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Abstract

Intense efforts have been made in recent years to realize nonlinear optical interactions at the single-
photon level. Much of this work has focused on achieving strong third-order nonlinearities, such as by
using single atoms or other quantum emitters, while the possibility of achieving strong second-order
nonlinearities remains unexplored. Here, we describe a novel technique to realize such nonlinearities
using graphene, exploiting the strong per-photon fields associated with tightly confined graphene
plasmons in combination with spatially nonlocal nonlinear optical interactions. We show that in
properly designed graphene nanostructures, these conditions enable extremely strong internal down-
conversion between a single quantized plasmon and an entangled plasmon pair, or the reverse process
of second harmonic generation. A separate issue is how such strong internal nonlinearities can be
observed, given the nominally weak coupling between these plasmon resonances and free-space
radiative fields. On one hand, by using the collective coupling to radiation of nanostructure arrays, we
show that the internal nonlinearities can manifest themselves as efficient frequency conversion of
radiative fields at extremely low input powers. On the other hand, the development of techniques to
efficiently couple to single nanostructures would allow these nonlinear processes to occur at the level
of single input photons.

The ability to realize strong interactions between single photons potentially enables one to attain the ultimate
limit of classical nonlinear optical devices [1-3] and is a key resource in quantum information processing [4]. A
number of schemes are being pursued to realize third-order nonlinearities at the quantum level [5-7], most
notably by exploiting the anharmonic electronic spectrum associated with individual atoms or other quantum
emitters [8—13]. However, there still exist no viable approaches toward achieving comparably strong second-
order nonlinearities. For example, in state-of-the-art devices, a single photon is down-converted into an
entangled photon pair with a relatively low efficiency of ~1078 [14, 15]. Devices with higher efficiencies would
be useful for many significant tasks, such as dramatically improving the fidelities of quantum information
processing schemes based upon detection and post-selection [14].

In this letter, we show that graphene is a promising second-order nonlinear material at the single-photon
level due to its extraordinary electronic and optical properties [ 16]. This approach makes use of the fact thata
conductor enables a nonlinear optical interaction that is spatially nonlocal over a distance comparable to the
inverse of the Fermi momentum kz. In graphene, this length can be electrostatically tuned to be significantly
larger than in typical conductors. At the same time, graphene can support tightly confined surface plasmons
(SPs), i.e. combined excitations of electromagnetic field and charge density waves, whose wavelength is reduced
well below the free-space diffraction limit [17] and whose momentum q, is consequently enlarged. We show
that the ability to achieve ratios q,/ kr approaching unity enables giant second-order interactions between
graphene plasmons.

We first study the implications of such nonlinearities in a finite-size nanostructure, obtaining a general
scaling law for the nonlinearity as a function of the linear dimension of the structure and the doping. To give an
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explicit example, we compute numerically the nonlinearities associated with a structure designed to support
plasmon resonances at frequencies @, and 2, which enables second harmonic generation (SHG) or down
conversion (DC). Under realistic conditions, we find that the rate of internal conversion between a single
quantized plasmon in the upper mode and two in the lower mode can be roughly 1% of the bare frequency,
indicating a remarkable interaction strength.

Itis not straightforward to directly observe plasmons, and instead they are typically excited and coupled out
to propagating photons with low efficiencies. Thus, we then investigate how the extremely strong internal
nonlinearities can manifest themselves given free-space input and output fields. First, we show that the
collectively enhanced coupling of an array of nanostructures to free-space fields enables an extremely low-
intensity input beam to be converted to an outgoing beam at the second harmonic, via interaction with
plasmons. Next, we derive an important fundamental result, that while such an array can collectively increase
the linear coupling between free fields and plasmons, it ultimately dilutes the effect that the intrinsic
nonlinearities of plasmons can have on these free fields. Motivated by this, we finally argue that it is crucial to
develop techniques to couple efficiently to single nanostructures. We show that efficient coupling would enable
SHG or DC with inputs at the single-photon level, and predict a set of experimental signatures in the output
fields that would verify that strong quantum nonlinear interactions are occurring between graphene plasmons.

1. Second-order nonlinear conductivity of graphene

Graphene has attracted tremendous interest due to its ability to support tightly confined, electrostatically
tunable SPs [17-24]. More recently, its nonlinear properties have gained attention [25-29]. For example, four-
wave mixing produced by single-pass transmission through a single graphene layer has been observed [26],
while a second-order response at oblique incidence angles has been predicted [27], and intrinsic second-order
nonlinearities have been used to excite graphene plasmons from free-space beams via difference frequency
generation [28]. It has also been proposed that graphene nanostructures could enable quantum third-order
nonlinearities [29].

We use a unified approach to determine the linear and nonlinear properties within the single-band
approximation based upon the semi-classical Boltzmann transport equation [25,29-31], which describes the
evolution of the carrier distribution function f, (r, ¢)at position r and momentum k. Within this theory k and
r obey the classical equations of motion: ¥ = v, = (1/%) dey/Jk, and /ik = —eE. Weare interested in energy
scales S1eV, soitis possible to linearize the graphene dispersion relation around the Dirac points,
ex = x/vr |k|, where +(—) denotes doping to positive (negative) Fermi energies Er. The single-band
approximation holds provided that the optical frequency is less than ~2Ep, such that absorption arising from
interband electron—hole transitions is suppressed [20]. The carrier dynamics are then described by the equation

%fk(r, 0 & vek - Vf (1) = SE(n 1) - Vi (), (1)

where E is the sum of the external field E*! and the induced field E¢ generated by the carrier distribution.

The macroscopic quantities such as the density of charge and the surface current can be related to the
microscopic dynamics of the carriers. For instance, the surface current depends on the microscopic carrier
velocities as

2]
J(r, t) = —€8,8; f%kak (r, 1), (2)

where g, = g, = 2 are the spin and valley degeneracies of graphene. The nonlinear set of equations (1) and (2) can
be solved perturbatively to give the relation between the surface current and the electric field (i.e. the
conductivity). Atlowest order, one assumes that f, is slightly displaced from its equilibrium (zero temperature)
Fermi distribution, flio) (r, t) = 0 (kp — k). Thus, one can substitute flio) into the term Vi f, of equation (1),
yielding a linear relationship between a perturbed distribution function f(!)and E. Solving in the Fourier
domain, the perturbed distribution function ") can be inserted into equation (2) to find the resulting current.
This yields a linear relation between the current and field, J (k, @) = ¢ (») E (k, @), where the proportionality
constant is the familiar Drude conductivity [18, 19]

2
(@) = ie ‘ Er ‘

o )
Finally, the procedure can be iterated by inserting the perturbed distribution function (e.g., V) into
equation (1) to yield higher order conductivity functions, as derived in greater detail in appendix A.
Graphene is a centro-symmetric material, which is typically associated with a vanishing second-order
nonlinearity [32]. Indeed, if the nonlinear response is spatially local, J¥ (2w, 1) = 6¥ (@) E (w, 1)?, spatial
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inversion symmetry implies that —] = ¢®(—E)?, which enforces that (2 = 0. This argument breaks down if
the conductivity is nonlocal [33], for example if 6 (w, q) « g, such that the current depends on the electric field
gradient, J@ = 6 (w)Eo,E.

