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ROBUST CONTROLLERS FOR REGULAR LINEAR SYSTEMS
WITH INFINITE-DIMENSIONAL EXOSYSTEMS*

LASSI PAUNONENT

Abstract. We construct two error feedback controllers for robust output tracking and distur-
bance rejection of a regular linear system with nonsmooth reference and disturbance signals. We
show that for sufficiently smooth signals the output converges to the reference at a rate that depends
on the behavior of the transfer function of the plant on the imaginary axis. In addition, we construct
a controller that can be designed to achieve robustness with respect to a given class of uncertainties in
the system, and we present a novel controller structure for output tracking and disturbance rejection
without the robustness requirement. We also generalize the internal model principle for regular linear
systems with boundary disturbance and for controllers with unbounded input and output operators.
The construction of controllers is illustrated with an example where we consider output tracking of a
nonsmooth periodic reference signal for a two-dimensional heat equation with boundary control and
observation, and with periodic disturbances on the boundary.
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1. Introduction. The purpose of this paper is to construct controllers for robust
output regulation of a reqular linear system® [38, 39, 36]

(1.1a) i(t) = Ax(t) + Bu(t) + Bqw(t), z(0) =z € X,
(1.1b) y(t) = Cpx(t) + Du(t)

on an infinite-dimensional Banach space X. The main goal in the control problem is
to achieve asymptotic convergence of the output y(¢) to a given reference signal y,s (t)
despite external disturbance signals w(t). In addition, it is required that the controller
is robust in the sense that output tracking is achieved even under perturbations and
uncertainties in the operators (A, B, By, C, D) of the plant. The class of regular linear
systems facilitates the study of robust output tracking and disturbance rejection for
many important classes of partial differential equations with boundary control and
observation with corresponding unbounded operators B, By, and C [8, 16, 47, 25].
In this paper we continue the work on designing robust controllers for regular linear
systems begun recently in [27].

The reference signal yr.f(t) and the disturbance signals w(t) considered in the
robust output regulation problem are assumed to be generated by an ezosystem of
the form

(1.2a) o(t) = Sv(t), v(0) = vy € W,
(1.2b) w(t) = Eu(t),
(1.2¢) Yreg (t) = —Fu(t)
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Here Cp and K, denote the A-extensions of C' and K, respectively. See section 2 for details.
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In the case where the exosystem (1.2) is a system of ordinary differential equations on
a finite-dimensional space W, the class of reference and disturbance signals consists
of finite linear combinations of trigonometric functions and polynomially increasing
terms. In this paper we concentrate on output tracking and disturbance rejection
for a general class of nonsmooth periodic and almost periodic reference and distur-
bance signals. Such exogeneous signals can be generated with infinite-dimensional
exosystems on the Hilbert space W = (2(C) where S = diag(iwy )rez is an unbounded
diagonal operator containing the frequencies {wy }rez that are present in the signals
Yref(+) and w(-). In particular, any continuous T-periodic signal can be generated with
an exosystem of the form (1.2) where § = diaug(i%T’T)kEZ [19]. Output tracking and
disturbance rejection of nonsmooth signals with high accuracy have applications in
the control of motor and disk drive systems and in power electronics [10]. Output
tracking of signals generated by an infinite-dimensional exosystem have been studied
using state space methods in [20, 17, 28, 25, 30] and using frequency domain tech-
niques in [45, 34, 46, 22]. Robust tracking of nonsmooth periodic functions has also
been studied extensively in repetitive control [18, 44, 41], where the control objective
is to achieve precise tracking for a finite number of frequency components of Yy ef(-).

As the main results of the paper we introduce two methods for constructing a
regular error feedback controller of the form

(1.3a) 2(t) = G12(t) + Ga(y(t) — yres (), 2(0) =20 € Z,
(1.3b) u(t) = Kpz(t)

to achieve robust output tracking and disturbance rejection for the regular linear
system (1.1). The internal model principle of linear control theory states that in
order to solve the robust output regulation problem it is both necessary and sufficient
for the feedback controller (1.3) to include a suitable number of independent copies
of the dynamics of the exosystem (1.2) and to achieve closed-loop stability. This
fundamental characterization of robust controllers was originally presented for finite-
dimensional linear systems by Francis and Wonham [15] and Davison [13] in 1970s,
and it was later generalized for infinite-dimensional linear systems with finite- and
infinite-dimensional exosystems in [28, 30]. The internal model principle also implies
that the robust controllers always tolerate a class of uncertainties and inaccuracies in
the parameters G and K and in certain parts of the operator G; of the controller (1.3).
This property can be exploited in controller design as it sometimes allows the use of
approximations in defining Gy, Go, and K, provided that the internal model property
is preserved and the closed-loop system achieves the necessary stability properties.

