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Abstract

Alternative growth and decay estimates, reminiscent of the classical
Phragmén-Lindel6f principle, are derived for a linearised thermoelastic
body whose plane cross-sections increase unboundedly with respect to a
given direction. The proof uses a modified Poincaré inequality to con-
struct a differential inequality for a weighted linear combination of the
cross-sectional mechanical and thermal energy fluxes. Decay estimates
are deduced also for the cross-sectional mean square measures of the dis-
placement and temperature. An explicit upper bound in terms of base
data is established for the amplitude occurring in the decay estimates.

Keywords: Thermoelastostatics; increasing cross-sections; Phragmén-Lindel6f
principle.

1 Introduction

Spatial stability in equilibrium theories of elasticiy and thermoelasticity may
be established from estimates for spatial (average) behaviour, usually measured
by the energy, in terms of distance from the load surface. Such studies, clearly
related to Saint-Venant’s principle, are significant for investigations into bound-
ary effects and similar phenomena. In elasticity, both growth and decay esti-
mates have been derived for nonprismatic and prismatic finite and semi-infinite
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cylinders (e.g.,[1, 2]), and for cone-like regions (e.g., [5]) unbounded in a given
direction. The method of derivation, however, does not readily extend to ther-
moelasticity, although the cylinder has been successfully treated by separate
weighting of the mechanical and thermal energies [6]. The weight function,
however, becomes unbounded when the cylinder’s cross-section increases un-
boundedly, and consequently is inappropriate for problems considered in this
paper.

We treat a linearised classical thermoelastic body that becomes unbounded
in at least one direction x; and whose plane cross-sections perpendicular to
this direction are contained between a divergent wedge. Consequently, they
are of indefinitely increasing area. A cone is included, but equally the cross-
sections may extend to infinity in directions that, for example, are parallel to the
intersection of the wedge and cross-sections. For simplicity, it is supposed that
the displacement and temperature are specified non-zero on the base x; = 0,
but are homogeneous on the lateral sides. Asymptotic behaviour as 7 tends to
infinity is not, however, prescribed. Constitutive coefficients satisfy physically
plausible restrictions that include positive-definiteness and upper boundedness.
The sum of the mechanical and weighted heat energy fluxes across each plane
cross-section, where the polynomial weight function depends upon the single
variable 1, is shown to satisfy a first order differential inequality which on
integration establishes conditions for the growth and decay of the solution with
respect to z1, similar to the Phragmén-Lindeldf principle in potential theory.
The estimates, for which the solution is measured either by the weighted sum of
cross-sectional energy fluxes or volume energies, assume the forms respectively
of an exponentially increasing lower bound, or an exponentially decreasing upper
bound. Under conditions for decay, the mean square cross-sectional measures
of both the displacement and temperature satisfy similar decay estimates.

The calculations rely upon three inequalities, the first of which corresponds
to a modified Poincaré inequality and is derived in Section 2, where geometric
properties are also described. Section 3 defines the boundary value problem to
be studied and presents the assumptions adopted for the various constitutive co-
efficients. The remaining two principal inequalities, constructed in Section 4, are
expressed in terms of a certain function that involves the temperature and its
spatial derivatives. The inequalities are used in Section 5 to obtain a first order
differential inequality for a weighted linear combination of the mechanical and
thermal energy fluxes. In Section 6, reference to results discussed in [2], where
a similar differential inequality is obtained, easily leads to the present alterna-
tive exponential growth and decay estimates corresponding to the Phragmén-
Lindel6f principle. Optimal decay rates are determined in Section 6.1. Section 7
develops procedures for the asymptotic decay of the displacement and temper-
ature in terms of their respective mean-square cross-sectional measures, while
Section 8 examines implications for growth. The amplitude in the decay esti-
mates lacks physical interest since its dependence on base data is not explicit.
The defect is remedied in Section 9 where a bound for the amplitude is obtained
specifically in terms of the base data. Section 10 concludes the main part of the
paper. It briefly examines the uncoupled mechanical and thermal problems and



derives the corresponding estimeated growth and decay rates by the method of
this paper. The mechanical and thermal rates are simply compared not only
with each other, but also with those obtained by application of the method si-
multaneously to both uncoupled problems. Expressions for the respective rates
in the coupled problem are somewhat complex preventing easy comparision. An
Appendix is devoted to several methods for selecting the arbitrary constants oc-
curring in the previous calculations in order to derive explicit decay and growth
rates. These rates are not, however, optimal.

The standard comma notation is employed to indicate partial differentiation,
and the summation convention is applied, with Roman subscripts in the range
1,2,3. Greek subscripts are restricted mainly to 2 and 3. An indicial notation
is also adopted to represent components of vectors and tensors which are taken
with respect to the same Cartesian coordinate system unless stated otherwise.
Existence of a suitably differentiable solution is assumed throughout.

2 Preliminaries

Consider a Cartesian system of rectangular coordinates z1zox3 and let the spa-
tial region Q C {x € Rz > 0} be an unbounded non-prismatic cylinder that
extends to infinity as 1 — 0o. We introduce the notation

Qz) ={r €,z > z}, (2.1)
and denote a plane cross-section of the cylinder by
D(z) ={z € Q,21 = z}. (2.2)

The boundary 9D(z) of D(z) is supposed sufficiently smooth to admit applica-
tions of the divergence theorem. We let D(z) become unbounded as z — oo in
either of the following ways:

(I) The cross-section D(z) is contained between two parallel lines distance
l(z) apart for every z > 0, where

I(z) <7C(z + h)“, C>0, h>0, a€(0,1], (2.3)
and the positive constants C, h, « are chosen to satisfy the relation
2Cak!/?
_ aﬁ:Q>Q (2.4)
hl—akl/

in which kl,l; are prescribed constants related to the heat conduction
tensor by (3.8) and (3.10)s.

When a = 1, condition (2.4) is replaced by

20k1/2

T =C1>0, (2.5)
kl

which is satisfied for all l;, k1 by suitable choice of the constant C'.



e area z)| of the cross-section D(z) satisfies the upper boun
(IT) Th |D(z)] of th ion D(z) isfies th bound
|D(2)| < 7j2C%(z 4+ h)**, C >0, h>0, ac(0,1], (2.6)

where C, h, « satisfy condition (2.4), or C satisfies (2.5) when o = 1, and
Jo is the first zero of the Bessel function of order zero (jo ~ 2.408...).

Regions in Category I are more general than those in Category II since cross-
sections with z < oo are allowed to become unbounded in directions parallel to
that of the given lines. For this reason, the solution must belong to the function
space W2(D(z)), z > 0, or more generally W2(Q). Otherwise, we suppose
that D(z) remains bounded for all finite z.

