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Chapter 1
Introduction

Fractional evolution equations has been a rapidly developing area over the last
few decades. One of the reasons is their ability to better model real-world
phenomena compared to their non-fractional counterpart, which usually model
local behaviour. The nature of fractional in time operators (respectively in
space) allow us to model, for example, processes that exhibit some kind of
memory (resp. non-local interactions). The processes associated with time-
fractional evolution models possess some remarkable properties. For some
motivation, let us compare the difference between the standard and the time-

fractional heat equation,
1 1
D0’8+*u = EAu, oyu = §Au,

where D? is the Captuo-Dzhbrayashan fractional derivative in time, 3 € (0, 1)
and A is the Laplacian operator (a second order uniformly elliptic operator). In
the standard heat equation, the fundamental solution is given by the transition
density of a standard Brownian motion. In the time-fractional heat equation,
the fundamental solution is given by a standard Brownian motion, time-
changed by an inverted stable subordinator. An inverted stable subordinator
is obtained as the right-inverse of stable subordinator (which is an increasing
jump process), which means that it is an increasing continuous process which
is constant precisely whenever the subordinator jumps. For this reason, time
fractional diffusion equation is widely used to model anomalous diffusions which
exhibit subdiffusive behaviour, due to the diffusive particles being trapped.

Such fractional time diffusion equations also arise as a scaling limit of random



conductance models (random walks in random environments). This point of
view is particularly interesting, since the limiting process is a non-Markovian
process which arises as the scaling limit of Markovian process, see Barlow and
Cerny (2011) and Meerschaert and Sikorskii (2012). The authors in Hairer
et al. (2018) discussed how a fractional kinetic process (with § = 3) emerges
as the intermediate time behaviour of perturbed cellular flows.

Recently much attention has been given to the Green’s function of
fractional differential equations. In Z.-Q. Chen et al. (2018), the authors obtain
two-sided estimates for the Green’s functions of fractional evolution equations,
under the assumption that the Green’s function of the spatial operator satisfies
global (in time) two-sided estimates. In Grigoryan and Kumagai (2008), the
authors explore the general structure of two-sided estimates for the transition
probabilities associated to local or non-local Dirichlet forms. They show that
the bounds for transition probabilities associated to local Dirichlet forms will
always be of exponential type, and for those associated to non-local Dirichlet
forms the bounds will be of polynomial type. Even more recently, the authors in
Deng and Schilling (2018) give some exact asymptotic formulas for the Green’s
function of fractional evolution equations. The authors in Kelbert et al. (2016)
study error estimates for continuous time random walk (CTRW) approximation
of classical fractional evolution equations, for which the heat kernel estimates
for DPu = Au and DPu = —1(—iV)u, where —1)(—iV) generates a symmetric
stable process, are obtained as a by-product.

In Eidelman and Kochubei (2004) the authors use the parametrix method
(or Levi method) to study the equation D?u(t,z) — Bu(t,z) = f(t,z), where
the operator B is a uniformly elliptic second order differential operator (which
we look at in Theorem 4.2.1) with bounded continuous real-valued coefficients.
They do this by using the machinery of the parametrix method (Levi method),
looking first at the constant coefficient case then using these estimates to study
the variable coefficient case. In the articles Kochubei et al. (2018, 2019), the
authors study the Cesaro mean of the heat kernel of subordinated processes
and for this they use a version of a Karamata-Tauberian theorem. Diffusion
processes in random environments are also closely related objects, and in fact
there are many works looking at estimates for the heat kernels of such processes,
for example in Cabezas et al. (2015) the authors obtain sub-Gaussian bounds

for the transition kernel of a random walk in a random environment.



Boundary value problems on Rﬁ x R™ of the form

k
ZtiDngu(t,x) = Lyu(t,r), (t,z) € RE xR,
i=1

ult, z)

ho=0i(2), z€ RE-1 x R™

where each CD derivative acts on a different coordinate, arise in many areas
of mathematics. A particularly noteworthy application can be found in the
mathematics of insurance. Consider k processes (Xfll(s), e ,Xﬁf(s)), where
each Xtﬁii(s) is a process started at t; > 0 generated by —tiDgi*. If each
process corresponds to the wealth of a company, then whenever one of the
coordinates hit zero, one of the companies have defaulted. Insurance companies
are interested in the ruin probability, which is the probability of one of the
companies defaulting before a finite time horizon 7". That is, if 7" (¢;) denotes

the first time the process Xtﬁ(s) hits zero,
70 (t;) == inf{s > 0: X[(s) < 0},
then the ruin probability is the quantity
U(t;, T) = Plrl (t;) < T).

See Y. Chen et al. (2013), Djehiche (1993), Konstantinides and J. Ii (2016),
X. Li et al. (2015), and Ramasubramanian (2016) for ruin probabilities of
multidimensional risk models, or Asmussen and Albrecher (2010) for a broader
treatment of ruin probabilities. Similar kinds of questions also appear when
looking at barrier options under one-dimensional Markov models, see Mijatovi¢
and Pistorius (2013). It is natural to consider multi-dimensional versions of
these, Leccadito et al. (2016), as investors often deal with basket options.
A further natural appearance comes when considering portfolios of credit
derivative obligations (CDO), which can be described by a Markov process in
Rﬁ. Reaching a boundary of dimension k& — n means that n out of d bonds
underlying the portfolio of CDOs have defaulted. It is natural in this setting
to consider spatially non-homogeneous processes, since the behaviour of the

processes should feel the approach to the boundary, which is not the case for



Lévy processes. This would then mean looking at evolutions of the form

k
Z tiDéﬁlu(t, x) = Lyu(t, ),
i=1

where each v; is a Lévy-type kernel which may depend on ¢;. The series
of articles Scalas, Gorenflo, and Mainardi (2000a,b) and Scalas, Gorenflo,
Mainardi, and Raberto (2001), give a nice overview of the usage of fractional
calculus and jump-diffusion processes in finance. Another popular model these
days is the so called Pearson diffusion, and also the fractional version, which
are diffusion processes with polynomial diffusion coefficients, see Leonenko et al.
(2013). Fractional models are also finding new footing in theoretical physics,
via fractional and non-local Schrodinger operators, see for example Kaleta,
Kwasnicki, et al. (2018) and Kaleta and Lorinczi (2019). Also for a broader
scientific development, see Herrmann (2014), Mainardi (2010), Meerschaert
and Sikorskii (2012), and Tarasov (2011).

Of more general interest in finance are affine processes which live in
R* x R, see Duffie et al. (2003). Our final motivation for considering stable
processes on R? (i.e, (5.0.1) without the spatial operator L,), is the topic of
limit order books. A simplified model would be that one coordinate of Xﬁ{;fz(s)
is the volume of trades available at the best buy price while the other is the
volume at the best sell price. The event that this process hits the boundary
means that there are no more trades offered at that price and thus a price
change occurs. We discuss this problem in more detail in Chapter 6. See Cont
and De Larrard (2012) and Hambly et al. (2018) and references therein for
related attempts at modelling order books using reflected Brownian motions
on the orthant and reflected SPDEs.

1.1 Structure

The main aim of this thesis is to explore two-sided estimates for the Green’s
function of fractional evolution equations. In Chapter 2, we recall some
background material from classical fractional calculus, probability theory,
operator semigroups and asymptotic analysis. In Chapter 3, we begin by

defining generalised fractional derivatives in dimension one, before making our



way to d-dimensional generalisations. We also discuss some general results
from evolution equations involving fractional-type operators.

Chapters 4 and 5 make up the main focus of the thesis, where we obtain
two-sided estimates for the Green’s function of a wide range of fractional
evolution equations. We wrap up the story with a discussion on a possible

financial application of our estimates - limit order books.

1.2 (General notation and function spaces

For an open or closed convex subset S of R? C(S) is the Banach space of
continuous functions on S equipped with the sup-norm. C*(S) is a Banach
space of k£ times continuously differential functions with bounded derivatives
on S with the norm being the sum of the sup norms of the function itself and
all its partial derivatives up to and including order k. For a subset A C S, we

define the spaces
OconstA(S) = {f € O(S) : f|A is a Constant},

Criua(S) ={f € C(S) : fl, =0},
Co(®RY) ={f € C(RY) : lim f(z) =0},
C*HR?Y = {f € C*(R?) : fhas compact support }
B(S) = {f: S — R bounded and measurable }.

We denote by R?, O, S N, a.e., a Vb and a A b, the d-dimensional
Euclidean space, the positive orthant {x € R? x > 0}, the surface of the
d-dimensional sphere, the positive integers, the statement almost everywhere
with respect to Lebesgue measure, the maximum and the minimum between
a,b € R, respectively. The space MT(R?\ {0}) is the space of positive Borel

measures on R?\ {0}.



Chapter 2
Preliminaries

In this chapter we introduce relevant background material which is used
throughout the thesis. We begin with some general facts about Lévy (and
Feller) processes and their associated semigroups. Following this we discuss
some well-known estimates for the transition densities of such processes, before
going on to describe some methods from asymptotic analysis which are used at

various points.

2.1 Lévy processes, Feller processes and oper-

ator semigroups

Our main references here are Kolokoltsov (2011), Bottcher et al. (2014) and
Sato (1999). For z € E C RY, we use the notation X, (s) = (X,(s))s>0 to mean
an E-valued stochastic process which is started at . When E = Ry (or R%
for k£ > 1), we will mostly use the letter ¢ to denote the starting point of the
process, while keeping z as the starting point for processes living in R%. Recall
that a Lévy process X = (X (s))s>0 is a stochastic process which has stationary
and independent increments, X, = 0 almost surely (a.s) and is continuous in
probability. Such a process always has a modification which has a.s cadlag
(from the French for continuous from the right, limits from the left) sample
paths. We always work with such a modification.

Let B be a Banach space. Then a (one-parameter) family of linear
operators (T})¢>o on B is a semigroup if Ty, s = T,T, for every s,r > 0 and Tj is

the identity mapping in B. A semigroup of operators is strongly continuous if



lim; o [|T:f — f|| = 0 for any f € B. A semigroup of operators is a contraction
semigroup if each Ty is a contraction: || T3] < 1. If f > 0 implies T;f > 0,
then the operator T; is positivity preserving. A strongly continuous semigroup
of positivity preserving linear contractions on the Banach space B = C(.59),
where S'is a locally compact metric space, is called a Feller semigroup.

We only deal with cases S = R? or S C R%. A Feller process is a time-
homogeneous Markov process whose transition semigroup 7; f(x) = Ef(X,(t))
is a Feller semigroup. Again, any Feller process has a cadldag modification and
we always work with such a modification, see Bottcher et al. (2014, Theorem
1.19). A consequence of the Riesz-Markov theorem is that for an arbitrary
Feller semigroup 7; on Cy(S), there exists a uniquely defined family of positive
Borel measures p;(x,dy) on S with norm not exceeding one, depending vaguely

continuous on z such that
Tif(z) = / pul, dy) ) 2.1.1)

A Feller semigroup is called conservative if such measures p;(x, -) are probability
measures.

The infinitesimal generator of a Feller semigroup (7})¢>0 (or of a Feller
process (X;)i>0) is the linear operator (L, D(L)) defined by

Tu—u

D(L) = {u € Coo(9) @ lim

exists as uniform limit » ,
t—0

Tiu—u

Lu :=lim
t—0

, ueD(L).

A classical result on the structure of generators of Feller semigroups is due
to Courrege (1965), which says that if the domain of a Feller generator in
Coo(R?) contains the space C?(R?), then on that space it has the following

Lévy-Khintchine form with variable coefficients:

1

Lf(z) = 5(G(@2)V,V)f(z) + (b(z), Vf(2)) + c(2) f(2) (2.1.2)

+ [ e +9) = 5@ = (@) ) 1m vl dy). € CRY,

where Bj is a ball of radius 1, G(x) is a symmetric non-negative matrix, and



v(z,-) is a Lévy measure on R%:

) min(1, [y[*)v(z,dy) < oo, v(x,{0}) =0,

R

depending measurably on z. If additionally L is the generator of a conservative
Feller semigroup, then the term c(x) vanishes.

In the above, note that for a fixed z € RY, (b(z), G(z), v(z,")) is a Lévy
triplet in the sense that b(z) € R? is the drift coefficient, G(z) € R¥? is the
diffusion coefficient and v(z,-) € MT(R?\ {0}) is the Lévy jump measure.
The term c¢(x) is the killing rate of the associated process, and if it is present,
the associated process is a sub-Markov process (because the measure in the
representation (2.1.1) will be a sub-probability measure). The operator L

(2.1.2) (with vanishing c) is a pseudo-differential operator, with symbol

V(. 6) = 56 G —iba) £~ [ (57 1~ iy-€1p,(»)) vz, dy).
R¥\{0}

The resolvent (or A-potential) of a Feller semigroup 7} generated by an operator

(L, D(L)) is defined as the Laplace transform of the semigroup,

Raf(z)=(A—=L)'f(z) = /OOO e MT, f(x) ds.

The image of the resolvent operator (of the semigroup 7;) coincides with the
domain of the generator D(L). Note that for a Feller process with transition

probabilities ps(x,dy), the resolvent operator can be written as
Raf(@) = [ e MEAG() ds
0

= [ [ et pitedy) as
= | S WO dy),

where the integral kernel Uy(z,-) is the A-potential measure of the process

X, (t). The potential operator (i.e, the 0-potential operator) is given by

Rof(z) =E / T F(X(s) ds,



whenever it exists. The potential operator is in general unbounded, however
when it is bounded on the Banach space B, it follows that Ry : B — D(L) is a
bijection and LRyg = —g, see Dynkin (1965, Theorem 1.1°).

2.2 Stable processes

A particularly important class of Lévy processes for us are those that are a-stable
processes', whose basic properties we recall now. Our standard references for
stable processes are Zolotarev (1986) and Samorodnitsky and Taqqu (1994). A
random variable X is said to have a stable distribution if there are parameters?
0<a<2 0>0,—1<vy<1and pu € R such that its characteristic function

has the following form

¢(y) = E[e"™] = exp {—Oa\yla(l — iy(sign y) tan ?) + iuy} :

In which case we write X ~ W, (0,7, ). The parameter o is the scale, v the
skewness and p is the location parameter of the distribution. Of particular
interest to us are the random variables which are totally positively skewed (v =
1), centred (1 = 0) and are stable of order o € (0,1). Such random variables
are called stable subordinators. A Lévy process (X (s))s>o is a standard a-stable
Lévy process if X (s) — X (t) ~ Wu((s —)/%,7,0) for any 0 < t < s < 0o and
forsome 0 < <2, -1 <y < 1.

The transition density of an increasing a-stable Lévy subordinator
corresponding to the characteristic function ¢, which we denote by p™@(t, z)

(ie,y=1,0= te and p = 0), is given by the following Fourier transform:

1 , o &
Pialt,r) = — [ expq —izy — t|y|*exp{ —a sgn y dy
27T R 2

1 * ]
= —§R/ exp {—ixy — ty® exp {T@}} dy, (2.2.1)
™ Jo 2

where R(z) is the real part of z € C. Similarly, the transition density of a

lalso sometimes called a-stable Lévy motions
2We exclude the case a = 1 here for simplicity as this special case, which involves
logarithmic behaviour, does not come up in the following chapters.



decreasing a-stable Lévy subordinator is given by

1 o )
P_alt,x) = —9%/ exp {—z’xy — ty® exp {—Ea}} dy.
™ Jo 2

Remark 1. From the analytical point of view, the functions pis(t,z) for
a € (0,1) are the Green’s functions of the left and right fractional derivatives
(cf. (8.1.1)). Thus pa(t, ) solves

atpia(ta l') = _Dipia(ta iL’), t 2 07 pia(O’ l’) = (5(37)

For this reason we may write G, (t,x) sometimes instead of p,(t,x), and when

we omit the + sign, we usually mean py,(t, ).

The function p,(t, z) has the following scaling property,
_1 _1
pa(t,:v) =1 apa(la a$)7

and for this reason we write p, (1, 2) := w,(z), which we use throughout the
thesis.

For ae € (0,2), the characteristic function of a symmetric stable distribu-
tion in R? (up to a shift) has the form

oolo) e { bl [ /bl }. 22

where the (finite Borel) measure p on S is called the spectral measure, see
Samorodnitsky and Taqqu (1994, Theorem 2.3.1). Let S, be the function on
S4-1 given by

5.0 = [ I s)uas) (223

so that
Ya(p) = —log ¢a(p) = Ip|*Su(p/Ipl), p€R™ (2.2.4)

Note that 1), is the symbol of a pseudo-differential operator ¥, (—i¢V) which
we will study later. When g is the uniform measure on S9! the operator
W, (—iV) is just the fractional Laplacian —(—A)% with symbol v,(£) = |¢]°,

which generates a symmetric a-stable Lévy process in RY.

10



2.3 Estimates

For a domain D C R?, the notation f(x) < g(x) in D means that there exists

constants C, ¢ > 0 such that f satisfies the following two-sided estimate,
cg(x) < f(x) < Cg(x), VoeD,

The notation f(x) ~ g(z) for x — oo means that

f (=)

—X =1, asxz— oo.
9(x)

Then for each M > 0 there exists a constant C' > 0 such that

Clg(z) < f(x) < Cg(x), z€(M,o0).

Similarly, the notation f(x) ~ g(z) for x — 0 means
—X =1, asz—0.

Then for each m > 0 there exists a ¢ > 0 such that
¢ lg(x) < fz) < cglx), =€ (0,m).

If both f and g on R, are positive, bounded and satisfy f(z) ~ g(x) for z — oo
(resp. z — 0), then f(z) < g(x) in (M, 00) for any M > 0 (resp. in (0,m) for

any m < 00). See Bruijn (1981) for more details on asymptotic analysis.

Aronson estimates

An operator H = 0, — L, where L = {a;;(t, 2)0,,0,,u+b;(t, )0y, u+c(t, x)u}, is
said to be uniformly parabolic if the operator L is elliptic (see (2.3.4)) for each
(t,z) € (0,T] x R for some fixed T' > 0. Let Z(t, x;s,£) be the fundamental

solution of the Cauchy problem for the uniformly parabolic equations

Ou—{aij(t, )0y, 0, utbi(t, v)0p,ut-c(t, v)u} =0, u(0,2) = d(z—§). (2.3.1)

11



Under the assumption that the coefficients are bounded and uniformly Holder
continuous in x defined on (0, 7] x R for some fixed T > 0, the fundamental
solutions Z are known to satisfy the following two-sided estimates, see for

example Porper and Eidel'man (1984),
)2
Z(t,x;5,6) =< (s —t) Y exp {—cu} : (2.3.2)

s—1

Remark 2. Let us comment on the link between fundamental solutions and
Feller processes. The spatial operator in (2.3.1) generates a diffusion process in
R?, whose transition function is given by p(s —t,xz,dy) = Z(t,z; s, dy) and the
corresponding transition semigroup Ty f(x) is the integral operator with integral
kernel Z (0, z; s, dy).