The two robust controllers constructed in this paper utilize two different internal
model based structures that are naturally complementary to each other. The first
construction is based on a new block-triangular controller structure that was first
introduced in [26, 27] for control of regular linear systems with finite-dimensional
exosystems. The second controller uses the observer-based structure that was used
to solve the robust output regulation problem for an infinite-dimensional exosystem
in [17] in the case where the plant had bounded input and output operators. In this
paper we generalize both of the controller structures to accommodate an infinite-
dimensional internal model and unbounded operators B, By, and C' in the plant. In
particular, this requires the use of new techniques in the analysis of the well-posedness
and stability of the resulting closed-loop systems. The constructions we present allow
the use of unbounded feedback and output injection operators in achieving exponential
stability of the pairs (4, B) and (C, A).
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The two controllers that we construct possess slightly differing properties. In the
case of an infinite-dimensional exosystem the reference and disturbance signals are
required to have a certain minimum level of smoothness in order for the robust output
regulation problem to be solvable, and the exact level depends on the behavior of the
transfer function P(A) = CAR(A, A)B + D of the plant at the frequencies A\ = iwy,
of the exosystem [21, 17]. More precisely, faster growth of the norms || P(iw)'| of
the Moore-Penrose pseudoinverses of P(iwy) as |k| — oo leads to a higher minimal
level of smoothness for y,.f(t) and w(t). Our results demonstrate that the required
level of smoothness is in general lower in the case of the new controller structure than
in the case of the observer-based controller structure. Moreover, the new controller
structure can be used in a situation where the plant has a larger number of inputs than
outputs, whereas the construction of the second observer-based controller requires that
the input and output spaces of the plant are isomorphic.

Since the output operator C of the plant is in general unbounded, the regulation
error e(t) = y(t) — yref(t) is not guaranteed to converge to zero as t — oo. In this
paper the convergence of the regulation error is instead considered in the sense that

t+1
(1.4) / lly(s) = yref(s)|lds — 0 as t — o0.
t
This condition is equivalent to requiring that the averages 1 tt+6|\e(s)|\ds of the error

over the intervals [¢,t + €] for any fixed € > 0 converge to zero as t — co. The as-
sumption that the exosystem (1.2) is infinite-dimensional further leads to a situation
where the regulation error is not guaranteed to decay at an exponential rate. How-
ever, it has been observed in [31, 7] that under suitable assumptions on the plant (1.1)
with bounded operators B and C' it is possible to achieve rational decay of the reg-
ulation error for sufficiently smooth reference and disturbance signals. In this paper
we present new results that establish a priori decay rates for the regulation error
for sufficiently smooth reference and disturbance signals. The results we present are
based on a new method for nonuniform stabilization of the infinite-dimensional inter-
nal model in the controller, and on the subsequent analysis of the closed-loop system
using recent results on nonuniform stability of semigroups of operators [23, 4, 6, 3].
Beyond obtaining decay rates for the regulation error for the particular controllers,
we introduce a general methodology for applying the theory of nonuniform stability
of semigroups in the study of regular linear control systems.

The following theorem presents a simplified version of the main result regarding
the nonuniform decay rates of the regulation error. The result demonstrates that
the rate of decay of the regulation error is dependent on the rate of growth of the
norms ||P(iwy,)T|| as |k| — oo. For the detailed assumptions on the system (1.1), the
exosystem (1.2), and the controller (1.3), see section 2. A more general version of
Theorem 1.1 is presented in section 6. Here we denote by ||z|pcay = ||[Az[| + ||z| the
graph norm of a linear operator A.

THEOREM 1.1. Assume B and By are bounded, supcy|| R(iwg, A)|| < co, and the
pair (Ca, A) can be stabilized with bounded output injection.

If there exist M, ap > 0 such that ||P(iwg)t|| < M (1 + |wg|®) for all k € Z, then
for any a > 2ag + 1 the controllers in this paper can be constructed in such a way
that

s logt g
[ etoitas < vz (£ (Janlloun + lollorsy + leolocs)
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for some MS > 0 and for all vo € D(S), o € D(A), and zo € D(G1).
If || Piwy) || < Me®lkl for some M,cg > 0 and for all k € Z, then for any
a > «ag the controllers can be constructed in such a way that

t+1 alMe
| e lds < S (laollow + laollo, + lllos)
t

for some M > 0 and for all vo € D(S), xo € D(A), and zo € D(G1).

The new controller structure used in this paper was introduced in [26] to solve the
robust output regulation problem in the situation where robustness is only required
with respect to a given class Oy of perturbations. This is the case, for example, if a
single controller is required to regulate a set {Py(\),..., Py(\)} of plants or states
of the same plant, or when only some of the parameters of the plant are known to
contain uncertainty. In such a situation it is possible that the internal model in the
controller can be replaced with a reduced order internal model containing smaller
numbers of copies of some of the frequencies of the exosystem [29]. In this paper
we generalize the controller achieving robustness with respect to a given class Qg of
perturbations presented in [26, 27] for regular linear systems with infinite-dimensional
exosystems. Finally, we use the new controller structure to construct a novel controller
that achieves output tracking and disturbance rejection without the requirement for
robustness with respect to perturbations in the parameters of the plant.