In principle, nonlocal effects are present in any material. For a given electric field strength, the size of this
nonlinear effect depends on a dimensionless parameter k /k,; [34]. Here k is the wavevector of the light that
dictates how rapidly the field changes in space, and k,;' is a characteristic length scale over which carriers in the
material become sensitive to field gradients. In materials where the charges are tightly bound to their atoms, the
relevant length scale k,; is given by the atomic size of angstroms, which is thus negligible compared to optical
wavelengths. In conducting materials, the length scale is set by the typical distance between carriers, which is
proportional to the inverse of the Fermi wavevector. In a typical metal like silver, the high carrier density also
yields a negligible length scale of k,;' ~ kz' ~ 1A.In contrast, in graphene we can simultaneously exploit two
effects to increase significantly k /k,;. First, graphene can be electrostatically tuned to have very low carrier
densities to increase k; '. Second, one can use tightly confined plasmon excitations in graphene, which have been
shown to yield a reduction in the wavelength (or equivalently enhancement in wavevector g,) compared to free-
space light by two orders of magnitude. Indeed, below we show specifically that k /k,,; ~ q,/ kr S 1emerges as
the relevant quantity to characterize the strength of nonlocal nonlinearities in graphene.

After these considerations, we calculate the second-order conductivity using the procedure explained above.
The second-order conductivity can be expanded in powers of g, in the long-wavelength limit, defined by the
condition v q,/wp <K 1 (see appendix A). As expected, the zeroth-order term, which corresponds to the local
contribution, vanishes, while the term linear in g, provides a relation (in real space) between the electric fields at
frequency @, and an induced current density at frequency 2w,

J2% = 0 (20, ) E™ + 03 (2005 @ ) E VAE,™. (4)
Here ijkl denote in-plane vector indices and summation over repeated indices is implied. The nonlocal second
order conductivity tensor reads

23 2
_16°8,8VF

F S22l m] (551']'5/(1 — 36i6j + 5i15jk)- (5)
p

(2) . —

Oijki (2%’ “)p) =

This result can be converted into a relation between the electrostatic potential and the induced charge, which
reproduces previously obtained results for the nonlinear polarizability [27].

2. Quantum model of interacting graphene plasmons

The Drude conductivity for infinite graphene given by equation (3) provides a valid description of the carrier
dynamics of graphene when 7w < Er [18, 19], where the interband transitions can be neglected. Like any
conductor in contact with a dielectric (or vacuum, as we assume here), graphene supports SPs with a dispersion
relation given by

B 20 L (6)
qp ;ZwP

where g, = w/c isthe free-space wavevector at the same frequency and a ~ 1/137 is the fine structure constant.
As Er 2 7wy, equation (6) indicates a reduction in the plasmon wavelength compared to free space by up to two
orders of magnitude, which should significantly drive up the effects of spatially nonlocal interactions.

We have seen that at fixed field strength, the nonlinear interactions between plasmons in graphene should be
increased due to a large ratio of q,/ kg. However, what is most important for nonlinear optics is how to maximize
the interaction strength per photon (i.e. per quantized plasmon). A simple argument, made more precise below,

is that because the energy of a single plasmon is fixed at /@,, confining it to as small volumes V'as possible
maximizes its intensity or electric field, Ey ~ //®,/€yV . This motivates the study of nonlinear optical
interactions between plasmons in nano-structures, which we now present in detail. As a specific example, we will
focus on nanostructures that have plasmon resonances at frequencies , and 2wy, This particular choice of
structure is to facilitate DC or SHG.

The derivation of the quantum Hamiltonian of the system (reported in appendix B) starts from the
expression of the electrostatic energy (a valid approach provided that the linear dimension of the structure D is
small compared to the free-space wavelength A,)

_ l 2 wp* w;
H—2§A d%r po* (r) pi (x), (7)
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where p is the charge density and ¢ the electrostatic potential. The charge density can be replaced by the current
density using the continuity equation, which in turn can be expressed in term of the electric field using

equation (4). Expressing the potentials in terms of the electric fields we end up with an expression for the energy
depending only on the electric field of the two modes, whose canonical quantization gives

H =17 (w, - ily/2)a'a + 7 (20, — ily/2)b'b + 78 ( b'a> + h. c.). (8)

Here aand b are the annihilation operators of the two SP modes, and gis an oscillation rate between a single
plasmon with frequency 2w, and two plasmons with frequency w,, [35]. Adopting a quantum jump approach we
have added to the frequencies an imaginary part accounting for the total decay rates I', and I, of the two modes.
The quantization associates with a single plasmon a typical electric field amplitude Eg* ~ (/w, q,/€o )2,

where Sis the structure area, confirming the large per-plasmon field associated with tight confinement. The
quantum coupling constant gis rigorously given by the classical interaction energy between the nonlinear
current at 2, and the fields at w,, but with the classical field values replaced by the per-photon field strengths
E”(r)

7ig =

1 e )
—— o320y w,) fs dr B (1) B (1) ViE™ (1) ©)
P

Equation (9) shows that gis directly proportional to the second-order conductivity al;,fl) calculated in the
previous section, and its dependence on the particular geometric configuration of the modes is confined to the
overlap integral [36]. It should be noted that for extended graphene, the mode functions are simply propagating
plane waves E (r) ~ e*2. Thus the integral in equation (9) produces a delta function, g & & (2k; — k), which
reflects momentum conservation. In contrast, in small structures the spatially complex modes can be thought of
as a superposition of many different wavevectors, and a large interaction strength is ensured by engineering the
modes such that they have good spatial overlap [37].