On the other hand, Aronson (Aronson, 1967) obtained global (i.e, for all
t > 0) two-sided estimates for the fundamental solution (or Green’s function)

G(t,z,y) of the divergence equation
Ou =V - (a(z)Vu). (2.3.3)

Assuming that the coefficients a(z) = (a;;(2))1<i j<a are continuous, symmetric

and uniformly elliptic, i.e. there exists p > 1 such that
pEP < ag(2)&& < plé?, for all € € RY, (2.3.4)

then there exists a constant C' such that for (t,z,y) € (0,00) x R? x R?,

2
G(t,a:,y)xt_d/Qexp{—C‘x ty‘ } (2.3.5)

We call the estimates (2.3.2) and (2.3.5) the local and global Aronson estimates
respectively. From the probabilistic point of view, Aronsons estimates show
that (non-degenerate) diffusion processes, whose generators are of the form
Lu = V - (a(z)Vu) 3, are comparable to standard Brownian motion in the
sense that their transition densities are comparable. From the analytical point
of view, Aronson estimates show that the fundamental solution to second order

uniformly elliptic PDE’s are estimated above and below by the fundamental

3or more generally the spatial operator in (2.3.1)

12



solution to the standard heat equation

1
(9tu = §Au

Stable and stable-like estimates

Next we recall the estimates for the fundamental solution to the pseudo-
differential evolution,
Ou = =V, (—=iV)u, (2.3.6)

where W, is a pseudo-differential operator which is homogeneous of order
a € (0,2). That is, the symbol of ¥, is of the form

Ya(p) = [pI*S.(p/Ipl), p€RY,

where S, (p) is given by

5,00 = [ l.s)uas)

and p is called the spectral measure (cf. 2.2.4). The operator ¥, is the generator
of an a-stable process which lives on R?, with characteristic exponent v,. See
for example Kolokoltsov (2019a, Theorem 4.5.1) or Eidelman, Ivasyshen, et al.
(2004) for the following estimates. Assuming that

e The function S, belongs to C4+i+lel(Sd=1)
e The spectral measure i has a density which is strictly positive,
e a€(0,2),
then the Green’s function Gy, (t,z — y) of the evolution (2.3.6) satisfies the

following two-sided estimates for (¢,x,y) € (0,00) x R? x R¢,

Gy, (t, 2 —y) < min (4 t_i) : (2.3.7)

|z — yldt+e’

Note that the restriction o € (0,2) and the positivity of the density of the
spectral measure is required for the lower bound of G, - the upper bound still

holds if we drop the strict positivity of the density p and take any o > 0.
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If additionally S, is (d 4+ 1 + [a] 4 [)-times continuously differentiable,
then Gy, (t,x) is [-times continuously differentiable in = and for (¢,z,y) €
(0,00) x R? x R4,

ak
Oy, - - Oy,

t
|z — y|dtoth’

Gy, (t,z — y)’ < C'min < t(d%)/a) . (2.3.8)
for all £ <[ and all indicies i1, - -+ , .

Next we have the case when ¥, may have variable coefficients, which
are known as stable-like operators. Let Gy, , denote the fundamental solution

to the pseudo-differential evolution equation
Ou = =V (z,—iV)u,

with homogeneous symbol 9, (x, p) = |p|*S,.(z,p/|p|), where

Sp) = [ 1s)ulds)

Theorem 2.3.1. Assume that S, (x,p) is a y-Hélder continuous function in the
variable x taking values in a compact subset of (0,00) and v € (0,1]. Assume
further that for all z € RY, 1 has a strictly positive density. Then for some fived
T > 0, there exists a constant C > 0 such that for t € (0,T) and x,y € R,

1

OGlﬂa(t?x - y) < G%,z(ﬁ%ﬂ) < CGwa (t,.’L’ - y)

What this means is that the global in time estimates (4.2.17) for the
Green’s function Gy, also serve as a small-time estimate for the Green’s
function G, ,. Indeed one would hope that operators with variable coefficients
can be approximated by the method of freezing coefficients. So we have the

following small-time estimate for ¢ € (0,7, x,y € R4

1 . t _d : t _d
o mn (W,t a) < Gy olt,z,y) < Cmin (m,t “) ;
(2.3.9)

for some fixed 0 < T' < co. We also have the following estimates for the spatial
derivatives of the Gy, ., see Kolokoltsov (2019a) (Theorem 5.8.3).

Theorem 2.3.2. Let a« > 0, and denote by | the mazximal integer less than

14



a. Assume that p > pg > 0, for some positive number gy, and for all p
S,(x,p) is g-times differentiable in x and each of these derivatives are, for all
z, (d+ 1+ (I + q)(a+ 1))-times continuously differentiable in p. Then for a
fired T'> 0 and any k <1,

ak

: t _ (d+k)
mGwmx(t,x,y)' S C' min <— t o ) (2310)

|z — y|dthta’

for (t,z,y) € (0,T) x R? x R4,

Stable subordinators

For g € (0,1) a 8-stable subordinator Xf(s) is a [3-stable process with transition
density ps(s, x) of the form (2.2.1). We define the following first passage times,

0() = inf{s >0: XJ(s) > 1}, teR,.

Note that this is the same as the process t— X/ (s) exiting the interval R,. Recall
that the transition density of X/ (s) can be written as pg(s,z) = s_%wg(s_%x)
where wg(-) is the density of a standard S-stable random variable Wj(1,1,0).
For € (0,1) the density wg(r) has the following asymptotic behaviour in a
neighbourhood of 0, Uchaikin and Zolotarev (1999, Theorem 5.4.1)

wg(r) ~ 05772(21:% exp{—cm“_%} = fa(r), r—0, (2.3.11)
and in a neighbourhood of oo,
-8

ws(r) ~ Cagr 178 r = 0.

Remark 3. One can see (2.3.11) directly from (2.2.1) by applying the saddle
point method of Proposition 2.4.1.

Due to the positivity of wg(x), we can combine these behaviours so that

there exists constants C,C' > 0 such that
wg(r) =X CLpey f5(r) + Clgspyr ™77, (2.3.12)

We will also be using the asymptotic behaviour of the density of 7§ (t), which

15



we denote by ,ugt(s). This density is given by
Hoo(s) = 25~ Bws(ts ), (2.3.13)

see Meerschaert and Scheffler (2004, Corollary 3.1). Thus we have

Lemma 2.3.3. For § € (0,1) the density uﬁt(s) of 77 has the following

asymptotic behaviour at 0 and oo,

g, s — 0,
tﬂﬂg,t(tﬁs) ~ 1+ 1 1
cgs 20-P exp{—csTF}, s — 00.

for some constants cg > 0.

1 1
Proof. Since wg(r) ~ 1% as r — oo, then ws(r~7) ~ '3 as r — 0. Thus

using (2.3.13), we have for s — 0,

1 1 1 1
1 1+
B = cg.

s (tPs) = cas T Fwa(sTF) ~cps ! Fs

Using (2.3.11), note that wg('r’_%) ~ fg(?“_%) for r — oco. Thus for s — oo,

i (ts) = cos™ Fuwp(sTF) ~ cgs T TF fu(s )

S T a1
= cgs T exp {—0531* } ,

as claimed. O

2.4 Asymptotic Methods

We describe here some methods from asymptotic analysis, namely variants of
the Laplace method and its application to the incomplete gamma function. Our
main references for asymptotic analysis are Bruijn (1981), Fedoryuk (1987),
and Murray (1984).
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Laplace method

The main goal of the Laplace method is to estimate integrals of the form

b
/ g(x) exp{—Ah(z)} dz.

As a motivating example, let a = 1,b = oo, h(z) = x and g(z) = 2 for some
integer N > 0%. In this case, one could integrate by parts N times, until the

2V term vanishes, and one is left with a final integral

/ exp{—Az} dz = At exp{-\},
1

so that, for sufficiently large A,
/ oV exp{—Ar} dz = O(D)A texp{—A} + ON N Lexp{-A}).
1

Now the main idea is that largest contribution to the asymptotic behaviour of

b
/ g(x) exp{—Ah(z)} dz, (2.4.1)

comes from a neighbourhood around the point (or neighbourhoods around the
points) at which the function h(z) in the exponent attains its minimum value.
Outside this neighbourhood the contribution is exponentially small, and so
when one proves asymptotic formulas using Laplace methods, the integrals are
split up into the neighbourhood around which the major contribution occurs
(or around each such neighbourhood, if —h(z) is not unimodal) and the regions
for which the approximation error is exponentially small. Although we focus
on integrals over some interval (a, 00), the point is that extending the interval
only introduces exponentially small errors and so the value of the integral over
a larger interval is essentially the same. Let us assume that in 2.4.1 h is a real
continuous function which attains a minimum at the boundary point b, that
h'(b) exists and h'(b) > 0. Moreover assume that h(z) > h(b) (for z > b) and

h(x) — oo as © — oo. Then we have the following asymptotic formula, see for

4This is just the upper incomplete gamma function, which we look at next.
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example Bruijn (1981, Sections 4.2, 4.3)

/boog(x) exp{—Mh(z)} dz ~ g(b)( AW (b)) texp{—Ah(b)}, A — oo. (2.4.2)

On the other hand, if the function h has a minimum on the interior of the
interval (b, c0), say at the point b € (b, 00). Finally, assume that the derivative
W(x) exists in some neighbourhood of z = b, that h”(b) exists and that

h"(b) > 0. Then

27
AR (D)

/boo g(x) exp{—=Xh(z)} dz ~ g(b) exp{=Ah(b)}, A — oo (2.4.3)

Using these formulas, we now prove an asymptotic formula for a particular

type of integrals which comes up in our estimates in later chapters.

Proposition 2.4.1. Let a >0, N € R, ¢ > 0 and €2 > 1. Then the following

asymptotic formula holds as 2 — oo,

_2(N+1)+a

1
/ w” exp{—Quw — cw™} dw ~ Cy(a, N,c)Q” 2D exp {—C2(c’ a)Qﬁrl} 7
0

2(N+1)—1

where Ci(a, N, ¢) = (ac) @0 /2L and Cs(c, a) = (ac) T [14a™].

Proof. Define )
J(Q) = / w” exp{—wQ — cw™*} dw,
0

and let h(w) = —w — cw™®. Differentiating h with respect to w, one finds

the maximum of A at )

Q\ =1
w=v= () .
ac

Now the trick is to make the substitution w = w,s in the integral J(€2),
to obtain
o=l
J(Q2) = wivﬂ/ N exp{—w,sQ — c(w,s)"*} ds
0

-1
1

= wit? / s™ exp{—(Q%ac)e+i[s +a s} ds.
0

Now we are in a position to apply the asymptotic formula (2.4.3), with

18



g(s) = sV, h(s) = s+als@and \ = (Q“ac)a%rl. For this we need some
derivatives of h,
R(s)=1-s"1

h'(s) = (a+1)s™7?,

thus h has a minimum at s = 1 € (0, w; ). Finally applying (2.4.3) we have

Q 7];?;11 27 a 1 _1
J<Q>~(—) \/ o exp{— (Qac) [ 1 a ']}

ac %ﬂ(a—f—l)

_ 2(N+1)+a

— Cl(a7 Ny C)Q 2(a+1) eXp {_CQ(C, Q)Q%ﬂ} ,

as required. O

We further have the slight extension of the above calculations.

Corollary 2.4.2. Let a,b > 1, n € R, and ¢ := min(a, b). Then as QA™! — oo,

2(n+1)—c 2¢c(n+1)+c

/ Pk exp{—Qz_l_A—aza_Zb} dz ~ CIQ 201 A" 2(e+D) exp {_02 (QA_I)C’%} .
1

Proof. This formula is a consequence of the previous proposition after esti-

mating the terms in the exponential:

o0

/ 2" exp {—Qz’l — AT — zb} dz N/ 2" exp {—Qz’l — A — zc} dz
1 1

N/ z"exp{—Qz‘l —C’A_Czc} dz.
1

After a change of variables, the formula follows from an application of the

previous Proposition. O

Incomplete Gamma function

Here we describe the asymptotic behaviour of the upper incomplete gamma

function, which is defined by

D(s, A) = / v exp{—y} dy.
A
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Equivalently after a change of variables y = Aw,
(s, A) = As/ w* ™ exp{—Aw} dw.
1
We have the following asymptotic behaviour of I'(s, A) for A — 0,

—s 1A% s <0,
[(s,A) ~< (JlogA|+1), s=0,
1—sA%, s > 0.

Thus, for A <1,

1, s <0,
AT (s, A) < Cs§ (|log Al +1), s=0,
A3, s > 0.

For A — oo, we use the Laplace method (2.4.2) with h(x) = z, b = 1,

g(x) = =",
AT (s, A) ~ A Vexp{—A}, A — oo

20



Chapter 3

Caputo-Dzherbashyan and
Riemann-Liouville type

operators

In this chapter we first discuss the operators arising in standard fractional calcu-
lus (or ’classical” fractional calculus, by now), mentioning also the probabilistic
interpretation along the way. This will then take us to the naturally defined
generalised fractional operators motivated by the probabilistic interpretation
of the classical operators. We then discuss the various extensions of these
operators, whose foundations were laid in Kolokoltsov (2015). In particular
we discuss various multidimensional extensions, while keeping in mind the

probabilistic meaning of such operators.

3.1 Standard fractional derivatives

For a function f € C([a,b]), the iterated Riemann integral of order n € N is

given by the formula

) = oty | @0 el

(n—1

From this a natural definition of the (left) fractional integral of order 5 > 0 is
given by:
1 T
I, flx :—/ z— )P F(t) dt.
+f< ) F(ﬁ) . ( ) f( )
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The integral If + is called the left Riemann-Liouville (RL) fractional integral.
Now we are presented with two ways of defining a corresponding notion of
fractional derivatives, either by differentiating the fractional integral of a

function, or by taking the fractional integral of the derivative of a function.

Definition 3.1.1. For n € N, and 8 € (n,n+1), the (left) Riemann-Liouwville

fractional derivative of a function f € C™"*1([a, b]) is given by

5 dn—l—l . 1 dn+1 T neg

for > a. The (left) Caputo-Dzherbashyan (CD) fractional derivative is given
by

5 1B dn+1 B 1 x B neB dn+1 :|
Dof) = I ) = o | @m0 et | 0

for z > a.

In this thesis we are mostly interested in the fractional derivatives of
order 5 € (0,1), since for such f they represent the generators of (spectrally

one-sided) Lévy process.

Remark 4. Also of interest to probabilists are derivatives of order B € (1,2),
which represent generators of (two-sided) -stable processes. We do not study

their generalisations in this thesis. One also defines

Notice that the RL fractional integral I, aﬁ + is obtained from [ b st DY

restricting its action to the space Chi(—o0,q(R),

I f(x) =1, f(2), f € Crin(—coa(R).

For 6 € (0,1), after integrating by parts (here we need f to be -Holder

continuous) one can write the RL and CD derivatives as

DL = [ Gt =i s>
and
DLt = 1 [ U@y ay g e S s
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The right versions of RL and CD derivatives of order § € (0,1) can be
analogously defined by

B iy :; o R f(z) I <a
D fe) = g [ U —f@w g, r<a.
and
DL = g [ Ulesn=son 2y ST S

Comparing the derivatives Df+ and Der* with (2.1.2), we note that —Der
generates a sub-Markov Feller process (which is killed upon crossing a) with
Lévy measure v(y) = —y~ 177 /(I'(—f)) and killing rate —1/(I'(1 — 8)(x — a)?).
On the other hand —Df ++ generates a decreasing Feller process which is
absorbed upon crossing a, see for example Kolokoltsov (2015, Section 3.1)
or Bottcher et al. (2014) for the probabilistic interpretation of fractional
derivatives. Notice that for smooth bounded integrable functions, the RL and
CD derivatives coincide for a = —oo, 5 € (0,1). We call their common value

the fractional derivative in generator form!,

D) = D e () = Do @) = s | =)= S @) .

" (3.1.1)
From the theory of Lévy processes in Section 2.1, we recognise —Dﬁ as the
generator of a decreasing (-stable Lévy process with Lévy measure v(y) =
—y~ 178 /((—p)) and thus generates a strongly continuous semigroup of posi-
tivity preserving contractions on Cy(R).

It is clear from the definition that the composition Di} o I? _ acts like

— o
the identity operator on functions with compact support. Thus I foo represents
the potential operator of the strongly continuous semigroup of linear operators
in C(R) which is generated by —D”. Note that I” _ is unbounded in Cs(R),
but becomes bounded when restricted to Chji(—co,q(R). That is,

Ry=\+D}) =1

—00)

as A — 0. (3.1.2)

talso known as the Marchaud derivative. This is the left derivative, with the right version
denoted by D” which is given by changing the variable of integration y — —y. This also

applies to Dg_ and Dg_*.
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Thus the operator If ., 1s the potential operator of the semigroup generated
by —Df restricted to the space Chiy(—oo,q(R). For a background on potential
operators and measures, see Schilling et al. (2012) or Van Den Berg and Forst
(2012) (or from a probabilistic point of view, Feller (2008)). We can also obtain
a path integral representation of If . For this we need Dynkin’s martingale,
see Dynkin (1965, Theorem 5.1).

Theorem 3.1.2. Let (A, D(A)) be the generator of a Feller process X, (t).
Then for f € D(A),

X)) — FOX(0)) — / Af(X,(s)) ds,

1s a martingale.

Assuming that 7 is a stopping time such that E[r] < oo, we apply
Doob’s optimal stopping theorem to the above which gives Dynkin’s formula:

for f € D(A),

where g = Af, and 7 is the first time X, (¢) exits an interval (a, 2’| for some

a2’ > x. The solution to the boundary value problem

D..f(x) = DJ, f(x) = D] f(z) = g(x), x € (a,00],
f(z) =0, z€(—o0,a,

is given by [erg for g € Criti(—o0,q)(R). Thus, seeing as —Dﬁ is the generator

of Feller process X?(t), we use Dynkin’s formula to get

f(2) = E[f(XP(ra))] + E / " DPF(XB(s)) ds
_E / * g(x2(s)) ds.

A final interpretation of [, f  is given by noting that the fundamental solution
(supported on R.) of DY is given by U?(z) = 27~ /I'(3), which is precisely
the integral kernel of IEOO 4. These three facets of the operator ]5 4 lead us
naturally to the generalised fractional operators.

Finally, we recall one of the most important tools from fractional calculus
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- the Mittag-Leffler function. 1t is defined by the power series

o0

zk
Eﬁ(Z):Zm, 2e€C, >0,

k=0

where I' is the Gamma function:
['(z) :/ " e " dw, R(z) > 0.
0

The fundamental importance of the Mittag-Leffler function is due to the fact

that solutions of the simplest fractional linear equations of the form
Diyof(@) = =Af(2) +9(2), f(a) = fo, @ >a,
for 5 € (0,1), can be given by
8 o -1 4 8
f(x) = Eg(=Ax —a)’) fa+ f 9(x —y)y d—yEﬁ(—Ay ) dy,
0

see Diethelm (2010, Theorem 7.2). Another important fact about Mittag-Leffler
functions is that they can be represented in terms of the transition densities of

[-stable subordinators,
1 [~ 11 1
Es(s) = B/ e**x~ Fwg(z F) de, p€(0,1), seC.
0

We return to this remarkably important formula in the next section.

3.2 Generalised fractional operators

In view of the fractional derivative in generator form Dﬁ, a natural generalisa-
tion from the probabilistic point of view is to replace the kernel y =17 /(=T'(—p3))
by some general Lévy-type kernel v(t,dy). That is, consider the operator Dgf)
on R defined by:

DYf) == [ (e =)= Fpwit.an).

We will always assume that v has a density v(t, r) which satisfies:
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Assumption 3.2.1 ((L0)). v(t, s) is continuous as a function of both variables,

and is continuously differentiable in the first. Furthermore,

0
sup/(l Ar)v(t,r) dr < oo, sup/(l AT) ay(t,r) dr < oo,
t t
and for any € > 0 there exists a K > 0 such that
0
sup v(t,s) ds <e, sup —vu(t,r)| dr <e,
t JR\(~KK) t Jr\(—K.K) | O

sup/ Ir|v(t,r) dr <e.
t J(-1/K,1/K)

Under the assumption (L0), the operator —Dgf) generates a conservative

Feller semigroup T} in Cy(R) with invariant core C (R), see Kolokoltsov

(2019a). We may occasionally also make the following assumptions.

Assumption 3.2.2 ((L1)). There exists € > 0 and § > 0 such that v(¢,r) >
d >0 for all ¢ and all |r| <.

Assumption 3.2.3 ((L2)). The transition probabilities of the process X +®*)
are absolutely continuous with respect to the Lebesgue measure, and we denote

by pt®(s,r,y) the transition densities.

Assumption 3.2.4 ((L3)). The transition density p*®*)(s,r,y) is continuously

differentiable in s.

The classical CD derivative Df 4 is obtained from Di by the restriction
of its action to the space Ceonst(—c0,q](R) considered as the subspace of C'(R)
by extending their values as constants to the left of a, see Kolokoltsov (2019a,
Proposition 1.8.2). Then looking for a generalised CD derivative arising from
Dgf) we define

o0

DY f() = — / = 8) — F@)wits) ds — (F(a) — £(2)) / u(t, s) ds.