Controller design for robust output regulation for regular linear systems with
finite-dimensional exosystems has been studied previously in [35, 27]. The output
tracking and disturbance rejection for regular linear systems without the robustness
requirement have been studied in [25, 43]. In this paper we also extend the charac-
terization of the controllers achieving output regulation via the regulator equations
and the internal model principle for regular linear systems in the situation where
the operator By is unbounded and the controller (1.3) is a regular linear system.
These results generalize those in [30, 35], where By was assumed to be bounded, and
in [25], where feedforward control was studied. The controllers constructed in this
paper are infinite-dimensional due to the full order observers and the internal models
of the exosystem (1.2). Using model reduction methods to find finite-dimensional
approximations of the presented controllers is an important topic for future research.

The paper is structured as follows. In section 2 we state the standing assumptions
on the plant, the exosystem, the controller, and the closed-loop system. In section 3 we
formulate the main control problems and present a generalization of the internal model
principle. The robust controller based on the new controller structure is constructed
in section 4. Subsequently, the same structure is used to construct a controller with
a reduced order internal model in section 4.1 and a controller for output regulation
without the robustness requirement in section 4.2. The observer-based controller is
constructed in section 5. In section 6 we study the nonuniform decay rates for the
state of the closed-loop system and the regulation error. The example on robust
output regulation for a two-dimensional heat equation is studied in section 7.

2. The system, the controller, and the closed-loop system. If X and Y
are Banach spaces and A : X — Y is a linear operator, we denote by D(A), N(A),
and R(A) the domain, kernel, and range of A, respectively. The space of bounded
linear operators from X to Y is denoted by £(X,Y). If A: X — X, then o(A),
op(A), and p(A) denote the spectrum, the point spectrum, and the resolvent set of
A, respectively. For A € p(A) the resolvent operator is R(\, A) = (A — A)~!. The
inner product on a Hilbert space is denoted by (-, ). For two sequences (fi)rez C X
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and (gr)kez € Ry we denote ||fix|| = O(gx) if there exist My, Ny > 0 such that
I fell < Mggr whenever |k| > N,. Similarly, for f: I C R — X and g : Ry — Ry
we denote || f(t)|| = O(g(|t])) if there exist My, T, > 0 such that ||f(t)]] < Mgyg(]t])
whenever |t| > T,. We denote f(t) < g(t) and fi S g if there exist My, My > 0 such
that f(t) < Myg(t) and fr, < Magy for all values of the parameters ¢ and k.
Throughout the paper we assume that the plant (A, B, Bg,C, D) in (1.1) is a
regular linear system [38, 39, 36] with state x(t) € X, input u(t) € U, output y(t) € Y,
and external disturbance w(t) € Ug. The spaces X and Uy are Banach spaces and
U and Y are Hilbert spaces. The operator A : D(A) C X — X generates a strongly
continuous semigroup 7'(t) on X. For a fixed A\g € p(A) we define the scale spaces
X1 = (D(A), |(Ao — A)-|l) and X_1 = (X, ||R(Xo, A)-||) (the completion of X with
respect to the norm ||R(Ag, A)-||) [37], [14, sec. IL.5]. Also the extensions of the
operator A and the semigroup 7'(¢) to the space X_; are denoted by A: X C X_; —
X_1 and T'(t), respectively. The input and output operators B € L(U, X_1), By €
L(Uqg,X_1), and C € L(X;,Y) are admissible with respect to A and D € L(U,Y).
The admissibility of B, By, and C means that fot T(t—s)(Bu(s)+ Bqw(s))ds € X for
allt > 0,u e L?(0,t;U), and w € L?(0,t;Uy), and that for all ¢ > 0 there exists x > 0
such that fOtHCT(s)xH2ds < k?||z||? for all x € D(A). We define the A-extension
Cy of C as Cpx = limy_, o0 ACR(\, A)x with D(Cy) consisting of those z € X for
which the limit exists. If C' € L(X,Y), then Cpn = C. The system (A, B, By, C, D)
is defined to be regular if R(R(Ao, A)[B, Bq]) C D(Cy) for one/all Ao € p(A) and if
CAR(M, A)(Bu+ Bgw) — 0 as A — oo with A > 0 for all u € U and w € Uy. For every
zo € X, u € L} _(0,00;U), and w € L (0, 00; Uy) the system (1.1) has a well-defined

mild state, and its output y(¢) is given by
t
y(t) = CaT(t)zo + CA/ T(t — s)(Bu(s) + Bqw(s))ds + Du(t)
0

for almost all ¢ > 0. The transfer functions P(A) and Py(\) from @ to ¢ and from o
to §, respectively, are given by [36, sec. 4]

P(\) = CAR(MA)B+D  and  Py(\) = CAR()\, A)By

for all A € p(A). We define X = D(A) + R(R(X o, A)B) C D(Ch), X, = D(A) +
R(R()\Oa A)Bd) C D(CA)a and X(B,Bd) = XB + XBd = D(A) + R(R(Af)a A)[B, Bd])a
all of which are independent of the choice of Ay € p(A).