The following provide examples of spatial regions in each category:

Category 1. Suppose Q = {z,z1 > 0, |xa]| < 7C(z1 + h)*, |z3] < CO(x1 +
h)*} where C' > 0,C° > 0,h > 0 are constants, and o € (0,1]. In this example
D(0) = {z,z1 = 0, |z2] < 7Ch®, |x3] < C'h%} and D(2) = {x, 21 = 2z, |x2| <
7C(z + h)%, |z3] < CO(z + h)*}.

Category 2. Suppose Q = {z, 21 > 0,23 + 23 < mj2C?(z1 + h)?>*} where
C > 0,h > 0 are constants and « € (0,1]. In this case, D(0) = {z,z1 =
0,23 + 23 < 7j2C?h%*} and D(z) = {x, 21 = 2 > 0,23 + 23 < 7j3C%(z + h)?*}.

Figures 1 and 2 show examples of regions in Category I and II. Figure 1
depicts a wedge with curvilinear sides for which the parameters are chosen to
beC=h=1and a =1/4.

Figure 1: A Category I region

Figure 2 is an example of a cone-like region belonging to Category II whose
parameters have the same value as those in Figure 1.

A modified Poincaré inequality, key to subsequent arguments, is established
next. We have
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Figure 2: A Category II region

Lemma 2.1 Let the function v € Wy >(D(z)) be defined on D(z) and satisfy
the boundary condition

v(zg,x3) =0, (x2,23) € 0D(2). (2.7)
Then
/ v?da < C%(z + h)za/ v 4V da, =23, (2.8)
D(2) D(2)

holds for every z > 0, where da represents the element of area on D(z).

Proof. For regions D(z) belonging to Category II, inequality (2.8) follows
from the standard Poincaré inequality

)\(z)/ v?da < / V4V, da, (2.9)
D(z) D(2)

in conjunction with the Faber-Krahn inequality

ng
[D(z)]
For Category I regions, without loss we may suppose the x3 axis to be
parallel to the given pair of parallel lines distance I(z) apart, and consider the

point (z2,Z3) € D(z) for fixed Z3 and fixed z > 0. Let the straight line through
x9, T3 parallel to the xs-axis have length [(Z3,2z) and intercept the boundary

Az) > (2.10)



dD(z) in points x9(Z3) < x1(Z3). The one- dimensional Wirtinger inequality
given by (see, for example, [4, pp., 184-185])

@3(23) 12(Fa. 2) [%2(%3)
[ emae <MD [ e atae )

O(zs) 2 O (2s)

immediately yields

25 (23) ) 12(2) ©3(Z3) )
/ P(E,z)dE < / v (6,25) 2 de
z3(Z3) m z3(z3)
z3(Z3)
< Ozt by / e, z)2de, (2.12)
x3(Z3)

by virtue of assumption (2.3). We now allow Z3 to become arbitrary and inte-
grate with respect to this variable over its extreme values in D(z) to obtain the
stated inequality (2.8). O

3 Linearised thermoelastostatics

In the absence of supply terms, the equilibrium equations of linearised compress-
ible inhomogenous thermoelasticity for the stress ¢;; and heat flux ¢; become

tij,j = 0, x € Q, (31)
g = 0, T €,
where
tij = diguks + B0, v €Q, (3.3)
q; = k‘iij, r € Q. (3_4)

Here, u;(z) are the Cartesian components of the displacement vector, 6(z) > 0 is
the temperature, 8;;(x) are the Cartesian components of the symmetric thermal
coupling tensor, k;;(x) are the Cartesian components of the symmetric heat
conduction tensor, and d;;i(z) are the Cartesian components of the elasticity
tensor that possess only the major symmetry

dijrr = driij- (3.5)

In general, the kinematical and thermal constitutive functions are differen-
tiable with respect to position x;.
Substitution of the constitutive relations (3.3) and (3.4) in the equilibrium
equations (3.1) and (3.2) yields
(dijkluw =+ ﬂijg),j = 0, S Q, (3.6)
(ki197l)i = 0, r € Q.

The following conditions are assumed for the constitutive functions:



(i) The heat conduction tensor is positive definite and posssesses an upper
bound in the sense that positive constant k1 and k exist such that

ki;&i€;
ki;&i€;

> k&6, for every vector &;, (3.8)
< k&&, for every vector &;. (3.9)

(ii) The coupling tensor f;; and the function ki1 possess upper bounds re-
spectively denoted by

8= S?lpﬁijﬂijv k= Slslzp ki1, (3.10)

(iii) Similarly, the elasticity tensor d;;xs is positive definite and bounded above
in the sense positive constants d; and d exist such that

dijkhgijgkh Z dl'gijgij; for every tensor gija (311)
dijkn&ii&en < Egijgij, for every tensor &;;. (3.12)

These assumptions are physically plausible. Condition (3.8) is compatible
with the second law of thermodynamics that requires the heat conduction tensor
to be non-negative. A positive-definite elasticity tensor is related to the stability
of the solutions with respect to small elastodynamic perturbations.

To complete the specification of the boundary value problem (3.6) and (3.7)
we adjoin Dirichlet boundary conditions prescribed by

u;=0=0, z€dD(z), z>0, (3.13)
and
u; (0,22, 23) = fi(x2,23), 0(0,22,23) = g(w2,23), (0,22,23) € D(0), (3.14)

where f;, g are prescribed functions.
Compatibility of these boundary conditions is ensured by the assumption
that
fi(l'g,xg) = g(l'Q,ZL'g) = 0, (1'2,1'3) S BD(O) (315)

Dirichlet boundary conditions are chosen for simplicity, but other standard
types can be included in the analysis subject to suitable normalisations for those
of Neumann type.

Before establishing spatial behaviour of the solution to our boundary value
problem, we derive some additional inequalities. It is also convenient to intro-
duce the following further notation

i 1/2 7 1/2
_ (4 _ ([ 1
’ <d> ok (k) , 316)

B 2 C 2
a «
a <d1k1> 9 2011/2 9 € hl_a ( )




In this notation, condition (2.4) becomes
C1=1—keC >0, (3.18)
where
0<k<(eC) . (3.19)

which for assigned k always hold for sufficiently small eC, as noted in (2.4). A
similar remark applies to (2.5).

4 Inequalities

The main results of the paper also rely upon inequalities which are stated and
proved in the following lemmas both of which involve the function

G(Z) = A(Z) / kijﬁ,iﬂyjda + A/(Z) / ki107i0da, (41)
D(z) D(z)

where
Az) =Az+h)**, X>0, h>0, ac(0,1], (4.2)

and the positive constant A is to be chosen. A superposed prime indicates
differentiation with respect to the argument.