—a

Analogously, the generalised RL derivative arising from DS:) is obtained by the

restriction of its action to the space Chiji(—oo,q] (R) considered as the subspace
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of C(R) by extending their values as 0 to the left of a:

o0

DI == [ (=5 = fswles) ds+ £10) [ wlts) s

—a

Under assumption (LO0), the operator Dc(:jr)* (respectively D((l’jr)) generates a Feller

semigroup on Ceonst(—oo,a](R) (resp. a sub-Feller semigroup on Chiy(—oo,q(R)).
The corresponding generalised fractional integrals arising from the generalised
fractional derivative Dgf) can be defined in a few different ways depending on
which point of view one chooses: probability, semigroup theory or generalised
functions. In view of (3.1.2) and the discussion thereafter, the operator I”__ is
the potential operator of the semigroup generated by —Di. Thus we define the
generalised fractional integral 17, as the potential operator of the semigroup
generated by —Dsr”) restricted to the space Ciuq)([a, 00)).

Let us denote by (7})¢>0 the semigroup generated by the operator —DE:).
Then for [ € Cru)(R) N Cx(R), the potential operator U ) of the semigroup

TY is given by
W%wzfzwmwzft/f@WWm@Mr
0 0 a

_ /Ooo /atf(s)p(”)(r,t,ds) dr

= /0 - ft=5) ( /O T (r,t, ds')dr) :

where p®)(r,t,ds) are the (transformed) transition probabilities of the process
generated by —DE:). The potential measure is defined as the integral kernel of
the potential operator, and by an abuse of notation, we denote this measure

by U®)(t,ds). Thus the generalised fractional integral I, L(lljr) is given by

t—a
150 = [ -9ty
0
where the potential measure U®) (¢, ds) is equal to the vague limit

U (t, M) = / pW(r,t, M)dr,
0

of the measures fOK p®(r,t,-)dr, K — oo (see Schilling et al. (2012) (p. 63))
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for any compact set M. Furthermore the A-potential measure is defined by

Uiy)(t, ]\/[):/ e’A’"p(”)(r,t,M)dr,
0

so that if A > 0 and g € Chin(—ce,q)(R) N Cso(R), the convolution (U)(\”) *g)(t),
which is given by

t—a

(UY % g)(t) = /

g(t — s)/ e M p™(r,t, ds)dr, (3.2.1)
0 0

is the resolvent operator of the semigroup generated by —Df) restricted to
Critt(—o0a)(R). That is, f(z) = (U % g)(2) for g € Crin(sea)(R) N Coo(R) is

the classic solution to the equation
DY f=DYf=D".f=-)
+ f a+f a+*f f _'_g

This also holds for A = 0, and so the potential operator with kernel
U™(t,dy),
(U % g)(x) = Lg(x),

represents the classical solution to the equation
DyLf =g,
on Clili(—oo,q) (R).
Example 3.2.5. For the case v(t,dy) = —1/[0(=B8)y'*P]dy, (3.2.1) says that

ro=[ "ate=s) [T s

where pP(r,s) are the transition densities of a [(-stable subordinator, is the

solution to the linear fractional equation

DILf(t) = =Af(H) +g(t),  f(a) =0.

On the other hand, it is well known that the solution to such linear
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fractional equations are given by

5/‘ )t — 2P By (<At — 2))dz
5 / Y (—yP)dy,

where Eg(z) is the Mittag-Leffler function

: 2.2
E;Fk5+1 zet (322)

Thus we have
Ul(t) = /0 e P (r, t)dr = /Btﬁ_lE;(—/\tﬂ),

which is equivalent to the Zolotarev-Pollard formula for the Mittag-Leffler

function in terms of the transition densities of stable subordinators,
1 o0
Es(s) = B/ eI YBpA (1, 27V da. (3.2.3)
0

This representation of the Mittag-Leffler function is the key starting
point for all estimates of the Green’s function associated to fractional evolution
equations that we obtain in later chapters.

As noted in Kolokoltsov (2017), we can extrapolate from the case
Dng*u(t) =—Xu(t), A>0, u(0)=uo,
to the Banach-valued version
D€+*u(t, x) = Lu(t,z), u(0,z)=Y(z),

where L is some operator generating a Feller semigroup. One can expect that
the solution to this equation can be written in terms of an operator-valued
Mittag-Leffler function,

u(t,z) = Eg (Lt°) Y (), (3.2.4)
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where Ejg(s) are Mittag-Lefler functions defined by (3.2.2). However, this
series representation does not allow one to define Eg(L) for an unbounded
operator L. In both Kolokoltsov and Veretennikova (2014) and Kolokoltsov
(2017) the authors find that the most convenient way to overcome this difficulty
is to use the formula (3.2.3) for the Mittag-Leffler function. This connection
between Mittag-Leffler functions, Laplace transforms and stable densities is due
to Zolotarev (1957, 1961, 1986)—although preliminary versions of this formula
were also noted almost a decade earlier by Pollard (1948). Thus formula (3.2.3)
could be called the Pollard-Zolotarev formula. Notice that if an operator L

generates a Feller semigroup with transition densities G(¢, z,y), then

V() = [ 6@V i) .
R
With the help of Fubini’s theorem, the solution (3.2.4) can be written as

u(t, z) = tﬂL)Y( )

:/( / Gz, ) Hus(=7H) dz ) V(o) dy

= / GO (t,2,y)Y (y) dy.
Rd
In Chapter 4, we obtain estimates for the Green’s function given by,
1 o0
G(LB)(t:%y) = B/ GL(tﬁz,x,y)z_l_%wﬁ(z_é) dz, (3.2.5)
0

where G (z,x,y) is the Green’s function associated with the spatial operator

L, i.e., the fundamental solution of

Oyu = Lu.
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3.3 Mixed RL and CD-type operators on the

orthant

In this section we look at mixtures of generalised CD and RL derivatives on

the d-dimensional orthant, i.e, on the domain © C R¢,
O={(ty, -, tg) eR? : t;>0,i=1,---,d}.
We define also the space
O™ = {(ty, - ,tg) ER? : t; >0, i=1,---,n, t; >0, j=n+1,---d},

for 0 < n < d with the convention that O%? = O and 0%¢ = O \ {0}. In this
section we will use a boldface letter to denote an element living in a subset of
R?, for example an O-valued process X,(s) starting from r € O. We denote
by O, the i-th face of the boundary (at zero) of O, that is for i =1,--- .d,

O@o = {t c O; t; = 0}

Define h;o(t) to be the projection of O; onto the subspace O; C R*"! by

removing the coordinate which is zero, that is, h;o(t) : O;0 — O;,

hio(t) = (t1, -+ tica, tipa, s ta). (3.3.1)

Let v = (11, -+ ,q) be a collection of Lévy kernels which each satisfy
the assumptions (L0)-(L3) (thus for ¢ = 1,---,d the corresponding CD or
RL type operators generate a Feller process with a continuously differentiable

transition density). Define the operators

n d
DY =3, D%+ Y DY, 0<n<d, (3.3.2)
=1

i=n+1

d
(v) § (vs)
Dfree = tiD-i- :
=1
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We denote by

s gt » g

Xt0+(3)*(s) — <)(7?1+(l/1)(8)7 . X0+(un)(8) XOJF*(V"JA)(S)? . X0+*(Vd)<8)> :

which lives on O™ U {§}

where ¢ is a cemetery state. This process is obtained from the process

the Feller process generated by the operator ~pW

mix)

tn+1

X 0(s) 1= (X0 5), - X0 (), X1 (s), o X0 ()

which is generated by —p¥ by either killing it whenever any of the first n

free’
coordinates attempt to cross the boundary points r;, = 0, 1 < ¢ < n, or by
stopping it if any of the last d —n coordinates does the same with the boundary

points 7, =0, n+1<j <d.

Remark 5. Since each —D%' generates an independent Feller process, the

Lie-Trotter theorem implies that ~pW¥

free @lso generates a Feller process whose

coordinates are independent Feller processes generated by —DSFW). Note that

X W (s) is an Ri-valued process.

Let p**)(s,¢;, ;) denote the transition density function of the process
X;_r @) Due to the independence between the coordinates of the process

X, W (5s), its transition density function, denoted by pT® (s, t,r), satisfies

d

p+(2) (87 t7 I‘) = Hp+(yi)<87 ti7 ri)'
i=1

If Téi’(”i) is the first exit time from R of the process X;_r (Vi), then denote the
first exit time via the CD-type boundary by 7 = min,1<i<q4 Téi’(yi), and the
first exit time via the RL-type boundary 7" = min;<;<, 700 Then the first

exit time of X" (s) from O is

7_(‘)67(2) = min(7, 7) (3.3.3)
:=min ( min 7“7, min Tti’('/i))
1<j<n n+1<i<d
Lemma 3.3.1. Let t € O™ for some 1 <n <d. Let v = (v1,vs,--- ,14) be

a collection of functions such that each v; satisfy assumptions (L0) and (L1).
Then:
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i) The sets O, for i = 1,-- - d are regular in expectation for both operators
—DY¥ and —DY¥,. Moreover, E |:T8’(Z):| < 00.?

Further assuming that each v; satisfies (L2)-(L3),

i) If MB’(Z)(dS) denotes the law of Tg’@, then its density function ,ug’@(s) is
given by

d t;
i =S O] [ p s dn sz0 @3a)
i=1 0

J#

where ;%)(s) is the density of 7.""".
Proof.

i) The regularity in expectation of the boundary O;, is a consequence of
assumption (L1) and the method of Lyapunov functions. Namely, to show
that the boundary is regular, it is sufficient to find a continuous function f
in a neighbourhood of O such that f is differentiable for x > 0, f(y) =0
for each y € O,, and for x € (0,c) with some ¢ € O\ {O;0} one has
f(x) >0, —Dfﬁf(x) < 0 (similarly for the CD-type operator). One can

take the function

fu(x) = Hx‘;’, w; € (0,1) for 1 <4 <d.

=1

Clearly f,(y) = 0 for each y € O, since such a y has a 0 in atleast 1
of the coordinates. For x € O \ {0}, f,(x) > 0 since each coordinate is
non-zero. For x approaching 0 (in any of its coordinates) from the right,
—D(()fsz(x) < 0 due to (L1). To show that E[TS’(Z)] < o0, it suffices to
show that the exit time for each coordinate has finite expectation. For
this, compare each process (Xt(iyi)(s))szo with a process (t; — X(()ﬂ)(5>)820
where Xég)(s) is a (non-decreasing) compound Poisson process with Lévy
density 7;(dy) = v1j0,q(y), where v and € are chosen from Assumption

(L1). See for example the comparison principle in Zhang (2000).

2The operators —ngz and —ngz* correspond to the mixed operator —D%}z withn =d
and n = 0 respectively
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ii) This follows by differentiating
t,(v) _ ti,(vi)
Plrg™ > s] = HIP’[TO > s

with respect to s and using the chain rule:

0 +(Vz
aSIP)[ ) > 4 =9 H/ (s,t;,r) dr

[Z 85/ 0 (5,85, 7) dr] H/ ) (s t5,7) dr

JF#i

— Zug’(” H / ) (s t5,7) dr.
i=1

1<5<d,j#i

We will use the shorthand (—D%i)z, A, g, ®) to mean the problem

DY u(t) = —Au(t) + g(t), in O,

mixr

u(t) = ¢z(hz,0(t))u in an.

For t € O we denote by B;(t) the subset of O; (cf. (3.3.1)) which is defined by
Bi(t) ={r € O;, 1; < hio(t), j#i}.

Theorem 3.3.2. Letv = (11,19, -+ ,vy) be a vector such that each v; is a func-
tion satisfying conditions (HO)-(H1). Suppose A > 0 and ¢; € Ckm(a(gj)[]Ri_l]
wheren+1 <5 <d.

1. If g € C[O] satisfies g(ti,-)|t,—0 = 0 when 0 <7 < n and g(-,t;)|,—0 =

Ap;(+) forn+1 < j <d, then the mized problem (_me A, g,®) has a

unique solution in the domain of the generator given by u = ’Rgﬂw*g

the resolvent operator of the process X?HZ)*.

)

2. For any g € B|O] the mized linear problem (—D,%)m,)\,g, ¢) is well-
posed in the generalized sense and the solution admits the stochastic

representation
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d ti,(vsy) . )
+E [Z e g, (hj,ﬂ (ng(ul) <T(§]’(V])> R

=n-+1
XtO+*(l/d) <7’t]'1(l/j)>)> ]_{~ tj»(l/j)}:|
0 T_—TO

Moreover if each v;,i = 1,--- ,d satisfies condition (L2)-(L3), then the

solution has the further representation

d 0 d
+ Z ¢;(hjo(t)—r) / e”\sug"’(yj)(s) HpJ“(”)(s,ti,ti —r;) ds | dr
j=n+1Bi(t) 0 i=1
i#]
(3.3.5)
Proof.

1. Since —D%)

.. generates a Feller process, we can apply Theorem 1.1 from
Dynkin (1965). Then if ¢ is a continuous function on O such that
g(ti,)|t,=0 = 0, 0 < i < n then the function u(t) = RgHZ)*g(t) solves

the mixed equation without any boundary conditions. Also

u<t1a"' 7tn707"' 70) :R()\)—i_(Z)*g(tl) 7tn70a"' 70)
:g(tla 7tna07"' aO)/Aa

implies that, under the condition g(-,;)|,—0 = A@;(+) for n +1 < j < d,

the function u solves the mixed problem.

2. For the generalized solution, take a function g € B[O], and a function
1 in the domain of —D,%gw satisfying ¥ (¢, -)|s,=0 = 0, for 1 <i <n, and
Y, tj)|;=0 = ¢i(-), for n +1 < j < d. Then set w := u — 1, and since w
vanishes on the boundary 90,

J

7.37(2)

w(t) =E

e <Xt0+(g)* (s)) ds]
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where g =g — M) — (D mn)w So this rewrites as

t,(v)
_/\sg <Xt0+(3)*(8)> dS]

/T
0
Ot:(")

/ e+ DY) (X0 (s)) ds]

—E

Now Doob’s stopping theorem applied to the martingale

*”w( 0+w%))%1/ —MQX+me¢<X£H@%@>dS
0

t,(v)

with the stopping time 74"~ implies that the second term is

bt) —E [e’”(t)’@?ﬂ (Xt0+(2)*(73’(Z))>:|

Now using u = w + v, we have

Tgy(z)

=E / e Mg (X 0+ (g )) ds]
0

B [ ot (U)TP <Xt0+(z)*(7_3u(k)))i| '

u(t) = w(t) +¥(t)

Finally using 9(-,t;)|¢,=0nt+1<j<a = ¢;(+) and (3.3.3), we have
E |:€_)\TO w (X 0+(v)* ( o (Z))>i|
d ti,(vs)
- F LZ B*ATOJ 7 ¢j (hj,O (Xg+(V1) (Téj’(l’]')> S
1

X () L]

{7=m,

For the stochastic representation when (L2)-(L3) holds, we begin with
the inhomogeneous term. Notice first that 7% and X;°®*(s) are not

independent, however we can rewrite as follows,

t,(v)

/TO
0

E

e Mg (XtOHZ)* (s)) ds]
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— |:/ e*)\sg (XtO—s—(z)*(s)) 1{8<TS,(V)}dS:|
0

— E |:/O e*)\Sg (Xt0+(z)*<3)> 1{Xt0+(u>*(s)>0}d8:| .

Now conditioning on X®*®*(s) and making a substitution we have

E {/g e Mg ()(t0+@0*(5)> 1{x¢°+“0*@)>0}d51
00 t
:/ 6_)\8/ g(r)l{r>0}p+@(3atvr) drds
0 0

t o'}
= / gt — r)/ e MptW(s t,t —r) dsdr.
0 0

Turning to the homogeneous term, let us focus only on the first term of
the summation. Recall that the projection A, removes the coordinate
which is zero. The first term of the sum corresponds to the process

fnt(f"“)*(s) (i.e, the (n + 1)-th coordinate) being the first process to
hit the boundary. So as to not make the notation too cumbersome, let
us assume that n + 1 = 1, which corresponds to having only CD-type

derivatives.

,(v1) * (v 1% *(v, v
B [6_%1 2 (ij (v2) (Tém n) e X (va) (Tél,( 1>>) 1{%:%17(”1)}] .

Note that the event {7 = Tél’(”)} is equivalent to the event

. ti,(vj t1,
min T()J ( J) > 7_01 (v1) .
2<j<d

(v1)

Thus we can first condition on 7'51’ , whose density is denoted by

pe " (s), to get
/ eV o (X0 (), X0 () 14| 1 (s) ds, (3.3.6)
0

where A = {minQSjgd i) s s}. Now since the event A is equivalent
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to
(X7 s) >0, 2 <5 < d},

we now condition on each ij+*(yj). Due to their independence, the
transition density is given by

d

[12"(s. 15, 75).

j=2

Thus after a transformation of r; — ¢; — r; and rearranging, (3.3.6) is

equal to
oo to ta . d
/B_AS/ / G1(ra, - g (s) [ [P (s,t5,75) dra - drgdss
0 0 0 e
o d
= | 61 (haolt) — 1) / e (o) [T (515,15 — 1) dsdr,
By (t) 0 =2

which is precisely the first term of the sum appearing in the homogeneous
term in (3.3.5). The other terms of the sum are obtained in the same

way.

3.4 Mixed Linear equations: stable case

Let us specialise the results of the previous section to the case of stable processes,
since we focus on this case in Chapter 5. That is, in the set up of (3.3.2), let
n=20,d=2 and

vi(z,y) =n(y) =y 7/(-T(-8)),

v(z,y) =wm(y) =y 7/(-I'(—)),

where 8,7 € (0,1). Then the operator D!!** is the sum of standard CD

mix
derivatives D(()/i’z) = tlD'g +v T 1,D0,,- The operator —Déi’z) generates an

O%-valued Feller process given by
X (s) = (X (), X7, (),
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where each coordinate is a decreasing stable process, absorbed at 0 on an
attempt to cross it. The transition density of the process on the orthant is
given by

PP (t,7) = pl(tr,m1)p (t2, 72).

Let 7¢ denote the first time process X7 hits 9O,
8 i=1inf{s >0, X7(s) & (0,00) x (0,00)}.
Using (3.3.3), this exit time is
0 = 7'0 N 7'

where Tél’ﬂ and 7,>7 are the exit times of X? and X7 from (0, 00). Plugging in
the density (2.3.13) of these exit times into (3.3.4), 7¢ then has a density given
by

t1 to
W) = i) [ o) dr e pis) [ piear) ar
0 0
151 —1-1 1 f2 _1 _1
= —s  Pwg(tis 7) s vw,(rs” 7 )dr
B 0
t t
+—28_1_iw7(t25_i)/ s~
Y 0

Finally consider the following problem on the orthant, for g € C[O] such that
g<t17 O) - g(07t2> =0

( D€+* — Dg+*) (tl,tz) = —)\U(tl,tz) + g(tl,tg), t1,t9 > O,)\ > 0,

w(0,t2) = P1(ta), u(ti,0) = ¢a(ts).

Using Theorem 3.3.2, the solution u has the following stochastic representation,

0= [Cte—r) ([t as) an
+ /Otl Pa(ty —11) (/OOO e pg ()Pl (1 — 1) dS) dry

[ a0 ([T ) ann
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/ P1(t2 —12) (tﬁl/ _Assflfgf?wg(tls ﬂ)w,y(ms v) ds) dry

t 1 1
/ ¢2 t1—n (—2/ —As ’1’E’§w7(tgs*?)w5(r1573) dS) drq

+/ / g(tl - 7"1,152 — 7"2) (/ e_’\sséiwﬁ(rlsé)wv(rgsi)ds> dTldTQ.
0 0 0

We return to a related problem in Chapter 5, with vanishing g and the scalar

A replaced with the generator of a Feller semigroup.

