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Abstract
Recently it was discovered that superconductivity in transitionmetal dichalcogenides (TMDs) is
strongly affected by an out-of-plane spin–orbit coupling. In addition, new techniques of fabricating
2d ferromagnets on van derWaalsmaterials are rapidly emerging. Combining these breakthroughs,
we propose a realization of nodal topological superconductivity in TMDs by fabricating nanostruc-
tured ferromagnets with an in-planemagnetization on the top surface. The proposed procedure does
not require application of externalmagnetic fields and applies tomonolayer andmultilayer (bulk)
systems. The signatures of the topological phase includeMajorana flat bandsthat can be directly
observed by scanning tunnelingmicroscopy techniques.We concentrate onNbSe2 and argue that the
proposed structures demonstrating the nodal topological phase can be realizedwithin existing
technology.

1. Introduction

According to themodern approach to condensedmatter physics, novel states ofmatter can be realized in
designer systems by combining simpler building blocks. This view implies that our access to new phases of
matter and emergent quantumparticles is ultimately limited only by our imagination and ability tomanipulate
matter. The designer approach to 1d topological superconductivity [1, 2] has stirred enormous activity, aiming
to fabricateMajorana quasiparticles [3, 4] and harness them in applications.Whilemost of the previous work
has targeted gapped phases, here we propose fabrication of a 2d nodal phase withflatMajorana edge bands.

Our proposal is based on two recent breakthroughs, the observationof Ising superconductivity in transition
metal dichalcogenides (TMDs) [5–12] and thediscovery of novel techniques to fabricate 2dmagnetic structures on
van derWaalsmaterials [13]. Due to the inversion-breaking structure ofmonolayers, the quasiparticles experience
strong valley-dependent out-of-plane spin–orbit coupling (SOC). As a result, superconductivity exhibits
remarkable robustness in the presence of largemagneticfields inducing aZeeman splitting far exceeding thePauli
limit. The importance of the SOC inbulk 2H layer structures has been long overlookedprobably because the bulk
has inversion symmetry.While the stackedmonolayers thatmakeup thebulk exhibit staggered SOC that restores
inversion symmetry as awhole, the layers areweakly coupled andquasiparticles in individual layers are subject to
strong Ising SOC [14]. This is particularly interesting since the pioneeringwork byKane andMele [15] identified
an Ising type SOC ingraphene as a crucial ingredient of the quantumspin-Hall phase.

The rich electronic properties of TMDs have stimulated several proposals for topological and
unconventional superconductivity [16–26]. In [27, 28] it was proposed that an Ising spin–orbit coupled
monolayer TMD (e.g. NbSe2) in the presence of an in-planemagnetic field could realize a topological
superconducting state characterized by a nodal bulk and flatMajorana edge bands. In ourworkwe consider how
the state can be observed inmagnetic structures fabricated on top of an Ising superconductor, treatingNbSe2 as a
particular realization.We showhowmagnetic nanostructures on 2H-NbSe2 give rise to the nodal topological
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phase signaled by the appearance offlatMajorana edge bands. In the light of the ground-breaking success in
fabricating 2dmagnetic nanostructures on van derWaalsmaterials, our design takes advantage of the latest
advances and has several crucial advantages over themagnetic field induced phase [29–32]. Our setup does not
only remove the necessity of externalfields but, importantly, relaxes the requirement ofmanufacturing
monolayer or few layer systems. The proposed topological state engineering works equally well for bulk systems
since disruptive orbital effects arising from the in-planemagnetic fields are completely absent in our design. In
multilayer systems the topological state is formed in the surface layer in the area in contact with themagnetic
structure. The further advantages of the proposed setup include the possibility of fabricatingwell-defined
nanostructures of topological elements. This comeswith the benefit that theMajorana flat bands can be directly
observed by scanning tunnelingmicroscopy (STM) by studying the local density of states (LDOS) onmagnetic
islands. The STMmeasurements could be employed in resolving the spatial structure of the flat bands, thus
providing a smoking-gun signature of the nodal topological phase. Considering that the process of growing
magnetic islands on top ofNbSe2 systems is already experimentally on theway, we expect that our predictions
willfind experimental confirmation in the near future.