Using the fact that Ey” ~ (fiw, q, / €0S)"2, that the nonlinear conductivity has an amplitude

c® ~ i/ ﬁzwg ,and that the field gradients occur over a length scale qp_l, one can readily verify that

equation (9) predicts a general scaling of gjw, = p/(kz D)’’*. The dimensionless coefficient of proportionality,
which we call #, depends only on the geometric overlap of the modes (e.g. f = 0 if the modes have the wrong
symmetries, or # ~ 1for modes with good overlap). As the minimum dimension of the structure should be
comparable to the plasmon wavelength, D ~ 1/g,, the maximum ratio of g /w, scaleslike (q, /kr Y4,
confirming the enhanced nonlinearities as g, become comparable to kg. Note that this relation is valid only for
q, < kg, where the conductivity of graphene is Drude-like, as discussed above. In this derivation, we have
assumed that a finite-size structure has the same conductivity as infinite graphene. Although this is not true for
arbitrarily small structures, where quantum finite-size effects play a significant role, this approximation is
already qualitatively correct for structures with D > 10 nm [38].

To show that a high overlap factor of f ~ 1 canbereached in typical structures, we consider one specific
example of a doped graphene isosceles triangle embedded in vacuum. This choice enables a simple optimization
to obtain the desired ratio of 2 between the SP mode frequencies. Indeed, we find that an aspect ratio r= 1.3
produces plasmons at frequencies o, and 2w, (see figure 1). The modes shown in figure 1 are numerically
computed using a commercial finite-difference code (COMSOI®) by driving the system with a plane wave
whose associated external field E** is polarized along the axis of symmetry of the triangle. We model the
structure as a thin slab with rounded edges and a dielectric function € = 1 + 4zic'"/wt. The thickness tis
chosen to be t=0.5 nm (this value is sufficiently small that the in-plane current has converged, and the results do
not depend on the specific value), and the expression of 6! is given by the equation (3). Since the characteristic
length of the structure is much smaller than the free-space wavelength, the response can be determined
electrostatically, where the retardation and the response to the magnetic field are neglected. Furthermore, the
ratio 1 : 2 between the first and second plasmon resonances is preserved independently of the actual size of the
triangle and the doping [39]. While the remaining parameters are somewhat arbitrary, as a numerical example,
we consider the realistically achievable length and dopinglevel of D=22nm and Er= 0.2 eV. For this choice, we
observe a pronounced first harmonic mode (figures 1(a), (c)) with energy 7w, ~ 0.20 eV, and a second
harmonic resonance (figures 1(b), (c)) twice as energetic. Once we obtain the mode profiles, their nonlinear
coupling is evaluated using the equations (5) and (9). Numerical calculations for this structure yield a value of
f = 0.34, hence the quantum oscillation rate g reaches a remarkable 1.25% value of the dipolar frequency w,,.

Surface plasmons in realistic graphene structures generally decay by non-radiative mechanisms, whose
precise nature is still under active investigation [23, 40, 41]. We thus use a phenomenological description
associating an intrinsic decay rate /" to the modes. For our numerical calculations we will assume a mode quality
factor of Q = w,/I" ranging from some tens to one hundred, close to what has been experimentally observed in
nanostructures [23], although in our analytical results we will explicit keep track of the scaling with I".
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Figure 1. Plasmon modes in the graphene triangular nanoisland. (a), (b) Induced electric field distribution associated with the first (a)
and second (b) harmonic modes, respectively. The graphene structure consists of an isosceles triangle with side lengths D =22 nm and
d=16.9 nm, and a doping level Ex=0.2 eV with an intrinsic decay rate " = 3 meV (decay time ~ 220 fs). (c) Extinction cross
section normalized to the area (S = 169.6 nm?) of the triangles depicted in panels (a) and (b) with a strong fundamental dipolar mode
and a secondary weaker dipolar mode.

In addition to intrinsic decay channels, graphene SPs can also be excited and detected through desirable
channels, i.e. via radiative decay. We will use the notation «, ; to indicate such decay rates. The total decay rate
introduced in Hamiltonian (8) isthus I, , = I, + k- We will also introduce the notation 7, , to indicate the
external coupling efficiencies of the modes, defined as k, /I, ;. For example, in our structure, the first and
second harmonic modes radiate into free space at rates k, &~ 2 X 107w, and k, ~ 5.4 X 10~%w,, as numerically
calculated through the extinction cross sections of the incident field (see appendix C). The external coupling
efficiency can be increased by using more sophisticated techniques, such as SNOM [21] or graphene
nanoribbons [29].

3. Observing and utilizing this nonlinearity: classical light

The rate of oscillation or internal conversion between a single quantized plasmon and two lower-frequency
plasmons is remarkable, particularly considering that the state-of-the-art down-conversion efficiency in
conventional nonlinear crystals is ~1078 [14, 15]. It should be pointed out that the internal conversion rate
holds independently of how the plasmons are generated. Of course, for both practical observation and for
technological relevance, it would be ideal if the plasmons could be efficiently excited and subsequently converted
back into propagating photons (such as from free space, fiber, or other evanescent modes). Motivated by this, we
now examine the coupling problem to propagating photons in more detail and investigate how their
intermediate conversion and interaction as plasmons manifests itself as strong, effective nonlinearities between
propagating photons.

Remarkably, the extinction cross section 6 = (3/27) A{«/I"’ of a single nano-structure (see appendix C)
can exceed its physical size. However, the low values of x/I"’ still imply that ¢*** is much smaller than the
diffraction limited area A for free-space beams, indicating that such sources cannot be used to excite plasmons
efficiently. In particular, it can be shown using time-reversal symmetry that the best in-coupling (excitation)
efficiency that can be achieved is the same as the out-coupling efficiency, 7 [42]. The situation is illustrated
schematically in figure 2. This raises an important conceptual question. On one hand, graphene plasmons seem
to represent the ‘ultimate’ quantum nonlinear optical device, capable of internal conversion at the single-photon
level. However, very little incoming light enters the structure and turns into a plasmon, and vice versa, a small
percentage of plasmons are radiated back into light. We now discuss various ways in which the strong quantum-
level internal nonlinearities of graphene can be observed and utilized, given these limitations.