3.5 Two-sided fractional derivatives on the band
in R¢

The ideas of interrupting and killing processes to define generalised fractional
derivatives extends naturally to higher dimension. Compared to the last two
sections, where we focused on monotone processes with independent coordinates
on the orthant, here we outline the case of a general Feller process in R? and

focusing in particular on the domain
B={zcR% 2, € (a,b),r, € R} (3.5.1)
Consider the following operator acting on smooth bounded functions f,
L@ = [ (fa+9) = fa)wla )iy
where v(-,-) : R? x R?\ {0} — R, is a Lévy kernel, i.e a function satisfying

sup | min(1, |y|)v(z,y)dy < co.
z Jr
Operators of the form L, generate Feller processes X/ on RY. The analogue
of RL derivative arising from a process X/ in R? and domain D C R? is
the generator of the process killed upon leaving D. The case of the CD-type
derivative is more delicate. We need to specify a point where a process jumps
across a boundary. A natural method is to assume that a trajectory of a jump
follows shortest path (i.e, in the Euclidean case R? just a straight line). In

the case d = 1, there is only one way to specify where the process crosses
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the boundary, so that the two-sided CD-type operator D[ is defined for
f € C'([a,b]) by

b—x a—x
Dyt = [ () = @) vy + (@) = @) [ vlwv)dy
(0= 1) [ vy
where a < 0 < b. Note that this operator coincides with L,y when a = —oo

and b = oo
For d > 1, the corresponding operator on the band (3.5.1) is given by
restricting the operator to functions that are constant (in the first variable)

outside of the interval (a,b) in the first variable:

b—x1
/Rd 1/ .CE—{—y f( ))V(ﬂf,y) dyldyz

* /Rdl /_ (f (a, Taf - ;fl ’ y2) - f(ff)) v(z,y) dyidys
+ /Rdl /Z:O (f (b, T2 + b ;lxl _y2> — f(x)) V(a;,y) dyldyg,

which is the multidimensional extension of the CD operator on the band in R¢.

See Figure 3.1 for an illustration of the ‘interruption’ procedure.

The extension of the RL derivative on the band in R? is given by

b— wl
DY f(x) /Rd 1/ fl@+y) = f(@)v(z,y) dyidys — Kopf(1),

where — K, is the operator of multiplication by —k,(z), defined as

[ i
Rd—1 J—co Rd—1 Jb—z;

Remark 6. Let us make some remarks about the well-posedness of these
generalised derivatives. In the case d =1 (i.e, when B = [a,b]), it is shown
in Kolokoltsov (2019b, Theorem 5.1) that D[( )] generates a Feller semigroup
in Cringapy([a,b]) and a bounded semigroup in {f € Chringapy([a,b]) : f' €
Chringapy([a,b])}. The main idea is to take a bounded approximation of the

integral over B in Dg) and this approzimated operator is just — K, perturbed by
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Figure 3.1: Illustration of interruption procedure on the band in R%. A process
which tries to jump from (x1,75) € B to (x1 + y1, 72 + y2) € B gets placed at
the point where the boundary intersects with the straight line between (z1, x9)
and (1 + y1, 22 + ya2).

a bounded operator which, by standard perturbation theory arguments, generates
a family of bounded semigroups. Perturbation theory also provides a series
representation of the approximated semigroup which allows one to deduce the
reqularity required to show that the approximation semigroup converges to a
Feller semigroup whose generator is Dg). Further, Kolokoltsov (2019, Theorem
5.2) shows that the CD-type derivative D[(Cz)b]* generates a Feller semigroup in
C([a,b]) and a strongly continuous semigroup in {f € C'([a,b]) : f'(a) =
f'(b) = 0}. In Kolokoltsov (2015, Theorem 4.4), it is proven that the CD-type
deriative Dgﬁ generates a Feller process on B and a Feller semigroup on Coo(B)
with invariant core C_(B). When looking at boundary value problems involving
CD-type operators (with non-zero boundary conditions), one can either work
directly with the resolvent of the semigroup generated by DY (which requires
first proving that it generates a semigroup), or alternatively one can first shift

the unknown function to obtain the equivalent boundary value problem involving

RL-type derivatives with zero boundary values.

Next we consider an important property of the interrupted process
XY (s) generated by Dgﬁ, which is the regularity of the boundary 0B. Recall
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that a point zy € dB is regular if 75(z) — 0 in probability as B 5 = — x,
where 7(x) is first time the process (X, ()):>o enters 0B defined by

m5(z) ;= inf{s > 0 : X\V*(s) € OB}.

In order to prove the regularity of the boundary 0B, we need some additional

assumptions of the behaviour of the jump kernel v(-,y) close to the boundary.

Assumption 3.5.1. There exists a constant C' > 0 and ¢ € (0, 1) such that

0
/ / min(|y, |, €)v(a, v2; y1, yo)dyrdyz > Ce?
Rd-1 J o

and

/ / min(yy, €)v(b, o; Y1, y2)dyrdys > Ce,
Rd—-1

for all z, € R4-1,

Proposition 3.5.2. The set B is regular in expectation for ng. Further,

Tp(z) for x € B has finite expectation.

Proof. We use the method of Lyapunov functions (see Kolokoltsov, 2011,
Proposition 6.3.1). For this, we need to find a function f from the domain
of the generator which is strictly positive in the interior of B, zero on the
boundary of B and for which DY) f(z) < —¢ < 0. Let us deal with the 0B,
(the part of the boundary in which the first coordinate is 1 = a), and take as
the Lyapunov function f,(z1,x2) = (1 — a)*, where w € (0,1). Then clearly
for m9 € OBy, f.(20) = f.(a,z5) = 0, and for € B\ {zo}, f(z) > 0. Applying
ng to the Lyapunov function f,,,

b— :Bl
~DY f(a) /Rd 1/ (z+y) — flx)v(z; y)dy dys+
an a—x
+ /d / f (a, Ty + 1y2> — f(x)v(z; y)dy:dys
Ra-1 J—0

Y1
* b— T '
+/Rd_1 /bxl f( ! " y?) — f()v(z; y)dyrdy,

b—x1
= / / (1 +y1 —a)* — (v1 — a)“v(z;y)dyrdya+
Ri-1 Ja—zq
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—/ / (21— a)“v(z; y)dyrdy,
Rd 1

+/ / (b—a)* — (z1 — a)*v(z;y)dyidy>
Ri-1 Jp—z

1

7 I — a,

due to Assumption 3.5.1 on the behaviour of v close to the boundary. Thus
the boundary 0B, is regular in expectation. The regularity of the other
boundary point works in the same way with the Lyapunov function f,(z,22) =
(b—x1)%. O

Example 3.5.3. Consider the CD derivative on the band in R?, with the
Lyapunov function f(x1,z9) = (x1 — a)® for some w € (0,1). Then

b—x1
Dt = [ [ o - 0oty
R 1
- /d (561 = a)*v(z;y)dyidy,
Rd—1
s [ =a — — a wlas)dnds,
Rd—1 bf:rl

b—x1 " " dy dy
= Rd_l/a [(z1+ 31 —a) —(ffl—a)]w

=0 + Iy + I. (3.5.2)

The first term Iy in (3.5.2) splits into two parts Iy = I, + + I _ which are the
positive jumps towards the boundary point b in the first coordinate, and the
negative jumps towards the boundary point a in the first coordinate. Considering

the negative jumps first:

o= [ -0 - @) - -0 e o)

d 1
-1 (Zﬁ(ml - a)2 + zizz %2) 2(4+6)
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14w

_ ' e dy(x1 — a)
_/Rd1 /0 [(1—y)* —1] (21 — @) (y? + L, 12 (2, — a)-2)3(@+H)

Making the substitution y; — y;(x1 — a), we have

- ~ 1
ra-1 Jo (2 + S0, 57)2 (@)

o ' o ndy
—(z1 - a) ﬂAA i

which approaches 0 from below as vy — 0. The term containing the positive

Jumps between 0 and b and the jumps above b are dealt with similarly. The

integral I is clearly negative as r1 — a.

3.6 Two-sided equations on the band

Now we will consider some problems on the band B C R involving the CD

and RL-type operators that we have described in the previous section,?

DWu(z) = —du(z) + g(z), z€B (3.6.1)

u(a, ro) = uq(wa), u(b,z2) = ug(zs),

where A > 0, uy(+), up(-) € C(RY) and g is some given function on B. We refer
to these problems with the short hand notation (—Dgi, A g, uq (), up(+)). In
order to solve problems involving Dg*) we shift the unknown function and look
at the equivalent zero-boundary value problem of the form (—DJ(BV)7 A, 3,0,0),
which is the corresponding RL-type problem. Let us consider some notion of

solutions to the two sided RL-type problem,

DWu(z) = —du(z) + g(z), z€B (3.6.2)

u(a,xe) = u(b,z2) =0

for A > 0. We denote by Dl and D5 the domain of the generators Dg) and
Dg) respectively.

*

3For full details in the case of two-sided operators on the interval B = [a, b], see Herndndez-
Herndndez and Kolokoltsov (2016). The proofs work largely in the same way in the setting
of the band, so we only sketch them here.
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Definition 3.6.1. Let g € B[B] and A > 0. A function u € Cyyap[B] is said
to solve the linear equation of RL type (—Dj(,_;')7 A, 9,0,0) as:

e a solution in the domain of the generator if u is a solution belonging to
Dhill,

e a generalized solution if for all sequences of functions g, € Cliuop|B]
such that sup,, ||g,| < co and lim,_,~ g, — ¢ a.e., it holds that u(x) =
lim,, o wy,(x) for all x € B where w, is the unique solution (in the

domain of the generator) to the RL type problem (—ng% Ay Gn, 0,0).

Since Dg) generates a Feller process X, W (s) which is killed upon crossing
0B, we can use Dynkin’s formula to obtain a unique solution in the domain of
the generator to the RL-type problem (3.6.2). Recall that Dynkin’s formula
says that for a function f from the domain of a generator L of a Feller process

X.(s),

ﬂszuuuﬂw*1+EéﬂfWA—MﬂXAmd&

where 7 is a stopping time with finite expectation. Thus if u is a solution
to (3.6.2) in the domain of the generator, then recalling that 75(z) has finite
expectation and Xé”)(TB(x)) =0 and u(a,x2) = u(b, z9) = 0, it can be written
as

w(z) = E /0 " sy - DX (s) ds]

=E / o e Mg(XW(s)) ds] : (3.6.3)

Equations on the band involving CD-type operators

Take the CD-type operator on the band B given by

b—x1
D) = [ [ ) = f@) e g dndyes

+/Rd1 /_Hl [f (“"”32 - ;1x1y2) - f(:v)] v(w;y)dyrdys
+ /Rdl /b— {f (b, T2 + b ;lxlgﬂ) — f(x)} V<5L'$Z/)dy1dy2-
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The CD-type equation is
Dg’zu(a:) = —u(z) +g(x), z€B

u(a, xe) = uq(xe), wu(b, o) = up(xs).

Let u be a function that solves the CD-type equation with the correct boundary

values u(a, T5) = uq(x2), u(b, 22) = up(xs). Now take any function ¢ € Di?

that satisfies the correct boundary condition ¢(a,x2) = u,(z2) and ¢(b, z2) =
up(q). For such a function we could take ¢ € C?[B] such that ¢' € Cy[B] with
(_Dg*)ﬁb)(xlam) =0 for 2 € OB and ¢(a,x2) = ue(22) and ¢(b, z2) = up(z2).

Now define w(zy, z3) := u(z1,x9) — ¢(x1,22) for x € B. Then we have
Dw(x) = Dglw(x) = Dlu(z) — Di)o(x),
because w is a function that vanishes on the boundary 0B. Thus

—Dg)w(xl, To) = —Au(wy, x2) + g(x1, T2) — Dgqu(:vl,xg)
= —dw(xy, T2) — Ap(21, T2) + g(T1, 72) — Dg(b(%,@)-
And so we have arrived at the RL type equation (—ng% A, g—Ap— ngqﬁ, 0,0)

for the function w. Thus if this w solves the RL problem, then u = w + ¢ can

be considered as a generalized solution to the CD type problem.

Definition 3.6.2. Let g € B[B] and A > 0. A function v € C[B] is said to
solve the CD-type equation as

1. A solution in the domain of the generator if u is a solution belonging to

stop ,
DD* )

2. a generalized solution if u can be written as u = ¢ + w, where w is the

(possibly generalized) solution to the RL type problem
(=D} A9 = Dié — 2,0,0),

with ¢ € C?[B] satisfying that ¢' € Cy[B], (—Dg3¢><x1,$2) = 0 for
z1 € {a, b}, ¢(a,x2) = uq(x2) and (b, x2) = up(22).
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Theorem 3.6.3. If u = w + ¢ exist for the CD-type linear equation, with w, ¢

are as the above definition, then the solution u is unique and independent of ¢.

Now we can state the well-posedness result for equations involving

CD-type operators.

Theorem 3.6.4. Let A > 0. Suppose that —Dg) generates a Feller process on
B.

1. For any g € B[B], the two-sided equation of CD-type is well-posed in the

generalized sense. The solution admits the stochastic representation

u(x) = E [ua(X (7p(2)))e ™1 x, (rp (@))e g (3.6.4)
+E [up(XP (15(2))e ™ DL x5}

+E / e e‘”g(Xx(t))dt] |

2. The solution to the Caputo-type equation depends continuously on the

function g and on the boundary conditions {us(-), us(+)}
Proof.

1. Already we know that (—Dg), D*illy generates a killed Feller process X
on B and this also ensures that 7p(x) has finite expectation. Let us
take any function ¢ € C?[B] satisfying the conditions of Definition 3.6.2.
After recasting the CD problem as a RL-type one, we can use (3.6.3) to
get that the generalized solution w to the RL-type problem

(_D(V)’g - D(Byng - >‘¢7 )‘7070)7

is given by w = I — I, where

I =K

75()
/ e Mg(XW()) ds|
0

T5()
II:=E / e (A + DY) (XM (s)) ds] .
0
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Then by definition, u = w + ¢ is the generalized solution to the Caputo-

type equation. Now we will making use of Dynkin’s martingale again,
Y(r):=e o (X (r) + / e N+ D)o(XP(s))ds,
0

along with the stopping time 75 (). The idea is to note that E[Y (75(z))] =
E[Y'(0)] (by Doob’s stopping theorem), which gives us

TB(z)

B[ (X Ga)] + [0+ DEDO 6

= E [eM6(X(0))] = ¢(x),

since X,(0) = z, and so we have

IT=E

T5(7)
/ e (A + ngw(Xi”)(s))ds]
= ¢(z) — E [e?@¢ (X (r5(2)))] .

Now recall that u = w + ¢ and w = [ — II, thus combining these

expressions we get

u(z) =E

/TB(l") G_MQ (Xil/) (t)) dt]
— ¢(z) + E [e 0 (X (75(2)))] + ()
/ " g (x0(0) dt (3.6.5)

+E [e”\TB(’“")u (X(”) (TB(.Z')))] ,

xT

=K

since by assumption, ¢ agrees with u on the boundary of B (i.e, at
x¥ (t(2))). Now since at the random time 75 (z) the process XY takes
values either along (a, x5) or (b, z2), the last term in (3.6.5) can be written
as

E [efATB(I)U (Xagy) (78(x)))] = E |:ua(X:S:2) (TB(SU)))efATB(x)1{X;v>(TB(I))eD3}]

+E [up(XP (75(2)))e DL x, (rp@pengy ]
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which yields the first result.

2. The continuous dependency follows from the stochastic representation
and the estimate

lu = wall < (uall + usl)) sup Ele ™) + ||g — g| sup Elrs(2)],
zeEB reB

where u,, and g, are as in Definition 3.6.1.
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Chapter 4

Two-sided estimates for Green’s
function of fractional evolution

equations

The work in this chapter is adapted from the article Johnston and Kolokoltsov
(2019a). The main aim is to obtain two-sided estimates for the Green’s function

of fractional evolution equations of the form

th—l—*u(t? .I') = L$u<t7 LIZ'),

Under suitable conditions on the operator L,, the solution to such equations is

given by the operator valued Mittag-Leffler function
u(t,z) = Eg [t°L] Y(2) = / LY ()l (s) ds,
0

where f is the density of 70 := inf{s > 0 : X/(s) < 0}, where (X/(s))s>0
is the B-stable subordinator (with inverted direction) generated by —D{ e
Denoting by G(s,z,y) the transition densities of the process generated by L,

the solution u can be written in the form

)= [ v ([ Gutsnmuits) as) ay

= /d Y(y)G(L’B)(t,x,y) dy
R
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This section is dedicated to obtaining two-sided estimates for the Green’s

function G(LB ) when L is the generator of the following R%valued processes:

e Diffusion processes whose transition densities satisfy global Aronson
estimates (2.3.5)

e Non-degenerate diffusion processes whose transition densities satisfy local

Aronson estimates (2.3.2)

e Non-isotropic a € (0, 2) stable processes whose transition densities satisfy
the global stable estimates (2.3.7)

e Non-isotropic stable-like processes whose transition densities satisfy the
local stable-like estimates (2.3.9)

4.1 Global Estimates

We first look at global in time two-sided estimates for G(LB ) in two special cases.
Notice in (3.2.5) that the integral over the time variable z ranges from 0 to oo,
and so in order to perform any estimates on the term G (z,z,y) one can only
use estimates that hold for all z € (0,00). We begin with two such cases, when
one has global in time estimates for G;. Namely, when L is a second order
uniformly elliptic operator in divergence form or when L is a homogeneous

pseudo-differential operator (with constant coefficients).

4.1.1 Divergence Structure

In this section we consider the time-fractional diffusion equation given by
Dy u(t,x) = Lu(t,z) :== V - (A(x)Vu(t,z)), u(0,z) =Y(z), (41.1)

where D) . is the Caputo fractional derivative acting on the time variable, and
the spatial operator is a second order elliptic operator in divergence form which

was discussed in Section 2.3. Recall that the solution of (4.1.1) is given by

u(t,z) = Eg(Lt°)Y (z),
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and the associated Green’s function is given by

1 1

GO(t,x,y) = %/ G(tPz,z,y)2 " Fwg(277) dz, (4.1.2)
0

where G(t, x,y) is the Green’s function associated with the second order elliptic
operator in divergence form, (2.3.3). We have the following two-sided estimates
for the Green’s function G, which are global in time. In the following, we

use the notation Q := |z — y|*t =",

Theorem 4.1.1. Assume that the function A(x) is measurable, symmetric
and satisfies (2.3.4) for some p > 1. Then there exists a constant C' such
that for (t,r,y) € (0,00) x R? x RY, the Green’s function GP)(t,x,y) for
the time-fractional diffusion Equation (4.1.1) satisfies the following two-sided

estimates,
o For Q) <1,
t%, =1,
GO(t,z,y) < C{ +8(|log Q) +1), d=2, (4.1.3)
T Qg >3
e ForQ1>1,
GA(t,z,y) =< o7 5 (5) exp {—C’BQﬁ} . (4.1.4)

Proof. Let us begin by using the asymptotic behaviour of the stable density
wg in (4.1.2),

1 oo 1 1
GO(t,x,y) = 5/ G(tPz,,y)2 " Fuwg(277) dz
0

1 o0
xc5/0 G(tPz,2,y) dz+05/1 G(tﬁz,x,y)z_l_%fﬂ(z_%) dz,

5
where fz(z) =z~ 207 exp{—cax_%}. Next we apply Aronsons estimates
(2.3.5) to G(tPz,z,y),

1
GO (t, z,y) =< C’t_df/ ’n exp{—Qz7'} dz
0
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where Q := |z — y|*#7%. Making a change of variables 2 = w™! so that

dz = —w2dw,

GOt z,y) =< Ctdf/ we 2 exp{—Quw} dw

1

1
+ C’t_f/ w2 exp{—Qu} fa(w?) dw (4.1.5)
0

=. 11 + ]2.

We now estimate I; and I, in two different cases, depending on the

behaviour of (2.
Case 1: () < 1. Making a further substitution of V' = Qw in the integral

I, gives us the simpler form of
I =CtTQ: /OO Ve2exp{—V} dV.
Q
Now if d = 1, then we have the asymptotic behaviour
L=t2Qs /Oo V3exp{=V}dV ~ 17703072 = Ct72,  as Q — 0,
Q
and in particular for 2 <1 there exists a constant C' > 0 such that
I, < Ct 3,
If d = 2, then we see logarithmic behaviour,
L =0Ct"? /QOO V6lexp{=V}dV ~tP(|logQ| +1), Q—=0, (4.1.6)
and in particular for 2 <1 there exists a constant C' > 0 such that
I < Ct™"(|log Q| + 1).

If d > 3, then the integral is the so-called upper incomplete gamma
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function, and has the asymptotic behaviour
d

I, = Ct2Q% / Vi lexp{—V1dV ~ Ot % Q5T (5 - 1) . asQ 0,
Q

and in particular for 2 < 1 there exists a constant C' > 0 such that the
two-sided estimate
_dB q1_d
L <Ct =2Q "2,

holds. Thus we have the following two-sided estimate for I,

%, d=1,
L =Cq t7P(|log Q|+ 1), d=2,
=T Q5 d>3.