2.Model

As a particularmodel of aTMDweconsider a tight-binding representationof 2H-NbSe2. This layered structure
consists of stackedunits ofNb atomsona triangular lattice sandwichedby Se layers. To study the appearance and the
properties of the nodal topological phase, it is convenient to device aminimumphenomenologicalmodel that
faithfully displays the essential features of a realmaterial. Since the relevant bandsnear the Fermi energymostly
derive fromNbdorbitals, the band structure canbequalitatively reproducedby amodelwithone orbital per site on
a triangular lattice. This approximation treats the systemeffectively as quasi-2d structure, neglecting the less
important Se-derived 3dbands near theΓpoint.While the tight-binding parameters and theband structure vary
with thenumber of layers, the quasi-2dbands remain largelyunchangeddue to theweak interlayer coupling. Also,
experimental observations ofmagnetic impurities inbulk 2H-NbSe2 highlight the 2dnature of themagnetic subgap
spectrumand the qualitative validity of treating the layers as effectivelydecoupled [33]. Thus,while ourmodel is
expected to bemost faithful inmonolayer systems, the experimental evidence suggests it can reasonably capture the
qualitative behavior of the top layer in contactwith themagnet inmultilayer systems. In a recent experiment
examining Shiba states of Fe impurities inNbSe2 ([34]), itwas observed that the subgap energy of singlemagnetic
impurity statesmay getmodulated by the presence of the chargedensitywave (CDW). In themagnetic island
structurewe study (seefigure 1 for a schematic view), similar effect could perhaps give rise tomodulationof
magnetically induced subgapbandswithCDWperiodicity.However, this is not expected to be crucial for theflat
edge bands. TheHamiltonian on a triangular latticewith the zigzag edge parallel to the xdirection canbewritten as

= + + +H H H H HMkin SOC SC
ˆ ˆ ˆ ˆ ˆ , where
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Symbols t and t2 correspond to the nearest and next-nearest neighbor hopping andμ is the chemical
potential. Additionally,λ parametrizes the out-of-plane Ising-type SOC, themagneticmaterial gives rise to
magnetic splittingMy andΔ describes the superconducting pairing. Paulimatricesσ act on the spin degrees of
freedom. The symbols á ñi j, and áá ññi j, denote the summation over nearest and next-nearest neighbors
respectively, θij is the angle the vector connecting i and j sitesmakeswith the positive x axis (so that = qe 13i ij ).

The system ismost conveniently analyzed by passing tomomentum space andworking in theNambu basis
y =    c c c c, , ,k k k k

T( )† † where the Bogoliubov–deGennesHamiltonian becomes
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The additional set of Paulimatrices τ act in the particle–hole space. The normal and spin–orbit hopping terms
are given by
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Diagonalization of theHamiltonian reveals four energy bands:
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In the next sectionwe showhow the essential normal state features ofNbSe2 as well as the nodal topological
superconducting state emerge from thismodel.

3.Nodal topological superconductivity andflat edge bands

3.1. Normal state properties
Tomodel the system in the normal state withoutmagnetization, wefirst setM=Δ=0 and plot the Fermi
surface infigure 2, for a set of parameters that qualitatively reproduces the numerically calculated and
experimentally resolved band-structure ofNbSe2 [14, 35].We observe the spin–orbit splitΓ pocket andmore
visibly split pockets aroundK and ¢K points.Within the second-neighbor hoppingmodel that we use, we are
also able to resolve a slight trigonal warping of the pockets. The SOCpolarizes the electron spins atK and ¢K
points in the opposite out-of-plane directions. The splitting vanishes alongΓ–M that definemirror symmetric
lines. Note that in amultilayer system the spin–orbit coupling is staggered andλ has opposite sign in adjacent
layers. Nevertheless, the top layer relevant for the topological nodal state inmultilayer systemswill experience a
strong Ising SOC just as amonolayer system.

3.2. Nodal topological state
In the presence of superconductivity andmagnetization the spectrum is given by equation (4). The spectrum is
symmetric with respect to zero energy and branches with theminus sign in front of the square rootwill
determine the properties near Fermi energy. ForΔ>M the system is fully gappedwhile forM�Δ the system

Figure 2.Momentum space characteristics of amonolayer TMD. (a) Fermi surface and the Brillouin zonewith high symmetry
directions as dashed purple lines. Parameters used: t2=t,μ=−0.8t,λ=0.1t and =b a3 , where a is the lattice constant. (b)The
evolution of point nodes along a high symmetryΓ–M line in the superconducting state with the values of Zeeman field in inset boxes.
Same parameters as (a) but withΔ=0.1t. The inset in the last panel shows a close-up of the purple dashed box.