One way of increasing the coupling to radiation, which has already been discussed in the linear optical
regime, is to exploit an array of nano-structures [23, 43]. Intuitively, since the extinction cross section of a single
element can exceed its physical size, having a dense array extending over an area larger than A¢ guarantees
efficient interaction with an incoming beam. We thus proceed to consider the nonlinear interaction between an
incoming radiation field with frequency w,, resonant with the fundamental mode and an array of nano-

ext
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n
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Figure 2. (a) An given plasmon mode radiates into free space (or more generally, into any desirable channel) with an efficiency
characterized by 7. (b) By time-reversal symmetry, incoming photons in the same spatial mode excite plasmons with the same
efficiency. The efficiency 7 is related to the extinction cross section and free-space wavelength by # = (27/3) 6/

'CJ

% \

'ﬁ'

Figure 3. A hexagonal array of triangular nanostructures illuminated by laser light at normal incidence and frequency w,, resonant

with the first plasmonic mode of the structures. The nonlinear coupling between this mode and the mode at frequency 2w, generates
an outgoing radiation field at this second harmonic, which is in a direction normal to the array.

structures, as illustrated in figure 3. We expect that the efficient coupling with an array will enable the incoming
photons to excite plasmons at @,, internally convert to plasmons at 2@, and then re-radiate into free-space asa
second harmonic signal. We consider here a hexagonal lattice of nanostructures with lattice period / = 50 nm.
The array is illuminated at normal incidence with a field of frequency w, and polarized along % to maximally
drive the plasmon resonance (see figure 3).

From Hamiltonian (8) extended to include the coupling between the structures, we get the equations of
motion of the operators for the first and second harmonic modes of structure i in the array are

a;=— 1(a)p - 1F;/2)a, - I%EeXt _ Zigai'l'bi +ize Z G(n

(0]

l}iz—i<2a)p—ifb//2)bi—i;h ESY — igal +1—ZG2’”Pb (10)

where the last term in both equations accounts for the dipole—dipole interaction with other nanostructures jin
thearray, and G;; = G (1, rj) is the electromagnetic Green’s function describing the field produced at position r;

by a dimensionless dipole oscillating at r;, while p, = /37e 7 ¢ / a); is the modulus of the electric dipole
moment of a single plasmon in the first mode (an equivalent expression holds for p;, at frequency 2w, ). We have
also included the possibility of driving either mode with classical free-space external fields, denoted by ES* and
E EXt

Before considering the generation of a second harmonic, it is already interesting to point out that the strong
internal interactions between plasmons can manifest itself in the linear optical response to an incoming laser
with frequency near the second mode 2w,. We proceed by solving the coupled system of equations (10) for a
weak external driving field of frequency @ around 2w,,. We consider specifically an approximation where edge
effects are ignored (which becomes exact in the plane-wave limit and an infinite array), which makes the sum
Zj Gjj identical for each element. As discussed in detail in appendix D the effect of the Green function is to

6



I0OP Publishing NewJ. Phys. 17 (2015) 083031 M T Manzoni et al

1.0

2
Ne

f-g=0100
C - --g=0.50I"
L —g=125I"

2
b

n

0.5

J~<-om\

@)/

Figure 4. Back-scattered spectrum around 2w,. Reflectance curves for a weak driving field as a function of the detuning  (in units of
the total decay rate I"") from the second mode of frequency 2w, plotted for different values of the ratio g/I"". The value of the solid
curve corresponds to the ratio g/I"" = 1.25 that we have predicted theoretically for the structure presented in figure 1.

renormalize both the resonance frequencies and the losses, so that Wy = @y, I, — I a’ ,etc. We find that the
linear reflection coefficient of the array is

ikpN ;2 6, + il

A T T e

(11)

where §, = o — 2, is the detuning of the input field with respect to two times the renormalized first harmonic
SP frequency, and similarly for ;. The quantity N 22 = (372m) (Ao/ 2)?/A is proportional to the number of

structures in a diffraction limited area A¢, as A is the area of a unit cell in the array. In figure 4, we plot |7, () | as
afunction of the detuning for different values of the ratio //g. Here we have ignored the renormalized
detunings, 6; — &;fori = a, b, asthe structure dimensions can be slightly altered to compensate for these shifts.
We also take Q=100 and Q =50 for modes a and b, respectively. Note that if the nonlinear interaction between
plasmons is negligible (¢ < I'"), the spectrum exhibits the typical Lorentzian peak associated with a resonant
scatterer. We observe a qualitative difference in the reflection curve passing from the regime g < I7/2 to the
regime in which g > I"'/2, which is characterized by the appearance of a splitting in the reflection curve.
Importantly, while an efficient external coupling increases the peak reflection of the structure, the magnitude of
the mode splitting 2+/2 ¢ does not depend on the coupling efficiency and represents a robust signature of
quantum strong coupling between the SPs modes. We also emphasize that equation (11) is only obtained by
solving fully the equations (10), including quantum correlations between the two plasmon modes. Solving the
classical limit, in which all quantum operators are replaced with numbers, would produce a Lorentzian spectrum
for any value of g, which reinforces the appearance of a mode splitting as a quantum signature.

In a similar way, we can calculate the intensity emitted at frequency 2w, when the system is driven at
frequency w, by a classical external field. We find that the SHG signal intensity radiated into the far field is
approximately (see appendix D for the derivation)

ext 2 ext
Ifar ~ 8 g : [Ga ] % [
207 he, M, A

i, (12)
where o}y are the extinction cross sections of the two modes. This expression is valid in the undepleted pump
approximation, where the converted intensity is a small fraction of the incident. Using the previously quoted
parameters for the triangular nanostructure, we find that a 1% conversion efficiency can be observed for the low
driving intensity of roughly 10> W m™2.

While we have presented here a semi-classical calculation, in which the input fields are treated as classical
numbers, it would be interesting to find what is the conversion efficiency at the single-photon level. In
particular, it would be interesting to see how graphene compares to the state-of-the-art efficiencies of ~107%in
bulk crystals for SHG of just a two-photon input. For this purpose, in the next section we use an approach based
on the S-matrix formalism.

4. Quantum frequency conversion

In general, for a given few-photon input state, we wish to determine the effect of nonlinear interactions on the
output. All of this information is contained in the S-matrix [44], which specifically describes the overlap
amplitude between a set of monochromatic incoming and outgoing freely propagating photons. Because
monochromatic photons form a complete basis, the S-matrix thus contains all information about photon

7
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dynamics. In particular, it can be used to determine how a wave packet consisting of a superposition of
monochromatic photons (i.e. decomposed into frequency components) interacts with the graphene
nanostructure.

A simple example of an S-matrix element consists of the linear reflection amplitude r,(k) of a single photon
of frequency k;, which interacts with the higher-frequency SP mode (mode b), which we have calculated in the
previous section by solving the Heisenberg equations of motion. In the S-matrix language the reflection
coefficient corresponds to the matrix element between an incoming photon propagating in one direction (say to
the right) and a photon of the same frequency p;, = k;, scattered in the other direction (to the left). More
compactly, this relation is formally written as (pr | S 1kR) = 1,(k)6 (k — p), where & (k — p) denotes the Dirac
delta function. Such an S-matrix element can be calculated by using standard input-output techniques [44, 45],
which enable one to relate the outgoing field (after interaction) to the incoming field and internal dynamics of
the nanostructure (governed by the Hamiltonian of equation (8)). We assume that the incoming photon is
focused at the diffraction limit, S ~ 17, and interacts with N = N 52 structures. In appendix E, we show that the
resulting reflection coefficient gives a result of the form of equation (11).