Turning to the integral I,

1
I, = Ct‘df/ w2 s exp{—Qu} fz(w?) dw
0

1
= C’t_df/ wE T E exp{—Quw — ng_ﬁ} dw (4.1.7)
0

_dB
= Cdﬂt 2,

due to the fast decay of fs in a neighbourhood of 0. Thus combining the
estimates for I; and I, gives (4.1.3).

Case 2: 2 > 1. In this case we use the Laplace method as described in
Section 2.4. Firstly for I, using g(w) = w? ™!, h(w) = w and b =1 in (2.4.2)

we have

[1 — C’t*% / w%fl exp{—Qw} dw ~ ti%ﬂil eXp{—Q},

1

and in particular the estimate

I =Ct T exp{-Q}, Q>1.

d_1 1

For the second integral, we use Proposition 2.4.1 with N = § —1— SIO)]
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S
and a = -5

L=Ct7 /1 w T exp{—Qw}fﬁ(w%) dw
0
~ Ot 70 158 exp{—C7),
and again in particular, the two-sided estimate
L= Ct= %0 5(5) exp{—CQ75 ).

Combining the estimates for I; and I shows (4.1.4), and we are done.

O

If one additionally assumes that the diffusion coefficients A(z) of (2.3.3)

are twice continuously differentiable, the following estimates hold for the spatial

derivatives of the fundamental solution of (2.3.3),

0 _an |z —y?
— < 2 — .
'8xG(t,az,y)’ < Ct exp{ C ; , (4.1.8)

for (t,z,y) € (0,00) x RYx R%. We next have estimates for the spatial derivative
of GA(t,2,y).

Proposition 4.1.2. Under the same assumptions as Theorem 4.1.1, assume
additionally that A(x) is twice continuously differentiable, then the following
estimates for the spatial derivatives of the Green’s function G\¥)(¢, z,) holds
for all (¢,z,y) € (0,00) x R? x RY,

e For O <1,
0 t(|log Q|+ 1), d=1,
_G(B) (tvxa y)‘ S C (d(ll)(zg | (:1 )
oz t—=z QY= d>2.
e For 2 >1,
(d+1)p __ (d+1)

0 _ (d+1) (1-5 _1
‘%G(B)(t,x,y)‘g(]t 20 (rﬂ)exp{—cgsz ﬂ}
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Proof. Recall that
GA(t, x,y) 5/ By %wg(z_%) dz,

where G satisfies the global estimate (4.1.8). Using the triangle inequality after

taking the derivative inside the integral,

0 01 1 1

dbalte) S il B —1-3 -5
‘&UG (t,x,y)‘ 927 /. G(t’z,x,y)z"  Fwg(z 7) dz.
< C’/ B2,2,y) 2_1_%U)B(Z_%) dz

< Ct~™ (dﬂ)ﬁ/ P exp{—Qz’l}z_l_%wg(z_%) dz
0

1
< C’ﬁt_(dglm/ P exp{—Qz7'} dz (4.1.9)
0
+ Cgt’WTM / Pl exp{—Qz’l}z_l_%fB(z_%) dz
1

@ns [
= Cst™ = / w2 exp{—Quw} dw
1

d+1

1
@ins di1 g1 _
+ Cst™ / wz T8 exp{—Qw — cpw TF} dw
0

= [1 + [27

where in the above calculations, after using the estimates (4.1.8) and (2.3.12),
we made the substitution z = w™!. Note that the integrals I, and I, differ
from those appearing in (4.1.5) only by replacing d with d + 1. Thus the only
change in the calculations is where the dimension dictates the behaviour of the
estimate, namely in the integral I; under the regime €2 < 1. In this case, make
the substitution wQ) =V,

L =0t 2 d“/ VE 2 exp{-V} av.
0
For d = 1, we are in the same situation as (4.1.6), thus

I ~Ct™P(|logQ +1), Q—0,
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and in particular
L <CtP(|logQ +1), for Q<1
Otherwise for d > 2 we have

L <Cr Q-9 (—d; Lo 1) Cat™ QI

For the integral I, replacing d with d + 1 in (4.1.7) does not spoil the estimate,

thus

(d+1)B
L<Cyst— 2, forQ<l.

This shows

0

tB(|logQl+ 1), d=1
‘_G%m,y)‘gc (Ilog @ +1), d=1,

ox (d+1)ﬁ Ol a 4> 9.

Y

for 2 < 1 as required. For €2 > 1, the estimates follow again by using the

Laplace method. Namely taking g(w) = w*s !, h(w) = w and b =1 in (2.4.2)

we have
L < g exp{—Q}, forQ>1.
Finally using N = % —1- ﬁ and a = 5 in Proposition 2.4.1 gives us
I, < 0520 (555) exp {—CQﬁ} L for Q> 1.

Thus

9 ®

%G (t,v,y)| < L+ I

<Ct (d+1)BQ %( )exp{ Q=3 6}

as required. O]

4.1.2 Pseudo-differential Operators: Constant Coefficients

Next we turn our attention to another class of problems, where the spatial

operator is a homogeneous (constant coefficient) pseudo-differential operator.
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That is, for 5 € (0,1) and a > 0,
Diu(t,z) = =0, (—iV)u(t,z), u(0,z) =Y (x), (4.1.10)
where VU, is a pseudo-differential operator whose symbol is of the form

Ya(p) = [p|*Su(p/Ip),

where S, is a positive function on S, see (2.2.4). To this end, we use known
properties of the Green’s function Gy, (¢, z) associated with ¥,, namely that it
satisfies the stable estimates (2.3.7)
As discussed in the introduction of this chapter, the solution of (4.1.10)
is given by
ult,2) = By(~Ua(—iV))Y (a)

where

1 [ 1
Es(s) = E/o ez T rwg (279 da.

Thus the corresponding Green’s function foi : (t,z,y) of (4.1.10) is given
by

1 o0
G ta) =5 [ oo -y Funle ) de
0

In keeping with the previous section, we denote Q := |z — y|*t=". We

have the following two-sided estimate for the Green’s function Ggﬁ : (t,z,y).

Theorem 4.1.3. Leta € (0,2) and 8 € (0,1). Assume that w € C@H1HeD(§d=1)
and that S, > Sy > 0 for some constant Sy. Further assume that the spec-
tral measure i of the stable operator V., has a strictly positive density. Then
there exists a constant C' > 0 such that the Green’s function for the frac-

tional evolution equation (4.1.10) satisfies the following two-sided estimates for
(t,z —y) € (0,00) x R%.

o For 2 <1,
t_%ﬁ, d < a,
GOtz —y) =< C{ 15(|log| + 1), d=a, (4.1.11)
t_%ﬁQl_g, d > a.
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e ForQ)>1,
GO(tw—y) = Ct e s, (4.1.12)

Proof. We again begin by using the asymptotic behaviour of the stable density,
1
)= [ Gl i

+ 06/1 Gy (P20 — )27 VB fo(277) d,

5
where fz(z) = 2R exp{—czf%}. Before using the estimates (2.3.7) for

Gy, (with ¢ = t°z), note that using the notation Q = |z — y|*t=", we have

dag d
tm Q1 az, forz<Q,
min (t_%Q_l_%z,t_%z_%> = o (4.1.13)
"oz a for z > Q.

)

Thus we have,

1
Ggpﬂa)(t,$ —y) = C/ min (t_%Q_l_%%t—%Z_%) dz
0

aB

+ c/ min (t_%Q_l_gz,t_?z_g) z_l_éfg(z_%) dz
1
(4.1.14)
= Il + [2.

Now we deal with two cases.
Case 1: 2 < 1. Using (4.1.13), in this case the integral I; equals

Q 1
I, = ct_de_l_Z/ zdz + ct_?/ e dz
0 Q

C dg d d
_t*E

1

Qe ~|—ct(f/ 2 o dz.
Q

Note that for d = «, the integral over the interval (€2, 1) is

1
t_B/ 27t dz = t7"|1log Q.
Q

60



On the other hand, for d # a we have

1
1
t?/ 2e dy = t*%(l — Qlfg)
o 1

_4d
_%, d < a,
=C a5y a
t7aQ ", d>a.
Thus in this case we have,

t_%, d < a,

L =Cq t7P(|logQ|+1), d=a,

Qs d> a.

Turning to I, note that the integral does not involve {2, and is convergent

since fg(z_%) is bounded and vanishes as z — oco. Thus
L=Ct / 2Ta TR f5(27F) de = Cpaat v
1

Combining the estimates for I; and I shows (4.1.11).
Case 2: () > 1. In this case, the integral [ is simply

1

c

I = ct_(fﬂ_l_i/ zdz = —t_%Q_l_g.
0 2
For the second integral, we have
as _a [ 1 _1 ag [0 _a_q_1 1
ILy=ct Q" a/ 2B fg(zP) dz—i—cta/ z o TB fg(27F) dz.
1 Q

Note that the integral in the first term approaches a convergent integral (for
large ), while the second can be dealt with by using the Laplace method, see
2.4.2,

o o)
8 g4 1, L1 _ap L4, )
L=t =Qt a/ 2 P fa(z77) de+ct a/ 27 o R exp{—cpzTr } dz
1 0
d

d 1
= C’gt_%Q_l_E LT RQ T exp{—cQﬁ}
< ortat
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. —d_q4_1 1 .
where we have used (2.4.2) with g(x) = 2~ «~ " 20-% and h(x) = 7-#. Combin-

ing the estimates for I; and I proves (4.1.12), which completes the proof. [

Proposition 4.1.4. Under the assumptions of Theorem 4.1.3, assume addi-
tionally that w € O+ *le+(S9=1) Then the following estimates hold,

e For QO <1,
oF _W d+k < a,
) -
G ar, Coa (b2 1) SO P (log(@)] +1) d+k=a,
1 (2 dk Gk
S Ak >
(4.1.15)
for all £ <l and iy, - , .
e For QO >1,
ak (d+k)8 (d+k)
—G(ﬁ)(t,x—y)‘ <Ct e Qe (4.1.16)
O, - Oy, Ve

for all k <l and i1, , 1.

Proof. Using the asymptotic behaviour of wg followed by (2.3.8) we have

ak
mGi@(tw - y)' < I+ I,
1 1k

where )
) _@+R)B | dtk  (d+R)B _ d+k
IlzzC/ mm(t o QT e 2 a)dz,
0

and

Iy = C’/Oo min (t‘wﬂ_l_%z,t_wz_%> z_l_%fﬁ(z_%) dz.
' (4.1.17)
Again we are in the situation where these integrals are the same as those found
in (4.1.14) after changing d — d + k. Thus we have for > 1,

C _(d+kB 4 _dtk
2
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(d+k)B 1_dtk

@ @t [ _gbn_
Iy =ct™ @ Q__a/ zﬂfﬂ(z ﬁ)dz+ct‘ / z
Q

1

_(@d+k)B 1 d+k _(d+k)B _dtk 1 1

<Ct o QT fotm e Q0 o« 0 exp{—cQTF}
(d+k),6’ |- dih

< Cipapt™ 0"

Combining the estimates for I; and I, gives us (4.1.16). For © <1 we have

I, = ot~ / Z_M_l_ﬁf (2~ ) dz < Ct™
1

It only remains to check the estimate for I; when 2 <1,

Q 1
_d+k)B 4 d+k _ (d+k)B _d+k
L=ct = Q! a/zdz+ct o /z
0 Q

1
C (d+k)6 d+k _ (d+k)B _d+k
= - 0= +ctm e 27 o dz.
! 0

Thus we have
_(d+k)8

a d+k < a,

L<COQ t7%(|logQ| + 1), d+k=a,

_ (d+k)B _ (d+k)
a Ql a d + k' > Q.

(d+k)ﬁ

dz

Combining the estimates for I; and I, for < 1 gives us (4.1.15). O

4.2 Local Estimates

In the following two sections we look at two other families of spatial operators

which extend the global estimates obtained in the previous sections. Firstly

we consider a more general second order elliptic operator (not necessarily in

divergence form), then we consider homogeneous pseudo-differential operators

with variable coefficients. In both cases we provide local (i.e., small-time) two-

sided estimates for the Green’s functions of the associated fractional evolution

equations. The key point here is that for these spatial operators, we no longer

have global (in time) estimates for the associated Green’s functions. Before

going to the new estimates, we describe how one turns local estimates into

global estimates. If for some Green’s functions Go(t,z,y), G1(t,z,y), one has
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the local two-sided estimate for some constant ¢ > 0
1
—Gi(t,z,y) < Go(t,z,y) < cGit,z,y), (t,x,y) € (0,T] x R? x R?,
c

for some fixed 7' > 0, then by taking convolutions and using the Chapman-

Kolmogorov equations,

G0(2t,a7,y) :/ G()(t,l',Z)Go(t,Z,y> dz

R4
< / CGl(t,SC,Z)CGl(ta Zvy) dz
R4

= *G1(2t, 1, y).

Repeating this procedure n-times,

GO(nt’x’y) B / / GO(t,x,.Z'l)--~G0(t7$n7y)dwl,..dxn
R4 R4
< / / CGl(t,l’,xl)--~CG1<t7xn7y)dx1...dxn
R4 Rd
= "Gy(nt,z, 2).

By fixing t and setting 7 = nt (so that 7 &~ n for large values of n and 7), we

then get

GO(Ta xz, y) S CT/tGl (7_7 z, y)
= etlo8eq, (1,2,9)

~eGy(T,z,y), Y7 >0,z,y € R

Applying the same procedure to the lower bound gives us the global two-sided
estimate
e TG, z,y) < Go(r,2,y) < e Gy(T,2,Y) (4.2.1)

for all (7,z,y) € (0,00) x R x R?.

4.2.1 Non-degenerate Diffusions

In Section 4.1.1 we derived global two-sided estimates for the Green’s function

of fractional evolution equations involving a fractional derivative in time and a
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second order elliptic operator in divergence form as the spatial operator. The
key point in that case is that Aronsons estimates provides two-sided Gaussian
estimates that hold globally for all time ¢ > 0. In this section we consider the
case that the spatial operator is any non-degenerate diffusion operator, which

can generally be of the form
Lu(t, z) = a4 (2)0, 05, u(t, ) + bi(2) 0y, u(t, v) + c(x)u(t, ). (4.2.2)

Assuming that a(x) is uniformly elliptic and continuously differentiable, b(x)

and c¢(z) are continuous, and the uniform bound holds:

supmax(|Va(x)], [b(2)], [e(x)]) < M.

T

Then the Green’s function associated with (4.2.2), satisfies the following local
estimates:

d

t 2

C

|z — y|?

_ |2 u
exp {_CM} < G(t,z,y) < Ct 2exp {—CT} . (4.2.3)

for (t,z,y) € (0,T) x R x R? for some fixed T > 0. We also have the following

estimates for the spatial derivative of the Green’s function G,

a 77d 1 |'r - y|2
- < 2 (=< 2.
' xG(t, xZ, y)’ Ct exXp { C ; s (4 2 4)

for (t,z,y) € (0,T) x R? x R%. The main obstacle now is that the estimates for
the Green’s function of (4.2.2) are only for small-time, thus a serious problem
seems to arise when trying to insert the local estimate into the Pollard-Zolotarev
formula, which involves integrating over all time z € (0, 00). However we use
the trick described in the previous section to make the local estimates global,
in (4.2.1). To this end, the following two-sided estimate holds for G(t, z,y) for
all (1,7,y) € (0,00) x R x R?,

— yl? 2
e T2 exp {—Cu} < G(r,z,y) < eTre exp {—C’u} ,
T T
(4.2.5)
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for some constant c. In addition, for all (7,z,y) € (0,00) x R? x R?,

=

a2
'QG@',Z’,ZJ)‘ < e max(72,1) ~% exp {—Cu} .

ox T

Alternatively we can split the estimates for the spatial derivative up into

small-time and large-time - for 7 € (0, 1),

0 _d+1 |IE —y|2
< 2 - ——- /N
’axG(T,x,y)‘ <Cr exp{ C - , (4.2.6)
and for 7 € (1, 00),
2G(T z,y)| < €T ex —C”m —ul (4.2.7)
ax Y 7y — p 7_ * c=

Now we proceed to obtain estimates for the Green’s function of the fractional
evolution
Diu(t.x) = Lult,x),

where L is defined as above in (4.2.2). The Green’s function for this fractional

evolution equation is given by

1 1

GOt x,y) = %/ Gtz x,y)2 " Fwg(27F) dz. (4.2.8)
0

Again let Q = |z —y|*t=#. We have the following local estimates for the Green’s

function G above.

Theorem 4.2.1. Assume that a(-) € CH(R?) is uniformly elliptic and b(-), c(-) €
C(RY). Suppose also that,

sup max(|Va(z)], [b(x)], |e(x)]) < M.

T

Then for a fixed T > 0, there exists constants Cy,Co, Cs such that for (t,x,y) €
(0,7] x R? x R? the Green’s function G (t,x,y) defined by (4.2.8) satisfies

the following estimates,
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e ForQ) <1,

5, — 1,
GO (t,z,y) = 1 +8(|logQ| +1), d=2, (4.2.9)
=T, d>3
o ForQ>1,
GOt z,y) =< OQt_%Q_%<%> exp{—C'gQﬁ}, (4.2.10)

where C1,Cy depends on T,d, 5 and C5 depends onT' and [5.

Proof. First splitting up to the stable density,

e.¢]
1 1

1
GOt 2,y) < CB/ G(t°z,2,y) dz + C,B/ G(tP2,2,y)2 77 fa(277) dz
0 1

= Il + ]2.

Note that on using the estimate (4.2.3) in /1, we have the same integral of the

same name appearing in (4.1.5). Thus for Q <1,

1 1
IL = C’ﬁ/ G(t’z, 2,y) dz < C’Tt_df/ 'R exp{—Qz'} dz
0

0

[N])eY

=5, d=1,
=<CS t75(logQ| +1), d=2, (4.2.11)
7O, d> 3.
In addition for 2 > 1,
I =< Crt~ 2 QL exp{—Q}. (4.2.12)

Turning our attention to I, let us consider separately the upper and lower
bound.
Upper bound for I,

First applying the upper bound from (4.2.5) to G,

I, < Ctdf/ PR exp{ct’z — Qz’l}fg(z_%) dz
1
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—Ct % / PRy exp{ct’z — Q27! — cﬁzﬁ} dz. (4.2.13)
1
For 2 <1, we have

as [0 _ag 1 1
I, < Ct‘Z/ 272717205 exp{ct’z — c52TF ) dz
1

o0
dag _d_1_ 1 1
< C’t‘?/ 2727508 exp{cTPz — c3zTF ) dz
1

for t < T for some fixed 7" > 0. Combining this with (4.2.11) gives (4.2.9).
For 2 > 1, we use again that the decay of exp{—czz'/1=#} for large »

is stronger than the growth of exp{ct®z} for large 2 as long as t < T for some
fixed T' > 0. That is,

as (% 414 1 B
I, < Ct—z/ 272 arm exp {—Qz_l +ctfz — cﬁzlfﬁ} dz
1
as [0 _a_q, 1 ) e
<Ct = z 2 T20-8) exp {—Qz’ — CT,BZI*B} dz
1
1
_as d_q__1 1
=Ct 2 / w? 2(1-8) exp {—Qw — CT,ﬂw 1—5} d'lU,
0
1

where we have made the substitution w = z7" in the last line. Now we apply

Proposition 2.4.1 with N = g — 11— —anda=

L
2(1-p) 1-p7

L < 0t 7072(575) exp{—CQ77 ).
Note the constants in the above estimate depend on 7. Combining this with
(4.2.12) gives us the required upper bound in (4.2.10).

Lower bound for I,
Using the lower bound from (4.2.5) in Iy,

> d 1
I, > ct= % / PR exp{—ct’z — Qz7! — cgzﬁ} dz.
1
Firstly for 2 <1,

as (% _d_qq 1 1
I, > Cﬁt_T / z 2 507 exp{—Qz_l _ CtBZ _ 6521*5} dz
1
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LN T T T I
> Cﬁt_Q/ 27270 exp{—ct®z — cpz TP} dz
1

o0
as g1 1
> CB,Tt2/ 272w exp{—cTP2 — c52T7 } dz
1

das
= CT”&dtiT.