Assumption 2.1. The pairs (A, B) and (C, A) are exponentially stabilizable and
detectable, respectively, in the sense that there exist admissible operators K € £(X1,U)
and L € L(Y, X_,) for which

(2.1) (A, B, L. Bd], [ED

is a regular linear system and the semigroups generated by (A + BKj)|x and (A +
LCy)|x are exponentially stable.

We pose the assumption on the regularity of (2.1) since K and L are allowed
to be unbounded. More details on stabilizability and detectability of regular linear
systems can be found in [33, 40]. For techniques for choosing K and L, see, for
instance, [32, 42, 12].
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The reference and disturbance signals are generated by an exosystem (1.2) on a
separable Hilbert space W = ¢2(Z; C). We denote by {¢y } kez the canonical orthonor-
mal basis of W. The operator S : D(S) C W — W is defined as

Sv="> iwp(v,¢r)pr, vEDS)={veW | |wil*l(v, ¢x)” < o0},

kEZ kEZ

where the eigenvalues {iwy }rez C iR of S are distinct and have a uniform gap, i.e.,
infri|lwy — wi] > 0. The operator S generates an isometric group Tg(t) on W. We
finally assume that £ € L(W, X) and F € L(W,Y") are Hilbert-Schmidt operators,
ie., (Ed)k)kez S 62(Ud) and (F¢k)k€Z S 62(}/)

All the results presented in this paper also trivially apply to the situation where
W = C1 for some ¢ € N and S = diag(iwy){_, is a diagonal matrix.

Assumption 2.2. The operators K and L in Assumption 2.1 can be chosen in such
a way that

Pg (iwg) = (Ca + DKA)R(iwy, A+ BKA)B + D,
Py, (iwk) = C’AR(iwk, A+ LCA)(B + LD) + D

are surjective for all k € Z.

Assumption 2.2 requires that none of the frequencies {iwy}r C o(S) is a trans-
mission zero of the transfer functions Pk (A) or Pr(\) of the stabilized systems
(A+ BKx,B,Cr + DKp,D) and (A + LCy, B + LD, Ca, D), respectively. Since
transmission zeros are invariant under state feedback and output injection, Assump-
tion 2.2 is satisfied whenever {iwy}r C p(A) and P(iwy) are surjective, and if it is
satisfied for some K and L, then it is satisfied for all stabilizing operators K and L. In
the case {iwy }x C p(A) the surjectivity of P(iwy) has been shown to be necessary for
robust output regulation; see [9, Cor. V.3], [25, Thm. V.2], and [30, sec. 5]. However,
Assumption 2.2 can also be used if {iw}r No(A) # @, which is the case, e.g., for the
heat system in section 7. For examples on verifying Assumption 2.2 and locating the
zeros of infinite-dimensional systems, see [21, sec. 5], [17, sec. 9], and [11].

In this paper we will solve the robust output regulation problem with a dynamic
error feedback controller (1.3) on a Banach space Z. We assume that G; : D(G1) C
Z — Z generates a semigroup on Z, and Gy € L(Y,Z_1) and K € L(Z,,U) are
admissible, and (G1,Ga, K) is a regular linear system. We denote by K, the A-
extension of K and for Ag € p(G1) we define Zg, = D(G1) + R(R(X o, G1)G2) C D(K,).
Also the extension of Gy to the space Z_; is denoted by G, : Z C Z_1 — Z_;.

The system and the controller can be written together as a closed-loop system on
the Banach space X, = X x Z. This composite system with state z.(t) = (x(t), 2(¢))T
can be written on X_1 X Z_1 as

Te(t) = Aeze(t) + Bev(t), Ze(0) = Zeo,
e(t) = Cope(t) + Dev(t),

where e(t) = y(t) — yrer(t) is the regulation error, x.o = (20, 20)7,

A

A BK,  [B4E
€7 1GaCh G1+ GaDK)|’ CT | GF |
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Ce = [Ca, DK,J, and D, = F. We also denote B? = [B(;d 902} € LWUe, X1 X Z_)

where U, = Uy x Y so that B, = B? [?} We choose the domain of A, as

€T
(2:2) D(Ae) = { L] € X5 X Zg, Giz+G2(Caz + DKaz) € Z

{ Azx + BKjxz e X }

THEOREM 2.3. The closed-loop system (Ae, Be, Ce, D.) is a regular linear system.
For every X € p(Ae) we have R(BY) C R(A—A?) and R(\, Ae)BY = R(\, A%)BY where

Ae = {ngcA glfgfgm} . X, = X1 x Z_y with domain D(AS) = X (5.5,) ¥ Za,.