Analogously, we can express the amplitude for the DC process as the S-matrix element between an incoming
photon of frequency k;, near 2w, and two outgoing photons of frequencies p,, q, near . For simplicity we
study the case in which the incoming photon is a superposition of a photon coming from the right and one
coming from the left so that we can avoid directional labels. We thus find for an array of N structures

(b0 4] [ko) = Cro(On () (@5 (k= p - g), (13)
where r,, 17, are respectively the reflection coefficients for photons in mode aand b, and C = 2Ng/+/ 27k K, (see
appendix E).

The S-matrix also enables one to calculate the dynamics of an incoming pulse. In particular, assuming a
single-photon input wavepacket with a Fourier transform given by f(k), we find that the total DC efficiency is
givenby Ppc = 1/2 fdp dg If (p + @1 (p + q) 1, (p)7,(q) |*- For a near monochromatic resonant incoming
photon, i.e. |f (k)|> ~ & (k — 2w, ), the result simplifies to

16Nk 2k g2

[ + 4’ "

Ppc =

where I = I' + Nk. The value of the coupling constant that maximizes the probability of conversion is
g = 1,1} /2, for which we have
2
K Kp
Ppc=N?[ =] =| 15
* (r;) (ra) "

In general, we expect g to exceed the plasmon linewidth in the graphene nanostructure considered, so that
the condition g = /I,1} /2 is satisfiable, in contrast to conventional materials with weak nonlinear coefficients.
For what concerns the optimal number of nanostructures, we identify two limits, one of low external coupling
efficiency in which the array-enhanced external coupling does not overcome thelossesi.e. k < I', and the
opposite case in which x > I'. In the first limit, which is satisfied for the system parameters presented earlier, the
total decay rate I is roughly independent of the number of structures Nand P3&* ~ N%;” , (we recall again
that ; = «; /I;). Itis clear that in this limit the use of an array of nanostructures is an efficient way to increase the
conversion (which anyway remains much smaller than 1). For our system parameters, we find that P5&* ~ 1077,
which compares favorably with state-of-the-art numbers ~ 10~®, a surprising result considering that graphene is
notabulk nonlinear crystal. In the opposite limit of good external coupling we find that P5&* = N~'? 5. This
remarkable result indicates that ultimately, there is a fundamental inequivalence between using many structures
to increase the (linear) response, and working to improve the coupling to just a single structure. In particular, in
the limit of efficient coupling, the strong nonlinear interaction between plasmons becomes diluted by having
multiple structures. Intuitively, this N~! scaling can be understood from the complementary process of SHG
(whose S-matrix is identical to DC, as shown later). Clearly, in order for two incoming photons to create a
second harmonic, they must excite two plasmons in the same structure. However, with many structures, the
probability that this occurs (i.e. compared to exciting single plasmons in two different structures) falls like N=!.
We thus argue that the development of techniques [21, 29] to efficiently couple to single structures is of
fundamental importance to take maximal advantage of the strong intrinsic nonlinear interactions between
graphene plasmons.

It should further be noted that the created photon pairs are frequency-entangled (see equation (13)), as
energy conservation requires that the sum of their frequencies equals that of the incoming single photon.
Intuitively, one expects that the DC process remains efficient as long as the incoming pulse bandwidth ¢ is

8
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Figure 5. Single-photon DC and SHG normalized probabilities. (a) Probability of DC for a photon in a Gaussian wavepacket of center
frequency 2w, and bandwidth 6. Ppc is plotted as function of ¢ and g (in units of /"), and normalized with respect to Pp¢*. (b)
Probability of SHG for a pair of uncorrelated photons in Gaussian wavepackets of center frequency @, and bandwidth o, normalized
asin (a).
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Figure 6. Quantum light generation in a graphene triangular nanoisland. (a) Schematic showing the creation of non-classical light. A
coherent state beam (yellow) of frequency @, incident on the graphene is scattered and produces anti-bunched light (red). (b) Energy
level structure of the system, where the notation |m, n) indicates the occupation of m (1) plasmons in mode @, (2w, ). The dressed
states generated by the coupling between |2; 0) and |0; 1) are also represented. Red arrows illustrate the origin of photon blockade.
Due to the nonlinear coupling, the nominally degenerate states |2; 0) and |0; 1) hybridize into two dressed states with frequencies
20, £ g / /2. When the fundamental mode is resonantly driven, the population of that mode by a single photon (solid red arrow)
blocks the excitation of a second photon (dashed red arrow), as the mode hybridization results in the absence of a state at 2w),.

smaller than the cavity linewidth I’. This can be seen quantitatively in figure 5(a), where Gaussian single-
photon inputs with bandwidth s are considered, i.e. f (k) o e~(k=op) 1402,

In SHG two photons with frequencies centered around w,, are (partially) converted in a single photon of
frequency 2w,. By the time reversal symmetry of the scattering matrix the relation (p,, q,| S |ky) =
(ky| S |p,» q,7" holds. This implies that in principle, a maximum up-conversion efficiency of Pgf§ = Pp¢™ can
be achieved, but only if the two-photon input itself is an entangled state. In figure 5(b), we consider the more
realistic case of two identical, separate photons, each represented as a Gaussian pulse of width o. It can be noticed
the qualitatively different functional behavior of Ppc and Psyg. The latter saturates at a lower value than the
former and exhibits a maximum for a finite value of 6, going to zero for both the limits 6 — 0 and ¢ — 0. The
inability to deterministically up-convert two separate photons (Psyg = 1), even for perfect coupling efficiencies,
notably deviates from the semiclassical prediction that perfect conversion can be achieved [37].

