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Abstract

Feed-forward, fully connected artificial neural networks or the so-called multi-layer perceptrons are well-known universal
approximators. However, their learning performance varies significantly depending on the function or the solution space
that they attempt to approximate. This is mainly because of their homogenous configuration based solely on the linear
neuron model. Therefore, while they learn very well those problems with a monotonous, relatively simple and linearly
separable solution space, they may entirely fail to do so when the solution space is highly nonlinear and complex. Sharing
the same linear neuron model with two additional constraints (local connections and weight sharing), this is also true for
the conventional convolutional neural networks (CNNs) and it is, therefore, not surprising that in many challenging
problems only the deep CNNs with a massive complexity and depth can achieve the required diversity and the learning
performance. In order to address this drawback and also to accomplish a more generalized model over the convolutional
neurons, this study proposes a novel network model, called operational neural networks (ONNs), which can be hetero-
geneous and encapsulate neurons with any set of operators to boost diversity and to learn highly complex and multi-modal
functions or spaces with minimal network complexity and training data. Finally, the training method to back-propagate the
error through the operational layers of ONNs is formulated. Experimental results over highly challenging problems
demonstrate the superior learning capabilities of ONNs even with few neurons and hidden layers.
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1 Introduction

1.1 Problem formulation
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radial basis functions (RBFs), are universal approximators.
Such networks optimized by iterative processes [1, 2], or
even formed by random architectures and solving a closed-
form optimization problem for the output weights [3], can
approximate any continuous function, providing that the
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employed neural units (i.e., the neurons) are capable of
performing nonlinear piecewise continuous mappings of
the receiving signals and that the capacity of the network
(i.e., the number of layers’ neurons) is sufficiently high.
The standard approach in using such traditional neural
networks is to manually define the network’s architecture
(i.e., the number of neural layers, the size of each layer)
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and use the same activation function for all neurons of the
network.

While there is recently a lot of activity in searching for
good network architectures based on the data at hand,
either progressively [4, 5] or by following extremely
laborious search strategies [6—10], the resulting network
architectures may still exhibit a varying or entirely unsat-
isfactory performance levels, especially when facing with
highly complex and nonlinear problems. This is mainly due
to the fact that all such traditional neural networks employ
a homogenous network structure consisting of only a crude
model of the biological neurons. This neuron model is
capable of performing only the linear transformation (i.e.,
linear weighted sum) [11], while the biological neurons or
neural systems in general are built from a large diversity of
neuron types with heterogeneous, varying structural, bio-
chemical and electrophysiological properties [12—17]. For
instance, in mammalian retina there are roughly 55 dif-
ferent types of neurons to perform the low-level visual
sensing [15]. Therefore, while these homogenous neural
networks are able to approximate the responses of the
training samples, they may not learn the actual underlying
functional form of the mapping between the inputs and the
outputs of the problem. There have been some attempts in
the literature to modify MLPs by changing the neuron
model and/or conventional BP algorithm [18-20], or the
parameter updates [21, 22]; however, their performance
improvements were not significant in general, since such
approaches still inherit the main drawback of MLPs, i.e.,
homogenous network configuration with the same (linear)
neuron model. Extensions of the MLP networks particu-
larly for end-to-end learning of 2D (visual) signals, i.e.,
convolutional neural networks (CNNs), and time-series
data, i.e., recurrent neural networks (RNNs) and long short-
term memories (LSTMs), naturally inherit the same limi-
tations originating from the traditional neuron model.

In biological learning systems, the limitations men-
tioned above are addressed at the neuron cell level [17]. In
the mammalian brain and nervous system, each neuron
(Fig. 1) conducts the electrical signal over three distinct
operations: (1) synaptic connections in Dendrites: an
individual operation over each input signal from the
synapse connection of the input neuron’s axon terminals,
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Fig. 1 A biological neuron (left) with the direction of the signal flow
and a synapse (right)
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(2) a pooling operation of the operated input signals via
spatial and temporal signal integrator in the Soma and,
finally, (3) an activation in the initial section of the axon or
the so-called axon hillock: If the pooled potentials exceed a
certain limit, it “activates” a series of pulses (called action
potentials). As shown in the right side of Fig. 1 each ter-
minal button is connected to other neurons across a small
gap called synapse. The physical and neurochemical
characteristics of each synapse determine the signal oper-
ation which is nonlinear in general [23, 24] along with the
signal strength and polarity of the new input signal. In-
formation storage or processing is concentrated in the cells’
synaptic connections or more precisely through certain
operations of these connections together with the connec-
tion strengths (weights) [23]. Accordingly, in neurological
systems, several distinct operations with proper weights
(parameters) are created to accomplish such diversity and
trained in time to perform or “to learn” many neural
functions. Biological neural networks with higher diversity
of computational operators have more computational
power [13], and it is a fact that adding more neural
diversity allows the network size and total connections to
be reduced [17].

1.2 Related work: generalized operational
perceptrons

Motivated by these biological foundations, a novel feed-
forward and fully connected neural network model, called
generalized operational perceptrons (GOPs) [25-29], has
recently been proposed to accurately model the actual
biological neuron with varying synaptic connections. In
this heterogeneous configuration, a superior diversity
appearing in biological neurons and neural networks has
been accomplished. More specifically, the diverse set of
neurochemical operations in biological neurons (the non-
linear synaptic connections plus the integration process
occurring in the soma of a biological neuron model) has
been modeled by the corresponding ‘“nodal” (synaptic
connection) and “pool” (integration in soma) operators,
while the “activation” operator has directly been adopted.
An illustrative comparison between the traditional per-
ceptron neuron in MLPs and the GOP neuron model is
illustrated in Fig. 2. Based on the fact that actual learning
occurs in the synaptic connections with nonlinear operators
in general, those all time-fixed linear model of MLPs can
now be generalized by the GOP neurons that allow any
(blend of) nonlinear transformations to be used for defining
the input signal transformations at the neuron level. Based
on the fact that the GOP neuron naturally became a
superset of linear perceptrons (MLP neurons), GOPs pro-
vide an opportunity to better encode the input signal using
linear and nonlinear fusion schemes and, thus, lead to more
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Fig. 2 Conventional MLP
neuron (left) vs. GOP neuron
with nodal, ‘I’ﬁ“, pool, Pf-“,
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compact neural network architectures achieving highly
superior performance levels, e.g., the studies [25, 26] have
shown that GOPs can achieve elegant performance levels
on many challenging problems where MLPs entirely fail to
learn such as “two spirals,” “N-bit parity” for N > 10 and
“white noise regression.” As being the superset, a GOP
network may fall back to a conventional MLP only when
the learning process defining the neurons’ operators indi-
cates that the native MLP operators should be used for the
learning problem in hand.

GOPs are the reference point for the proposed ONNSs as
they share the main philosophy of generalizing the con-
ventional homogenous network only with the linear neuron
model by a heterogeneous model with an “operational”
neuron model which can encapsulate any set of (linear or
nonlinear) operators. As illustrated in Fig. 2, the conven-
tional feed-forward and fully connected ANNs, or the so-
called multi-layer perceptrons (MLPs), have the following
linear model:

N
1 g0+l 10+l
X =D JFE YiWik
=1

Vi€ [1,Ni], (1)

This means that the output of the previous layer neuron’s
output, yfc, contributes inputs of all neurons in the next
layer, [ + 1. Then, a nonlinear (or piecewise linear) acti-
vation function is applied to all the neurons of layer [ + 1
in an elementwise manner. In a GOP neuron, this linear
model has been replaced by an operator set of three oper-
ators: nodal operator, ‘Pf“, pool operator, Pf“, and finally
the activation operator, fil“. The nodal operator models a
synaptic connection with a certain neurochemical opera-
tion. The pool operator models the integration (or fusion)
operation performed in Soma, and finally, the activation
operator encapsulates any activation function. Therefore,
the output of the previous layer neuron, y}, still contributes
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(2)
Comparison of Eq. (2) with Eq. (1) reveals the fact that when
Wi (wist,yh) = wif' -y, and PiT' = 3(¢), then the GOP
neuron will be identical to a MLP neuron. However, in this
relaxed model, now the neurons can get any proper nodal, pool
and activation operator so as to maximize the learning capa-
bility. For instance, the nodal operator library, {¥'}, can be
composed of: multiplication, exponential, harmonic (sinu-
soid), quadratic function, Gaussian, derivative of Gaussian
(DoG), Laplacian of Gaussian (LoG) and Hermitian. Simi-
larly, the pool operator library, { P}, can include: summation,
n-correlation, maximum and median. Typical activation
functions that suit to classification problems can be combined
within the activation operator library, { F}, composed of, e.g.,
tanh, linear and lin-cut. As in a conventional MLP neuron, the
ith GOP neuron at layer 1 + 1 has the connection weights to
each neuron in the previous layer, 1; however, each weight is
now the internal parameter of its nodal operator, ‘Pﬁ*', not
necessarily the scalar weight of the output.

1.3 Motivation and objectives

In this study, a novel neuron model is presented for the pur-
pose of generalizing the linear neuron model of conventional
CNNs with any nonlinear operator. As an extension of the
perceptrons, the neurons of a CNN perform the same linear
transformation (i.e., the linear convolution, or equivalently,
the linear weighted sum) as perceptrons do, and, it is, there-
fore, not surprising that in many challenging problems only
the deep CNNs with a massive complexity and depth can

@ Springer
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achieve the required diversity and the learning performance.
The main objective of this study is to propose the operational
neural networks (ONNs) model. Finally, the training method
to back-propagate the error through the operational layers of
ONNSs is formulated. With the right operator set, we shall
show that ONNs even with a shallow and compact configu-
ration and under severe restrictions (i.e., scarce and low-res-
olution train data, shallow training, limited operator library)
can achieve an elegant learning performance over such chal-
lenging visual problems (e.g., image denoising, syntheses,
transformation and segmentation) that can defy the conven-
tional CNNs having the same or even higher network com-
plexities. In order to perform an unbiased evaluation and
direct comparison between the convolutional and operational
neurons/layers, we shall avoid using the fully connected layers
in both network types. This is a standard practice used by
many state-of-the-art CNN topologies today.