Lemma 1. Assume that Q belongs to either Category I or II, and that the
respective conditions (2.4) or (2.5) hold. Then

D(z)

Proof. By hypothesis, we have A’(z) > 0 for every z > 0. Note also that
the unit normal on D(%z) in the positive z;—direction is given by n = (1,0, 0).
Then by Schwarz’s inequality and condition (3.8) we obtain

|A/(Z) L( )k,10719da| |A/(Z) /D( )kzjﬂﬁnjﬁdcd

1/2

S A/(Z) / kiﬂ,i@_jda/ kijnmﬂzda]

D(z) D(z)

1/2

= AN(2) l/ kije,ie,jda/ k1102da]

D(z) D(z)
S C(Z + h)akAl(Z)/ kijﬁ,ﬂ,jda, (44)

D(z)

where k is defined in (3.16)3, and inequality (2.8) together with definition (3.10)2
are additionally used. After insertion of (4.4) into (4.1) and upon noting that



(z+ h)(o‘_l) < hle=D for 0 < @ <1 and z > 0, we obtain

G(z) > [A(2) = 20CAk(z + h)* '] / kij0,:0 jda
)

D(z
Z A(Z) [1 — QQCkha_l] / kij97i(97jda. (45)
D(z)
The lemma is established on recalling conditions (2.4) and (2.5) . O

Remark 4.1 It easily follows from (2.8) and (4.3) that

/ ?da < C*(z+ h)2a/ 0.0 ;da
D(z)

D(z)
C?A(2)
< 0.0 4,
— >\k1 /D(z) kljevzea] da ( 6)
C2
< > 0. .
< )\Clle(z), z2>0 (4.7)

Lemma 2. Let 2 belong to Category I or II and suppose either condition
(2.4) or condition (2.5) hold. Then, there exists a positive constant y; such that

C
| Bijus 0dal < £
D(z)

it / dijrnti ju,pda + y1(z + h)Qa/
D(z)

kijﬁ}iﬁ’jda] 5
D(z)

(4.8)
where a is given by (3.17);.
Proof. Schwarz’s inequality, inequality (2.8), assumptions (3.8), (3.11), and
(3.10)1 together with (4.6) lead to

1/2
|/ Bijui7j9da| S (/ ﬂijﬁinQda/ ui7jui7jda>
D(z) D(z) D(z)

1/2
<aC(z+ h)* (/ kijﬁyiﬂ,jda/ dijkhui,juhhda)
D(z) D(z)

h)e
< w 6(2’)/ kijﬂyie,jda—i—e_l(z)/ dijkhuivjuk’hda .
D(z) D(z)

where the arithmetic-geometric mean inequality is used for the last inequality
and €(z) is an arbitrary positive function depending upon the parameter z > 0.
On setting

e(z) =m(z+h)%,

we obtain inequality (4.8). O



5 Differential inequality

Preparatory to a Phragmén-Lindeldf alternative established in the next section,
we construct in this section a differential inequality for solutions to the bound-
ary value problem specified by the system (3.6) and (3.7) and the boundary
conditions (3.13) and (3.14). Consider the function

F(Z) = / (dilkhuk,h + Bﬂ@)uida =+ ,uA(z)/ kﬂeﬂ-eda, (51)
D(z) D(z)

where A(z) is the function defined by (4.2), and p is a positive constant to be
chosen.
Let s > 0. Integration by parts gives

z+s z+s
F(z+s)— F(z) = / /D s+ B 0)dad + / G(n)dn,
z n z

(5.2)
where G(z) is the function defined by (4.1). It follows that

F’(Z) = /D( )(dijkhui7juk7h + ﬁijui,jﬁ)da + ,LLG(Z) (5.3)

Employment of Lemmas 1 and 2 in the last expression gives the inequality

F'(z) > <1aC>/ dijriu; jug, da
271 ) Jp(z)
aC"yl
+ uC’l— b\ A(Z) kijﬂ,iﬂyj da
2 D(2)
= A/ dijklui,juhl da+BA(z)/ k,;j07¢07j da (54)
D(z) D(z)
= A / dijriWi Uk, da—i—A_lBA(z)/ ki;0 ;0 ; da] , (5.5)
D(z) D(z)
where
aC
A = 1-——, 5.6
( 271) (56)
aC’yl
B = - . .
(en -5 ) (57)

The coefficients A and B are strictly positive provided v, satisfies
aC 2AuCy

<m < 5.8
2 ga! aC ( )
which holds provided A\ and p are chosen such that
o\ 2
<“2> < \uCh. (5.9)

10



In what follows, conditions (5.8) and (5.9) are always assumed.

A first order differential inequality satisfied by F'(z) is next derived by esti-
mating the absolute value of the function F'(z) in terms of its derivative. It is
immediate from expression (5.1) that

[F(2)| < [1(2)| + [12(2)] + [13(2)] (5.10)
where
L(z) = / diknug pusda,
D(z)
IQ(Z) = / 5i10uida,
D(z)
and

Ig(z) = MA(Z)/ kilﬁﬁda.
D(2)

Arguments similar to those used in Section 4 enable each of the above terms
to be separately bounded. We have

1/2
IL(z)] < </ dijkhuz‘,j%hda/ dz‘jkhuma‘uknhda>
D(z) D(z)
1/2
< 51/2 (/ dijkhui,juk,hda/ Uﬂlﬂl&)
D(z) D(z)
< dC(z+h)°‘/ dijent;, juk,nda,
D(2)
1/2
|I2(2)] < (/ uju;da 5ij5¢j92da>
D(z) D(z)
1/2
< 51/2 (/ uiuida/ 92da>
D(z) D(z)
1/2
< aC?*(z 4 h)*™ </ dijkhui,juk7hda/ k‘ije,ie,jda>
D(z) D(z)
1
< aCz(z—f—h)a —/ dijkhui’juk,hda—&-ﬁj\(z)/ kije,ieyjda ,
2v2 Jp(z) 2A D(z)
1/2
|13(Z)| < ILLA(Z) (/ kijﬁ,,»(ijda/ k1102da>
D(z) D(z)
1/2
< EY2uA(2) (/ kija,ie,jda/ 92da>
D(z) D(z)
< KOG+ M)A [ k00 da

D(2)

11



where 75 is an arbitrary positive constant to be selected, and the constants k,
a are defined in terms of data by (3.16)2 and (3.17);.