Finally for 2 > 1,

as [ _a_ 1 )
Iy =Cgt™ 2 / 2720 exp{— Q27 — ctfz — 52T A} dz
1

4 1
> Cﬁt_% / 272 aE exp{—Qz 7! — (et? + c@zﬁ} dz
1

oo
as Cdgy 1 1
> C’gi?/ 272 TEE exp{—Qz7! — CrpzTA ) de,
1

where we have used the fact that exp{—ct’z} > exp{—ctﬁzﬁ} for z > 1.

1

After making the substitution z = w™" we apply Proposition 2.4.1,

_ﬁ ! 1_1_; 1
I, > Ogt 2 w? 2(1-8) exp{—Qw — OT,ﬁw 17/3} dw
0
> O1t_%ﬂ_g(%) eXp{—CéQﬁ}7

where (' depends on T, 8 and d, and C5 depends on T" and 5. Combining this
with (4.2.12) gives us the lower bound in (4.2.10), as required. O

Next we look at estimating the spatial derivative of the Green’s function
G firstly for large-time using (4.2.7) then for small-time using (4.2.6). As
usual, let Q := |z — y|* 7. Firstly for large finite time,

Proposition 4.2.2. Under the same assumptions as Theorem 4.2.1, suppose
further that a(x) is twice continuously differentiable, and b(x), ¢(x) are con-
tinuously differentiable (with all derivatives bounded). Then for a fixed finite
T > 1, the following estimates hold for the spatial derivative of the Green’s
function G (t,z,y) for (t,z,y) € (1,T) x R? x R?,

e For () <1,

t7(|log Q| + 1), d=1,
|z — y|*4, d>2.

‘ngm y>' < Crus (4.2.14)

ox
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e For 2 >1,

'%ﬁ@@wwﬂsomﬂx—wﬂﬁﬁmm—@wu—mfﬂ.@zw)

Proof. We start as usual by first splitting up the integral into small and large

z, and also use the triangle inequality,

0 Lo
el (e < a8
‘6$G (t,x,y)‘ < CB/O &EG(t z,x,y)‘ dz

2717%]@/3(27%) dz.

>0
—G(t°
10 [ |G

Note that ¢ € (1,7) means that t =% € (T=7,1). Thus for z € (1,00) we have
z > t7P. Now we use the local estimate (4.2.6) for the first integral and (4.2.7)
for the second,

0

1
a—G(ﬁ)(t,x,y)‘ < o= / P exp{—Qz"'} dz
€ 0

+OtT / P exp {—szl +ctfz — Cﬂzﬁ} dz
1

==. [1 + [2.
Note that the integral in [; is the same as (4.1.9), and thus for Q2 <1

tP(|log Q| + 1), d=1,
_(@+1)p

SR 4> 2

1
I, = o / P exp{—Qz"'}dz <
0

Note however that ¢ € (1,T), which means that t=# € (T=? 1). Thus

tP(|log Q| + 1), d=1,
|z — y|' 9, d>2.

I < Crpa (4.2.16)

For Q2 > 1,

_(@d+DB _
L <Ct7=2 Q 1exp{—Q} < Cragle — vyl 26Xp{—CT’5|JZ — y|2}

As for the integral I, this is the same one which appeared in the previous
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proof, (4.2.13), and thus for 2 < 1,

L <Ct7 < Crap.

Combining this with (4.2.16) which gives both (4.2.14). Finally an application
of Proposition 2.4.1 gives for Q2 > 1,

as [0 _d_qy 1 1
I :Ct_2/ PR ) eXp{_QZ_l‘i_CtBZ—C/BZl*ﬁ} dz
1
as [0 _d_qy 1 1
<Ct = / 22T ITEED exp {—Qz_l — CT,BZI*ﬁ‘} dz
1

< ot 70 855 exp{—CQ77)
1—

_q(1=8 _2
< Cragle —y[ 5 exp{—Cyplz — y|77 }.

Combining this with the estimate for I, gives the estimate (4.2.15) for Q > 1,
as required. O

Next we have the estimates for small-time.

Proposition 4.2.3. Under the same assumptions as Theorem 4.2.1, suppose
further that a(x) is twice continuously differentiable, and b(x), ¢(z) are con-
tinuously differentiable (with all derivatives bounded). Then the following
estimates hold for the spatial derivative of the Green’s function G (¢, z,y) for
(t,z,y) € (0,1) x RY x RY,

e For Q) <1,

0

tF(|logQ+1), d=1
P%wwﬁﬂﬂg@ﬁ (llog | +1), d=1,

_(d+1)B

Ox QIS a> 2.

e For 1 <0< t‘ﬁ(%)’

d+1

Q_< 2 )(%) exp{—OQﬁ},

0 (d+1)8
— Gt <Otz
‘ 5.0 (G 1,y)| <

e For ) > t_’B(%)

Y

gG(B)(m,y)‘ < ot 705 (55) exp{— 077 ).
xr
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Proof. Splitting the integral up using the stable density then using the
estimates (4.2.6) and (4.2.7),

0 ! 1
ig(ﬂ)(t,x,y)‘ < Cst™ (e / P exp{—Qz"'} dz
xr 0

> 11 Q 1
+O,3/ max((t°2)72,1)z7 27177 exp{—— —i—ctﬁz} fa(z ll*) dz
. 2
1
= Cst™ e / R exp{—Qz"'} dz
0
wp [©7 am 1 ) o
+Cpt™ 2 / z 2 20-F) exp {—QZ* +ctfz — cﬁzl—ﬂ} dz
1

x4 1
+ Cﬁt_% / Z7 271 TEH exp {—Qz_l +ctfz — CBZﬁ} dz
t—B
=L+ 1L+
Now we investigate the usual cases.

Case 1: Q) <1 The integral in I, being the same as the one in (4.2.16),
has the upper bound

t7(|log Q| + 1), d=1,
_(@+1)8

QIS 4> 2.

1
I, = Ct*‘(dg = / P exp{—Qz '} dz < C
0

The other two integrals in I, and I3 approach convergent integrals for bounded
1, so

t—8
(d+1)8 JYES D R S 1
L= Ct~ 2" / 2 e exp{— Q2 + otz — 3277} dz
1
@ [ _ar1 g 1 5 1
< Ct 2 272 20-9) exp{ct’z — cgzT7} dz
1

(d+1)B
S Cd ,Bti 2,

)

and
_ap [0 _aqy 1 1 8 e
Iy =Ct = z 2 20-5) exp{—Qz + ct Z—Cﬂzl—ﬁ} dz
t—B
s [0 _d_ 1 1
< Ct_d'é’/ z 2 g exp {Ctﬁz—cﬁzlfﬁ} dz
t—B8

__ __B_
< P aa-m exp{—Cpst 7}
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as
< Cypt™ 2

Thus in this case,

0 tP(|logQ +1), d=1
v (B) t < ) )
axG ( 7'T7y>‘ <C _(d+21),te_dJ2rl 4> 9.

)

Case 2: (2 > 1 A direct application of the Laplace method gives

(d+1)B

L <t 2 Qlexp{-Q}.
For the second integral we have,

[CESVE RN g S W 1
I, < Ct” / 272 aE exp{—Q2 7! — Cp2TF ) d2
1

(d+1)5

<Ot o () (=

e

5) exp{—CQ2-5 ﬁ}

where we have used Proposition 2.4.1 in the last estimate. Finally since

€ (0,1), another application of Proposition 2.4.1 gives

> d 1
I3 < Ct_d?ﬁ/ 272 exp{—Q2 7! — Czﬁ} dz
1

< Ct~ 7 Q255 exp{ 0077},
Note that

_(@+1)B ag
2

0~ () (=5) expl—cQ7r) < O 702 (575) exp{ Q77 ),
when t=2Q 2 (5=5) < 1. Thus for Q >t~ B(1=5 ),

8 d d(1- 1
‘%G(ﬁ)(t,z,y)‘ < o7 5 (5) exp{—CQ2-7},

while for 1 < Q < ¢ 8(55),

X
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4.2.2 Pseudo-differential Operators: Variable Coefficients

Finally we derive two-sided estimates for the Green’s function of time-fractional
stable-like equations. Stable-like operators are homogeneous pseudo-differential
operators with variable coefficients (that depend on the spatial variable x,
but not time). As noted earlier in (2.3.7) the fundamental solution G, of the
evolution equation

Ou = =V, (—iV)u,

with ¢, (p) = |p|*S.(p/|pl), satisfies the following two-sided estimate for all
<t7$ - y) S (07 OO) X Rd?

t
Gy, (t,z —y) < C'min <m, t—d/a) , (4.2.17)

When the coefficients of the operator ¥, depends also on the spatial variable,
the same kind of estimates hold for small-time. Using the same technique as
the previous section to extend these small-time estimates to global estimates,

we have the following two-sided estimates for 7 > 0, z,y € R,

-~ . T _4d : T
e CTmln <m;7‘ a) < Gwa,m(ﬂxay) < eCTmIII (|I— |d+a

Q\Q.
\_/

(4.2.18)

and

ok k T d
Gy, (T, 7, < %" max (T_E, 1) min (| ————,7 « |.
B Oyt y)‘ : g

4.2.19)
Now consider the following fractional evolution equation,
DY u(t,x) = —Wa(x, —iV)u(t,z), u(0,z)=Y(z), (4.2.20)
where the symbol of ¥, is of the form
Yoz, p) = |p*Su(z, p/Ipl), (4.2.21)

where S, satisfies the assumptions of Theorem 2.3.2. The solution of (4.2.20)
is given by
u(t,r) = Bg(—Vo(x, —iV)t")Y (z),
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where Ejg is the Mittag-Lefller function. The Green’s function of Equation
(4.2.20) is then

1

1 x
GOt =5 [ Gualro)s e e (22
0

Let Q = |z — y|*t 7.

Theorem 4.2.4. Let o € (0,2) and § € (0,1). Assume that the function S,, in
(4.2.21) is v-Hélder continuous in the first variable and k-times continuously
differentiable in the second variable. Assume further that the spectral measure
1 has a strictly positive density. Then for a fized T' > 0 there exists constants
C such that for (t,x,y) € (0,T] x R? x R? the following two-sided estimates
for (4.2.22) hold,

e ForQ) <1,
t’%, d < a,
Gy (txy) = CF t8(|log(Q) +1), d=a,
e Ql-e, d> a.

o forQ>1,

G&@w(t,x,y) = Ct_%Q_l_%,
where the constants C' depend on d, o, 3 and T'.

Proof. We start by estimating the stable density with (2.3.12),
1
Ggﬁ?’m(t,x,y} = Cg/o Gwmx(tﬁz,x,y) dz
+ CB/ Gwmw(tﬁz,x,y)z_l_%fg(z_%) dz. (4.2.23)
1
In the first integral, we use the estimate (2.3.9), and for the second term we

use the global version (4.2.18) with 7 = t?z. Starting with the upper bound,

we have

1
Gfli)w(t,x,y) < OT/ min (t_%ﬁ_l_gz,t_%z_%> dz
0

1)



Then we have

1
ng@,x(t7xay) S C/ min (t_%Q—l—gz,t_%Z_g) 1-
0

as

+ c/ min (t_%Q_l_gz, t_?z_g> 2_1_%60tﬁ2f5(2_%) dz
1
(4.2.24)
= Il + [;p,

for the upper bound, and

1 1
GO (tw,y) > - / min (15071705 520 ds
0

C

d apg d

+ C/ min (t_%Q_l_Ez’ t_73_5> Zflfée_dﬁzfﬁ(z*%) dz
1
= I + I,

for the lower bound. Note that the integral in I; is the as the one appearing in
(4.1.14) and so, for t < T,

as

T, d < a,
L =<Crq t7#(|logQ| + 1), d=q,
e Ql-e, d> a,

for 2 <1, and

_dB _q1_4d
let o () ! o,

for €2 > 1. For the remaining integral Iy, we have the usual two cases.
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Case 1: Q2 < 1. In this case we have

o0
a _d_gy 1 1
LY = C’ta/ 2T o amm exp{et?z — 52T R} da
1

This integral converges as long as t < T, since exp{ct’z} < eXp{Czﬁ}
for sufficiently large z. Thus

_dag
" < Crapat™ .

On the other hand, we have
1 _as [T _dgy 8 L
I =Ct @ z7 om0 exp{—ct’z — cgzTF } dz,
1
which is strictly positive for ¢ < T, thus
ds
IY > Crapat™ =

Combining these estimates with those for I; gives the estimates for foa)

Q<1.
Case 2: Q2 > 1. In this case we have

= for

Q
as 1 1
LY =Ct "0 / 2707 expfet’z — 277} da
1
as [ -4 14t B =
Lo P 2(1-B) exp{ct z— CBZI_B} dZ’
Q

and

Q
8 1 1
Il = ct v Qe / 2705 exp{—ct’z — zliﬁ} dz
1
_as [ _a_q,_1 8 1
+Ct z o T20-R exp{—ct’z — cpzTF } dz.
0

Firstly we have,

Q
ap 1 1 ag
ta Qs / 220=5) exp{ctﬁz —cpzT P} dz < CT7d,5,0lt_FQ_1_g
1

7



and
_d8 _q_d @ . B 1 ~ _dB | _q1_4d
e 220-P exp{—ct’z —cpzT P} dz > Crgpat = Qo
1

Next note that exp{t’z} < exp{T”z} and exp{—tP2} > exp{-T"z} for t < T.
Thus,

d

[e.e]
d
L' < Cr=qQ=s 4 Ct?/ s exp{t’z — 0521iﬂ} dz
Q

<CorwQTlTE 4 Ct_df/ 7T exp{~Cr 27} d
Q

< Ot @QTE 4 O Y QAT exp{—Cp Q7 )
< Crpaat = Q777 (4.2.25)

and

Iéo > Ct-a Q"4 + oy / ngfH‘Z(ll*ﬁ) exp{—tﬁz — cﬁzﬁ} dz
Q

8 s [ _a_ 1 1
> CteQ 4 oW / 2 o arg exp{—C’TﬁzliB} dz
Q

> Ct Q-4 + Ot e Q& 1w exp{—CT,BQﬁ}

> CT,ﬂ,a,dti%Qilig-
Thus for > 1, we have
G(IB) (t> x, y) = CT,d,ﬁ,ati%Qiliga

as claimed. O

Next we look at the spatial derivatives, where we consider separately

small and large (but finite) time.

Proposition 4.2.5. Under the same assumptions as Theorem 4.2.4 and The-
orem 2.3.2, the spatial derivatives of the Green’s function Ggi)’m(t,a:,y) for
(t,z,y) € (0,1) x R? x RY satisfy,
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e For 2 <1,

o 7W, d+k < a,
Az, - - - O Gt y)| < OF 8(logQ +1), d+k=a,
" i @RS - dek
o 7, d+k>a
(4.2.26)
for all £ <[ and all indicies i;, - - - , 2.
o For 1 <Q <t
—8k ) _(d+k)B | (d+k)
Dy - Os, Gyl oy <Ctm Qe (4.2.27)
for all £ <[ and all indicies i;, - - - , iy.
e For Q> 179
N ak (8) _d8 | _q_d
G Ay Caa(b,y)| S O a0 (4.2.28)
11 1k
for all £ <[ and all indices ;, - - - , if.

Proof. Splitting up the stable density followed by using the estimates (2.3.10)
and (4.2.19) we have

0" ®) L ok ,

—G t7 I < —G . t Z,./EJ dZ
Oy -+ - Oy ol y)’ B Cﬁ/o Dy - Oy ( y)‘
+CB/OO a—kG(B) (t7z,2,y) 2_1_%f6<2_%) dz
1 axil e 6xzk Ya,T
where
I = 0/1 min (t‘wQ_l_%z,t_wz—%Ie) dz,
0
and

as

[2 = C/ max((tﬁz)fg, 1) min <t7%9717527t77,z7g> Z_l_%edﬂzfﬁ(z_%) dz.
1

Now note that since ¢ € (0,1), the integral in I; is the same as that one
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appearing in (4.1.17), and thus for Q <1,

_ (d+k)ﬂ d+k (d+k)ﬁ _dtk
IL=Ct = Q17 / zdz+ Ct™ /z o dz
Q

_(d+k)B
[e3

, d+k < «a,
<Cq t78(|logQ|+1), d+k=aq,
S dt k> o

For Q > 1,

1
_(d+k)B 4 d+k C  @+ws __ (d+k)8
L =Ct ana/zdz:—tan a .
0

Turning to I, we need to consider some different cases
Case 1: Q2 < 1. In this case

(d+k)8 _dtk gy 1 o
L=Ct"a / 2 s exp{ct’s — 32T} dz
1
_dB o B DI S 8
+Ct = P ) exp{ct’z — cgzT /3} dz
+—B

oo
(d+k)B _dik 1 1
<Ct  a / 2 e T8 exp{—C2T7 ) dz
1

+ Ctﬂf?ﬂ[iﬁ) exp{—C’t_%}

_(@+R)8
< Cgaart™ o .

Combining this with the estimate for I; shows (4.2.26).
Case 2: 1 < Q <t P. In this case we have

Q
@+k)B | _dtk 1 1
L=Ct o Q% / 2708 exp{ct’z — cgzT7 } dz
1
—p

(d+k)B _dtk
Ct™ e / z Y exp{ctﬁz —cgzl- B} dz
Q
_as [ _a_q,_1 5 1
+ Ct o 2z« 2(1-p8) exp{ct z — CBZ 1—[3} dz
t—B
_(dtk)B | _dtk RO 8 _1
<Ct7 7« Qe 220-F) exp{ct’z — czT P} dz
1

_(@+k)8 _dtk g, 1 1
Ct« / e T exp{ctPr — cpzT A} dz
Q
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B—si=m Ot s
+ Ct7 205 exp{—Ct -7}

_ (d+k)B

< Cpt— 0

_(d+k)B

_dtk_ 1 1
+ Chapit™ o Qo 20-8 exp{—-CQT-5}

_1-d+k
[e3

+ Ctﬁ_ml—ﬁ) exp{—C’f%}

_ (d+k)B

< Cpdart™ o Q

_1—d+tk
o .

Combining this with (4.2.29) shows (4.2.27).
Case 3: t# <Q.

t—8
(d+1)8 dik 1 o
L=Ct = Qla/ 2708 exp{ct’z — cgzTF } dz
1

Q
+ Ctdfﬂli/ PR exp{ct’z — clazﬁ} dz
t—8
+ oW / P exp{ct’z — 052ﬁ} dz
Q

(d+k)B | dtk

SCgt_ a o
v oot
ag _d_ 1 _ _1
+ Cd,g’ohlti?ﬁ a 2(1-p) eXp{—CQl—ﬁ}

a6 _1_4d
S Cd»ﬂya’kt_ & Q ! .

Finally combining this with (4.2.29) shows (4.2.28). O
Next, for large (finite) time.

Proposition 4.2.6. Under the same assumptions as Theorem 4.2.4 and The-
orem 2.3.2, then for fixed T" > 0, the following estimates hold for the spatial
derivatives of the Green’s function Ggi)w(t, z,y) for (t,z,y) € (1,T) x R x RY,

e For 2 <1,
1, d+k < a,
ot (8)
mGwa,x(t7$7 Y| < Cragar§ t7(logQ|+1), d+k=na,
|w — y|o—dF, d+k>a,
(4.2.30)

for all £ <[ and all indicies i;, - - - , iy.
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e For 2 >1,

ak

F T G < Cle —y[=* 4231
8xi1 . (913% %Z)awf( 1 Ly y) — ’.CC y’ ) ( )
for all £ <[ and all indicies i;, - - - , ig.