The rest of the paper is organized as follows: Sect. 2
will present the proposed ONNs and formulates the BP
training. The readers are encouraged to refer to Appendix
A where a brief review on GOPs is presented in order to
highlight the motivation of a heterogeneous and nonlinear
network and to present how such a network can be trained
by a modified BP. Section 3 presents a rich set of experi-
ments to perform comparative evaluations between the
learning performances of ONNs and CNNs over the four
challenging problems. A detailed computational complex-
ity analysis between the two network types will also be
presented in this section. Finally, Sect. 4 concludes the
paper and suggests topics for future research.

2 Operational neural networks

The convolutional layers of conventional 2D CNNs share
the same neuron model as in MLPs with two additional
restrictions: limited connections and weight sharing.
Without these restrictions, every pixel in a feature map in a
layer would be connected to every pixel of a feature map at
the previous layer and this would create an infeasibly large
number of connections and weights that cannot be opti-
mized efficiently. Instead, by these two constraints a pixel
in the current layer will now be connected only to the
corresponding neighboring pixels in the previous layer
(limited connections) and the amount of connections can be
determined by the size of the kernel (filter). Moreover, the
connection weights of the kernel will be shared for each
pixel-to-pixel connection (weight sharing). By these
restrictions, the linear weighted sum as expressed in
Eq. (1) for MLPs will turn into the convolution formula
used in CNNs. This is also evident in the illustration in
Fig. 3 (left) where the three consecutive convolutional
layers without the subsampling (pooling) layers are shown.

@ Springer

So, the input map of the next layer neuron, xi, will be
obtained by cumulating the final output maps, yﬁ‘l, of the
previous layer neurons convolved with their individual
kernels, wfd, as follows:

Ni-1
xi = bi + Z conv2D(w§d,yf71, ‘NoZeroPad’)

i=1

I M-1N-1)_ (3)
xk(m,n)|<00 Z Z

r=0 r=0
(wfa(r t)yl (m—|— r,n+t )

ONN s share the essential idea of GOPs and extend the sole
usage of linear convolutions in the convolutional layers of
CNNs by the nodal and pool operators. In this way, the
operational layers and neurons constitute the backbone of
an ONN and other properties such as weight sharing and
limited (kernelwise) connectivity are common with a CNN.
The three consecutive operational layers and the kth neuron
of the sample ONN with 3 x 3 kernels and M = N = 22
input map sizes in the previous layer are shown in Fig. 3
(right). The input map of the kth neuron at the current
layer, x., is obtained by pooling the final output maps, y!~!,
of the previous layer neurons operated with its corre-
sponding kernels, wfd, as follows:

Ni-i
= b + Z oper2D(wh;,y: !, ‘NoZeroPad”)

|M IN-1) — by
N/ | ‘I’fa wkl (0 0),yf Ym,n)),...,
‘I’kl Wi (r 1),y m+rn+1),...), ...
(4)
Direct comparison between Egs. (3) and (4) will reveal
the fact that when the pool operator is “summation,”
PL =%, and the nodal operator is “multiplication,”

WL (v (m, n), whi(r, 1)) = whi(r 1)yt~ (m,n), and for all
neurons of an ONN, then the resulting homogenous ONN
will be identical to a CNN. Therefore, as the GOPs are the
superset of MLPs, ONNs are a superset of CNNs.

2.1 Training with back-propagation

The formulation of BP training consists of four distinct
phases: (1) computation of the delta error, AII‘, at the output
layer, (2) inter-BP between two operational layers, (3)
intra-BP in an operational neuron and (4) computation of
the weight (operator kernel) and bias sensitivities in order
to update them at each BP iteration. Phase 3 also takes care
of up- or downsampling (pooling) operations whenever
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Fig. 3 Three consecutive convolutional (left) and operational (right) layers with the kth neuron of a CNN (left) and an ONN (right)

they are applied in the neuron. In order to explain each
phase in detail, we shall first formulate its counterpart for
the convolutional layers (and neurons) of a conventional
CNN and then we will present the corresponding formu-
lation for the operational layers (and neurons) while
highlighting the main differences. In this way, the BP
analogy between MLPs and GOPs presented in Sect 4. A
will be constructed this time between CNNs and ONNs.
One can also witness how the BP formulation for GOPs
will alter for ONNs due to the two aforementioned
restrictions. For this section, we shall assume a particular
application, e.g., object segmentation, to exemplify a
learning objective for training.

2.1.1 BP from the output ONN layer

This phase is common for ONNs and CNNs. As shown in
Fig. 4, the output layer has only one output neuron from
which the initial delta error (the sensitivity of the input
with respect to the object segmentation error) is computed.
In the most basic terms the object segmentation error for an
image / in the dataset can be expressed as the mean square
error (MSE) between the object’s segmentation mask (SM)
and the real output, yt.

E(1) =05 (1) = sM(1,))° (5)

p

where I, is the pixel p of the image I. The delta sensitivity
of the error can then be computed as:

AL = g_j - %E% — (MO - SMD)F (D) (6)
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Fig. 4 Delta error computation at the output layer for segmentation

Note that the delta error is proportional to the difference
between the real output and the segmentation mask. For
ONNSs, any differentiable error function can be used
besides MSE.

2.1.2 Inter-BP among ONN layers: Ayl’(iAgﬂ

Once the delta error is computed in the output layer, it will
be back-propagated to the hidden layers of the network.

@ Springer
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The basic rule of BP states the following: If the output of
the kth neuron at layer | contributes a neuron i in the next
level with a weight, wfd, that next layer neuron’s delta,
Af“, will contribute with the same weight to form Af{ of the
neuron in the previous layer, 1. This can be expressed as

OE BP .
ajzzw@__E:Aﬁh Vie {1,N,} (7)
k
Specifically
OF ) Nis1 OE ax{+1 Nis1 . axl_+1
—=Ay, = L= A d (8
- ;@Xf“ v ; Loy )

where the delta error in the next (output) layer is already

computed; however, the derivative i differs between a

> al >
convolutional and operational layer. In the former, the
input—output expression is

x§+1 +yk " WI+1 NI (9)

It is obviously hard to compute the derivative directly from
the convolution. Instead, we can focus on a single pixel’s
contribution of the output, yi(m, n), to the pixels of the

x(m,n) shown. Assuming a 3 x 3 kernel, Eq. (10)
presents the contribution of the yi(m,n) to the 9 neighbor
pixels. This is illustrated in Fig. 5 where the role of an
output pixel, y,(m,n), over two pixels of the next layer’s
X m—1,n—1) and
x"'(m 41, n+ 1). Considering the pixel as a MLP neuron
that are connected to other MLP neurons in the next layer,
according to the basic rule of BP one can express the delta

of y!(m,n) as in Eq. (11).

input  neuron’s  pixels,

!
yk (mﬂ n) m
1+1
Wi
0,0/0,1]0,2 5
10[11]12| n N
2,0(2,1]2,2 = X

X m—1,n—1) = ...+ yi(mn) w1 (2,2) + ...
A m—1,n) = .+ yi(myn) w2, 1) +
A (myn) = .y (myn) wh (1, 1) +

A+ 1,04+ 1) = . 4y (m,n) wh1(0,0) +

At n+z)\§M)”V Do Wl (1= 1= )y (m,n) + .
(10)
OF (M—1,N-1)
(m,n) = Ayk(m,n)
ayk (0,0)
D3PS o
i=1 \r=—1t=-1 axl+l m+r Vl—|—t) ay,l((m,n)
Nis1
*Z Z ZA”I mtron4t) w1 —r 1 —1)
i=1 \r=—1r=—1
(11)
If we generalize Eq. (11) for all pixels of the Ayf{
Nis1
ny, = Y _ conv 2D(n/"! rot180(w"), ZeroPad’)  (12)

i=1

Interestingly, this expression also turns out to be a full
convolution with zero padding by (Kx—1, Ky—1) zeros to
each boundary of the A" in order to obtain equal
dimensions (width and height) for nyi with yi.

In an operational layer, the input—output expression
becomes

X =+ oper2D (v, wh) + ... (13)

where oper2D (yk, represents a 2D operation with a
particular pool and nodal operator. Once again, it is not
feasible to compute the derivative directly from this 2D
operation formula (pooling of the outputs of the nodal
operators). Instead, we can again focus on a single pixel’s

l+l)

Z+1

(m,n) m
m-1 m+1
rot180 (wih)
22]2,1]2,0
n-1 o
n 12]1,1[10
n+1 X 02l0,1]0,0

Fig. 5 A single pixel’s contribution of the output, yi(m, n), to the two pixels of the lerl using a 3 x 3 kernel
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Fig. 6 Starting from (0,0), a xmn) = +PFH Y (yh(mn), wiit(0,0)), .., W (i m + ron + 0, Wi (r,0),).. )]+«
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output, y,(m,n), to the two 012 k_ x; " (m,n)
pixels of the )clH using a Kx X 0|xio . l+1(7‘ t) 01
Ky—3><3kernel 1+ 012 O/x|o| I
2 1+
0 x -
@ 11—

T 2

1 (3,3)

' i | L] L (7,7)

contribution of the output, y!(m,n), to the pixels of the

xt1(m,n). Assuming again a Kx x Ky =3 x 3 kernel,
Eq. (14) formulates the contribution of the y! (m, n) to the 9
neighbor pixels. This is illustrated in Fig. 6 where the
contribution of an output pixel, y!(m,n), over the two
pixels of the next layer’s input neuron’s pixels,
X m —1,n — 1) and x/*'(m — 2,n — 2), is shown. Con-
sidering the pixel as a “GOP neuron” that is connected to
other GOP neurons in the next layer, according to the basic
rule of BP, one can then formulate the delta of y.(m,n) as
in Eq. (15). Note that this is slightly different than what we
derived for the contribution of the y!(m,n) for convolu-
tional layers, expressed in Eq. (11) and illustrated in Fig. 5.
In that case the output pixel, yi(m,n), and input pixel,
x*1(m, n), were connected through the center of the kernel,
ie., )cl'H (myn) = ...+ y(m,n) -whi'(1,1) + This
connection has led to the rotation (by 180 degrees)

(9,9)

operation for the BP of the delta error. In order to avoid this
undesired rotation, the output pixel, yf((mm), and input
*1(m,n), are connected through the first (top-left)
element of the kernel, Hlmn) =.. .+
P W (v (myn), whH(0,0)), .., WE (V(m 4+ ron + 1),
wl(r,1),)...)]. This means that the contribution of the
output pixel, y(m,n),
xt'(m —r,n—1t) as expressed in Eq. (14). The major
difference over the delta error BP expressed in Egs. (11)
and (12) is that the chain rule of derivatives should now
include the two operator functions, pool and nodal, both of
which were fixed to summation and multiplication before.
The delta error of the output pixel can, therefore, be
expressed as in Eq. (15) in the generic form of pool, P/™!,

pixel, x

Le., x

will now only be on the

and nodal, ‘I"ﬁ“, operator functions of each operational
neuron i € [1,..,N;;1] in the next layer.