Substitution in (5.10) gives
C
<d + a> / dijriu; jug, da
272 ) Jp(z)

+ (uk + “C”> A(z) / ki;0.:0; da
2 D(z)

|F(2)]

IN

C(z + h)“

= C(z+h)” U/ dijkiwi juk, da
D(z)
+VA(Z)/ k:in,i@,j da] (5.11)
D(z)
= UC(z+h)* / dijriu; jug, da
D(z)
+U_1VA(2)/ kij0.0 ; da], (5.12)
D(z)
where
aC
U = d+—, 5.13
< 2’72) (519
aC’)/z
= k . 14
| <u + 2\ > (5.14)

Now suppose that the constants vy, and 7, are selected to satisfy
AV < BU. (5.15)
Then (5.5) and (5.12) imply that
|F(2)] < C*C(2 + h)*F'(2), (5.16)
where C* = AU is a positive constant dependent upon specific choices of
~1,¥2 described later. Meanwhile, we discuss the integration of (5.16).
6 Phragmén-Lindelof alternative

Integration of the differential inequality (5.16) leads to an extension of the
Phragmén-Lindel6f principle for alternative behaviour, familiar in classical po-
tential theory. We refer to the procedure developed in [2] for the proof of the
following result:

12



Theorem 1. Assume that (u;,6) is a solution to the problem specified by
the system (3.6) and (3.7) subject to boundary conditions (3.13) and (3.14).
Then the function F(z) defined by (5.1) alternatively satisfies the following:

FEither
(a) there exists zg > 0 such that F'(zp) > 0 and

F(2) > F(z) exp (/ CC€+h)> (6.1)

(b) for z > 0, the decay estimate is satisfied:

_F(z) < —F(0 exp( /C‘Cf+h)> (6.2)

We note that the growth estimate (6.1) is of the type

o (/ CC™ (€ + h)a) ’

and when « € (0,1) is of order exp 2'~*. Indeed, we have

i df 1 -« l1-«a
exp(/z0 CC*(S—&—h)a)_eXp[CC*(l—a)((z+h) (z0+h))|.
(6.3)
Consequently, the solution as measured by F(z) becomes unbounded at infinity
at least to the order exp(z!=%).
When a = 1, we conclude that

exp (/ el §+ - > _ <((;_:];L)))(Cc*)l | 64)

so that growth is at least polynomial.
Similarly, when 0 < o < 1, the integral in the decay estimate (6.2) becomes

N )

(6.5)

which behaves at most like exp (—z!7%/CC*). When a = 1, we have

eXp( /CC*§+h> <(zih)>(cc*)l’ (6.6)

and the decay estimate behaves as z~(¢€7) "

Remark 6.1 It is clear from expressions (6.3)-(6.6) that the optimum rate of
growth or decay is achieved when the constant C* is chosen to have its minimum
value.

13



Remark 6.2 Observe that when vy, and 72 are selected to satisfy
BU < AV, (6.7)

the rate of growth and decay becomes proportional to

(cyt = BV (6.8)
 (2auCr — aCyy)
(2Apk 4+ aCy2)

and the optimal rate now corresponds to the minimum value of v2 which com-
plements the choice of v2 when condition (5.15) holds. Strict equality in (5.15)
implies that the value of y2 common to (5.15) and (6.7) should be adopted.
Consequently, there is no loss in confining attention to (5.15).

6.1 Choice of constants 7,7

We recall that the constants ; and - are to be chosen to ensure that
AV < BU, (6.9)

which in consequence leads as before to a differential inequality of type (5.16).

Suppose that 77 is chosen within the range (5.8) and that A and p satisfy
(5.9). We determine 2 such that (6.9) holds, which we express as the quadratic
form

Y-
Y1+ 272£ ~Y; <0, (6.10)
where
aC
Y, = — =) =4, 6.11
! ( 2’)’1) ( )
o Ak
Y, = u(k—dCy) + % (cm1 - ;‘1) : (6.12)

In terms of Y] and Y3, which are positive in view of (5.8), we may write
Yy = ApukYy — dYs. (6.14)

It follows that (6.10) is satisfied for 0 < v2 < 72, where ¥, is defined by

[—Yz +V/(YZ + a2C2Y1Y3)

o7 (6.15)

_ 7(’/20}}:2) , (6.16)

14



in which
Y] = Y7 +dP0Y;

aC\ 2
v | yid? () + 97X,

2

aC\’
+71 X2 + X3 + <2> ()\uk)zl , (6.17)

and

X, = aC [)\ud(k— dcy) — (ag)Q} :

X, = Xp?(k—dCy)? + Au(aC)? (01 - ;l) +

(aC)*
4 )

1
X3 = ApaC [01 (2 +)\ukd> - )\qu] .
In this respect, we recall the assumptions

Ci, = (1-Cek)>0, (6.18)
aC 2 uC1

— < <
2 m aC

. (6.19)

The expression (6.17) along with (6.11) and (6.12) provide the explicit depen-
dence of v, upon ;.
The optimal growth and decay rate corresponds to the maximum value of

() = AU

(271 — aC) aC
2v1d {1 C (27d + aC)} (6:20)

which is achieved when 7, is its maximum value ;. Substitution from (6.15)
gives

- C\ 2(Yy —Y)
oot o= (1o )Rt 6.21
et = (1-5) (6.21)
2Yy (Yy — Ya)
= 22 2 6.22
w (6:22)
Y a?CPY?
T d dw (6:23)
where
W = (a®C?Yy +2d(Yy — Y2)) . (6.24)

The value of v; within the range (6.19) is now sought that maximises (C*)~1.
Let a superposed prime denote diffferentiation with respect to v, and differen-

15



tiate (6.23) to first obtain

(c)y = Yi _a?C? Y] L, (7Y +2d(Y] - V7))
o d d w ! W2
Y] a?C? [ Y] {a®C?Y) +4d(Yy — Ya)} — 2dY2(Y] — YY)
T dd w2
vi a*C? 2 ~2v,2 / /
= 4w [@2C?Y2(YaY{ — d(V1Y3) )+

+2d(Yy — Yo)(2V1YaY{ + YY) .

On noting the relations
Y/

Y3

3

L

(6.25)

aC

ﬁ7

A\ukY] — dYy

ApaC daC
272 2
aC

-

oY) a?C? ,
Y ﬁ(yﬂé) )

we may rewrite expression (6.25) as

/ aC

a3

c: oy

[Y1a?C? {(Ys — dYs) + dyiY:} +

(€)Y = gia-

2d ’y%Y4W2
+2d(Yy — V) {21 + Vi (k + dv?)}]

(6.26)

We examine the sign of the derivative (6.26) at the extreme endpoints of the

range (6.19) .

At the lower point v; = aC/2, we have

Y1
Y,

Y3
\

and (6.27) yields

0,
= —dY3<0,
aC\?
= )‘IU/Cl - (2) )
= Y7, (6.27)

(Yi+Y2)(Ya = Y2) =0,

from which we conclude

Y4 = _}/2 :dY37
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and consequently we have

W = 4dYs.
Substitution in (6.26) gives
ey 2
(©)7) = 72 >0

Next consider v; = 2AuC1/aC, which leads to

2
Y, = 1<a0> ! >0,

2 AuCy
Yo = A\ukY; >0,
Y5 = 0,
Y = Y7

and again implies
Yi+Ye)(Ya—Y2) =0,

and consequently

Y4 = }/2 = A/J*k:)/17
W = a202Y1 .

Insertion into (6.26) leads to

[ 2200 \ 2
[ [ b o ()
2dry? ApkYy atCrY?
aC | 1 4dAuC?
= air [ (v el )|

_ A\uC?
~aCkY;
< 0.