We conclude showing that a single graphene nanostructure can generate nonclassical light when irradiated
with weak classical light at the lower frequency. We have seen above that in the strong quantum coupling regime,
g > I"'/2,amode splitting at the second resonance appears. Physically, this splitting arises because the nonlinear
interaction given in the Hamiltonian of equation (8) strongly mixes a single photon |0; 1) in mode 2w, with two
photons |2; 0) in mode @, as shown in figure 6(b). The resulting eigenstates of the Hamiltonian are symmetric
and antisymmetric combinations |0; 1) #+ |2; 0) with frequencies 2w, + /2 g. The mode splitting creates an
effective nonlinearity: once a single plasmon of frequency w,, enters the system, the absence of a resonant state at
2w, prevents a second plasmon from entering, creating a blockade effect [35]. This is a complementary signature of
strong coupling observable in the lower mode. It can be quantified by considering the second-order correlation

function of back-scattered photons (for instance left-propagating photons when the system is driven by right-
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propagating laser light) ¢ (¢) = (ag’out (7) aLT,out (t + t)agou (T + t)ap ou (7) )/(a,iout (7)ag,out (1) )% The
output field itselfis related to the input field and plasmon mode by the equation a; oy = arin + kKa/2 a.
However, as the left-going input field is in the vacuum state, the corresponding input operator has no effect. Thus
the second-order correlation function can be written directly in terms of the plasmon mode a, g (t) =
(a"(r)a" (zr + t)a(z + t)a(r))/{a' (r)a(r))? For t=0 this function indicates the relative probability to detect
two photons at the same time. Values of g'» (0) < 1indicate the presence of nonclassical light. In the limit of weak
driving amplitude we find that
F/Z 1 2 F/Z

&52)(0) — (6g—+32) (16)

3(4g% + 17?)

For g=0itacquires a value of ga(z) (0) = 1, reflecting the coherent state statistics of the laser, while exhibiting
strong anti-bunching (ga(z) (0) < 1)when g 2 I"/2.1tis particularly important that gsz) (0) isindependent of the
external coupling efficiency x/I'’, thus making this effect a robust signature of strong quantum coupling between
plasmon modes.

5. Outlook and conclusion

We have shown that second-order nonlinear optical interactions between plasmons in graphene nanostructures
can be remarkably strong. Signatures of such nonlinearities should be immediately observable in experiments
involving arrays of nanostructures, where incident free-space light can undergo frequency mixing at very low
input powers via interaction with plasmons.

We further show that single nanostructures should exhibit the capability to generate non-classical states of
light, observable even with low coupling efficiencies, which opens up a novel route to quantum optics as
compared to the conventional approach of using atom-like emitters. With improved coupling efficiencies to the
modes of these nanostructures, it would become possible to realize efficient second-harmonic generation or
down-conversion at the level of a few quanta, which would exceed the capabilities of current systems by several
orders of magnitude. While we focused on one concrete example consisting of a graphene nanotriangle, our
conclusions are quite adaptable. Thus, it would be interesting to explore further the potential of this unique
‘nonlinear crystal’ in a wide variety of classical and quantum nonlinear optical devices. It would also be
interesting to investigate the nonlinear optical response of even smaller structures [46, 47], which is expected to
deviate significantly from large-scale graphene due to quantum finite-size effects. Finally, we anticipate that our
work will open up the intriguing possibility of a search for new materials that are capable of attaining the
quantum nonlinear regime.
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Appendix A. Semiclassical derivation of the second-order conductivity

We calculate in this section of the appendix the second-order conductivity of extended graphene. In the main
text, we apply this result to a finite-size structure. In principle, it should be noted that the response of a finite-size
structure is not spatially homogeneous, and applying the conductivity functions for extended graphene is an
approximation which likely gives an error of ~Ar/,. An exact treatment for finite structures requires the
calculation of the response function, which involves intensive numerical computations [46].

As explained in the main text, we use a semiclassical single-band approach describing the dynamics of
carriers in graphene, which is nominally a zero-gap semiconductor. However, by techniques such as electrostatic
gating [16], one band can become partly filled with carriers. We characterize the carriers within this band by the
distribution function f, (r, t) which is defined so that

dN = f, (r, t)d’k d’r (A.1)

is the number of carriers with positions lying within a surface element d’r about r and momenta lying within a
momentum space element d’k about k, at time t. When collisions between carriers are neglected, a conservation
equation is satisfied by the function f, (r, ) (equation (1) of the main text [30]). In Fourier space it can be
written in the form
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fi(q, ®) = (A.2)

: 2 o
gy e
/?(a) ¥ vik - q) (27) o ok
which exhibits a nonlinear character. We assume that the electric field perturbs the equilibrium distribution
weakly so that we can solve the equation (1) iteratively, obtaining a perturbation series in E for the distribution
function.

At zero order, ignoring finite-size effects as noted above, we simply replace the distribution function on the
RHS with the (zero temperature) Fermi distribution flEO) (r, t) = 6 (kp — k), obtaining as solution the first order
contribution to the conductivity, which is linear in the electric field:

iek - E(q, @)

f(q, w) = - )5(k ~ k). (A.3)

7 (a) F VplA( - q
In turn, inserting equation (A.3) into equation (1) of the main text, we get the second-order contribution

2

e
f(2) (q’ ) = S —
¢ ACEIT'S q)
k- E(p, v)
E(q-p,o—-v)- —6 k—ke)s. (A.4)
/(2 I 6k 7 (v F vek - p) ( )
Moreover equation (2) of the main text
d’k
I(r) t) = —€g,8; /@kak (1‘, t)) (AS)

provides a relation between the macroscopic density of electric current and the microscopic distribution
function. Inserting the elements of the series we got for the distribution function, and taking into account the
definition of nth-order conductivity, we obtain that

ie’g,gvr [ d’k kik;

(1) —
0;'(q, w) = - (k= ki), (A.6)
' n (27)* kz(w F vik - Q) ( )
and
2(q 39— pr o — by py o) = S0EYE [ dK 1
llm Y ’ o n? (27)? kz(a)ivFlA(' Q)(UivFR'P>
x| Sk — @ kikik,, s Kidgkn |6k = k), (A7)

kz(a)+ka q) k(a)ivFlA(-q)
where the integration over k is on a circle of radius kr, because of the linearization of the band.

Analytical results can be obtained in the long-wavelength limit (vpq/@w < 1), by expanding the
denominators in g and p. The dominant contribution to the linear conductivity is the zero-order one, giving rise
to the well-known local Drude conductivity of graphene displayed in the equation (3) of the main text.

For the second-order conductivity, it can be easily proven that the zero-order expansion in g and p of
equation (A.7) gives a vanishing contribution when the integral is performed, so that the dominant term is the
first-order expansion in g and p, which corresponds to a nonlocal contribution.