X m—1,n—1)= ...+ PP [P O (m — 1,n— 1),wi1(0,0)), ..., Wi (v (m,n), wi ' (1,1))] + ...
i m—1,n) = ...+ PIPPH (yi(m — 1,n),wi1(0,0)), ..., i (yi(m, n), wif 1 (1,0)),...] + ...
l“(m n)=...+ Pf“ [‘P,{H (yi(m, n),w,{,:rl(O, 0)) ‘PZH (yk(m +r,n+1), ]H(r 1),).. )] +...
... (14)
A m+Ln+1) = + PP (vi(m+ 1L,n+ 1), wi1(0,0)),...] +...
(M—1,N—1) ul
'.xf“(m—r,n )}(1 ) bf“ —|—2:Pf+1 ‘I-’Hl( IH( ,t),yi(m,n)),...]
k=1
o (M—1N—1)
3 (m n) = Ayi(m,n)
Yk (0,0)
OFE " N (m—rn—1)
% Kx—1Ky—1 A (m—r,n—1) oPt! [ .. ‘I’f” (yi(m, n), Wi (r, t)), .. }
i=1 r=0 =0 anJrl [""lP§+1(yi(m7n)7wéljl(r7t))7'"] aql?rl(y;c(m’n)vwf‘ljl(nt))
QW (v (m, m), Wi (1, 1)) oy (m, n)
(15)
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In Eq. (15), note that the first term,
A (m—rn—r) .
optH! [‘I’f*ll (yi(m.,n),wﬁzr](r,t)),”.] = 1. Let
[+1 1+1 ! 141
Vi, P (m,n,r t) = Pt Dhna ey () - and

i opiH! (yi (m,n),wh! (r‘t))

I+1 A (s ) i (1))
VW (m,n,rt) = o5

that both derivatives, Vi, P! and V, %", no longer
require the rotation of the kernel, w,!. The first derivative,

. First, it is obvious

Vq/k,.Pf“, depends on the role (contribution) of the partic-
ular nodal term, W} (y4(m, n), wi! (r,£)), within the pool
function. The derivative, Vi, Pi™! (m,n,r,t), is computed
while computing the pixels x\™'(m — r,n —1t) for Vr,t €
(Kx,Ky) that corresponds to the particular output value,
yi(m,n), within each pool function. Recall that this is the
contribution of the y.(m,n) alone for each input value at
the next layer, x/"'(m—r,n—1t) for Vr,t € (Kx,Ky).
When the pool operator is summation, Pf“ = Sigma, then
Vg, Pt = 1, which is constant for any nodal term. For
any other alternatives, the derivative Vi, P (m,n,r,t)
will be a function of four variables. The second derivative,
V, Wit is the derivative of the nodal operator with respect
to the output. For instance, when the nodal operator is the
common operator of the convolutional neuron, “multipli-
cation,” ie., W' (yi(m,n), Wi (r,1)) = yi(m,n) - wi
(r,t), then this derivative is simply the weight kernel,
wl(r,t). This is the only case where this derivative will
be independent from the output, y(m,n). For any other
alternatives, the derivative Vy‘I’ﬁjl (m,n, r,t) will also be a
function of four variables. By using these four variable
derivatives or equivalently two 4D matrices, Eq. (15) can
be simplified as Eq. (16). Note that Ay, VP! and
Vy‘Pfjl have the size, M x N, while the next layer delta
error, A{*', has the size, (M — Ky + 1) x (N — Ky + 1),
respectively. Therefore, to enable this variable 2D convo-
lution in this equation, the delta error, Af“ , is padded zeros
on all the four boundaries (K, — 1 zeros on left and right,
Ky — Izeros on the bottom and top).

! Motn—ty e (el
Avi(mn)| 5o " =D D0 D A m—rin—1)

i=1 r=0 =0

i

X v"l’k’P§+l (ma n,r, t) X v»l}lﬁrl(m,n’ r, t))

Let VP (m,n,r,t) = Vg, P (m,n, 7, 1)
x VWi (m,n, r,t), then

Nit1
Ay, = Z Conv2Dvar{A{™", VP (m,n,r,1)}

i=1

(16)
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The two Vy, P (m,n,r,t)  and
V, Wi (m,n, r,t), are illustrated in Fig. 7 as the variable
(2D) matrices of indices r and ¢, each of which is located at
the entry of the 2D matrix of indices, m and n. In other
words, both Vi, P! (m,n,r,t) and V, ¥} ! (m,n,r,t) can
be regarded as “varying” kernels with respect to the
location, Their elementwise multiplication,
V},Pf“(m,n,r, t), is also another 4D matrix or, equiva-
lently, a varying weight kernel. A closer look to Eq. (16)
will reveal the fact that the BP of the delta errors still yields
a “convolution-like” formula as in Eq. (12); however, this
time the kernel is not static as in the BP for CNNs, rather a
spatially varying kernel with respect to the location (m,n)
and hence we call it as the “varying 2D convolution,”
Conv2Dvar{Af+l, VP (myn, t)}, of the delta error
and the final varying kernel, V, P! (m,n,r, ). As men-
tioned earlier, when the pool and nodal operators of the

4D  matrices,

(m,n).

linear convolution are used, then Vy, P (m,n,r 1) = 1,
VP (myn,r 1) = VU (myn, v, t) = whil(r, 1), which
is no longer a varying kernel; hence, Eq. (16) will be
identical to Eq. (12).

2.1.3 Intra-BP in an ONN neuron: A} EAyL

This phase is also common for CNNs and ONNSs. If there is
no up- or downsampling (pooling) performed within the
neuron, once the delta errors are back-propagated from the
next layer, [ 4+ 1, to the neuron in the current layer, [, then
we can further back-propagate it to the input delta. One can
write:

OE OEdy, OF
Al = 2 2k T e DY — AL (o 17
k ax]l( ayi axi ayif (xk) ykf (xk) ( )
where Ay} is computed as in Eq. (16). On the other hand, if
there is a downsampling by factors, ssx and ssy, then the
back-propagated delta error by Eq. (16) should be first
upsampled to compute the delta error of the neuron. Let
zero-order upsampled map be: uyj = up, . (vf). Then,
Eq. (17) can be updated as follows:
0E QEQy. OE 0yl owy!
P e Sl Shics'd S AV BF (o
k oxt Oyt oxt Oyl duyl oxt sstcl,];sy( yk)ﬁf (%)
(18)

where f§ = —L— since each pixel of yj is now obtained by

averaging (ssx.ssy) number of pixels of the intermediate
output, uy!. Finally, if there is a upsampling by factors, usx
and usy, then let the average-pooled map be:
dy, = downg usy (v%). Then, Eq. (17) can be updated as
follows:
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Fig. 7 BP of the delta error Avt (M-1,N-1)
from the next operational layer Vi (m, n)|(|<x 1,Ky-1)
using spatially varying 2D Nigs Kx—1 x—Ky—1
convolutions Z Z Z A“’l(m —r,n—t) X Vik/P“'l(m n,r,t)xV ‘P,‘( (m,n,7,t)
000, 1\ 02 ~f00/01]02 00[01/02
101112 X < 101112 X 101,117
202122 2,072,1. 202,122
{ rﬂm«}:l Vy‘l‘,?{l(m, n,r,t)
T T T T TTTel
o
n
ot
i i . . . .
Ai _ OE OF ayk 6_E Oy Odyy Equation (40) in Appendix shows the direct role of the
axk a)’k ox; Gyfc 6dy§( 6x§( delta errors in computing the weight and bias sensitivities
= (33\2/})1 (Ayk) B f ! (xi) (19) in a GOP network. To extend this first for the convolutional

2.1.4 Computation of the weight (kernel) and bias
sensitivities

The first three BP stages are performed to compute and

back-propagate the delta errors, Al = to each opera-

a I7
tional neuron at each hidden layer. As 1llustrated in Fig. 3,
a delta error is a 2D map whose size is identical to the input
map of the neuron. The sole purpose of back-propagating
the delta errors at each BP iteration is to use them to
compute the weight and bias sensitivities. This is evident in
the regular BP on MLPs, i.e.,

xﬁ“ _ bf“ +ykwl+1 + ..
OFE N OFE
g =yt A and = 20
oWl we T 20)
y,lc(m,n) Wfk” xfl(m,n)
0 01 2‘ [0 12
0 0|x|o
1 ixio ® 1 x| =1+
AR 2 p
(33) {
l
(7,7)
(9,9)

Fig. 8 Convolution of the output of the current layer neuron, y;, and
kernel, w;, to form the input of the ith neuron, x
[+1

, at the next layer,

neurons in a CNN, and then for the operational neurons of
an ONN, we can follow a similar approach. Figure 8
illustrates the convolution of the output of the current layer
neuron, y}, and kernel, w};, to form the input of the ith

neuron, x/™!,

at the next layer, / 4 1.