In consequence, the derivative of (C*)~! must vanish at least once in the
interval (6.19), the first zero being a (local) maximum for (C*)~!. Other maxima
also may occur in the same interval. Let 77 denote the greatest such maximum.
Then the optimum growth and decay rate is obtained for 47 which may be
calculated, for example, by standard computer programs. Details are omitted
as they are beyond the intended scope of the paper. Even so, optimum growth
and decay rates remain elusive since the maximum value of the constant v; can
be chosen arbitrarily close, but not exactly equal, to the upper bound in the
range (5.8)

Less general methods that nevertheless lead to explicit rates are described
in the Appendix, where the mean value of ; in the range (5.8) is adopted as a
compromise in (A.9).
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7 Implications of the decay estimate

7.1 Energy decay

Under conditions sufficient for decay, we infer from (6.2) that F(z) <0,z >0
and that
lim F(z) =0. (7.1)

Z—00

Integration of inequality (5.5) yields

—-F(z) > A/ / dijknti juk nda
z D(n)
D(n)
> A [dijrnti jUk,p
Q(z)
+A"'BA(0)k;;0.,:0 ;] dadn, (7.3)

since A(z) = Az + h)* > Ah® = A(0), and where Q(z) is defined in (2.1).
Define the total energy to be

E(Z) = / (dijkhuiﬁjukﬁ =+ A’lBA(O)kijGﬁJ) dadn. (74)
Q(=)

Then from (7.3) and (6.2), we conclude that

E(2)

IN

—AT'F(2)

< —AT'F(0)exp (- /0 Ccéih)a> . (7.5)

In particular, we deduce from (7.5) the further estimate

E(0) < —A7'F(0). (7.6)

7.2 Asymptotic Limits. First method

The decay estimates (6.2) and (7.5) only implicitly describe the asymptotic
behaviour of the practically important positive-definite terms

Ji(z) = / dijrius,juk, da,
D(z)

J2(Z) = / kij97i0,j da,
D(z)

J3(Z) = A(Z) /D( )k:ijG,in da.

18



Such information is easily extracted from inequalities (7.2) and (7.5) for solu-
tions in W12(Q). Indeed, (7.5) implies that

Zlgr()lo Jy(2) =0, vy=12, (7.7)
while (7.2) implies that
Ar, ) =0,
and from (2.8) that
. 2 T RT _
Zlggo o 0% da = zlg{.lo A(z)J2(z) = zli)rgo J3(z) = 0. (7.8)

We use the asymptotic behaviour specified in (7.8) to derive a decay estimate
for the mean-square cross-sectional measure of the temperature 6. Let

H(z) = / 62 dadn, (7.9)
Q(z)

so that by (7.8) we have

—-H'(2) = / 0% da
D(z)

= —2/ 00 1 dadn
Q(2)

1/2 1/2
2 ( / 0> dadn> < / 0% dadn> , (7.10)
Q(2) Q(2)

which on rearrangement and appeal to (7.5) gives the differential inequality

1/2
H 2
H1/§2) =< k1/2 (/Q( )kije,ie,j dadn)
1 z
—4F(0) 1'/? 1 [? de
= LﬁBA(O)_ op <_2/0 CCr e+ h)a)
—4F(0) 1"* Rl (z+h)l—e
{leA(O)_ P (200*(1 - a)> P ( 20C+(1 — a))'

where 0 < @ < 1. When a = 1, the previous inequality reduces to
CH'() _[—4FO ) n (2067~
H'Y2(z) = | k1BA(0) (z+h) ’

On using [3, §3.381,3, p.364] to evaluate the integral, we may integrate over
(z,00) to obtain for 0 < a < 1 the estimate

1 (z+h)t=e
XF((la)’2CC*(1a)>' (7.11)

IN
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When o =1 and 2CC* < 1, the estimate becomes

—F(0) }1/2 p(35e7)
)

H'/%(z) <4 [leA(O [ —201(Co) 1)

[(z + p)A-RCCTH] | (7.19)
where the incomplete gamma function I'(y, ) is defined by

F(%a:)z/ e~y Ldn. (7.13)
0

The corresponding integral in (7.12) is divergent for 2CC* > 1.
An estimate for the mean-square cross-sectional measure of the temperature
is obtained by combining (7.10) with (7.5) and either (7.11) or (7.12).
Although a similar argument may be applied to the displacement, a slightly
different treatment is presented in the next section.

7.3 Asymptotic Limits. Second method

A second derivation of asymptotic behaviour is based upon an application of
L’Hopital’s Theorem to (7.5) and leads to the limit

l—«a
lim CC*(z + h)* exp (z+h)

2300 CC*(1—a) l/D(z) {dijriui jury + A" ' BA(0)ki;60,:0 5} da

< —A7'F(0).

In consequence, on appealing to the positive-definite conditions (3.8) and
(3.11), we conclude that

: a . (R -

IR OR G mq) Jpy Mt = —ATFO, (719)
: (ZJFh)la/ -1
1 h)* exp L 0.0,da = —A"'F(0), (7.1
Jm (z+h)%exp G T iy 0 (0), (7.16)

so that the displacement and temperature tend asymptotically to respective
constants which vanish by virtue of the boundary conditions (3.13).

Inequality (2.8) may be used to derive from (7.15) the improved asymptotic
decay behaviour

lim (z +h) " “exp (z + h) ™2 / wiu; da < My, (7.17)
D(z)

Z—> 00
where M is a non-negative constant.

To derive an estimate for the mean-square cross-sectional integral of the
displacement, we introduce the function

P(z) = / u;u; dadn, (7.18)
Q(z)

20
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which by (7.17) is convergent and indeed

lim P(z) =0. (7.19)

Z—00

Differentiation followed by appeal to (7.19) and Schwarz’s inequality yields

-P(z) = / w;u; da
D(z)

= —2/ u;ui,1 dadn
Q(z)
1/2 1/2
2 </ Ui U; dadn) (/ Ui 1 Ui, 1 dadn)
Q(z) Q(z)
1/2
2P1/2(z) </ Uj Ui j dadn)

1/2
< 2d1_1/2P1/2(z) (A( )dijklui’jukyl dadn)

< 2d7'PPV2(2)EV2(2).

IN

IN

Replacement of the energy by the decaying upper bound (7.5) yields the differ-
ential inequality

P'(2) —F(0)]"? 1 [? d¢
——<2 —= - 7.20
PI2(z) ~ [ aA | P2 /0 CC(€+h)~ )’ (7.20)
where 0 < a < 1, with a corresponding upper bound for a = 1.
Integration of these inequalities and their subsequent treatment is accom-

plished in the manner just described for the temperature, and leads to estimates
for P(z) and for the mean-square cross-sectional measure P’(z).