Proof. The results in [39, sec. 7] imply that (A., B?, C.) is regular, since it is part
of a system obtained from the regular linear system

(5 allo & al o £ o)

. T
with admissible output feedback K = [? 8 é} , and thus (4., B, C., D.) is regular as

well. Moreover, the resolvent identities in [39, Prop. 6.6] and a straightforward com-
putation show that for A € p(A.) with large Re A we have R(\, A.)B? = R(\, A%)BY.
Together with the resolvent identity, this implies the last claim of the theorem. d

2.1. The class of perturbations. In this paper the parameters of the plant
are perturbed in such a way that the operators A, B, By, C, and D are changed
to A: D(A) ¢ X - X, B e L(UX_1), By € LU, X_1), C € L(X;,Y), and
D e L(U,Y), respectively. Here X; and X_1 are the scale spaces of X related to the
operator A. We assume that (A B, By, C, D) is a regular linear system. Moreover, the
operators E and F' are perturbed in such a way that E € L(W, X) and Fe E(W Y)
are Hilbert-Schmidt. For A € p(A) we denote by P(\) = CyAR(\, A)B + D and

Py(\) = CAR(\, A) By the transfer functions of the perturbed plant.

_ DEFINITION 2.4. The class O of considered perturbations consists of operators
(A,B,By4,C,D,E,F) satisfying the above assumptions. In particular, the class O
contains the nominal plant, i.e., (A,B,Bq,C,D,E,F) € O.

We denote the operators of the closed-loop system consisting of the perturbed
plant and the controller by C, = [CA, DK Al D, =F, and

LA o]
© GoCh Gy +GaDKy |’ c GoF

3. The robust output regulation problem. The main control problem stud-
ied in this paper is defined in the following.

THE ROBUST OUTPUT REGULATION PROBLEM. Choose (G, G2, K) in such a way
that the following are satisfied:

(a) The semigroup T.(t) generated by A, is strongly stable.

(b) For all initial states xeo € X and vog € W the requlation error satisfies

t+1
(3.1) / lle(s)|lds — 0 as t— oo.
t
(¢) If (A, B, By,C, D, E, F) are perturbed to (A, B, B4,C,D,E,F) € O in such a

way that the perturbed closed-loop system is strongly stable, then for all initial
states xeo € Xe and vg € W the regulation error satisfies (3.1).
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If B and C are bounded, then the property (3.1) in the control problem is equiv-
alent to ||e(t)|] — 0 as t — oo (see the proof of Theorem 3.3 for details). In section 6
we will in addition consider rates of convergence of the integrals in (3.1).

DEFINITION 3.1. We call a controller robust with respect to a given perturbation
(/L B,B4,C,D,E, F) € O for which the perturbed closed-loop system is strongly stable
if for these perturbed operators the regulation error satisfies ftt+1||e(s)||ds — 0 as
t — oo for all zeg € Xe and vg € W.

Remark 3.2. Although not considered explicitly in the problem, robust controllers
also tolerate perturbations in Go and K as long as the closed-loop stability and any
additional conditions are satisfied. This is advantageous in control design, because it
sometimes allows replacing K and G, with sufficiently accurate approximations.

The control problem without the robustness requirement is referred to as the
output regqulation problem.

THE OUTPUT REGULATION PROBLEM. Choose the controller (Gi,Ga, K) in such
a way that parts (a) and (b) of the robust output requlation problem are satisfied.

The following theorem characterizes the controllers solving the output regulation
problem in terms of the solvability of the so-called regulator equations [15, 9, 17].
The assumption that the Sylvester equation £S5 = A.X + B, has a solution ¥ €
L(W, X.) satisfying R(X) C D(Cea) guarantees that for all initial states vo € W of the
exosystem the closed-loop state and the regulation error have well-defined behavior
as t — oo. The expressions for A., B., C., and D, can be used to formulate the
regulator equations using the parameters of the plant (1.1) and the controller (1.3).

THEOREM 3.3. Assume the controller (G1,Ga, K) stabilizes the closed-loop system
strongly in such a way that the Sylvester equation 35S = A.X + B. on D(S) has a
solution 3 € L(W, X.) satisfying R(X) C D(Cen). Then the following are equivalent:

(a) The controller (G1,Ga, K) solves the output regulation problem.