The results are given by

eagvgsVF 2
,]m (q> w;q—p,o0—UPp, U) + l6ﬂ'ﬁz [ ( llqm 5lmqi + 5im ql)
+ —2(35ilpm - 5lmpi - 5impl)]- (AS)
wv

With the formula for the conductivity above, the expression

d’p © d
?(q, w) = n )zf = 62 @59 = p, @ — 1, P, 1)
X E(q-p o - I/)Em(p) v), (A.9)

can be Fourier transformed back to the real space, resulting finally in equations (4) and (5) of the main text.
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Appendix B. Quantization of the two-mode structure energy and derivation of the
conversion rate g

In thelimit D /Ay < 1, where D is the linear dimension of the graphene structure and 4, is the incident radiation
wavelength, the electrostatic approximation can be assumed. Thus, the total energy present in the structure is
given by

- %Zfs dPr o () (1), (B.1)

where p is the charge density and ¢ the electrostatic potential. Implementing the continuity equation, the
relation between the potential and the electric field, and writing explicitly the two frequencies contributions, we
get that the total energy is given by

/ d?r J7 (1) E,;

v 7 (0) B} (r). (B.2)

21a)p

0}

The currents can be expressed in terms of the electric fields: J;” = ¢! (wp)E;*
equation (4) of the main text.

{1]

, while J* is given by

At this point, we can impose the quantization condition to the first mode:

V()

c(w

,7‘0/ d?r ‘Eim" (r)‘2 = /w, a'a, (B.3)
21w, S

which can be enforced with the substitution Eiw” (r) » Eiw" (r)a = E;” fiw” (r)a.Here, f“ (r)isavectorial

function which describes the geometry of the mode and normalized such that max |f“ (r)| = 1,
E," = = (/iwpq /€0 Su)'/? is the maximum single-photon electric field amplitude,and y = S ff/ S, where

Sit = / 2r |f;” (r)|? is the ratio between the effective mode area and the physical area of the structure.
s

Now we consider the mode at frequency 2w,. We substitute the current shown in equation (4) into
equation (B.2), and similarly define a single-photon electric field amplitude and annihilation operator b for this
mode. This procedure yields a non-interacting term in the Hamiltonian, 2/, b'b, and an interacting term

_ 1 2 =2m * =, ) 25t
Hou= oo o2 (20p5 @y ) /S @[ B0 () [ B (1) E™ (1) a2t + h. c. (B.4)

Note that using the freedom in the definition of the phases of E;”” and Ef’"" we can make the expression in front
of a®b', 7ig, to be real, obtaining in this way equation (9) of the main text.
. (17

Ifwe express E” (r) as Ey” £ (r), in order to separate the geometric part of the problem, we get that the
ratio between gand w, is equal to

1 0,2 20 ) ® )
e o2y 0, )[BT Eg P/S de 2 (1) 17 (1) Vi (x)

) 41/%602
5 ﬁ3 3 ﬁ3 3 172
1 ievg 27w, lon/”w, 2ok “ .
=F o o [ T f (0 Vs ), (B.5)
Viwy ST W, e ‘EF|Seff € ‘EF Seft s

where we have called the tensorial part of the second-order conductivity O = (56;;6 — 36i6;1 + 6;6j). Now
we make the lengths in the integral dimensionless, introducing # = r/Dand V = DV .Furthermore, we
introduce the dimensionless parameter & = D?/ Seff [Sezf?)" ]'2. From equation (B.5), we obtain the final

expressmn
1/2
8§ _ o Vil z &1 Oiju sdsz,-zwp(f)fjmp(f)ﬁkflmp(f)' (B.6)

—=7F
@ 4 |E|D?| 7w, |Ef|

Note that now the integral in the last expression is fully dimensionless and depends only on the geometry of the
two modes.

In a general way, the plasmon frequency ), is related to the dimension of the structure and the doping by the
relation [39]

2ac Ep) , (B7)

wp =& (
? 7 D
where &, is a factor of order one that depends only on the shape of the structure considered, @ is the fine-structure

constant, and cis the speed of light. Using this relation in equation (B.6), and considering that | E| = Zvgkg, we
finally find

12
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£ _ Lm’ (B.8)
where we have collected in f all the geometric dimensionless factors
p b [ ey f & 120 () £7 () s (). (B.9)
4.J& \ 2ac s i J !

Note that, while the scaling of the nonlinearity as (k; D)~7/* is a completely general result, the individual
terms appearing in f are defined in a somewhat arbitrary way. For instance, choosing D to be the length of the
short side of a triangle instead of that of the long one, as done for the numerical example in the paper, affects the
numerical values of & and &,.

Appendix C. Radiative decay rate computation

There are two ways of obtaining the radiative decay rate of the graphene triangle, one through the extinction
cross section, and the other directly through the dipole moment.

When using the first method, we assume that the polarizability of the graphene triangle can be expressed as a
Lorentzian line shape [48]

6mey 3, 1
a(w) = - , (C.1)
(ug wg — w? — e’ /w;

with ), being the plasmon frequency, I’ the total decay rate, and , the radiative contribution to I"". On the
other hand, the extinction cross section is directly related to the polarizability by 6*' (w) = (w/c)Im{a (w)}/€y
[49]. The combination of the two former equations at the plasmon frequency results in the final expression for
the radiative decay
2 _ext
g (w,) = L(zwp)ﬁf/. (C.2)
67c
Thus, we can get the value of the radiative decay by obtaining numerically the extinction cross section at the
plasmon frequency.
In the second method, the radiative decay is calculated directly from the knowledge of the induced dipole
moment p of the plasmon modes of the triangle, which are numerically computed from COMSOI®. Indeed, the

radiative decay of a dipole is given by [50]

2

3
()]
P , (C.3)

Ik, (w,) = ———
a(@p) 3reqc’

a

where the dipole moment p, = / d’r p, r of the mode can be related to the single-plasmon electric field by the
S

continuity equation p, = (—ic'V/w) V} - E.