8 Implications of the growth estimate

We next discuss implications of the growth estimate (6.1) for functions related
to the total energy. Define the function II;(z) to be

I (z) = / / (dijrnts jug,p + Bijui ;0) dnda + M/ G (n)dn. (8.1)
0 JD(n) 0

It immediately follows from (5.2) that

M(:) = F()—F(0)
> —F(0) + F(z)exp (/ CCAZih)@) ) (8.2)
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where z > zg > 0 and 2z is such that F'(z) > 0.

The function G(z) defined in (4.1) has at least polynomial growth. Never-
theless, we conclude from estimate (8.2) that the function IT; (z) becomes expo-
nentially unbounded as z tends to infinity which, with respect to the integrals
appearing in (8.1), implies that either one or both possess the same exponen-
tially growing lower bound. The conclusion may be refined when 0 < a < 1 by
considering the function

HQ(Z) = Al/o ‘/D( ) (dijkhui,juk,h + Ao(n)kije,ié’,j) dnda, (83)
n

where
A = [1 + % (ek + v/ (e2k2 + aQ))} .

On using the upper instead of the lower bounds from (4.4) - (4.8), we may
conclude from (5.2) that

IIy(z) > F(z) — F(0), z> 29> 0. (8.4)

Consequently, either integral or both in (8.3) possess exponentially increasing
lower bounds

The results of this section and of Section 7.1 may be summarised in the
following:

Corollary 1. Assume that (u;,0) is a solution to the boundary value prob-
lem under consideration and let 0 < o < 1. Then the following alternatives
hold:

Either
(a) The function I5(z) defined at (8.3) becomes unbounded,

or
(b) The energy function E(z) satisfies the decay estimate (7.5).

9 The amplitude

It is evident that the rate of decay depends solely upon data. In contrast, the
decay estimate (7.5) obtained in the previous section is impractical because
dependence of the amplitude —F(0) on the data is not explicit. The aim of
this section is to obtain an upper bound for —F(0) in terms of the data (3.13)
and (3.14), but for a general family of regions Q that includes those previously
considered.

Indeed, the regions  are such that the cross-sections D(z) satisfy

D(z) = ((:)D(0),  z>0, (9.1)

where the Cl-function ¢ : [0,00) — (0, 00) satisfies ((0) = 1, and ((2), |¢'(2)]
are bounded by a polynomial Q(z) for every z > 0. That is, points in D(z) are
given by (z, ((2)x2,((2)x3) where (0, z2,23) € D(0). Moreover, we assume that
the correspondence is bijective.
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The examples discussed in Section 2 involve regions satisfying (9.1) with the
function ¢(z) given by
(t+h)~
he 7
Denote by (v;, ¢) smooth functions satisfying the boundary conditions (3.13),
(3.14) whose asymptotic decay is sufficiently fast !. Substitution in (5.1) gives

C(t) = a € (0,1].

—F(O) = / (dijkluk,l + Be) Ui da + ,UJA(O)/ kijﬂ,igonj d(l7 (92)
D(0) D(0)

which after an integration by parts yields

—F(O) = / (dijkhui’jvkyh + 5@'1)7;,]'9) dadn + /JA(O) / kijﬁ_j@,jdadn
Q Q
+F(00), (9.3)

where by hypothesis F'(0) < 0. Furthermore, we have set

F(z) = / o (dijriu, + Bij0) ving da + uA(O)/
D(z

kijQW da. (94)
D(2)

Schwarz’s inequality gives

1/2
F(z) (/ dijriti jUk,g da/ dijrivivin nyg da)
D(z) D(z)
1/2

+ ( Bi;Bi;0° da/ ViV da)

D(z) D(z)

1/2
+[LA(0) (/ kijQiGJ da/ kijgoznmi da)
D(z) D(z)
1/2 1/2 1/2
(cZ/ dijriw; juk, da) + (B/ 62 da) (/ vViU; da)
D(z) D(z) D(z)

1/2
+MA(O) (/ k/‘i]ﬂ’ie’j da/ /;3(,0277@"112‘ da) .
D(2) D(2)

We now suppose that

IN

IN

lim vivida < M2, (9.5)
Z—>00 D(Z)
lim o*da < M3, (9.6)

Z—00 D(2)

1This assumption can be made explicit. For instance we can assume that (vs, ) tend to
zero exponentially in the z; component, and uniformly with respect to (z2,z3)
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where My, M3 are specified constants. Consequently, by virtue of the asymptotic
behaviour (7.7), we conclude

F(o0) = lim F(z) =0, (9.7)

zZ—00

and therefore (9.3) becomes

—F(0) = / (dijrnijvrn + Bijvi ;0) dadn + pA(0) / kij0 ip,j dadn,
0 Q

which on noting (7.6) and successively applying the Schwarz and arithmetic-
geometric mean inequalities, we conclude that

1/2
—-F(0) < </ dijkhui,juk,hdadn/dijkhvi,jvk,hdadﬁ>
Q 0

1/2
+ (/ (Z + h)za'l)i’j’l)iﬁj dadn/ (Z + h)72aﬂijﬂij02 dadn>
Q Q

1/2 1/2
+1A(0) (/ ki;0.i0 ; dad??) (/ kijoip; dad??)
Q Q

€1 1
5/ dijknts Uk, h d@dTH-T/ dijknvi Uk, dadn
Q €1 Ja

1 C?Bes
2hes /Q (U)Um v;,; dadn + ey /Q ki;0.:0,; dadn

pA(0)es 1A (0)

IN

+

+

/ ki;0.,i0 5 dadn + / kijp.ip.; dadn
Q Q

02562 + ,U,A(O)Eg

€1

= E/Qdijkluiduk,l dadn + 2% 9 Akijai@d dadn

. ! #A(0)
Tel/ﬂdijklvi,jﬂk,l dan + 2/\62/QA(z)vi,jw,j dadn+27€3/ﬂkij<p’i<p,j dadn,

where the arbitrary positive constants €;, ¢ = 1,...,3 are chosen to be
€1 = A,
k1 BA(0)
2020
B

€3 = ﬂ

+

€y =

)

Substitution yields

-
%/dijklui,juk,l dadn  + 02562 +MA(20)631 / ki;0.:0. ; dadn
Q 1 Q
A BA
= —/dijkluijukldadn+ (0)/kij9i9jdadn
2 Jq - I 2 0 Y,
—  AE(0)/2
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where (7.4) is used and the last inequality follows from (7.6).