We can express the contribution of each kernel element
over the output as shown in Eq. (21). Since each weight
(kernel) element is used in common to form each neuron
input, x/™!(m, n), the derivative will be the accumulation of
delta-output product for all pixels as expressed in Eq. (22).
A closer look to the equation will reveal the fact that this
dot-product accumulation is actually nothing but a 2D
convolution of the output with the delta error map of the
input. It is interesting to notice the parallel relation between
the primary transformation and the weight sensitivity
computation, i.e., in MLPs it is a scalar multiplication of
the weight and output, which is repeated in Eq. (20)
between delta error and output, and now the linear con-

volution repeats this relation in Eq. (22).

x710,0) = wh1(0,0)y4(0,0) 4 ... +whH(1,0)y4(1,0) + ...
X0, 1) = whH(0,0)y4 (0, 1) 4 ...+ whH(1,0)y4 (1, 1) + ...
X (1,0) = wit ' (0,0)y(1,0) + .+ wi ' (1,004(2,0) + ...

xl-+1(m —rn—t)= wf,:rl(0,0)yi(m —r,n—t)
+. +wf,;”(r t)yk(m n)+..
2 2
AT S S )+

r=0 t=0

(21)
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OE 22) B M KeNi—ky OE ox’ l“(m —r,n—1t) OF (Kx—1,Ky—1)  M+r—Kx N+1—Ky
W)l ggy A2 A A morn—n) 0wy (r) 5,010 = D> > AMmo—rm—0x
M1 N—1 ik (0,0) mo=r no=t
=33 A (m—r,n— 1)yl (m,n) YV, P (mo, no, r,1) x V,,Phr! (mo, no, r, 1)
m=0 n=0
O Do, A, NoZeroPad ) Let V,, P/ (mg, ng, r,t) =
= —— = cony , A7, ‘NoZeroPad’
owl! Yoo S V\PkaﬁJrl(mmno, r,t) x VW‘PZA(mo?nO, rt),
(22) OF (Kx—1,Ky—1)  M+4r—Kx N+1—Ky
I+1
| . ety S A om0
Finally, the bias for this neuron, by, contributes to all Wik (0,0) mo=r  no=t
pixels in the image (same bias shared among all pixels), so VP (mg, no, v, t), orletm = my — ron = ng — t
its sensitivity will be the accumulation of individual pixel OF (Kx—1,Ky—1)  M—KxN—Ky
sensitivities as expressed in Eq. (23): — (r1) = > > A (mn)x
Wi (0,0) m=0 n=0
ASNZI OE _ dxj(m,n) %%Al( ) VP (m+ryn+t,r,1)
= m.n wtg ) P
abl £~ £ 0x;(m,n)  Oby o Rt K OE
e sl ConVZDvar(Aﬁ+1 , VP
(23) ol

Equation (24) shows the contribution of bias and weights
to the next-level input map x/™'(m,n). Since bias contri-
bution is a scalar addition, the same for the CNN'’s, the bias
sensitivity expression in Eq. (23) can be used for ONNs
too. In order to derive the expression for the weight sen-
sitivities, we can follow the same approach as before: Since
each kernel element, wi' (r, 1), contributes all the pixels of
the input pixels, x/"!(m,n), by using the chain rule, the
weight sensitivities can first be expressed as in Eq. (25) and

then simplified into the final form in Eq. (26).

Recall : x!*'(m —r,n — t)‘gz:égil): bl -
24

+Z Pf“[ ‘I’IH( IH( ,t),y,i(m,n)),...]

k=1

OE (Kx—1,Ky—1)
7 (r1)
6W§1:rl (0,0)

OE
ot (m—r,n—r)
" axf“(m —r,n—t)
v | P ) (1), )]

apﬁl[ \PHI(yk(m n) 1+1(r [)7) )]
oL (v (m, ) Wi (r, 1))
AW vk (m, ), Wi (1))

owyl ! (r,1)

(25)

where Wt (m—rpn—r1) -1
AP LW (Y (mm) Wi (1)) )]
awﬁ;‘ ()k(m n), w’“ (r, l))
@wf“ (r,) ’

Let V, Wi (m,n,rt)=

simplifies to:

then it
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ik

(26)

Note that the first term, Af“(m, n), in Eq. (26) is a 2D
map (matrix) independent from the kernel indices, r and ¢.
It will be elementwise multiplied by the other two latter
terms, each with the same dimension, (i.e., M-2xN-2 for
Kx = Ky = 3), and created by derivative functions of nodal
and pool operators applied over the pixels of the MxN
output, yi(m,n), and the corresponding weight value,
wi(r, t). Note that for each shift value, r and t, the weight

is fixed, wi'(r,t

t); however, the pixels are taken from
different (shifted) sections of y!(m,n). This operation is
illustrated in Fig. 9. Finally, it is easy to see that when the
pool and nodal operators of convolutional neurons are
used, Vi, PX (m,n,r,t) =1, V ‘I"Hl(m,n,r,t) =yt (m,n),
and thus Eq. (26) simplifies to Eq. (22).

2.2 Implementation

To bring an ONN to a run-time functionality, both FP and
BP operations should properly be implemented based on
the four phases detailed earlier. Then, the optimal operator
set per neuron in the network can be searched by short BP

JoE
P lk+1(r t
l

®x-1Ky=1) g P (m+r,n+¢t,1,0)

(0,0)

A (m,m)

Fig. 9 Computation of the kernel sensitivities
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training sessions with potential operator set assignments.
Finally, the ONN with the best operators can be trained
over the train dataset of the problem.

As a typical stochastic gradient descent method, BP has
an iterative process where at each iteration, first a forward
propagation (FP) is performed by using the latest kernel
weights and biases that are updated during the last BP
iteration. During the FP, the required derivatives and sen-
sitivities  for BP such as f'(x}),V, W ! (m,n,r,1),
Vi, Pl (m,n,r,t) and V,, Wi '(m,n,r,t) need to be
computed and stored. In order to accomplish this, we form
a temporary 4D matrix, Wx;"!(m,n,r,1) = Wi (v} (m+
ron+ 1), Wi (r1), Vr,t€[0,2] and Vm,ne (M -2,
N — 2) for each pixel of the input map, x/*!(m, n). It will
then be used in the pool operator to create the input map,

xt1(m,n), at the next layer. Basically, the pool operator
will create a 2D matrix out of a 4D matrix. This is illus-
trated in Fig. 10.

Once the Wx!™'(m,n,r,f) is formed, then the 4D
opit! [‘Px’“(m ran— tr,t)]
opl! (yA (m,n), w’;r] (r.t))
easily be composed by computing the derivative of the
terms, Wi (yi(m,n),wi ! (r,1)), which is the only term
I+1

(

derivative Vi P (m,n,rt) = can

that contains, y.(m,n), in each x!
I+1 (

m, n) pixel computa-
tion out of pooling the Wx,™" (m,n,r,t). Figure 11 illus-
trates this composition. Note that if the pool operator is
“summation,” then the pool operator derivative,
Vy, P (m,n,r,t) = 1, and hence, there is no need to
compute and store them. If the nodal operator is “multi-
plication,” then the two 4D nodal derivatives simplify to
2D (static) maps, i.e., V, Wit (m,n,r,t) = wif!(r,1), and
Ve (m+ron+t,rt) =yi(m+r,n+1). For any

other pool and nodal operator settings, all four 4D maps
should be computed during the FP before each BP iteration.

For instance, assume that for an arbitrary operational
neuron the pool operator is Median and nodal operator is a
sinusoid, i.e., Wit (v (m,n), wif (r, 1)) = sin(K -y} (m,n) -

whfl(r,t)) where K is a constant. Then, the two nodal

derivatives will be: V, Wi (m, n, r,t) = Kwi! (r, )cos(K-
Yi(m,n) -whi(r, 1)), V lI’,la“(err n+t,r,t) =Ky, (m+r,
n+1) cos(K-yk(m+r,n+1)-wil(r1).

Therefore, both 4D derivative matrices are computed first

during the FP using the latest weight, wl“(

t), and output
yi(m,n), and stored in this neuron. Similarly for the pool
derivative, Vi, P (m,n,r,t), first note that the direct
derivative of the Median (‘I’xﬁ‘“ (m,n,r, t)) with respect to
the term, W4 (y\(m,n), wi'(r,1)), will give a 4D map
where at each pixel location, (m,n), the 2D map at that
location will have all the entries 0, except the one which is the
median of them. However, when the 4D derivative map,
Vy, P (m,n,r,t), is composed by collecting the deriva-
tives that include the term, Wi (i (m,n),w ! (r,1)), at
given pixel location, (m,n), the 2D map at that location may
have any number of O sand 1 s since this is the term which is
obtained from individual y! (m, n) term derivatives.

The conventional BP iterations are executed iteratively
to update the weights (the kernel parameters) and biases of
each neuron in the ONN until a stopping criterion has been
met such as maximum number of iterations (iterMax) or
the target classification performance (CP*) such as mean
square error (MSE), classification error (CE) or F1. With a
proper learning factor, €, for each BP iteration, ¢, the update
for weight kernel and bias at each neuron, i, at layer, /, can
be expressed as follows:

x{ T m,n) =...+P W (i (m,n), wi (0,0)),.., ¥ (vk(m + ron + O, wi (r,0),)... )]+ -
)
N © | _r
o %XN(\' o o
» 1 LA v o pavd
);1‘0’?4’ /// a? P g% |
P aPe 7 i ‘4’}“( L (m,n), witt(2, 2)) f pd r 1
e dvid S\ * | _r | 7| -
0 ; ) 5 VX ~ 1 5 t A
g/))/ it Lt {
LA LA . - "~ P |
e 0 g
z | /’4 5 o L
AT T ATk » P
T oL Ly e (hom+ 20+ 2),wl(22)) ol 41 I
1 /: n1> g+ (yk(m n), wh(o, 0)) ot
L - P2

Fig. 10 The formation of Wx/™ (m,n, r,¢) and the computation of x/*! (m,n)
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aPiHl[‘{’xf“(m —rn—trb)]

8

awfE (Y;ﬁ (mn),wit(r, f))

S aSSin

Fig. 11 Computation of the 4D derivative, Vi, P/"!(m, n, r,f), map out of Wx/

E
W+ 1) = Wl (1) — e
Owy

1 1 oF (27)

As a result, the pseudo-code for BP can be presented as
in Algorithm 1.