Proof. As usual we first use the asymptotic behaviour of the stable density,

ak
Dy, - - O,

_ 0 e (t,2,y)| <c /1
ax“axlk Yo, \7? Y ~C3 0

+c/0°a—kG (tP2,x,y)| 2
B ) 8:1: Vo, y Uy Y

o 0Ty,

G%,x(tﬁz,x,y)’ dz

1_%fﬁ<2_%) dz

Next, we use the estimate (2.3.10) for the first term and (4.2.19) for the second.
Note that since t € (1,7T), then

8’“ B) 1 . B d+k (d+k)6 1_dtk
axil . axzk Gwa,m(t7x7 y) < C/(; min <(t ) 7 O~ o Z) dz
+C/ min <(Ifﬁ )7g tf%Q 1752) ct Zf ( )
1
= [1 + IQ

The integral in I; is the same as that one appearing in (4.1.17), and thus for
0<1,

~8 g _dn @ns _dt1
L=Ct = Q1 /zdz—i—C’ /z o dz
Q

_ (d+k)B

, d+k < a,
<Cq t77(|logQ|+1), d+k=aq,
- k> a
However in this situation ¢ € (1,7'), so t is away from both 0 and co. Thus,
recalling that Q = | — y|*t=#,

1, d+ k< a,
I <Crapray t79(logQ|+1), d+k=aq,
|z — y|o—d=F, d+k > a.
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For Q2 > 1,
_(a+1)B 1 dtk ! C _dtk)B | _dtk —a—d—k
Il == Ct a a zdz = Et a ) o S CT,ﬂ,d,a,k‘x - y‘ .
0

Furthermore, the integral I, is the same as the one defined as I,” in (4.2.24),
thus for 2 <1,
I, < Cct < Cagar

So for 2 <1,

1, d+k < a,

8k
mep@z(t,% | < L+ < Crapgak t_6(| logQ| +1), d+k=q,
i1 ik

|z — y|o—d=F, d+k > a,
which thus gives (4.2.30). Finally for > 1, using (4.2.25),
L < Q778 < Cragale -y,

thus combining the estimates for I; and I, for 2 > 1 gives us (4.2.31). O

4.3 Generalised Evolution Equations

In this last section, we look at the following generalised evolution,

DY) u(t,z) = Au(t,z), (0,00) x RY

(4.3.1)
u(0,7) = ¢(x), {0} x R4,

where D(()ljr)* is the Caputo-type operator

DY).u(t) = - / (=) — FO)(t.dr) — (F(0) — F(1)) / "t dr).

Here v(t,-) is a Lévy transition kernel that satisfies

sup/min(l,r)l/(t,dr) < 00.
¢
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The solution to Equation (4.3.1) is given by

u(t,z) = Euy(A)d(x),

where E(,)(A) is the operator-valued generalised Mittag-Leffler function which
is defined by the operator-valued integral

00 a t
Buut) = [ase (< ([ Gots.ean ) ) =1+ angdee oo

(4.3.2)

where H(_V‘;l is the operator-valued potential measure of the semigroup 7. (V) gsA

generated by (—D((]i)* + A),

00 t
H(_V?(t,dr):/o dseAS/O Guy(s,t,dr).

Then we can rewrite this solution to get the Green’s function,

Ewy1(A)o(x) / / GA(s,z,y)=— (/ Guy(s,t dr)) dsdy

g o(y)GY (¢, 2,y) dy,

where Gf:) is the Green’s function of the evolution Equation (4.3.1) given by

00 0
Gf:)(t,:v,y) ::/0 GA(s,x,y)% (/ G(”)(s,t,dr)) ds.

We will use the following comparison principle from Kolokoltsov (2019b).

Theorem 4.3.1. Let v and v be two Lévy measures satisfying

v(t,dr) > v(dr),

sup / min(1, 7)v(t, dr) < oo, / min(1, 7)5(dr) <

and v(t, (0,00)) = ((0,00)) = co. Then for any non-increasing function f we

have the comparison principle for the semigroups:

Ty f> 1T/ f,
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where T\") and T? are the semigroups generated by —D® and —D)

DY f(t) = - / T =) — F@)l, dr)

and

DO f(t) = — / T =) — F(0)i(dr)

respectively. Moreover, the potential measures of the semigroups TY and TY

satisfy the comparison principle,
UL, [0.4]) < UY([0,1).

A direct application of this comparison principle gives us the following
result, which allows us to obtain estimates for the solutions of generalised

evolution equations by using our estimates for G®) from the previous sections.

Theorem 4.3.2. Let A be one of the spatial operators from (4.1.1), Theorem
4.1.8, (4.2.2) or (4.2.20) along with their relevant assumptions. Let v(t,ds) be

a Lévy transition kernel which has upper and lower bounds of B-fractional type,
(=1/T(=p1))C,s 1 Prds < v(t,ds) < (=1/T(—fB))C, s~ 2ds,
for some By, By € (0,1) and C, > 0. Then
C2 5, (At™) () < E)e(A)d(x) < 1B, (A7) (),

for a non-increasing function ¢, where

By (A)d(z) = | o(y)GY (¢, 2,y) dy,

R4

and
Es(A")o(@) = | oGt w.y) dy.

Proof. This follows from the formula (4.3.2) and an application of the com-
parison principle for potential operators. O

Thus the estimates obtained in Theorem 4.1.1, Theorem 4.1.3, Theorem
4.2.1 and Theorem 4.2.4 can be used to estimate solutions of generalised
evolutions (4.3.1).
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Remark 7. In order to see why this result is expected, let us give some
intuition behind the comparison principle. The assumption that the Lévy kernel
s bounded below by the Lévy kernel of a (B-stable subordinator, means that the

Lévy subordinator generated by the operator —Dgf) where

DY f(t) = / T —y) - f@)r(dy),

has on average jumps that are larger than those of the process generated by
DO = [ (- ) ~ F)y T (-5 d.
0

So on the sample paths level, the jumps of X ) will typically be larger than those
of X?, which means that the inverse process of X®) will typically be constant
for longer times than the inverse process of X®. Thus when we subordinate the
spatial process, Y (t), generated by the operator A by the inverse subordinator
given by

Sy =inf{s > 0: X¥ > t},

and compare its paths to the spatial process subordinated by an inverse stable
subordinator S, we will see that Y (S¥) is dominated by Y (S7) in the sense
that Y (Sy) will have longer trapping times.

Conclusion

In this chapter, we have looked at two-sided estimates for the Green’s function

of fractional evolution equations of the form
DPu(t,z) = Lu(t,x), u(0,2) =Y (z).

The solution of such fractional evolution equations can be written with the

help of operator-valued Mittag-Leffler functions,
u(t,z) = Eg(t°L)Y (z) :/ 6375’8Ly(x>z—1—%wﬂ(z_%) s
0

1

:/ Y(y)/ GL(tﬁz,x,y)z_l_%wg(z_?) dz
Rd 0
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~ [ Y6 ) d
R

We have given two-sided estimates for the Green’s function G(Lﬁ )(t,z,y) (and
its spatial derivatives) in several different situations. The situations can be
split up into two broad cases: when the Green’s function GG, associated with L
does or does not have known global in time estimates. In those two cases, we
consider generators of diffusion processes in Theorems 4.1.1 and 4.2.1; and we
consider generators of stable and stable-like processes in Theorems 4.1.3 and
4.2.4. Finally, we looked at generalised evolution equations where the operator

acting on the time variable is given by a Caputo-type operator

DEDult) = - / (ult — 5) — u(t) w(t, ds) — / " (w(0) — u(t)wt, ds).

We concluded that solutions to generalised evolution equations of the form
DYu(t,x) = Lu(t,x), u(0,2) =Y (x), (4.3.3)

where v(t,ds) is a Lévy-type kernel which for fixed ¢ is comparable to the Lévy
measure of a [-stable subordinator, could be estimated using the estimates
obtained for G(Lﬁ ). Then whenever one is looking at evolution equations of the
form (4.3.3), or, from the probabilistic point of view, at stochastic processes
generated by —D®) + L, then under the assumption that v is comparable
to [(-stable, the estimates shown in this article can be used to gain a lot of
information.

Note that in this article we have viewed G(L’B ) (t,z,y) as the Green’s

function of the evolution equation
DPu(t,z) = Lu(t, z).

Probabilistically speaking, Ggﬁ ) are the transition densities of the process XtL #
generated by —D? — L. The process XtL # is the subordination of the process
generated by L by the inverse of the process generated by D?. In this view
one could use the estimates in this article to obtain sample path properties of

a subordinated process XtL B,
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Chapter 5

Mixed fractional evolution

equations

This chapter is based on the article Johnston and Kolokoltsov (2019b), where we
obtain two-sided estimates for the Green’s function of the following boundary

value problem,

t1D€+*u(t1,t2, r) 4, Dy u(ty, ta, ) = Lyu(ty, ty, x), (5.0.1)
U(Oa t27x) - ¢1(t27$)7
U(tl, O7I) = ¢2(t17$)'

In Section 5.4 we look at a higher dimensional version of (5.0.1) in the sense
that we have k fractional derivatives on the left hand side (cf. Section 3.3),
each acting on a different variable,
k
> LD ult, x) = Lyu(t, x), (5.0.2)

=1

where (t,x) € R’j x RY, with some specified boundary behaviour. The estimates
obtained in this article can be used to study more general CD-type evolution
equations (see Kolokoltsov (2019a, Section 8.5)) of the form

k
N LDt ) = Lou(t, @), (5.0.3)
=1
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where each v;(t;, -) is a Lévy-type kernel, under the assumption that each v;(¢;, )
has a density which is comparable to the density of a (3;-stable process. This
was done for the case k = 1 in Johnston and Kolokoltsov (2019a), so we do not

repeat it here.

5.1 Transition density of spatial process

Let Y,(s) be a diffusion process with generator L = V - (a(z)V) for some
symmetric measurable function a on RY. Recall that Aronsons estimates,
(Aronson, 1967), say that the transition densities GY (s, z,y) of Y,(s) satisfy

the following two-sided Gaussian estimates for all s > 0,

2
GY (s,z,y) < 578 exp {—cu} ) (5.1.1)
s

Let X2 (s) be the process (independent of Y, (s)) generated by —Dg, ., which
is a decreasing [-stable process absorbed at 0 on an attempt to cross it. The

transition density of the process (Yz(s), X2(s)) is given by

1

GY(s,r,m,y) = G¥ (s, , y)s_%wv(rs_?).

The following result is obtained by applying Aronsons estimate for GY and
(2.3.12) for w,,.

Lemma 5.1.1. The transition density of (X (s), Y;(s)) satisfy the following

estimates

e For s <77,

2
GY(s,r,z,y) =< COr—1-7sl-8 exp {—c’m vl } .
s

e For s > 17,

1

2
_ 2= 1 _d €T — 1y
GYN(S, r,x,y) < Cr 20-7)20-77 2 exp {_cﬂ — cgTp 17 } )
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Planar decreasing stable process on the positive orthant

1000~
-

750~

0 250 500 750 1000
X (s)

Figure 5.1: Sample path of Xﬁ%(s) until the time s = 7" when it hits the
boundary and Xﬁ’lﬂrﬁ”) = (149,0) in this case. Here f§ = v = 0.8 and
t; = to = 1000. Made using the R packages ggplot2 (Wickham, 2016) and
stabledist (Wuertz et al., 2016).

5.2 Processes on the orthant

Consider the process living on R3 defined by Xf;z?(s) = (Xﬁ(s),X?Q(s)),
where each coordinate a one-dimensional stable subordinator (with inverted
sign) which absorbed at 0, as described in the previous subsection. The process
Xg’:ZQ(S) is generated by —tngJr* — ,Diy,, where 8,7 € (0,1), and it is
started at (¢1,t2) € Ry x R,. For clarity, see Figure 5.1 for a typical sample
path of Xﬁ”zz(s). We assume that the processes X? and X7 are independent.
This independence assumption implies that the first time the process Xg’;yz

hits the boundary of R, x R, is given by

5,’7_ 1 B 2
Ty =min (71,7 ) .
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5.3 Mixed linear evolution

Consider the problem

<t1D€+*+t2Dg+*)f(t1?t2ﬂx) - Af(tht?’x)a
f(oatan) = ¢1(t2,$), (531>
[(t1,0,2) = ¢o(ty, @).

Here A is the generator of a Feller process Y,(s) started at * € R? For
simplicity let us take A =V - (a(z)V), where a(x) is a symmetric, uniformly
elliptic and measurable function so that A generates a non-degenerate diffusion,
with transition densities G¥ (s, z, y) which satisfy Aronsons two-sided estimates
(5.1.1).

Remark 8. Note that we could also obtain estimates for the Green’s function
in the case when L is, say, a non-isotropic homogeneous pseudo-differential

operator of order o € (0,2) whose symbol is of the form

Vo(z,p) = [p|*w(z,p/|p|), =z €R%,

where w(x,-) is some strictly positive function on S, See Fidelman, Ivasyshen,
et al. (2004) and Kolokoltsov (2000) for the relevant estimates for G¥ in that

case.

5.3.1 Well-posedness of the mixed boundary value prob-

lem

Let us briefly discuss the well-posedness of problem (5.3.1). We only sketch
the main steps, but see Kolokoltsov (2019a, Chapter 8), Herndndez-Hernéndez,
Kolokoltsov, and Toniazzi (2017, Theorem 4.20) or Kolokoltsov (2019b, Section
4) for a full account of well-posedness for these types of problems. For even more
general operators A generating Feller semigroups (and even generalised versions
of Caputo-derivatives), one can obtain both uniqueness and the stochastic
representation (5.3.3) of the solution to (5.3.1) via Dynkin’s formula (Dynkin,
1965, Theorem 5.1). To obtain existence of a classical solution, the main idea
is to first transform the problem to an equivalent one involving zero boundary

conditions and Riemann-Liouville fractional derivatives (by introducing a new
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unknown function u(ty,te,x) = f(t1,t2, 2) — Ligys0y01(t2, ) — Lgt, >0y 02(t1, ).
This equivalent problem is then the following RL-type mixed boundary value

problem,

<t1D€+ + t2D8+ - A)u(tlv ta, l‘) = gd’(tlv ta, l')7 (532)
w(0,ta, x) = u(t,0,z) = 0,

where

g(b(tltha ZL') = (thP)/—l-* - A)gbl(t% [E) + (tng—‘,—* - A)¢2(t17 I’)

Notice that here we require ¢; and ¢5 to be in the domain of the generators
(=, Dipe +A) and (—, ng .. + A) respectively. The unique solution in the
domain of the generator to (5.3.2) is then found by applying the potential
operator (of the semigroup T/TYe** generated by (— tngJr -, D +A)) to
the forcing term gy4(t1,%2,2). The solution to the Caputo problem (5.3.1) is
then recovered by undoing the shift by ¢; and ¢o,

f(tlu tQ,QZ) = 1{t1:0}¢1<t271:) + 1{t2:0}¢2<t171:)

to 0
+ 1{t1:0} /0' /0 GTAGB/Y (7”, SQ)d’f’(— to Dg+* + A)qbl (tg — 89, I)dSQ

t1 o0
+ 1g—0y / / erAGﬁ,v(Ta s1)dr(— t1D€+* + A)pa(th — 51, )dsq,
o Jo

where G, (r, s) is the transition density of the process generated by (tlD’g T
+,D44.)- Rearranging and using Kolokoltsov (2019b, Equation 4.126) we have

f(tr,t,2) = O |61 61 (ta, ) + BOD [11L7] a(tr, o)
for L7 := (—,,Dj,, + A) and LF := (—tng+* + A). Here E¥Y[D] are

generalised operator-valued Mittag-Leffler functions, which are introduced and

extensively studied in the survey Kolokoltsov (2019b),

EB) [t?[f’} ¢1(ty, x) = / e py (ty, )l (s) ds,
0

92



where ,ug (s) is the density of the exit time 7'06 ; we will justify this in the next

subsection.

5.3.2 Estimates for Green’s function

As mentioned in the previous section, an application of Dynkin’s formula
followed by Doobs optimal stopping theorem gives the following stochastic

representation of the solution (whenever it exists) to (5.3.1),

[t ta,2) =B [ én (X500, Ya(i) Loy + 62 (X000, Yal7)) g oty
(5.3.3)
A simple conditioning argument (see Appendix A.1), shows that this solution

can be written as
to [e%s)
fntaa) = [ ot ([ 6 omiitta (o) as) dyar
o JRr 0

v " [t ([ ¥ st (o) as) e
(5.3.4)

to
=: / &1 (r,y)GY Y (4, 7, 2, y) dydr
0 R4

t1
+ / b2 (r, )G (ta, 7, 2, ) dydr,
0 R4

GY(S,x,y)s_ B VU),Y(T’S_%)ZUg(hS_é) ds,

Note in the above we have used (2.3.13) for densities pf and ug of the exit
times 7§ and 7. On the other hand, rearranging (5.3.4) we find

v = [~ (7 ([ ot o) it ) s
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/ (/< ¢2(7’,y)GY(5,gj,y)dy)p’f(thr)dr)lug(s)ds

/ A=D1 by (ty, @) s~ Fwg(tys™ 7 )ds

_h
g
+ = / s(A= D0+*)¢2(t1,x)s_l_%wv(tzs_%)ds
5/ DL gy (t, 2) 2~ Pug(275)d2

’)// e#ta (A= D0+*)¢2(t1 x)z -1 %wﬁ(z_%)dz,
0

where we have made in the last step the substitutions z = st? in the first

integral and z = st” in the second.

Remark 9. Note that this means
f(tl, tg, l’) = Eﬁ[tf[;’y]¢1(t2, IE) + E,y[tgLﬁ]qbg(tl, [E)

where LY = A — D}, and L? = A— D}, ., where E, is the (operator) valued
Mittag-Leffler function,

Es(L)p(t,x) = /000 e Lot x)s™  Fws (s 7) ds.

Thus, the Green’s function associated to (5.3.1) are the coordinates of

the integral kernel of the operator which acts on the boundary functions ¢,

and ¢g:
(¢ * Gfull)(tb t27 Zl’)) = / qb(rl) 1, y)G?;}l/l(th t27 r1,T2,T, y) dydrldTQ
OR2 xRd

- / ., (bl <T27 y)Ggﬁﬁ) (tla 7’2, x? y)dTQdy
8R+ xR

+ / Go(r1, )G by, 71, 2, y)drydy
8R+ XRd

= (61 % GP)(t1, ) + (62 % GY7) (b2, ).

Remark 10. More generally, the function

f(@) = (0xGa)(x) = | &(2)Galx,2) dz,

0X
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solves the boundary value problem

e
=
&
I
=

r e X,
f(z) = ¢(2), z€0dX,

where ¢ is a suitable function on the boundary of X.

For this reason, to obtain global two-sided estimates for the full Green’s
function Gty = (Ggﬁ ’7), Ggﬁ ’y)), it suffices to obtain estimates for Ggﬁ ) , since
the estimates for Ggﬂ 7 will be the same up to exchanging coordinates. For the
sake of readability we drop the subscripts from Ggﬁ 7 and t; and look only at

the function
GBI (t,zyr,y) = Ggﬂm(tl,x;r, ).

Making the substitution s = t’z, we have

GOt zir,y) = 173 / GY (72,2, )= 5y (rt 2 w2 ) dz
0

= / GV (P2, 1, )P il (1P2) dz, (5.3.5)
0
where G¥ and 1)) are as in Lemma 2.3.3 and Lemma 5.1.1. Let Q := |z —y|?t 7,
A=7r1t5,

Proposition 5.3.1. For (t,7,z,y) € (0,00) x (0,t5) x R? x R? and ¢, € (0, 00),

the following estimates hold,

e For ) <1,
C, d<3
(8:7) o (-2-L 1 1
GVt r ,y) < Ct 72 A ([log (QATTATL)) |+ 1), d=4,
023, d > 5.
(5.3.6)
e For 2 >1,

GPN(t,r,z,y) =< Ot 5T QM AN: exp {— (Q(max{A~", 1})#11(‘”)} ,
(5.3.7)
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1 1 1 2—x
No=- (2_a)+2(2—a)(1—d) 20-a) 29(1-7)
a = min(f,7)
& = max(5,7)

Proof. We sketch the main ideas of the proof here, see Appendix A.2 for the
full details of the calculations. After applying Lemma 2.3.3 and Lemma 5.1.1
in (5.3.5), we end up with 4 integrals which contribute to the estimate for

G®BY For O < 1, the main contribution comes from the integral
ANl
8_ds
I, = AT AT / P exp {—Qz’l} dz.
0

After a substitution of w = Qz7!, we immediately recognise the integral form

of the incomplete gamma function, see Section 2.4,

L = tv2Alv§22_2/ w23 exp{—Qu} dw.
(A-1v1)Q

Thus we have the two-sided estimate for I; for 2 <1,

C, d=1,2,3,
_B_d8 q_
L=Ct 772 A7 S (|log (Qmax{A~1, 1} [+1), d=A4,
03, d>5.