Figure 1. Schematic view of the studied system. Amagnetic islandwith in-plane polarization (blue circle) on a top surface ofNbSe2
structure. Triangular lattice sites indicate the positions ofNb atoms. The in-plane TMD structure determines the positions of theflat
bands. This is independent on themagnetization direction.
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becomes gapless with isolated nodal points k0 satisfying E(k0)=0. From the dispersion (4)we can calculate that
atM=Δ a pair of nodes (with opposite winding)nucleate on the crossing point of the Fermi surface and the
Γ–M lines. This will give rise to six pairs of nodes in the Brillouin zone. By increasingM the nodes of opposite
windingmove away from the Fermi surface along theΓ–M lines. This evolution of the nodes is presented in
figure 2(b). The nodes cannot be gapped out by small lattice-symmetric perturbations, hinting to a topological
nature of the phase. The topological character will bemademore explicit belowwhenwe discuss the appearance
of the flat edge bands.

In analogy to the Fermi arc surface states that connect the surface projections of bulk band-touching points
in topological semimetals, the 2d nodal phase supports edge states that connect the edge projections of the
nodes. Due to superconductivity, the edge states in the studied systemhave aMajorana character. The dispersion
of the edge bands isflat and the bands appear on edge terminations forwhich the projections of the nodes with
opposite winding do not cancel. Atomic positions on a single layer ofNbSe2 form a hexagonal lattice with
triangularNb and Se sublattices. Theflat band is themost prominent for an armchair edge terminationwhile it
shrinks to a point for a zigzag edge. In order to probe the flat bands, we envision the studied system in an infinite
ribbon geometry.We assume periodic boundary conditions (PBCs) in y direction, yielding aflat bandwith
maximal extension. So obtained strip spectrumE(ky) is presented in the top panel offigure 3. The large
mismatch of the relevant energy scalesΔ∼0.01twould require considering system sizes that are impractical for
numerical calculations. Therefore we employ exaggerated parametersΔ∼0.1t for real-space calculations.
However, belowwe argue that theflat bands remainwell-defined even for realistic parameters (see figure 6).
Close to the nanoribbonBZ edgewe see a perfectly flat band at zero energywhich connects the nodes. Closer to
kyb/π;±0.5, there exists another flat band connecting opposite nodes. For the employed parameters, the gap
between the bulk states and the edge band ismuch smaller and the states are less localized to the edge. As a result,
theflat band exhibits oscillating departures from the gap center. As shown below, the direct evaluation of the
topological invariant protecting theflat band confirms that the inner edge bands exhibit perfect flatness in the
large system limit.

To elucidate the topological nature of the nodal phase, we calculate the topological invariant protecting the
flat bands. This will also provide a definite connection between the edge bands and the edge projection of the
nodes. TheHamiltonian (2) anticommutes withmatrix t s= y x, hence it belongs to the class BDI, and can be
characterized by thewinding number in odd spatial dimensions. In a strip geometry we can Fourier transform
the 2d tight-bindingHamiltonian in y direction. Thus, the resulting partially transformedHamiltonian
describes hopping in a 1d chain perpendicular to the stripwhile ky is regarded as a parameter. For some intervals
of ky the 1dHamiltonian is topologically non-trivial and the 1d chain hosts end states. Theflat band can be
regarded as the union of the end states of the 1dHamiltonian. Thewinding number as a function of ky can be

Figure 3.Results in the infinite strip geometry. Top panel:E(ky) spectrumof the nanoribbon. The number of atoms parallel to the
zigzag directionN=4001. The red dashed linemarks the range of ky for whichwe expect aflat band to form. Bottompanel: winding
number equation (5). The inset shows a close-up of the red dashed box. Parameters used: t2=t,μ=−0.8t,λ=0.1t,Δ=0.1t,
My=2Δ.
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obtained by evaluating the invariant [36]
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and is illustrated for the studiedmodel in the bottompanel offigure 3.We can see that close to the ribbonBZ
edge, where there is a visibleflat band, the value of the invariant is ν(ky)=1. There is also an interval of non-
trivialmomenta around kyb/π=0.5, with higher value of the topological invariant ν(ky)=−2. The different
signs and values of thewinding number come from the addition of nodes when projecting themonto the ky
direction as depicted infigure 4. Physically thismeans that the flat band is doubly degenerate when n =k 2y∣ ( )∣ .
Close to the BZ edge, one pair of nodes adds up and the invariant is equal to unity. Themid-gap bands close to
themiddle of the BZ that suffer from the proximity of the bulk bands, coincide with invariant value ν(ky)=−2.
Thus they are unambiguously identified asflat bands in the large system limit.