Algorithm 1: Back-Propagation algorithm for ONNs
Input: ONN, Stopping Criteria (iterMax, CP*)
Output: BP trained ONN* = BP(ONN, iterMax, CP*)
1) Initialize all parameters (i.e., randomly ~U(-a, a) where a=0.1)
2) UNTIL a stopping criterion is reached, ITERATE:
a. For each item (or a group of items or all items) in the train
dataset, DO:
i. FP: Forward propagate from the input layer to the output

layer to find outputs, y,lcthe required derivatives and
sensitivities for BP suchas f'(xf), V, Wi, Vy, PI*?
and VW‘P,QI of each neuron,k, at each layer, /.

ii. BP: Using Eq. (6) compute delta error at the output layer
and then using Egs. (16) and (17) back-propagate the
error back to the first hidden layer to compute delta
errors of each neuron, k, A;c at each layer, /.

iii. PP: Find the bias and weight sensitivities using Egs. (23)
and (26), respectively.

iv. Update: Update the weights and biases with the
(cumulation of) sensitivities found in previous step scaled
with the learning factor, €, as in Eq. (27):

3) Return ONN*

The final task to form the ONN for the learning problem at
hand is the search for the best possible operator set for the
neurons of ONN. For this purpose, in this study we adopted
the greedy iterative search (GIS) [25, 26] due to its sim-
plicity. Since GIS performs layerwise pruned search, the
resultant ONN will have homogenous layers each of which
has neurons with a common operator set. Let {0}, } be the
operator set library consisting of N operator sets where each

@ Springer

iz ‘
it (y}{ (m,n), Wil,j'l(l.iz)) —————————————————
o e G wi0) - — = 3o - — - — - = -

w (v om ), Wi 22)) == ===

l+1 (m7 n? r7 t)

set has a unique nodal, pool and activation operator. With a
given learning objective criterion each pass of GIS seeks for
the best operator set for a particular layer while keeping the
sets of the other layers intact. To accomplish this, one or few
(e.g., Ngp = 2) short BP runs each with random parameter
initialization can be performed with each operator set
assigned to that level. The operator set, which yields ONN to
achieve best performance, is then assigned to that layer, and
the GIS continues with the next layer and the pass continues
until the search is carried out for all layers. While always
keeping the best operator set assigned to each layer, few GIS
passes will suffice to form a near-optimal ONN network,
ONN*(0), which can then be trained by BP only if the
learning objective has not yet been accomplished during the
GIS passes. Otherwise, the GIS stops abruptly whenever the
learning objective for the problem in hand is met. The
pseudo-code for a two-pass GIS is given in Algorithm 2.

Algorithm 2: Two-pass GIS

Input: {6y}, Stopping Criteria (iterMax, CP*), Ngp

Output: ONN*(6)

1) Initialization: Form an ONN with neurons having operator
set (nodal, pool and activation) randomly selected from
{on}:

2) For GIS-pass = 1:2 DO:

a. Starting from output layer, /=L:1, DO:
i. ForVve;e {6y} DO:

1.  Assign the operator set of each neuron in the T
layer of the ONN to 8; > ONN(/, 8;)

2. Perform: Ng» x BP(ONN(L 6;), iterMax, CP*)
and Record: ONN*(6;) that achieves the best
performance

ii. Assign 8; as the operator set of each neuron in
the /™ layer of the ONN = ONN(/, ;)
iii. Check: If CP*is reached in any BP run, break GIS

3) RETURN: ONN*(8) the best performing ONN.
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3 Experimental results

In this section, we perform comparative evaluations
between conventional CNNs and ONNs over four chal-
lenging problems: (1) image syntheses, (2) denoising, (3)
face segmentation and (4) image transformation. In order to
demonstrate the learning capabilities of the ONNSs better,
we have further taken the following restrictions:

(i) Low resolution: We keep the image resolution
very low, e.g., thumbnail size (i.e., 60 x 60 pix-
els), which makes especially pattern recognition
tasks (e.g., face segmentation) even harder.

(ii) Compact model: We keep the ONN configuration
compact, e.g., only two hidden layers with less
than 50 hidden neurons, i.e., InxI6x32xOut.
Moreover, we shall keep the output layer as a
convolutional layer while optimizing only the two
hidden layers by GIS.

(iii)  Scarce train data: For the two problems (image
denoising and segmentation) with train and test
datasets, we shall train the network over a limited
data (i.e., only 10% of the dataset) while testing
over the rest with a tenfold cross-validation.

(iv) Multiple regressions: For the two regression
problems (image syntheses and transformation),
a single network will be trained to regress multiple
(e.g., 4-8) images.

(v) Shallow training: Maximum number of iterations
(iterMax) for BP training will be kept low (e.g.,
max. 80 and 240 iterations for GIS and regular BP
sessions, respectively).

For a fair evaluation, we shall first apply the same
restrictions over the CNNs; however, we shall then relax
them to find out whether CNNs can achieve the same
learning performance level with, e.g., more complex con-
figuration with deeper training over the simplified problem.

3.1 Experimental setup

In any BP training session, for each iteration, 7, with the
MSE obtained at the output layer, E(t), a global adaptation
of the learning rate, ¢, is performed within the range
[5.107", 5.107], as follows:

ag(t—1) fE()<E(t—1)andag(t — 1) <5.107!
g(t) = q Pe(t—1) ifE(f)>E(t—1)and Be(t — 1) >5.1073
g(t—1) else

(28)

where o = 1.05 and f§ = 0.7, respectively. Since BP train-
ing is a stochastic gradient descent method, for each
problem we shall perform 10 BP runs, each with random
parameter initialization.

The operator set library that is used to form the ONNSs to
tackle the challenging learning problems in this study is
composed of a few essential nodal, pool and activation
operators. Table 1 presents the 7 nodal operators along
with their derivatives, V,, W4 and V,W;! with respect to
the weight, wfkﬂ, and the output, y,ﬂ, of the previous layer
neuron. Similarly, Table 2 presents the two common pool

operators and their derivatives with respect to the nodal
N
1y J+1 ]
term, > Wi (i, vh).
k=1

Finally, Table 3 presents the two common activation
functions (operators) and their derivatives. Using these
lookup tables, the error at the output layer can be back-
propagated and the weight sensitivities can be computed.
The top section of Table 4 enumerates each potential
operator set, and the bottom section presents the index of
each individual operator set in the operator library, ©,
which will be used in all experiments. There is a total of
N =7 x 2 x 2 =28 sets that constitute the operator set
library, {0y }. Let 0; : {ipoo1, Lacts inodal} be the ith operator
set in the library. Note that the first operator set, 0 :
{0,0,0} with indexi = 0, belongs to the native operators of
a CNN to perform linear convolution with traditional
activation function, tanh.

In accordance with the activation operators used, the
dynamic range of the input/output images in all problems
are normalized in the range of [—1, 1] as follows:

p; — min(p)

P % ax(p) — min(p) >

where p; is the ith pixel value in an image, p.

As mentioned earlier, the same compact network con-
figuration with only two hidden layers and a total of 48
hidden neurons, Inx16x32xOut, is used in all the experi-
ments. The first hidden layer applies subsampling by ssx =
ssy =2, and the second one applies upsampling by
usx = usy = 2.

3.2 Evaluation of the learning performance

In order to evaluate the learning performance of the ONNs
for the regression problems, image denoising, syntheses
and transformation, we used the signal-to-noise ratio
(SNR) evaluation metric, which is defined as the ratio of
the signal power to noise

SNR = 10log ((72

signal

power, ie.,
/aﬁoise) The ground-truth image is
the original signal, and its difference to the actual output
yields the “noise” image. For the (face) segmentation
problem, with train and test partitions, we used the con-

ventional evaluation metrics such as classification error
(CE) and FI. Given the ground-truth segmentation mask,
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Table 1 Nodal operators and

i i Ll (] I+1 I+1
derivatives ! Function ¥ (y k?wz‘lJcr ) VWi VWi
0 Mul. wi;r] y;{ yi Wfk+ ]
i 3 3 2
I Cubic Kwi (31) K () 3Kwi ()
2 Harmonic  sin(Kwj'y}) Kyjcos (Kwi'y,) Kwy ' cos (Kwii 'y}
3 Exp. exp(wif 'yi) = 1 viexp(wif ') wid exp(w'yi)
1 2 2
4 DoG Wik Vi y,i(l —2Kp(wWi) (yf()2> W;a(l —2Kp(wWi) (yf()z)
ex (—Kl)w[.+l 2 vl 2) 2, 82 2032
PITOR SO exp(—kollf POL)  exp( Kol 04P)
Sosime sk L Keos(Kul) (Kol cos (ki) /)~
. 2
(sin(&wit'v)/ (01)°)
6 Chipsin(Kewf 04)°)  Ke(f)eos(Kwii (04)7)  2Kewl jeos (Kewl! (04)°)
Table 2 Pool operators and . - ) g i 1
derivatives ! Function P [ o (yk7 Wik )7 e } V-y,“.Pﬁ
0 Summation N 1
S o)
1 Median median (P (wh! ) 1 if arg median (P (Wit vh) =k
¢ 0 else
Table 3 Activation operators . . ,
and derivatives ! Function f) fx)
0 Tangent tanh(x) = —}Ii:; 1—f(x)
hyperbolic
1 Linear-cut x/cut if|x| < cut Ucut i |x| <cut
lin-cut(x) = ¢ —1ifx< —cut 0 else
1 ifx > cut

the final segmentation mask is obtained from the actual
output of the network by softmax thresholding. With a
pixelwise comparison, Accuracy (Acc), which is the ratio
of the number of correctly classified pixels to the total
number of pixels, Precision (P), which is the rate of cor-
rectly classified object (face) pixels in all pixels classified
as “face,” and Recall (R), which is the rate of correctly
classified “face” pixels among all true “face” pixels can be
directly computed. Then CE=1- Acc and
F1 =2PR/(P + R). The following subsections will now
present the results and comparative evaluations of each
problem tackled by the proposed ONNs and conventional
CNNE.

3.2.1 Image denoising
Image denoising is a popular field where deep CNNs have

recently been applied and achieved the state-of-the-art
performance [30-33]. This was an expected outcome since

@ Springer

“convolution” is the basis of the linear filtering and a deep
CNN with thousands of subband filters that can be tuned to
suppress the noise in a near-optimal way is a natural tool
for image denoising. Therefore, in this particular applica-
tion we are in fact investigating whether stacked nonlinear
filters in an ONN can also be tuned for this task and, if so,
whether it can perform equal or better than its linear
counterparts.

In order to perform comparative evaluations, we used
the 1500 images from Pascal VOC database. The gray-
scaled and downsampled original images are the target
outputs, while the images corrupted by Gaussian white
noise (GWN) are the input. The noise level is kept very
high on purpose, i.e., all noisy images have SNR = 0 dB.
The dataset is then partitioned into train (10%) and test
(90%) with tenfold cross-validation. So, for each fold, both
network types are trained 10 times by BP over the train
(150 images) partition and tested over the rest (1350 ima-
ges). To evaluate their best learning performances for each
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Table 4 Operator enumeration (top) and the index of each operator
set (bottom)

i 0 1 2 3 4 5 6
Pool sum median

Act. tanh lin-cut

Nodal mul. cubic sin exp DoG sinc chirp
® Index Pool Act. Nodal
0 0 0 0

1 0 0 1

2 0 0 2

3 0 0 3

4 0 0 4

5 0 0 5

6 0 0 6

7 0 1 0

8 0 1 1

26 1 1 5

27 1 1

fold, we selected the best performing networks (among the
10 BP training runs with random initialization). Then, the
average performances (over both train and test partitions)
of the tenfold cross-validation are compared for the final
evaluation.