Appendix D. Second harmonic field generated by a hexagonal lattice of nanostructures
under strong driving

Assuming that the lattice is large enough that edge effects can be ignored, the dipoles will respond identically,
so thatin equation (10) of the main paper we get a; = a and b; = b, and the interaction between them

reduces to finding the sum G = z G;;. For a hexagonal lattice this sum consists of a real part that can be
i

approximated as Re[G®] ~ (1/4mey)5.2 /I? and an imaginary contribution whose exact expression is
Im[G?] = (1/4zmey) [2rnw/cA — 2(w/c)*/3][43], where A = 123 /2 is the area of the unit cell. We now focus
on the case of SHG, where the fundamental mode is driven by a strong external input field with frequency
around w,, while the higher mode is undriven (E5; = 0). In the strong field limit, we can replace the

operators with numbers. We can solve for the dipole moments in the frequency domain,

2 -1
b= lZw — 2w, + il}/2 + I;Z—b GZ“’P] ga®

=— zz a, 2w) ga? (D.1)
b
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Ignoring the depletion of a due to b (an approximation valid when a > b):

2 -1
a= a)—a)p+i1;/2+p—“G“’P &E:,’“
/i Vi
Eae)xt ~
=— a, (o). (D.2)
b
In the previous two equations we have defined &, (w) as
2 2
a,(w) = b = Fa (D.3)

2 ~ — s
7 (80 (@) + 105/2
}}[0) —w, +il3/2 + I;—“GmPJ ( o (@) + 1 )

and similarly for @, (w). They correspond to the polarizabilities in the proximity of the resonances, modified by
the interaction between the structures of the array. Here, 8, () and I;, are the detuning and the linewidth of the
plasmonic mode renormalized respectively by the real and the imaginary part of the Green function. Inserting

equation (D.2) in (D.1) and multiplying by the dipole moment of a single plasmon in the second mode, we find

/i
Pry, (@) = —pzi a2 (w)a (@) ES]. (D.4)

2 Po
For the lattice constant of interest, the far-field is emitted only in the perpendicular direction [43], and the
far-field intensity at frequency 2w, under driving at frequency ), can be directly calculated as
Yeoc
2

far _ @p p (w )
2w, ceo A 2w, P

25w g 2 4 2
P ext ~ ~

=———7|1s a, ()| | (w)

C3€5’A2P:pbz [ P ] ‘ ‘ |

exi 2 ext
ZF’ZF/ aut Oy ~ 92721 =~ ~9-1
=8 8}; gl 32 [Igt]z[rjm + 5,,2] [r,f/4 + 55] , (D.5)
Wp

where I,f,’;t = cey [E(f',’;t Pr2.

Now we can calculate the efficiency of conversion using the values obtained for the triangular nanoisland
with quality factor Q=100,1.e. k, & 2 X 1077wy, ky & 5.4 X 1078wy, and I = I; = 10w,
g = 1.25 X 10~%w,. We assume that the lattice period is / = 50 nm. The wave vector of the driving light at
frequency w, is k & 1 yum~'. We first calculate the effect of the array on the frequency and the linewidth. The
frequency of the first harmonic is redshifted by 6 x 10~°w,, while for the second one the redshiftis 2 x 10™*w,.
Furthermore, the linewidths I} and I are increased by around 17% and 1% respectively, thus we can neglect
the effects on the second harmonic. We finally find
1~ 100w me[ 190 (D.6)

2w,

an expression valid only when I « [

2, wpt. This calculation indicates that one can observe 1% of intensity

conversion when the driving field has an intensity of about 10° W m~2,

Appendix E. Few-photon scattering amplitudes

In this section, we present the combined S-matrix and input—output formalism of [44], which is very helpful to
study few-photon scattering amplitudes. We show the equations for a single structure, explaining how to
generalize them to the case of the array at the end of the section. We model the incident radiation as a one-
dimensional bidirectional continuum, with the two SP modes coupled to it at rates k, and k;,. The Heisenberg
equations of motion for the internal mode operators, written in terms of the input operators, are given by [45]

% = —i(w, - iry/2)a — 2igba" + F& + i,
b . .
a:—l(zwp - 1Fé/2)b—lga2 +Fi€1+F1€)ss' (E.1)

Here F = —i\/k,/2 Z LR aifl describes coupling from input channels, F{ , = — i,/7 djo5s describes coupling
j=L,

to loss channels. We have labeled the two directions of propagation for the external light as L and R. The relations
between input, output and cavity operators are

14



10P Publishing

NewJ. Phys. 17 (2015) 083031 M T Manzoni et al

ad (1) = al (1) - E a(t), (E.2)
bl (1) = bl (1) — i\/? b(1), (E.3)

with j = L, R. These equations enable one to calculate the properties of the outgoing field based upon the
incoming field properties and dynamics of the graphene modes.

The reflection coefficient for a photon propagating in the right direction can be clearly expressed in term of
the S-matrix elements

(L] [K) = (01 bl (p)bET (B)]0). (E4)
Using the Fourier transform of equation (E.3)
bou () = by (p) = i\/? b(p) (E.5)

to express the output operator in equation (E.4), we get that

(pt|S|K&) = —1E<0| b(p)|k§> = —i\/g /dp<0| b(t)|k,§> e, (E.6)

To determine this matrix element, we use the equation of motion (E.2) for the operator b. Using the
commutation relations between the different input operators, [biﬁ (k), bRT(K')] = 6(k — k'),
[biﬁ (k), bLT (k)] = 0, etc, we see that only the term with bX remains:

%<0| b(t)‘kf>= ~i(20, - irl;/z)<0| b(t)|k£>
—ig (01 a2 k) =i [ ol BB 10, (E7)

where the last term can be immediately calculated using the Fourier transform of the first operator. Similarly,
using the equation of motion for the operator a*, one finds the equation

%<0| az(t)\k§> = —2i(w, - ir;)<0| aZ(t)|k§> - 2ig<0| b(t)|kf>. (E.8)

The last two equations constitute a closed system of differential equations in (0| b (¢) k) and (0] a2 (¢) |k[),
which can be solved by Fourier transformation. Inserting the results for the former element in equation (E.6), we
finally get that

(pr|S]k5) = ks — k), (E9)
with r,,(k) given by
Ky S + il
2 [o+iry |[ 6+ iry2] - 28>

rp(k) = — (E.10)

With a very similar procedure, the S-matrix elements can be calculated for the down-conversion of a single
photon. By a symmetry argument, one readily finds that the DC probability is maximized when the single
photon is impinging symmetrically from the modes L, R. Provided this condition, we can introduce the
symmetric mode a;, = 1/+/2 (aiﬁ + aifl ) (and similarly for b;;, and the output modes) in the equations (E.1)—
(E.3),and consider a vacuum input in the anti-symmetric mode. The starting point of the calculation is again the
expression of the S-matrix element in term of input and output operators:

(20> 4u|S K6} = (01 Gou (p) aou (9) b1 (K 0). (E.11)

For what concerns the generalization to an array of N structures, one has only to replace equations (E.2)—
(E.3) with

Aout (t) = ain (1) — iy Nk, A(1). (E.12)
bout (1) = bin (1) — iy Nk B(1), (E.13)

where A (1) = N~1/2 Zi a;(t)and B(t) = N~172 Zi b; (t) are collective modes, and solve similar differential
equations.
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