(b) The regulator equations

(3.2a) $S = A.Y + B,
(3.2b) 0=CAS+ D,

on D(S) have a solution ¥ € LW, X.) satisfying R(E) C D(Cen).
Proof. Similarly as in the proof of [30, Lem. 4.3], equation (3.2a) implies

/ Tt B Ts(s)ods = STs(t)o — T, ()50
0

for all v € D(5), and since the operators on both sides of the equation are in L(W, X.)
and D(S) is dense in W, the identity holds for all v € W. Thus for all z,o € X, and
vo € W the mild state of the closed-loop system has the form x.(t) = Te(t)(zeo —
Yuvg) + XTs(t)ve. Since the closed-loop system is regular, we have that T¢(t)(zeo —
Yvg) € D(Cep) for almost all ¢ > 0, and the property R(X) C D(Cep) implies
YTs(t)vg € D(Cep). For almost all ¢ > 0 the regulation error is thus given by

(3.3)  e(t) = Conze(t) + Dev(t) = CorTu(t)(xe0 — Do) + (ConS + De)Ts(£)vo.

If (b) is satisfied, then the regulator equations (3.2) have a solution. The for-
mula (3.3) and the regulation constraint CepX + D, = 0 imply e(t) = CepaTe(t)(zeo —
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Ywp) for almost all ¢ > 0. The admissibility of C, implies that there exists x > 0 such
that fOIHCEATe(s)des < kl||z|| for all z € X,. Since T¢(¢) is strongly stable, we have

t+1 1
/t le(s)1ds = / AT ()T () (e — Sw0) s < w1 Tult) (zeo — Seo)]| — 0

as t — oo. Thus the controller solves the output regulation problem and (a) holds.

Assume now that (a) is satisfied and the controller solves the output regulation
problem. By assumption, there exists ¥ € £L(W, X.) such that (3.2a) is satisfied. Our
aim is to show CepAX + D, = 0, which will imply that (b) holds. The formula (3.3)
implies (Cea® + De)Ts(t)vo = e(t) — CenTe(t)(xeo — Xvg), and since the closed-loop
system is strongly stable and (3.1) holds, we have

t+1 t+1 t+1
/ (CeaX + De)Ts(s)vol|ds < / |CeaATe(8)(eo — Xvg)||ds +/ lle(s)||ds — 0
¢ t ¢

ast — oo for all vg € W and xeg € Xe. If K € Z, vg = ¢ € W, and z9 € X, then
Ts(s)pr = e3¢y, for all s > 0 and

t+1
1(CorS + D)éul :/ 1(CorS + D)Ts(s)dxllds — 0 as ¢ — oo,
t

which implies (CopaX + De)dr = 0. Since k € Z was arbitrary and {¢g }xez is a basis
of W, we have C.pX 4+ D, = 0, and thus X is a solution of (3.2). a

The proof of Theorem 3.3 shows that even in a more general situation where .S
is a generator of a general strongly continuous semigroup 7T's(¢) on a Banach space
W, the regulation error has the form (3.3) whenever ¥£.5 = A.¥ + B, has a solution
¥ e L(W, X,) satisfying R(X) C D(Cen). In this situation the regulator equations
are sufficient for the solution of the robust output regulation problem. The regulator
equations are also necessary whenever T(t) satisfies a condition of the form

t+1
/ 1QTs(s)wollds =5 0 = Qug =0
t

for any Q € L(W,Y) and vy € W. This is in particular true for all finite-dimensional
exosystems with o(S) C C as well as for infinite block-diagonal exosystems.

If By and Gy are bounded, then ¥ in (3.2a) satisfies X(D(S)) C D(A.). In this
situation (3.3) implies that if equations (3.2) are satisfied, then for all z,o € D(A.)
and vy € D(S) the regulation error decays to zero pointwise, i.e., |le(t)] — 0 as
t — oo.

The following lemma presents a sufficient condition for the solvability of (3.2a).

LEMMA 3.4. Assume the closed-loop system is strongly stable, {iwk}rez C p(Ae),
and (R(iwy, Ae)Bedr)rez € 12(X.). Then the Sylvester equation .S = A.X + B, on
D(S) has a unique solution ¥ € LW, X,) satisfying R(EX) C D(Cen).