For ONNGs, the layerwise GIS for best operator set is
performed only once (only for the first fold) and then the
same operator set is used for all the remaining folds.
Should it be performed for all the folds, it is likely that
different operator sets that could achieve even higher
learning performance levels could have been found for
ONNSs. To further speed up the GIS, as mentioned earlier
we keep the output layer as a convolutional layer while
optimizing only the two hidden layers by GIS. For this
problem (over the first fold), GIS results in operator indices
as 9 for both layers, and it corresponds to the operator
indices: 9:{0, 1, 2} for the pool (summation = 0), activa-
tion (linear-cut = 1) and nodal (sin = 2), respectively.

Figure 12 shows SNR plots of the best CNNs and ONNs
at each fold over both partitions. Obviously, in both train
and test partitions ONNSs achieved a significant gap around
1.5 dB. It is especially interesting to see that although the
ONN:Ss are trained over a minority of the dataset (10%), it
can still achieve a similar denoising performance in the test
set (between 5 and 5.5 dB SNR), while the SNR level of
the majority of the (best) CNNs is below 4 dB. The average
SNR levels of the CNN vs. ONN denoising for the train
and test partitions are 5.59 dB vs. 4.1 dB and 5.32 dB vs.
3.96 dB, respectively. For a visual evaluation, Fig. 13
shows randomly selected original (target) and noisy (input)

images and the corresponding outputs of the best CNNs
and ONNs from the test partition. The severe blurring
effect of the linear filtering (convolution) is visible at the
CNN outputs, while ONNs can preserve the major edges
despite the severe noise level induced.

3.2.2 Image syntheses

In this problem we aim to test whether a single network can
(learn to) synthesize one or many images from WGN
images. This is harder than the denoising problem since the
idea is to use the noise samples for creating a certain pat-
tern rather than suppressing them. To make the problem
even more challenging, we have trained a single network to
(learn to) synthesize 8 (target) images from 8 WGN (input)
images, as illustrated in Fig. 14. We repeat the experiment
10 times (folds), so 8 x 10 = 80 images randomly selected
from Pascal VOC dataset. The gray-scaled and downsam-
pled original images are the target outputs, while the WGN
images are the input. For each trial, we performed 10 BP
runs each with random initialization and we select the best
performing network for each run for comparative
evaluations.

As in the earlier application, the layerwise GIS for
seeking the best operator set is performed only once (only
for the first fold) for the two hidden operational layers of
ONNSs and then the same operator set is used for all the
remaining folds. Hence, over the first fold, GIS yields the
top-ranked operator set with the operator indices as 3 and
13 for the first and second hidden layers, which correspond
to the operator indices: 1) (0, 0, 3) for the pool (summa-
tion= 0), activation (tanh =0) and nodal (exp= 3),
respectively, and 2) (0, 1, 6) for the pool (summation= 0),

SNR (Train)

o
T

SNR (Test)
S
(3]

%

w
o

fold

Fig. 12 Best denoising SNR levels for each fold achieved in train
(top) and test (bottom) partitions
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Fig. 13 Some random original (target) and noisy (images) and the
corresponding outputs of the best CNN and ONN from the test
partition

activation  (linear-cut = 1) and nodal
respectively.

Figure 15 shows the SNR plots of the best CNNs and
ONNs among the 10 BP runs for each syntheses experi-
ment (fold). Several interesting observations can be made
from these results. First, the best SNR level that CNNs
have ever achieved is below 8 dB, while this is above
11 dB for ONNS. A critical issue is that at the 4th syntheses
fold, neither of the BP runs is able to train the CNN to be
able to synthesize that batch of 8 images (SNR < — 1.6
dB). Obviously, it either requires more BP runs than 10, or
more likely, it requires a more complex/deeper network

configuration. On the other hand, ONNs never failed to

(chirp= 6),
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Input Output
.T.t . '(.l - ¥

Fig. 14 The outputs of the BP-trained ONN with the corresponding
input (WGN) and target (original) images from the second syntheses
fold

achieve a reasonable syntheses performance as the worst
SNR level (from fold 3) is still higher than 8 dB. The
average SNR levels of the CNN and ONN syntheses are
5.02 dB and 9.91 dB, respectively. Compared to the
denoising problem, the performance gap significantly
widened since this is now a much harder learning problem.
For a visual comparative evaluation, Fig. 16 shows a ran-
dom set of 14 syntheses outputs of the best CNNs and
ONNs with the target image. The performance gap is also
clear here especially some of the CNN syntheses outputs
have suffered from severe blurring and/or textural artifacts.

3.2.3 Face segmentation

Face or object segmentation (commonly referred as “Se-
mantic Segmentation”) in general is a common application
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domain, especially for deep CNNs [34—-42]. In this case, the
input is the original image and the output is the segmen-
tation mask which can be obtained by simply thresholding
the output of the network. In this section, we perform
comparative evaluations between CNNs and ONNs for face
segmentation. In [36], an ensemble of compact CNNs was
tested against a deep CNN and this study has shown that a
compact CNN with few convolutional layers and dozens of
neurons is capable of learning certain face patterns but may
fail for other patterns. This was the reason it was proposed
to use an ensemble of compact CNNs in a “Divide and
Conquer” paradigm.

In order to perform comparative evaluations, we used
FDDB face detection dataset [43]. FDDB dataset contains
1000 images with one or many human faces in each image.
We keep the same experimental setup as in image
denoising application: The dataset is partitioned them into
train (10%) and test (90%) with tenfold cross-validation.
So, for each fold, both network types are trained 10 times
by BP over the train (100 images) partition and tested over
the rest (900 images). To evaluate their best learning per-
formances for each fold, we selected the best performing
networks (among the 10 BP training runs with random
initialization). Then, the average performances (over both
train and test partitions) of the tenfold cross-validation are
compared for the final evaluation.

For ONNs, the layerwise GIS for best operator set is
performed only once (only for the first fold). But this time,
in order to see the effect of different operator sets on the
train and test performance, we selected the top first- and
third-ranked operator sets in GIS and used them to create
two distinct ONNs. The top-ranked operator set has the
operator indices as 12 and 2 for the first and second hidden
layers, which correspond to the operator indices: 1) (0, 1, 5)
for the pool (summation= 0), activation (lin-cut = 1) and
nodal (sin = 5), respectively, and 2) (0, 0, 2) for the pool
(summation= 0), activation (tanh= 0) and nodal (sin= 2),

fold

Fig. 15 Best SNR levels for each syntheses fold achieved by CNNs
(blue) and ONNs (red) (color figure online)

respectively. The third top-ranked operator set has the
operator indices as 10 and 9 for the first and second hidden
layers, which correspond to the operator indices: 1) (0, 1, 3)
for the pool (summation = 0), activation (lin-cut = 1) and
nodal (exp = 3), respectively, and 2) (0, 1, 2) for the pool
(summation = 0), activation (lin-cut = 1) and nodal (sin =
2), respectively. Finally, we label the ONNs with the first-
and third-ranked operators’ sets as, ONN-1 and ONN-3,
respectively.

Figure 17 shows F1 plots of the best CNNs and ONNSs at
each fold over both partitions. The average F1 scores of the
CNN vs. (ONN-1 and ONN-3) segmentation for the train
and test partitions are: 58.58% versus (87.4% and 79.86%),
and 56.74% versus (47.96% and 59.61%), respectively. As
expected, ONN-1 has achieved the highest average F1 in
all folds on the train partition and this is around 29% higher
than the segmentation performance of the CNNs. Despite
its compact configuration, this indicates an “over-fitting”
since its average generalization performance over the test
partition is around 8% lower than the average F1 score of
CNN. Nevertheless, ONN-3 shows a superior performance
level in both train and test partitions by around 21% and
3%, respectively. Since GIS is performed over the train
partition, ONN-3 may, too, suffer from over-fitting as there
is a significant performance gap between the train and test
partitions. This can be addressed, for instance, by

ONN. CNN

B Target

Target

ONN

Fig. 16 A random set of 14 syntheses outputs of the best CNNs and
ONNSs with the target images. The WGN input images are omitted
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performing GIS over a validation set to find out the (near-)
optimal operator set that can generalize the best.

3.2.4 Image transformation

Image transformation (or sometimes called as image
translation) is the process of converting one (set of)
image(s) to another. Deep CNNs have recently been used
for certain image translation tasks [44], [45] such as edge-
to-image, gray-scale-to-color image, day-to-night (or vice
versa) photograph translation, etc. In all these applications,
the input and output (target) images are closely related. In
this study we tackled a more challenging image transfor-
mation, which is transforming an image to entirely differ-
ent image. This is also much harder than the image
syntheses problem because this time the problem is the
creation of a (set of) image(s) from another with a distinct
pattern and texture.

To make the problem even more challenging, we have
trained a single network to (learn to) transform 4 (target)
images from 4 input images, as illustrated in Fig. 18 (left).
In the first fold, we have further tested whether the net-
works are capable of learning the “inverse” problems,
which means the same network can transform a pair of
input images to another pair of output images and also do
the opposite (output images become the input images).
Images used in the first fold are shown in Fig. 18 (left). We
repeat the experiment 10 times using the close-up “face”
images most of which obtained from the FDDB face
detection dataset [43]. The gray-scaled and downsampled
images are used as both input and output. For CNNs, we
performed 10 BP runs each with random initialization, and

100
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Fig. 17 Best segmentation F1 levels for each fold achieved in train
(top) and test (bottom) partitions by ONN-1 (solid-red), ONN-3
(dashed-red) and CNN (solid-blue) (color figure online)
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for comparative evaluations, we select the best performing
network for each run. For ONNs, we perform 2-pass GIS
for each fold and each BP run within the GIS is repeated 10
times to evaluate the next operator set assigned.