To see that the flat bands are indeed localized at the edges of the nanoribbon, we calculated the LDOS as a
function of energy and the site index in the direction perpendicular to the PBC
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wherewe sumover all values ofmomentum, every state n and both spin directions s =  , . TheDirac functions
are approximated by Lorentzians with broadening 0.001t. The result presented infigure 5 shows a strong
enhancement of the zero-energy LDOS at the edges of the strip.

3.3. Nodal phase onmagnetic islands
Themost direct link between our theory and experiments is probably provided by TMD systemswithmagnetic
islands grown on top. These systems, expected to display rich interplay of competing orders, are currently
becoming accessible in experiments. The study of coexistence of superconductivity andmagnetization has a long
history. A singlemagnetic impurity induces a pair of bound states in the superconducting energy gap. Their
shape in real space reflects the symmetry of the underlying lattice, and can extend far away from the impurity

Figure 4. Flat bands are formed between edge projections of nodes with opposite chirality. The edge parallel to y direction supports
four edge bands (two shown)withmaximal extension. The band that connects the projections of two pairs of nodes is doubly
degenerate. On the edge parallel to x axis the opposite nodes project on top of each other and theflat band vanishes.

Figure 5.The local density of states w.r. to the energy E and the site index in the nanoribbon geometry. Parameters same as in figure 3,
expect forΔ=0.3t.
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depending on the dimensionality of the substrate and other factors like e.g. spin–orbit interaction [33, 37]. In the
case of a collection of impurities, a Shiba band formswhich can undergo a topological phase transition in the
deep-dilute limit. Such two-dimensional islands ofmagnetic impurities are recently receivingmuch attention in
extensive theoretical and experimental studies [38–41], with proposals of engineering hybridswith different
dimensionality [42]. In this context, the present work turns a new leaf on topological state engineering through
magnetization, generalizing the previous efforts to obtain gapless topological phases.

For real space calculations we have constructed a triangular lattice consisting of 85×86 atomic sites and
applied PBCs in both directions. Thenwe have applied Zeeman field pointing in the y direction on a collection of
sites that comprise themagnetic island.Our approach of fully diagonalizing the latticemodel is ladenwith high
computational cost, hence the limited finite size of the lattice. Due to the finite size limitations, theflat band
physics can be properly resolved only for the two lowest-lying (closest to zero energy) states, and for the toy
parameters, inwhich the superconducting energy gap is strongly exaggerated (Δ∼t). However, this is sufficient
to demonstrate qualitatively the effects of the nodal phase. To demonstrate thatwe show infigure 6 how the low-
lying spectrumbetween the nodal points evolve as values ofΔ/t are decreasing. One can see that the distance
from the gap center to the bulk bands is approximately the same for different values ofΔ, and for the outer nodes
its value remains a significant fraction of the superconducting gap. Thismeans that the flat bands are always
clearly resolved from the bulk states and that the calculations with exaggeratedΔ/t values do not qualitatively
change the results. The summedLDOS of the low-energy states is shown infigure 7. In panel (a)we assumed a
circular shape of themagnetic islandwith radius r=28a from the center of the lattice, whereas in (b) the island
has a rectangular shape of the size 60a×40a, where a is the lattice constant, assumed to be equal to unity. The
number of atomic sites comprising the island region is approximately equal in both geometries. The underlying
lattice is periodic in every direction, hence the edge of the island is the only edge in our system. The nodal
topological phase emerges only when there is an in-planemagnetization, so the edge of the island is the

Figure 6.Evolution of the point nodes (crossing points) and low-lying spectrum for different values ofΔ/t. (a) ‘Inner’nodes
(b) ‘outer’, close to the Brillouin zone edge nodes. Dotted lines in (b) denote the position offlat bands in afinite system.While the
length of theflat band is diminished, the gap to the bulk states remains significant.

Figure 7. Local density of states integrated over the two lowest-lying states, expressed as the size of the yellowdots. Dashed lines
outline the shapes ofmagnetic islands. Parameters used: t2=t,μ=−0.8,λ=0.1t,Δ=0.3t,My=2Δ.
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boundary between a gapped trivial phase and the nodal topological phase. Because of the structure of point
nodes (as explained in section 3.2) and theirmutual annulment in the kx projection, the edge states will never
appear in parallel to x direction.We observe that indeed, regardless of the shape of themagnetic island, localized
Majoranamodes appear only on the edges parallel to y direction. As stressed above, a quantitative study of the
edge bands in real space comeswith substantial computational cost and is beyond the scope of the present work.