An upper bound for —F(0) in terms of data can then be established in the
form

1 1
—F(0) < —/dijkhvi7jvk7hdadn+—/A(n)vi,jvivj dadn
€1 Q )\62 Q

A(0) [
€3 0 Q

An explicit estimate is derived on taking
vi(T1, T2, v3) = fi(22(" (1), 23¢ (1)) exp(—w1),

@(x1, 2, 3) = g(@2( ™ (1), 23¢ " (21)) exp(—wz1),

where w is a positive constant, ((z) is the function appearing in (9.1), and the
prescribed functions f;(.,.), g(.) are those appearing in (3.14).
In particular, we have for § = 2, 3:

Vi1 = a; exp(—wwy),

a; = —wfi(x2C (21), 23 (1)) — Wﬁ,g(m_l(m),st_l(x1))7
v = @fm(xzc*l(xl),xgc*(:cl)) exp(—wzy),

1 =mexp(—wr),
xégl(ﬂh)

m = —wg(x5¢ " (z1), 23¢ (21)) — W%(@C_l(xl)a$3C_1(931)%

and 1
05 = —0g.5(x20 (w1), 3¢ (1)) exp(—wa1 ).
C(z1)

Appeal to (3.9)-(3.12), and (3.19) combined with an easy substitution then
leads to

/ dijklvi,jvk,l dadn
Q

IA

dv/ V3,545 dadn
Q

= d/ exp (—2wn) [aiai + C_2(77)fi$5fi’5] dadn,
Q
/QA(U)Ui,jUi,j dadn = /QA(U) exp (—2wn) [aia; + ¢*(n) fisfis] dadn,

/ kijo.ipjdadny = / exp (—2wn) [k11m2 + 2k15m(_1(n)g’5
Q Q
+k75C72gﬁg,5} dadn.

The indefinite integrals appearing in these estimates converge whenever w
is a positive constant, while the desired result is obtained by substituting these

estimates in (9.9). This upper bound can be optimised by selecting the value of
w to minimise the bound.
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10 Comparison of estimated growth and decay
rates in the uncoupled problem

It is of interest to compare the estimated growth and decay rates for the uncou-
pled mechanical and thermal problems. Precise dependence upon the thermal
coupling tensor is postponed to a later study. The argument developed in Sec-
tion 5 is here applied simultaneously to both uncoupled problems, before each
problem is separately treated. The estimated rates obtained are then compared
and conditions deduced for the optimum rate. The weight function A(z) moder-
ates the rates in all cases, but does not affect the comparative relations between
them. For simplicity, only the case 0 < a < 1 is considered.

The mechanical and thermal problems become uncoupled when §;; = 0 so
that (3.10) gives 3 = 0, while the respective definitions (3.17), (5.6), and (5.7)
givea=b=0,and A =1,B = uC7. The constant 7; is therefore redundant.
Further inspection shows that Ir(z) = 0, U = d, and V = pk. Consequently,
the constant v, is likewise redundant.

To simultaneously apply the method of Section 5, suppose first that dC; > k,

or equivalently that
d 1
k< ——= < — 10.1
~ (1+deC) " eC’ (10-1)
which implies that, but is not implied by, k¥ < d. The second inequality is
satisfied for sufficiently small eC'.
The differential inequality (5.16) reduces to

|F(2)| < dC(z + h)*F'(2), (10.2)

in which

F(Z) = / dilkluk,lui da + ,UA(Z) / kﬂ@’ie da.
D(2) D(2)
Integration and subsequent discussion of the differential inequality (10.2) re-
peats the earlier procedures allowing details to be safely omitted. Of present
importance is the corresponding estimated growth and decay rate R; which,
easilty obtained from (5.16) and the discussion of Section 6, is given by

1
Ri= oi—ay (10.3)

Next, suppose that dC; < k, which after rearrangement may be expressed
as

P4
~ (1+deC)’

and is satisfied for sufficiently large eC irrespective of the magnitudes of k and
d. The differential inequality (5.16) becomes

|F(2)| < kCCTY (2 + h)* F'(2).
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The estimated growth and decay rate Ry now becomes proportional to BV !
and by Section 6 is given explicity by

e = kcgl— )’ (10.4)
where in accordance with (3.19), k must be restricted to the range
ﬁ <k< % (10.5)
We conclude that the rates R; and Ry are in the proportion
R, = iRg, (10.6)
ac

but it is worth remarking that the rates are determined under different condi-
tions (10.1) and (10.5).

Complete uncoupling is achieved by separate consideration of the mechanical
and thermal problems.

The mechanical problem corresponds to 3;; = 0, k;; = 0, and so (3.10) and
(3.16) imply 8 = k = 0, while (2.4) implies C; = 1, and (4.1) gives G(z) = 0.
Moreover, the notation of Section 5 simplifies to F(z) = I1(2), I2(z) = I3(z) =
0, and the differential inequality (5.16) becomes

|F(2)] < dC(z+ h)"F'(2),
leading to an estimated growth and decay rate Ry, given by

1

o =Gen—ay

(10.7)

Note that Ry is identical to Ry, but does not require (10.1) which is trivially
satisfied. B
For the uncoupled thermal problem, we have 3;; = dj;x =0, and 5 =d =10
follows from (3.10) and (3.16). Now, however, C; continues to be defined by
(2.4), which reduces to
0<k<(eC), (10.8)

while G(z) remains defined by (4.1). The first inequality in (10.8) is satis-
fied by our assumptions on the heat conduction tensor. Furthermore, F(z) =
I3(2), I1(z) = Is(2) = 0, and the differential inequality becomes

|F(2)] < kCCT ' (2 + h)*F'(z),
which leads to the growth and decay rate

Gy

Rr=rea—ay

Consequently, R = Rs.

27



The rates Rjy; and Rp are related by
k
Ry = —-Rr,

and therefore are in the same ratio (10.6) as Ry and Rp. After substitution from
(3.18), we conclude that Rj; is greater than, equal to, or less than Ry according
as k is greater than, equal to, or less than

4
(1+deC)’
These conclusions establish that
d
k< ——+ Ri =Ry < Ry,
A+dec) ~ ‘T hmsAar
d
k> ——+— R Rr =R
Z Atdec) —~ Mz hr=ln
d
k= ——+—— Ry = Rr = Ry = Rs.
At deC) ~ ‘T ir=in=an

In particular, observe that & < d implies the second and third of these rela-
tions, but not the first. On the other hand, k > d implies the second relation,
but neither the first nor third. Although similar comparison with estimated
rates in the coupled problem discussed in Section 6.1 is comparatively straight-
forward, the expressions are complicated and consequently further analysis is
not undertaken.
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A Appendix: Particular choices of 7,y

This Appendix presents three alternative methods for selecting the positive
constants 71,72, and lead to different growth and decay rates. Of course, 1
is assumed always to satisfy condition (5.8), but additional conditions are also
imposed which curtail the applicability of the general procedure.