In the first fold, the outputs of both networks are shown
in Fig. 18 (right). The GIS results in the optimal operator
set that has the operator indices as 0 and 13 for the first and
second hidden layers, and this corresponds to the operator
indices: 1) 0:{0, 0, 0} for the pool (summation = 0), acti-
vation (tanh = 0) and nodal (mul = 0), respectively, and 2)
13:{0,1,6} for the pool (summation = 0), activation (lin-
cut = 1) and nodal (chirp = 6), respectively. The average
SNR level achieved is 10.99 dB, which is one of the
highest SNR achieved among all tenfold despite the fact
that in this fold ONNSs are trained for the transformation of
two inverse problems. On the other hand, we had to use
three distinct configurations for CNNs. Because the CNN
with the default configuration, and the populated configu-
ration, CNNx4, that is a CNN with the number of hidden
neurons twice the default number (2 x 48 = 96 neurons),
both failed to perform a reasonable transformation. Even
though CNN X 4 has twice as much hidden neurons (i.e.,
1 x 32 x 64 x 1) and around 4 times more parameters,
the best BP training among 10 runs yields the average
SNR = 0.172 dB, which is slightly higher than the average
SNR = 0.032 dB obtained by the CNN with the default
configuration. Even though we later simplified the problem
significantly by training a single CNN for transforming
only one image (rather than 4) while still using the
CNN x 4 configuration, the average SNR improved to
2.45 dB which is still far below the acceptable performance
level since the output images are still unrecognizable.

Input CNNx4 CNNx4

HH&J
T
noe
KR8

424 44 121

Target

454

Fig. 18 Image transformation of the first fold including two inverse
problems (left) and the outputs of the ONN and CNN with the default
configuration, and the two CNNs (CNNx4) with 4 times more
parameters. On the bottom, the numbers of input — target images are
shown
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Figure 19 shows the results for the image transforma-
tions of the third and fourth folds. A noteworthy difference
with respect to the first fold is that in both folds, the 2-pass
GIS results in a different operator set for the first hidden
layer, which has the operator indices: 1) 3:{0,0,3} for the
pool (summation = 0), activation (tanh = 0) and nodal
(exp = 3), respectively. The average SNR levels achieved
are 10.09 dB and 13.01 dB, respectively. In this figure, we
skipped the outputs of the CNN with the default configu-
ration since, as in the first fold, it has entirely failed (i.e.,
average SNRs are — 0.19 dB and 0.73 dB, respectively).
This is also true for the CNN x 4 configuration even
though a significant improvement is observed, i.e., average
SNR levels are 1.86 dB and 2.37 dB, respectively. An
important observation is that these levels are significantly
higher than the corresponding SNR level for the first fold
since both folds (transformations) are relatively easier than
the transformation of the two inverse problems in the first
fold. However, the transformation quality is still far from
satisfactory. Finally, when the problem is significantly
simplified as before, that is, a single CNN is trained to learn
transformation for only one image pair (1 — 1), then
CNNx4 can then achieve the average SNR level of
2.54 dB, which still makes it far from being satisfactory.
This is true for the remaining folds, and over the tenfold,
the average SNR levels for ONNs, CNNs and the two
CNNx4 configurations are: 10.42 dB, — 0.083 dB,
0.24 dB (4 — 4) and 2.77 dB (1 — 1), respectively. This
indicates that a significantly more complex and deeper
configuration is needed for CNNs to achieve a reasonable
transformation performance.

In order to further investigate the role of the operators
on the learning performance, we keep the log of operator
sets evaluated during the 2-pass GIS. For the first fold of
the image transformation problem, Fig. 20 shows the
average MSE obtained during the 2-pass GIS. Note that the
output layer’s (layer 3) operator set is fixed as, 0:{0,0,0} in
advance, and excluded from GIS. This plot clearly indi-
cates which operator sets are the best-suited for this
problem and which are not. Obviously, the operator sets
with indices, 6:{0, 0, 6} and 13:{0, 1, 6} in layer 2, got the
top ranks, both of which use the pool operator summation
and the nodal operator, chirp. For layer 1, both of them
favors the operator set with index 0:{0,0,0}. Interestingly,
the third-ranked operator set is 13:{0,1,6} in layer 2 and
16:{1,2,6} in layer 1, for the pool (median = 1), activation
(tanh = 0) and nodal (sin = 2), respectively. The pool
operator, median, is also used in the fifth-ranked operator
set for layer 1 too. For all the problems tackled in this
study, although it never got to the top-ranked operator set
for any layer, it has obtained second or third ranks in some
of the problems. Finally, an important observation worth
mentioning is the ranking of the native operator set of a

CNNx4 CNNx4

Eof | esie
WMns

ONN CNNx4 CNNx4

Al v

X

Fig. 19 Image transformations of the third (top) and fourth (bottom)
folds and the outputs of the ONN, and the two CNNs (CNNx4) with 4
times more parameters. On the bottom, the numbers of input — target
images are shown

CNN with operator index, 0:{0,0,0}, which was evaluated
twice during the 2-pass GIS. In both evaluations, among
the 10 BP runs performed, the minimum MSE obtained
was close to 0.1 which makes it the 17th and 22nd best
operator set among all the sets evaluated. This means that
there are at least 16 operator sets (or equivalently 16 dis-
tinct ONN models each with different operator sets but the
same network configuration) which will yield a better
transformation performance than the CNN’s. This is, in
fact, a “best-case” scenario for CNNs because:

(1) GIS cannot evaluate all possible operator set
assignments to the two hidden layers (1 and 2). So
there are possibly more than 16 operator sets which
can yield a better performance than CNN’s.
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(2) If we would not have fixed the operator set of the
output layer to 0:{0,0,0}, it is possible to find much
more operator assignments to all three layers (2
hidden 4+ 1 output) that may even surpass the
performance levels achieved by the top-ranked
operator sets, (0,13,0).

3.3 Computational complexity analysis

In this section the computational complexity of an ONN is
analyzed with respect to the CNN with the same network
configuration. There are several factors that affect the
computational complexity of an ONN. We shall begin with
the complexity analysis of the forward propagation (FP)
and then focus on BP.

During FP, the computational difference between an
ONN and CNN solely lies in the choice of the operator sets
for each neuron/layer. Assuming a unit computational
complexity for the operators of CNN (mul, tanh and sum),
Table 5 presents the relative computational complexity
factors of the sample operators used in this study. In the
worst-case scenario, if sinc, median and tanh are used as
the operator set for each neuron in the network, then a FP
in an ONN will be 2.70 x 3.21 x 1 = 8.68 times slower
than the one in CNN with the same configuration. In the
sample problems addressed in this study, the pool operator
determined by 2-pass GIS was always summation; there-
fore, this “worst-case” figure would only be 2.704 times.
In practice, we observed a speed deterioration in ONNs
usually between 1.4 and 1.9 times with respect to the
corresponding FP speed of the (equivalent) CNN. When

the configuration CNNx4 was used, ONN’s speed became
more than twice faster.

During BP, the computational complexity differences
between an ONN and a CNN (having the same configu-
ration) occur at the substeps (i—iii) as given in Algorithm 1.
The fourth substep (iv) is common for both.

First, the FP during a BP iteration computes all the BP
elements as detailed in Algorithm 1, i.e., for each neuron, &,
at each layer, /, f’(xi),vy‘f’fjl, V\ykinﬂ and VW‘I’fjl.
Only the first BP element, f'(x}), is common with the
conventional BP in CNNs, the other three are specific for
ONN s and, therefore, cause extra computational cost. Once
again when the native operator set of CNNs, 0:{0,0,0} is
used, then Vg, PI*! = 1, vV, ¥ = wiand v, ¥iI =y}
all of which are fixed and do not need any computation
during FP. For the other operators, by assuming again a
unit computational complexity for the operators of CNN
(mul, tanh and sum), Table 6 presents the relative com-
putational complexity factors of the sample operators used
in this study. In the worst-case scenario, if sinc, median and
tanh are used as the operator set for each neuron in the
network, then a FP during a BP iteration will be 1.72 x
8.50 x 1 = 14.63 times slower than the one in CNN with
the same configuration. Once again since the pool operator
determined by 2-pass GIS for the sample problems
addressed in this study, was always summation, this
“worst-case” figure would be 8.504 times. In practice, we
observed a speed deterioration for the FP in each BP iter-
ation usually between 2.1 and 5.9 times with respect to the
corresponding speed of the (equivalent) CNN.
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Fig. 20 MSE plot during the 2-pass GIS operation for the first fold.
The top 5-ranked operator sets found in three layers (third, second,
first) are shown in parentheses. The native operator set of CNNs, (0, O,
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0), with operator set index 0, can get the 17th and 22nd ranks among
the operator sets searched
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Table 5 Computational complexity factors of each sample nodal,
activation and pool operator compared to the operators of CNN (mul,
tanh and sum) during the FP

Nodal (V) Act. (f)  Pool (P)
cubic  sin exp DoG sinc chirp lin-cut median
1.01 221 178 255 270 241 0.99 3.21

Table 6 Computational complexity factors of each sample nodal,
activation and pool operator compared to the operators of CNN (mul,
tanh and sum) during the FP in a BP iteration

Nodal (V) Act. (f)  Pool (P)
cubic  sin exp DoG sinc chirp lin-cut median
2.57 621 508 785 850 6.11 0.99 1.72

The second step (ii) is actual back-propagation of the
error from the output layer to the first hidden layer to
compute delta error of each neuron, k, Af{ at each layer, [.
This corresponds to the first three BP phases as detailed in
Sect. 2.1. The first phase, the delta error computation at the
output layer common for ONNs and CNNs, has the same
computational complexity. In the second phase, that is the
inter-BP among ONN layers, a direct comparison between
Egs. (12) and (16) will indicate that for each BP step from

the next layer to the current layer, i.e., AyL%Ai“, the

difference lies between the convolution of the next layer
delta error, Aﬁ“ with the static (or fixed Kkernel)
rot180(w!; ') and the varying (kernel) V,P!™. The latter is
obtained by elementwise multiplication of the two
derivatives stored in 4D matrices, Vi, P/*! and V, W,
both of which are already computed during the last FP. It is
clear that there is no computational complexity difference
between the two (fixed vs. varying) convolutions.