Proof. Define ¥ : D(X) ¢ W — X, by Yv = >, (v, ¢r)R(iwk, Ac) B o
for all v € D(X). By [17, Lem. 6] the operator £ € L(W, X, _1) is the solution
of the Sylvester equation XS = A.Y + B., and (R(iwk, Ac)Bedr)rez € (*(X.)
clearly implies ¥ € L(W,X.). To show R(X) C D(C.a), we note that the re-
solvent identity R(iwg, Ae) = R(1 + iwg, Ae) + R(1 + iwg, Ae) R(iwg, Ae) implies



1576 LASSI PAUNONEN

((v, p ) Con R(iwg, Ae)Bedr)kez € £1(Y). For all v € W and X > 0 we have

AC.R(\, Ac)Svg = Y (v0, $r)ACe RN, Ae) R(iwk, Ac) Bed,

kez
U07¢k 0 ’U07¢k> E(bk
=Y S CenR(iwk, Ac) Ber — CeaR(N, Ac) BY 27.
ke, /\ keZ )\ — 1Wg F(bk
— Z V0, Ok )Cer R(iwk, Ae) Bedr

keZ

as A — oo since (A, B?, C,) is regular and since E and F are Hilbert—Schmidt. Thus
Yv € D(Cep) by definition. a

3.1. The internal model principle. We conclude this section by presenting
the internal model principle that characterizes the controllers solving the robust out-
put regulation problem. We use the following two alternate definitions for an internal
model.

DEFINITION 3.5. A controller (G1,Ga, K) is said to satisfy the G-conditions if

(3.4a) R(iwk, — G1) NR(G2) = {0} Vk € Z,
(3.4b) N(G2) = {0}.

DEFINITION 3.6. Assume dimY < oo. A controller (G1,Ge, K) is said to in-

corporate a p-copy internal model of the exosystem S if for all k € 7Z we have
dim N (iwg — G1) > dim Y.

Our first result characterizes the robustness of a controller with respect to in-
dividual perturbations (A, B, By, C,D,E,F) € O. The internal model principle is
presented in Theorem 3.8.

THEOREM 3.7. Assume the controller solves the output regulation problem. Let
(A B,B4,C,D,E, F) € O be such that the perturbed closed-loop system is strongly
stable, {Zwk}kez C p(4), and S = A% + B. has a solution. Then the controller
is robust with respect to (A B,Bq,C,D,E F) if and only if for every k € Z the
equations

(3.5a) Pliwg) Kazi = —Pa(iwe) E¢r, — Fobr,
(3.5b) (iwg — G1)z, =0

have solutions z, € D(G1). If equations (3.5) have a solution z, € D(G1), then it is
UNLQUE.

Proof. The proof can be completed exactly as the proof of [30, Thm. 5.1] (where
we replace FE by ByFE) since R(iwg, Ae)Bedr = R(iwg, AS)Bedy by Theorem 2.3. O

THEOREM 3.8. Assume (G1,Go, K) stabilizes the closed-loop system strongly in
such a way that {iwg}trez C p(Ae) and (R(iwk, Ae)Bedr) ey € £2(Xe). If the con-
troller satisfies the G-conditions in Definition 3.5, then it solves the robust output
requlation problem. The controller is guaranteed to be robust with respect to all per-
turbations for which the perturbed closed-loop system is stable, {zwk}kez C p(A ), and
%S = A% + B, has a solution ¥ € L(W, X,.) satisfying R(X) C D(Cen).

Moreover, if {iwg}rez C p(A), then the following hold.

(a) The controller solves the robust output requlation problem if and only if it

satisfies the G-conditions.
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(b) If dimY = p < oo, the controller solves the robust output requlation problem
if and only if it incorporates a p-copy internal model of the exosystem, i.e.,
dim N (iwg, — G1) > p for all k € Z.
In both cases the controllers are guaranteed to be robust with respect to perturbations
for which the perturbed closed-loop system is stable, {iwk}rez C p(A) N p(A.), and
¥S = A.Y + B, has a solution ¥ € L(W, X,.) satisfying R(X) C D(Cen).

Proof. Since (R(iwk, Ac)Bedi) ez € 2(Xe), we have from Lemma 3.4 that $.5 =
A2+ B, has a solution ¥ € £(W, X,) such that R(X) C D(Cep). Let (A, B, By, C, D,
E,F) € O be such that {iwy}rez C p(Ae) and £S = A% + B, has a solution ¥ =
(H )T € L(W, X.) satisfying R(X) C D(Cep). If k € Z, then £S¢y, = A Sy + Begi,
implies (iwg — Ae)zqsk = B.¢y. By Lemma 2.3 we have (Il¢y,, T¢p)T € X 5.8, % 26,
and

_ (iwy — A)TIgy — BTy } _ {Bdm}
—GoCpllgy, + (iwk — G1)Tpr, — G2 DK AT ¢y, GoF oy |

The second line implies (iw, — G1)I'¢y = Go(Callgy + DKAT'¢r + Fy), and the
G-conditions further imply Cep X + De(bk = CAHQSk + DKAFqSk + ngk = 0. Since
k € Z was arbitrary and {¢y }rez is a basis of W, we have that CopX + D, = 0. Since
the perturbations in O were arbitrary, we have from Theorem 3.3 that the regulation
errors for the nominal and the perturbed systems satisfy f:“ lle(s)|lds — 0 as t — oo.