Since the integral I; is the main contributor to the estimate, this proves (5.3.6).

For > 1, the main contribution to the estimate comes from the integral

_B_ap 20y [ a4 g 1 o1 4 1 1
L=t " 2A 0 2 2 2(1=p) " 2(1=7) exp{—Qz — AT Ty — 21—5} dz.
Avi

To estimate this integral, let & = min(3,7) and & = max(f,7). Then as an

upper (resp. lower) bound for I, we replace the powers in the exponential term
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with « (resp. @). That is, the upper estimate
. hle SN e _é_l_i_;_;’_# 1 1
I, < C’lfv T A H z 27 7T2-F) 207 exp {—Qz_l — A_mzm} dz,
Av1
and the lower estimate
Ehle SN o —é—l-i-;-‘r# 1 1
Iy > C’Qt_v_ 5 A BT z 2 T20-A 207 exp {—Qz’l — A_ﬁzm} dz.
AVl

Then an application of Proposition 2.4.1 from the Preliminaries proves (5.3.7),

and we are done. OJ

5.4 Extension to higher dimension

Let us outline how to extend the previous sections to the case where we have

more than two fractional derivatives. Let O be the orthant in R¥ defined by
O ={(t;, -, tp) ER* t; > 0,i € {1,--- , k}}.

Let O, denote the collection of vectors ¢; o from O whose i-th coordinate is

zero,
Oio:={tio=(t1, - ,tiz1,0,tip1, - ,tx)}.

Define h;o(t) to be the projection of O, onto the subspace O; C R*"! by

removing the coordinate which is zero, that is, h;o(t) : O;0 — O;
hio(tio) = (t1, -+ s tica, tivn, -+ 5 te).

We look at the equations on O x RY,

(Z Dy, — ) f(t,z) =0, on OxRY  (5.4.1)
f(an ) ¢z( 2,0 (z ).CL'), OnOi,OXRda

where each ¢; is a function on O; x R9.

Remark 11. In order to have continuity of the solution to the above boundary

value problem, we would need to also impose additional boundary conditions
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in order to ensure that the solution coincides at the points where the boundary
meets - i.e, at the origin. Without this additional assumption we only have a

generalised solution, which is enough for our purposes.

As before, let Xf(s) denote the process started at ¢; € R, generated
by —Dgi* where §; € (0,1), and let 7)* denote the exit time of this process
from (0, 00),

70t = inf{s > 0: X[(s) < 0}.

Let Xf(s) = (Xfll(s), e ,ka’“) be the process on O generated by
B k
- tD€+* = Ztngj,-*?
i=1

and due to the independence of each process ij", the exit time of X? (s) from

the orthant O is given by

B _ - i
75 le{r{nnk} T
For ¢t € R%, let B;(t) denote the subset of O; defined by
Bi(t) :={r € Oy, r; <t;, j #1i},
i.e, B; consists of elements of the form

[0,¢1] X -+ x [0,t;1] X [0,2;51] X -+ x [0,t;] € O;.

The solution to (5.4.1) is given by

k [ —
f(t,z) =E Z di(hio (X2 (D), YI(T(?))l{Tg:Tgi}]
k [e's) k
— Z (/B o Jr ¢i(7“, y)) (/0 pY(37x,y) prj(tjyrj)/igi(S) dS) dydr) .
= 08 i#i

Remark 12. The last equality above is a straightforward combination (or
extension) of Proposition A.1.1 and the proof of (3.5.5).
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Thus the objects we are interested in is

k

G('Bi)(tial';ry y) - / pY(SwTay) Hpsj (tj’rj>lj’€i(s) dS,
0 i#i

where (t;,7) € R. x R? and (r,y) € O; x R%. Note that

ﬁpfj (tj,75) = f[ Siﬁijwﬁj(rj{‘%j)
j#i J#
and
i (5) = s )
thus

k
ti o0 1Sk 1 —1 _1
GO by, 57, y) = F/ P (s,,y)s 25 [T, (s wp (tis ™) ds
1 J0 o
J#i

t; [
=5 [ i) ds
Bi Jo
Focusing on the first coordinate, we have

t1 0 1 _ 1
GO (11, w57 y) = /p%xwlﬂw{h%mﬂmmw%mS
j=2

/GYksrxy) '(s) ds,

where 11 (s) is the density of the exit time 7", and GY*(s, r, z,) is the density
of the process (Y,(s), Xf;(s), X;f’;)?’(s), . ,kak( ),

1

GY¥(s,r,z,y) = p¥ (s,2,9)s =2 £ ngj (rjs %)

1

_ 2 , 1
= 5% exp {—u} s Hwﬂj(ms ")
5 ey
a |z —y|? .
- -4 T k—1 —1-5;
= 5 2 exp{ s } (s Hrj 1{S<rfj}

J=2
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k
et T~ . .
+5" ] L [T s 7 fs,(ris L0
=2 i=n+1

k
_1 _1
+ H s M fﬁi (Tis v )1{s>rfj}>

i=2

where the cross terms runs from n = k—1 down to n = 1 in the above above and
are the mixtures of long and short tails. Note that we use the convention that

M, =TI, +1 = 1. The RHS in the above can be written more compactly as

k n k
-4 |z — y|? n—1 —Bj—1 1 1
572 exp{_ S }ZS HTj 1{8<Tfj} H s Bi fa,(ris ﬂz)l{s>rfi}'
n=1 j=2 i=n+1
Note also that
T 57 ; - L Ly
H S_Fifﬁi (TiS_Fi) = H SQ(Tﬁi) exp {_Cﬁj (7’753'5) 1-38; } rj 2(1-8;)

Let Ay = ¢, TIi, " and Q = |z — y|2t; ™

Conjecture 5.4.1. For (t;,r,z,y) € (0,00) x O; x R? x R, we have the

following two-sided estimates for the Green’s function G,

o for 1 <1,
, d<2k—1,
_db
0>, d>2k+1,
_B o1
where 11} = Hf:z t,A
o For Q2 >1,
dg 0 _1
1 2—a
G (¢ ~ Lt 2 ANMOM _
( 1;T,5€,y) 2lq 1 exp —min{Al, 1} ’

2-8;

B 276
where 1y = (H?—z t, 7 A 2&-(1@-))7 a =min{fy, -, Bk}, and the pow-
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ers N1 and Ny depend on k, d and (3; for 1 <i < k.
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Chapter 6
Applications

In this final Chapter we discuss a possible application of our results to the
area of finance. In the previous Chapter we looked at evolution equations on
OF x RY (in particular the case k = 2), where OF is the orthant in R¥. A
natural place where processes on the orthant O? appear is in the modelling of
limit order books. In particular we will consider the following boundary value

problem,

wDoyulty, t) + 4, DYy ulty, 1) =0, on O (6.0.1)
U(O,tg) = ¢1(t2), on {0} X R+,
U(tl, 0) = ¢2(t1), on R+ X {O}

6.1 Limit order books: overview

A limit order book device used by many organized electronic markets to keep
track of the interest of market participants. When an order arrives at an
exchange, it waits in a limit order book to be executed. Market participants
have two main options to post buy or sell orders, namely, limit orders and
market orders. A limit order is an order to trade a certain volume of a stock®
at a given specified price. The limit order book is the collection of all available
limit orders. A market order is an order to buy or sell a certain volume of the
stock at the best available price in the limit order book. Market orders are not

added to the order book, instead the trade occurs immediately and the order

Lor to trade another type of security, like equities, futures or derivatives.
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book gets updated. Orders may also be cancelled at any time, but if one is
concerned with just the evolution of the volume of orders, this has the same
effect on the volume of trades available as a market order (or a limit order
which is submitted at a price which can be immediately executed).

At any given time an order book holds the number of outstanding orders
which are awaiting execution. Each order submitted to an order book consists
of a collection of numbers indicating, among other things, (i) the price, (ii)
the volume and (iii) the direction (buy or sell). From this point of view, the
volume of trades available at a given price behaves like a queuing process,
whose arrivals are the incoming orders while jobs are completed through one

of two ways:

e A trade is executed via a market order (or limit buy/sell order that is

less/more than the bid/ask price) of the opposite type.

e A cancellation occurs (either because the time limit was reached, or the
traded cancelled the order).

The bid price py is defined as the highest price at which there is a limit buy
order, while the ask price p, is the lowest price at which there is a limit sell
order. See Figure 6.1 for a schematic illustration of limit order book. There
are many works that model the limit order books, see the recent book Abergel,
Anane, et al. (2016) and references therein for a nice overview of the various
methods used. Viewing the dynamics of orders and prices as a queuing system
is a popular method of modelling limit order books. For example in Abergel
and Jedidi (2013), Cont and De Larrard (2012), Kruk (2003), and Lipton
et al. (2013), the authors consider various diffusive and fluid limits of bid/ask
prices, essentially by considering the heavy traffic limits of order arrivals. In
this view the volume process V = (V;, V,) converges to a reflected Brownian
motion in the positive orthant 2, which is restarted from within the orthant
whenever it hits the boundary, according to some distribution R = (R, Rs).
The distribution R is the distribution of the sizes of the queues at prices
‘behind’ the prices p, and p,. Some works try to model each level of the order
books, which requires knowing the distribution R, see Cont, Stoikov, et al.
(2010) and Hambly et al. (2018), while it is simpler to consider only the highest
level of the order book (i.e, only the prices and volumes at the bid and ask

prices) see for example Avellaneda et al. (2011). Typically the arrival of orders
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Example snapshot of a limit order book

20~

10-

order_type

= ask

e il « Bid

Pb mid price
. .

Volume
°

~10-

-20-

57 98 99 100 101 102 103
Price

Figure 6.1: Example of a fictional limit order book of a stock on an exchange.
Here the ask price is p, = 101 and the bid price is p, = 99. The spread is
S = 20 = 2 and the mid-price is 100. The volume of orders available at the bid
and ask are V, = 10 and V,, = 20 respectively. If a market order came along to
sell 10 units of this stock, after the trade is executed the volume V}, would be
depleted and the new ask price would be p, = 98 with a volume of V}, = 20.

are modelled by simple independent Poissonian arrival times, or by the more
complex Hawkes processes which are state-dependent, see for example Blanc
et al. (2017) and Lu and Abergel (2018).

Here we propose a simple toy model, where we consider only the top
level of the order book and we assume that the dynamics of the volume process
V(s) = (Vu(s), Va(s)) is governed by the operator —Dgf* from (6.0.1) which
we discussed in Chapter 5. Note in particular that this means that we are
assuming the processes V;(s) and V,(s) are strictly decreasing. This could for
example be reasonable if the net flow of orders is always negative, so that the
number of orders executed per second is always larger than the number of
incoming orders. We then assume that each time this volume process restarts
at a uniform point somewhere inside ©? whenever it hits 90O?. Finally we
assume that each time the boundary is hit (which means one of the queues V
or V, has depleted), there occurs a price change in that same direction, while
keeping the spread S := p, — py to always be equal to one tick §. In Figure
6.2 we give an possible sample path of the dynamics of the process on the

orthant up until it first hits the boundary. Figure 6.3 shows an example sample
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Planar decreasing stable process on the positive orthant
Volume of trades available at ask and bid price
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Figure 6.2: The volume process on the positive orthant. Both processes are
decreasing a-stable subordinators with o = 0.8, starting at (1000, 1000).

Renewed planar decreasing stable processes on positive orthant
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Figure 6.3: The volume process on the positive orthant, restarted at some
uniformly distributed point (between 1000 and 2000) each time one coordinate
hits the boundary of the orthant. As before, & = 0.8. In this example, the net
price change is —2, with the price changing on average every 127 time steps.

path of the process after being restarted several times, resulting in a net price
change. Finally, Figure 6.4 shows a possible price process arising from letting
the process X7 run for many lifetimes, restarting inside the orthant each
time it reaches the boundary.

So far we have only considered a process on the orthant whose coordinates
are independent decreasing (-stable subordinators. In Figure 6.5 we plot an
a-stable process in R?, with a € (0,2), whose characteristic function is given
by (2.2.2). Aesthetically, this process seems to exhibit behaviour that is more
realistic for limit order books than the one already discussed, and may be an

interesting avenue of future work.
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Price process arising from orthant volume process

Change in price

0 250000 500000 750000
Time steps

Figure 6.4: Example of price process which is driven by the process on the
orthant: each time X?7 hits the z-axis (respectively y-axis) the price moves
down (respectively up). Here =~ = 0.8, with 10000 price changes. Also
shown is a zoomed in portion of the price process, highlighting the fact that
the process remains constant for however long it takes for the volume process
to hit the boundary of the orthant.

Multivariate stable process on the orthant with positive drift

1500~

1000~

0 500 1000 1500

Figure 6.5: Example of bivariate a-stable on the orthant with two-sided jumps
and positive drift. Here the order of stability is o = 1.5, centred at (1,1) and
the spectral measure p has 4 masses at (1,0),(0,1),(—1,0), (0,—1). Plotted
with the aid of the R packages ggplot2 and alphastable, see Wickham (2016)
and Teimouri et al. (2019).
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There are several interesting questions that one may think about when

modelling limit order books;

i) How many times did the price change over a certain time period?

ii) How long does it take for a price to move?

)
)

iii) When the price does change, which direction does it move in?
)

iv) What is the long-time behaviour of the price process?

[tems i) and ii) are settled by understanding the distribution of Té’) 7 in particular
E[r"]. Ttem iii) requires understanding the conditional distribution of the
price process. In reality, the processes modelling the sizes of the queues at the
ask and bid price should have a more complex structure. Firstly, the order of
stability should depend on the current size of the queue. Secondly, the sizes of
the queues should depend on each other - indeed, empirical studies have shown
that the queue sizes of the bid and ask price are negatively correlated. Possible
steps to take in this direction is to replace in (6.0.1) the classic fractional
derivatives with —D(()’:L)* where v is the Lévy measure of a stable-like process,

for example. This will be the subject of future work.
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Appendix A

Appendix

A.1 Conditioning argument

Recall that pf is the density of the random variable 7§ and p$(¢,r) are the

transition densities of the monotone process X (s) started at t € (0, 00).

Proposition A.1.1. For 8,7 € (0,1),
E |61(X0, (1), Ve )|
to )
= [ [ o) [ (sl i) dsdydr, (AL
0 R 0

and similarly,

E [¢2(Xfl (TJ),KE(TJ))l{qu?}}

t1 e’}
= [ [ ontr) [ (s i) dsdydr. (12
o Jr 0
Proof. In the LHS of (A.1.1) condition first on {7 = s},
E |01(X0, (1), Vo)1 ooy = /0 E [61(X7,(5), Ya(5) Loary] 0 (5) ds.

Due to the monotonicity of the process X, , the events {7) > s} and {X},(s) >

0} are equivalent. Thus we next condition on {X},(s) =1},

_ / E [61(X7(5), Ya(5) L s0p | #5(s) ds
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_ /Ooo /OQE[¢1(T,Yx(S))1{T>O}] 16 ()7 (ks ) drds.

Finally conditioning on {Y,(s) = y} and rearranging, we have
to o0
[ [t [0 s oppitaniu(o) dsdyer
o Jr 0

where pY (s, z,y) are the transition densities of the process (Y, (s)),, started
at x € R%. The proof of (A.1.2) is similar and is omitted. O

A.2 Proof of Proposition 5.3.1

Let A:=7r"t7% Q:= |z — y[*". First we use Lemma 2.3.3 to estimate the

density ,ug , then we use Lemma 5.1.1 to estimate the spatial density
G5 (t,xz;ry) = / G(Y’V)(tﬁz,r, x,y)tﬁpg(tﬁz) dz
0

1
= / G(Y”)(tﬁz,r,x,y) dz
0

+/ G(Y’V)(tﬁz,r,x,y)z_l_%fg(z_%) dz
1

s a8 _ 2 11 4 . -
Iy =t 2 A 0 220-m 2exp{—Qz - A l—vzl—v} dz 1pa<y
A

A
B_d8 _q_1 _ 1 _d 1
L=t 2A" i/ PREDR exp{—Q,f1 —clazliﬁ} dz 1ias1)
1
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(o]
B_dB  _ _2—v _ad_ 1 1
L=t 2A 27(1—@/ ;2 s taa
AV1

exp {—Qz_l — A‘ﬁzﬁ — Zﬁ} dz 1{AER+}

Now we have 4 regimes to consider, which are

Case la): A<land Q<1

Case 1b): A>1and Q<1

Case 2a): A<land Q>1

Case 2b): A>1and Q> 1.

By directly comparing the powers of 2,2 and A in the integrals above, we can

reduce our attention to the integrals I; and Iy. Indeed for 2 <1 we have
O=L<L<L<L, A<LI,

and
O:IQ<I4SI3§IM AZ]_

For © > 1 we have
O=L<L <L<Il, A<LI,

and
0:_[2<]1SI3§_[4, AZ]_

Thus we have a preliminary two-sided estimate for GV (¢, r, z,y),
CiI; < G(ﬁﬁ)(t,r,x,y) < COy0;, forQ<1,

and
Cs3ly < G(B,y)(t,r,z,y) < Cyly, for Q> 1,

for some constants C, Cy, C3, CYy.
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A.2.1 Estimates for [;

For the first integral, we have for A <1,
s [ 1-4 1
L=t A 7/ z_iexp{—Qz_} dz
0

Then for 2 — 0 and A — 0,

1 d<3,

_B_d8 _q_1
Iy ~Cpant 7 2A 7 q |logQA7Y +1, d=4,
023 d>5.

For 2 — oo and A — 0,

1, d <3,

_B_d8 _q_1
I ~Cgant 7 2A7 77 ¢ |logQ|+1, d=4,
03, d>5.

For Q2 — oo and A — o0,

B d

L~ P A0 exp (=0}

A.2.2 Estimates for I,
For A <1,

B __dp 1

o0
B_d8 _ _2-v 1 1 1
Iy=t "2 A 20 / 2" exp {—Qz’l — A T 217 — g2 TP
1
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Let o := min(f,v) and & = max(3,v). For bounded Q2 < 1, we have

B _dp 29 [ I U 1
I, <t 2A 2%17)/ z”exp{—ch I 2T —05,21#3} dz
1
St_g_de_m/ z”exp{—ch_ﬁzﬁ} dz
1
_B_ds __2-y 1 1
<EITE AR AT exp {—CATTR ]
where we have used (2.4.2). Next we use (2.4.2) to get for 2 > 1,
I, < T ARG / 2" exp {—Qz’l — Afﬁzﬁ} dz
1

2(n+1)—c 2c(n+1)+c

~ thgf%A_zf(l_jv)Q 2(ctD) - A 2(eD) exp {—02 (QA_l)?CI} ) QA_l — 00,

where ¢ = 1 and n = —§ — 1 + 5515 +

. Thus

1
2(1—7)

l—a l—a
E)Jr 22—a)(1—&

Iy < Ctigi% (QA@)QJ( ) Aﬁ_% exp {—C (QA_l)ﬁ} )

Finally for A > 1, we have

_B_ds 2y [ 1 S 1 1

Iy=t "2 A 20 2" exp {—Qz — AT T 2T — 652’1*3} dz.
A

For bounded 2, but unbounded A we have

B_dB  __2-v
I, <t 2A 27(17)/
A

[e.9]

1 1 1
2" exp {—05147?2? — cvzﬂ} dz
_B_d8 __2-7 1
<t77 T A 09 A" exp {—cﬁAlfﬁ } , for A — oc.

For unbounded €2 and A, the term AT s negligible since A is large, then

we apply the usual Laplace approximation Proposition 2.4.1 to get

B_dB  __2—v
I, <tT"" 7 A QW(l’Y)/
A

o0

ST 1
2" exp{—Qz_1 — cgA T 2T —cﬁ,zl—ﬁ} dz
_B_dB ,__2-v o _ 1
<t77" 2 A le)/ z”exp{—Qz l—cazl—a} dz
1
_B_4d __2-v ! —n—2 1
<t 7" 2TA O w exp{—Qw—caw 1*&} dw
0

_B_d8 2=y  ntl 1 1
St ¥ 2 A 2'y(17'y)927o¢ 2(2—a) exp{_927o¢}
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for @ — oo and A > 1. For the lower bound of I, simply reverse the role of «

and & in each case - otherwise structure of the estimates are the same.
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