The third phase, the intra-BP within an ONN neuron, is
also a common operation with a CNN neuron and thus has
the same computational cost. Finally, for the last phase (or
step (iii) in Algorithm 1), the computation of the weight
and the bias sensitivities, a direct comparison between
Egs. (22) and (26) will indicate that the same computa-
tional complexity (as in the second phase) exists between
the convolution of the next layer delta error, AI*! with the
static output, Y§< and the varying (sensitivity), V, Pﬁ“.
Finally, the fourth and last step of the BP given in Algo-
rithm 1 is the update of the weights and biases. As a
common step, obviously it has also the same computational

complexity. Overall, once the BP elements, f” (xf() , V},‘PZ’],

Vi, PHL vV, Wi and VP = Vy, P x VP with

Vy P = Vg P x v, Wi are all computed during
FP, the rest of the BP phases of ONN will have the same
computational complexity as in the corresponding phases
for CNNs. So the overall BP speed of ONNs deteriorates
due to increased computational complexity of the prior FP.
In practice, we observed a speed deterioration for each BP
iteration (including FP) usually between 1.5 and 4.7 times
with respect to the corresponding speed of a BP iteration in
the (equivalent) CNN.

4 Conclusions

The ONNs proposed in this study are inspired from two
basic facts: (1) Bioneurological systems including the
mammalian visual system are based on heterogeneous,
nonlinear neurons with varying synaptic connections, and
(2) the corresponding heterogeneous ANN models encap-
sulating nonlinear neurons (aka GOPs) have recently
demonstrated such a superior learning performance that
cannot be achieved by their conventional linear counter-
parts (e.g., MLPs) unless significantly deeper and more
complex configurations are used [25-28]. Empirically
speaking, these studies have proven that only the hetero-
geneous networks with the right operator set and a proper
training can truly provide the required kernel transforma-
tion to discriminate the classes of a given problem or to
approximate the underlying complex function. In neuro-
biology this fact has been revealed as the “neurodiversity”
or, more precisely, “the biochemical diversity of the
synaptic connections.” Accordingly, this study has begun
from the point where the GOPs have left over and has
extended it to design the ONNs in the same way MLPs
have been extended to realize conventional CNNs. Having
the same two restrictions, i.e., “limited connections” and
“weight sharing,” heterogeneous ONNs can now perform
any (linear or nonlinear) operation. Our intention is thus to
evaluate convolutional versus operational layers/neurons;
hence, we excluded the fully connected layers to focus
solely on this objective. Moreover, we have selected very
challenging problems while keeping the network configu-
rations compact and shallow, and BP training brief. Further
restrictions are applied on ONNs such as a limited operator
set library with only 7 nodal and 2 pool operators, and the
2-pass GIS is performed to search for the best operators
only for the two hidden layers while keeping the output
layer as a convolutional layer. As a result, such a restricted
and layerwise homogenous (networkwise heterogeneous)
ONN implementation has allowed us to evaluate its
“baseline” performance against the equivalent and much
complex CNNs.
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In all problems tackled in this study, ONNs exhibit a
superior learning capability against CNNs and the perfor-
mance gap widens when the severity of the problem
increases. For instance, in image denoising, the gap between
the average SNR levels in train partition was around 1.5 dB
(5.59 dB vs. 4.1 dB). On a harder problem, image syntheses,
the gap widens to near 5 dB (9.91 dB vs. 5.02 dB), and on
few folds, CNN failed to synthesize the image with a rea-
sonable quality. Finally, on the hardest problem among all,
image transformation, the gap exceeded beyond 10 dB
(10.94 dB vs. — 0.08 dB); in fact, the CNN with the default
configuration has failed to transform in all folds. This is also
true even though when 4 times more complex CNN model is
used and the problem is significantly simplified (only one
image transformation rather than (4)). This is actually not
surprising since a detailed analysis performed during the
2-pass GIS has shown that there are at least 16 other potential
ONN models with different operator sets that can perform
better than the CNN. So for some, relatively easier, problems
“linear convolution” for all layers can indeed be a reason-
able or even a suboptimal choice (e.g., object segmentation
or even for image denoising), whereas for harder problems,
CNNs may entirely fail (e.g., image syntheses and transfor-
mation) unless significantly deeper and more complex con-
figurations are used. The problem therein lies mainly in the
“homogeneity” of the network when the same operator set is
used for all neurons/layers. This observation has verified in
the first fold of the image transformation problem where it
sufficed to use a different nonlinear operator set only for a
single layer (layer 2, operator set, 13:{0,1,6}), while all other
layers are convolutional. This also shows how crucial it is to
find the right operator set for each layer. Overall, it is a fact
that for a particular problem, in any scale or configuration,
ONNSs cannot perform worse than CNNs, deep and/or state of
the art, with equal configuration simply because ONNs are
the “superset” of CNNss, i.e., an ONN will simply turn out to
be a CNN (homogenous and all-linear neuron model) if the
GIS results in favoring the “convolution” operator set (linear
nodal operator, summation pool operator and tanh activation
function) for all layers/neurons for that problem. Otherwise,
this means that another nonlinear operator set (for one or
more layers) outperforms “convolution” and hence results a
better learning performance.

There are several ways to improve this “baseline” ONN
implementation some of which can be listed as below:

e enriching the operator set library by accommodating
other major pool and nodal operators,

e forming layerwise heterogenecous ONNs (e.g., by
exploiting [28]) for a superior diversity,

e adapting a progressive formation technique with
memory

e and instead of a greedy-search method such as GIS over
a limited set of operators, using a global search

@ Springer

methodology which can incrementally design the
optimal nonlinear operator during the BP iterations.

These will be the topics for our future research.
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Appendix
Back-propagation for GOPs

The conventional back-propagation (BP) training consists
of one forward propagation (FP) pass to compute the error
at the output layer following with an error back-propaga-
tion pass starting from the output layer back to the first
hidden layer, in order to calculate the individual weight and
bias sensitivities in each neuron. The most common error
metric is the mean square error (MSE) in the output layer
that can be expressed as follows:

N

E:E(yf,...,y]LvL) :NLLZ(yiL—t,-)Z. (30)

i=1
For an input vector p, and its corresponding output vector,
[yf, o yszJ , BP aims to compute the derivative of E with

respect to an individual weight , w), (between the neuron i
and the output of the neuron k in the previous layer, /—1),
and bias, b!, so that we can perform gradient descent
method to minimize the error accordingly:

0E OF ox 0E OEx OF
owl, o owl, bl axlobl od (31)

1

Both derivatives depend on the sensitivities of the error to
the input, x\. These sensitivities are usually called as delta
errors. Let Al = OE/0x! be the delta error of the ith neuron
at layer /. Now we can write the delta error by one-step
backward propagation from the output of that neuron, y!, as
follows:
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This means that after we find the derivative of the error to
the output, OE/ ayf, we can then find the delta error. For the
output layer, [ = L, we know both terms:

0
A== () 1) (33)

Therefore, for both GOPs and MLPs, the delta error for
each neuron at the output layer can be directly computed.
One can also observe that Egs. (31)—(33) are also common
for both network types. However, the back-propagation of
the delta error from the current layer (say / + 1) to the
previous layer, I, will be quite different. First consider for
MLPs that Eq. (2) exhibits the contribution of the output of
the kth neuron in the previous layer, y!, to the input of each
neurons of the current layer with individual weights, w”'.

With this in mind, one can express the derivative of the
oF

error to the output of the previous layer neuron, o a8
k
follows:
N, I N
OE EH:I OE axiJﬁ1 zl:lAl+l I+1 (34)

oyl B — ol oyt

Now one can use Eq. (32) to lead to a generic equation of
the back-propagation of the delta errors, as follows:

Nt

OE
Ai = a—x/c f ZAI‘H H—l (35)

So, for MLPs another linear transformation with the same
weights is used to back-propagate the delta errors of the
current layer to compute the delta errors of the previous
layer. For GOPs, this turns out to be a different scheme.

From Eq. (2) the same output derivative, dE/dy}, can be
expressed as follows:

OE X OE !
W ot oy

—NZ ot et W (wilt0)
= aPl-H a\.Pl-H (Wi-l&-l 7yk) ayk
(36)
1+1
where ax§+l/aPl+1 =1. Let v\yAIPlJrl a\}/,_l(P—H]ylk) and,
1 (041 ’
Vv, = ng,‘yk) Then Eq. 36 becomes:
aE Nl+l
ay ZAI+IV k,Pl+1V LI/Z-H (37)
k i=1

Obviously both Vi, P! and V, Wi will be different
functions for different nodal and pool operators. From the
output sensitivity, OE/dy}, one can get the delta of that

neuron, Ai, which leads to the generic equation of the
back-propagation of the delta errors for GOPs, as follows:

aE_a£ /(L
aixli—ayif (xk)

Nis1
_ l 1+1 I+1 1+1
_f’ (xk) z:l Ai nyk,Pi Vy‘{’ki
i=

A =
(38)

Once all the delta errors in each layer are formed by back-
propagation, then weights and bias of each neuron can be
updated by the gradient descent method. Note that a bias
sensitivity in GOPs is identical as MLPs,

OE

!
5B = AL (39)

For the weight sensitivity, one can express the chain rule of
derivatives as,
OE OE oxit!

owlil oxdt awt !

i 40
I angrl aPHl G‘I’f“ (Wi-li—l’yi) ( )
COOPT oW (witye) oy
141 (1
where ox/*! /0P = 1. Let V, P11 = a\wa&#\) Then
Eq. (39) simplifies to k’
0E I+1 I+1 I+1
5ot = A Ve PO (41)

ki

For different nodal operators along with their derivatives,
Vi and V, P, with respect to the weight, wi!!, and the
output, y;, of the previous layer neurons, Egs. (39) and (41)
will yield the weight and bias sensitivities. Therefore, the
operator set of each neuron should be assigned before the
application of BP training. However, this is a typical
“Chicken and Egg” problem because finding out the right
operators even for a single neuron eventually requires a
trained network to evaluate the learning performance. Fur-
thermore, the optimality of the operator set of that neuron
obviously depends on the operators of the other neurons
since variations in the latter can drastically change the
optimality of the earlier operator choice for that neuron. The
greedy iterative search (GIS) was proposed in [27] and [28].
The basic idea of GIS is to reduce the search space signifi-
cantly so that the layerwise pruned search finds near-optimal
operator sets per layer (for all neurons in that layer).
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