3.4. Note on theRashba effect
In general,monolayer systems on a substrate and surfaces of a bulk systembreak themirror symmetry
perpendicular to layers. Therefore a Rashba-type spin–orbit couplingmay be non-zero. The Rashba effect,
giving rise to an in-plane spin–orbitfield, has adversarial effect on the nodal state as it generally gaps out the
nodes. The Rashba contribution to equation (2) can be implemented through the nearest-neighbor hopping
term

s t s= +H E k E k , 7x z yR R Rx y( ) ( ) ( )

with
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whereαR is the Rashba constant. As can be easily verified, the chiral symmetry protecting the edge band is
broken and a strict topological protection is not realized. Unlike time-reversal symmetry (which is always
present in the absence ofmagnetism) and particle-hole symmetry (which is exact for superconducting systems),
chiral symmetry typically requires some degree of tuning of external conditions. A typical example is the
direction ofmagnetic field. For some field orientations the system exhibits chiral symmetry while for other this
does not hold. Since some degree of disorder is almost unavoidable in solid state systems, chiral symmetry is
typically only approximate. However, themagnitude of breaking of this symmetry is important in assessing how
detrimental it is for the observability of the edgemodes. A small symmetry-breaking perturbation pushes the
edgemodes away from the zero energy and they acquire a weak dispersion, but they are still present. In contrast
to the Ising SOCwhich is determined by the lattice structure of TMDs, the Rashba SOC is case specific.
Therefore it can also be veryweak, especially inmultilayer systemswhere ripples do not play a role.

4.Discussion and outlook

The physical realization of the proposed system could be amultilayer ormonolayer TMD in contact with
magnetic insulatingmaterial grown on top. Thematerial should support in-planemagnetization and not
perturb the system significantly. A 2dmagnetic insulator with a high-quality contact to TMDwould be ideal for
this purpose. In fact, the requirement to be an insulator is inconsequential since proximity effect canmake a thin
magnet superconducting. The recent breakthroughs in fabricating 2dmagnets down tomonolayer thickness on
van derWaals systems provide a promising avenue for our proposal [13, 29–32]. An interesting candidate for the
ferromagnet is VSe2which is a TMD itself and can be epitaxially grown onNbSe2 and other systems of interest.
Furthermore, it has been observed that structures based onVSe2 layers exhibit an in-planemagnetization on
different substrates [31]. Considering the emerging nature and rapid development of the field of 2dmagnets,
increasing number ofmaterial candidates are likely to emerge soon. In practice themagneticmaterial also
induces a non-magnetic potential which could shift the chemical potential of substrate and thus change the
Fermi surface. However, the precise filling is not crucial for realization of the nodal phase. It seems plausible that
in the recent experiment [43] themagnetism in the systemwas not sufficiently homogeneous or that it is
significant only near the edges of theVSe2 islands.While thefirst experimental result does not seem to exhibit
the signatures of theflat band, it is quite possible that further development in the sample fabrication and
experimentalmethods could yield the desired result.

The nodal phase can be experimentally identified by observing theMajorana flat bands. As discussed above,
theflat bands give rise to enhanced zero-energy LDOS on certain edge terminations on the island. An ideal probe
to access this information is STM. In principle, the surface LDOS can be directlymeasured as a function of
energy. This would resolve theflat bands in space and energy. As long as the in-planemagnetization is
sufficiently strong to drive islands to the nodal phase, theflat band ismost pronounced and suppressed in the
same spatial directions for all islands irrespective of the direction of theirmagnetization. Observation of an
enhanced zero energy LDOSon edges with common tangent formultiple islandswould constitute a smoking
evidence on the nodal phase.
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In the present workwe employedNbSe2 as a candidatematerial for the topological state engineering.
However, for the existence of the nodal phase the crucial features are the (quasi-)2d nature of the system, the
Ising SOCwithin a layer, superconductivity and in-planemagnetization. Thuswe expect that other TMDs
would also provide promising candidates for the proposed system.

In summary, we proposed transitionmetal dichalcogenides with ferromagnetic structure on top as
promising candidates to realize nodal topological superconductivity and flatMajorana edge bands. The systems
could be fabricated and analyzedwithin existing experimental techniques.
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