansion of the Gaussian function. Therefore, the filter of
the model will be Gaussian with a variance proportional to the
width of the output spectrum and also inversely proportional to
the factor L. This means that L can not be made arbitrarily
high in order to avoid that this filter bandwidth becomes much
lower than the simulation sampling fregquency.

MODEL VALIDATION

In order to validate the model and implicitly to determine the
range of values for the factor L we proceeded to simulate the
system represented in figure 1.

Filter synthesis

In order to determine the filter recurrency eguation its magni-
tude was expanded in series of Laguerre polynomials. In fact,
previous work had revealed that this gives a better precission
than other series expansions, like Taylor or Tchebyshev, for
the same filter order.

In the present case we choosed an order ten expansion (five
cascaded cells of order two) which leads to a Gaussian transfer
function in a dynamic margin of about 80 dB.

Summary and interpretation of results

From *““e tests carried out with different algorithms for the

evaluacion of the factor L, the following can be stated:
The discrepancies between the required and the estima-
ted output power are not minimized increasing the
number of simulated samples.

The output spectrum is Gaussian only for small values
of the output power.

Keeping in mind that we had seen analytically that it was
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possible to reach the model objectives, we attributed the above
mentioned discrepancies to the possible statistical errors in
the noise source with which we feed the model. Therefore, an
exhaustive analysis of such noise source was done and it revea-
led that in fact the cross-correlation functions are not iden-
tically zero and also that they show a residual mean value.

This statistical errors are relatively small and in most appli-
cations involving linear transforms can be neglected. But in
our case we use the complex exponential which magnifies them
and therefore it is reasonable to expect errors in the output
power and asymetries in the output spectrum. As the development
of a new noise source was out of the scope of this research, we

could only reduce the errors by means of a careful evaluation

of the filter noise equivalent bandwidth.

On the other hand, the factor L adopts a minimum value around
20 when the output power reaches the maximum (100 power units
(pu) 1is a fair upper bound). As a consequence the approach in
this case 1is not good enough yielding to a narrower output
spectrum.

In spite of the discrepancies observed in the spectrum shape,
the relative errors measured in the frequency spread are not
greater than 10% and 20% when the output power is little than
20 pu and 100 pu respectively.

Finally, the probability density function of the phase
(modulo-2n) is practically'uniform.

CONCLUSIONS

This model and the associated implementation approach overcomes
the drawbacks of other existing ones. In fact, it allows the
sequential (real-time) generation of a coherent lognormal [/
uniform random process intended to simulate 1long-term fading
channels. The fading frequency spread can be controlled with
relative errors not exceeding the 20%. Moreover, the probabi-
lity of a fading depth of 30 dB can be made as high as 1072.

The model limitations which have been pointed out throughout
the paper come mainly from its sensitivity to the statistical
errors of the white noise source. However, in the context of
the analysis of transmission systems under long-term fading,
they do not constitute any obstacle for its use.
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