A.1 Method 1

The first selection of «; and 75 is taken to ensure that

A = B, (A1)
u =1V, (A.2)
and yields the choice
_ A1 —pCy) (1-puC)\* 1
mo= cmf+*J <cw' x|

1

2
Al = d)
= ——= 2 L)
V2 aC + \J
aC

1
U = V_Q(uk+d)+2\l

(1—pC1)\> ot ’
aC A
2
(pk—d)\" 1 7
aC A
2
(pk—d)\" 1 7
aC A
The corresponding growth and decay rates become proportional to
(1 —pCy) ‘1
(1+ pCy) —aC {((10) + )\}
b+ dy—ac, | { (W=D g (A.3)
a aC A '
1

(4 uCy — aC?)
2
(14 uCh) +ac\/{(<1;§1>) + ;}

X
1
(uk + d) +a0\/{ (%)2 + ;}

29

cHt = avt

A
(A pkd — a2C?)

X




The maximum value of (C*)~! is not easily determined from an examination
of its derivative. Instead, we introduce the positive constant M, that satisfies

a’C?
< .
10, “Misee (A.4)
and set
A=ME, o p=M o =M, (A.5)
to obtain from (A.3)
1
*\—1 — B — - _—
“ (4Mykd — a2C?) (M3 + C1) = ((My = G + a2C7)
x [(k+ Mad) — /((F — Mad)? + 207)) . (A.6)
We now select o
a
= dkdp A.
7 dkdp’ (A7)
where p > 0. In order to satisfy (5.9) and (A.4), we require
1 —keC
0<p< CGg D <t <, (A8)

the last inequality being derived from the properties k > 1,d > 1, which are valid
by definition of k and d. Substitution of (A.7) in (A.6) leads to corresponding
rates of growth and decay as previously explained. Note that p cannot be
arbitrarily small (and therefore My arbirtrarily large) since (A.5) implies that
then A — oo and g — 0, while Ay — oo, and the definitions of A(z) and F(z)
are invalidated.

A.2 Method 2

Indicative rates may be provided for certain geometries by taking v, = 72,

defined in (6.16), and v; to be the mean value of the range (5.8); that is, we

insert

(a202 + 4/\,uCl)
4aC ’

"= Y2 = Y2, (A.9)
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into (6.21) to obtain the rate of growth and decay proportional to (C*)~!, where
routine calculations show that

(4 uCy — a2C?)

v, = o8
! (4MuCy + a2C2)’
2.2
Y3 _ (4)\/1018 a“C )’
2.2
v, = MG ZCC) o a0y - da?c?],

8(4AuC1 + a2C?)
v o ( (4AuCy — a2C?) )
2v/2(4AuC + a2C?)
x [16(2k — dC1)* — 4a®C? {2d(2k — dCy) — ApCi }a*CH (1 + d?)]
22
v - e e
+2d [16(2k — dC1)? — 4a*C? {2d(2k — dCy) — MuC1}a*CH(1 + d?)]
+da®C? — 4(2k — dCy)] .

1/2

Now suppose that
0<2k—dCy =k(2+deC) —d,

which is satisfied for sufficiently large e, or sufficiently small h, and any given
C'. Next, set

2d(2k — dCh)
M=————=
o O )
which from (5.9) requires that
a?C? < d[k(2 + deC) — d], (A.10)

which always holds provided C' lies in the range
ed? — \/(e2d* — 4a2d(d — 2k)) < C < ed® + \/(e2d* — 4a2d(d — 2k)), (A.11)

and
4a?(d — 2k) < e*d®. (A.12)
The last condition is valid for sufficiently large e.
Then we have
[4(2v2 — 1)(2k — dC1) 4 da*C?]
4[4(2d — 1)(2k — dC1) + a2C3(1 + d)]’

(O*)fl — Y1
where
 [2d(2k — dCy) — a?C?]
"7 [2d(2k — dCy) + a2C?)
and is positive by virtue of assumption (A.10).

Subject to the above stated conditions, growth and decay rates now follow
as described previously.
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A.3 Method 3
A third possible choice of constants consists in putting

Nk
"= 02 )

for arbitrary positive constant C5. The estimate (4.8) is replaced by

(A.13)

|/ ,Bijui7j0da\ S 02 / dijkhui7juk,;Lda+C'1Ao(z)/ kij97¢07jda] y
D(z) D(z) )

D(z
where
b? 9
b2

Sz (A.14)

Consequently, Lemma 2 holds for arbitrarily large positive constant Cy. We
restrict, however, the constant to satisfy 0 < Cy < 1. It will become apparent
in what follows that while the choice (A.13) leads to certain simplications, it
presents difficulties when determining optimum growth and decay rates.

To proceed, we further set

i = ((Z)Q (A.15)

which in conjunction with (5.9) implies that C3 < 1, while definitions (5.6) and
(5.7) reduce to

A = (1-Cy), (A.16)

abCCL/?
205

b2 Cl

ACy

- (@S () )

_ ( b )ZC;@ o). (A17)

B

pCr —

Cy
It follows from (A.13) and (A.14) that
BA(z) = C1(1 — Ca)Ap(2), (A.18)
and that the lower bound (5.5) becomes

F'(z) > (1- Cb) (A.19)

/ dijklumuk,l da + Ole(Z) / kij971’97j dal .
D(z) D(z)
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For the particular choice of 75, we set

aC
= — A.QO
V2 202 ’ ( )
Subject to the further special choices (A.13) and (A.15), we then have

U = (d+Cy), (A.21)
v o= PO ke (A.22)

ACZ V2 ! '

1( ac\’

= 5 (202) (Co+kCTY). (A.23)

On substituting from (A.16), (A.17), (A.21), and (A.22) in (5.4) and (5.11)
we conclude that

|[F(z)] < Clz+h)"

(d+ Cy) / dijrkiti jug, da
D(z)

2
L9 Gy + kc;l)/ kis6.0., da
e D(z) T
o b2y
< nC’(z + h) dijklui,juk,l da + 721\(2) k’ije,ie)j da
D(z) )‘02 D(z)
= ’I’LC(Z + h)a / dijklui’juk,l da + Cle(Z) / kijeﬁ,j da
D(2) D(2)
< O iR (A.24)
T (1-0Cy) .
= C*'C(z+h)*F'(2), (A.25)

where we have used (A.14), and set

n = max{(Cs+d),(Ca+kC)}, (A.26)
C* = n(l1-Cy) L. (A.27)

The differential inequality (A.25) is consistent with the generic form whose
integration has been previously discussed.

It has already been remarked that optimum growth and decay rates are
achieved for minimum values of the generic constant C*. That is, for the present
special choice of 1,72 , we wish to choose Cy to ensure that

_ 1-—Cy)
C* 1 — (
SR
is a maximum, where
q = max (d, kCy ). (A.28)
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It follows in these circumstances that the optimum value q of C*, attained in
the limit Cy — 0, is not achievable because several quantities entering into the
above calculations become unbounded rendering the conclusions meaningless.
In particular, note that from (A.15), in the limit we also have Ay — oo, so that
either A or u or both must be infinite invalidating the choice of A(z) or F(z) or
both.

Of course, explicit rates are obtained upon selecting a definite value for Co
in the interval 0 < Cy < 1, say Co = 0.25. Details are omitted.
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