Under the assumptions {iw}rez C p(A) and {iwg}rez C p(A), the rest of the
theorem can be proved using Theorem 3.7 exactly as in [30]. a

LEMMA 3.9. If the operators (G1,Ga) satisfy the G-conditions, and if K : D(K) C
Z =Y s such that N(iwy — G1) C N(K) for all k € Z, then also R(iwy — G1 +
GoK)NR(G2) = {0} for all k € Z.

Proof. Let w = (iwy, — G1 — GoK)z = Goy for some k € Z, z € D(K), and
y € Y. This implies (iwy — G1)z = Ga(y + Kz) € R(iwy — G1) N R(G2), and we
thus have z € N (iwg — G1). Due to our assumptions we then also have Kz = 0 and
w = (iwg — G1)z = Goy, which finally imply w = 0 due to (3.4a). O

LEMMA 3.10. Assume the controller (G1,Ge, K) satisfies the G-conditions, and let

(A,B,By,C,D,E,F)c O. If k € Z and iwy, € p(A) N p(A,), then

A)(BK BuE
Riwr, A)Bedy = R(iws, A)( z:k+ aEor) ,

where 2, € Z is the unique element such that z € N(iw,, — G1) and P(iwk)sz =
—Py(iwg) Edr, — Fy,.

Proof. By Theorem 2.3 we have that (xy, z;x)? = R(iwk,fle)ge¢k is the unique
element (zy, z;)T € X (p,B,) X Zg, satisfying

{ (iwk — A)Jik = BK[EZI@ + BdE(bk, ~
(iwk — G1)zk = Go(Crzy, + DK pz, + For).

Thus z), = R(iw, A)(BKAzk+BdE¢k) and the G-conditions (3.4) imply 2 € N (iwg—
G1) and 0 = Crhzr + DKz + Foop, = (zwk)KAzk + Pd(zwk)E(bk + Foy. a
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4. The new controller structure. In this section we construct a robust con-
troller using the general internal model based structure introduced in [27, 26]. The
construction of the controller is completed in steps, and the required properties of the
parts of the controller are verified in the proof of Theorem 4.1.

Step 1°. The state space of the controller is chosen as Z = Zy x X, and we
choose the structures of the operators (G, G, K) as

g o G1 GQ(CA"’DKQA) g . G2
Y710 A+ BKop + L(Cy + DEKap) |’ 2Tl

and K = [K;, —Ka]. Due to Assumption 2.1 concerning the stabilizability of (A, B)
and the detectability of (C, A), we can choose Ko € L(X1,U) and L1 € L(Y,X_1)
in such a way that (A + BKaop)|x and (A + L1Cy)|x generate exponentially stable
semigroups and (4, [B, L1, Ba),[ £, ], D) is regular. For A € C; we define

Pr(X) = CARN A+ LiCy)(B+ LiD)+ D.

We have from [39, sec. 7] that (A+ L1Cx, B+ L1 D, Ch, D) is a regular linear system,
and thus sup,,cg || Pr(iw)|| < oo.

Step 2°. The operator (G7 is the internal model of the exosystem (1.2), and it is
defined by choosing Zy = £2(Y), and

Gy = diag(iwely ),y D(G1) = { (21)kez € Zo | (wrzk)rez € C2(Y) }.

The operator K1 = (..., K1, 1, K10, Ki11,...) € L(Zo,U) is assumed to be Hilbert—
Schmidt (i.e., (|| K1x||)rez € £2(C), which is in particular always true if dim U < oo),
and Go = (Gap)rez € L(Y,Zy). We choose the components Ky, € L(Y,U) of K3
in such a way that Pr(iwg)Kir € L(Y) are boundedly invertible. This is possible
since Py, (iwy) are surjective by Assumption 2.2. For example, we can choose Ky =
Vk% for all k € Z and for a sequence (Vi )rez C £2(C) satisfying v # 0 for all
k € Z. For more concrete choices of Kix, see Corollary 4.3.

If iwy € p(A) for some k, then Pp(iwy) = (I — CaR(iwg, A)L1) 1 P(iwg) im-
plies that Pr,(iwg) K1y is boundedly invertible if and only if P(iwg)K1) is boundedly
invertible.

Step 3°. We define H € £(Zy, X) by

Hz = ZR(iwk, A+ Lch)(B + LlD)Klka for z = (Zk)keZ € Zy.
keZ

Step 4°. We choose G2 € L(Y, Zy) as
G2 = (Gak)rez = (= (Pr(iwr) Kix) " rez.-
Finally, we define L = L1 + HG2 € L(Y, X_1) and choose the domain of G; to be
D(G1) = D(G1) x D((A + (B + LD)Kax + LCy)|x).

The following theorem presents conditions for the solvability of the robust output
regulation problem. It should be noted that (||Pr(iwk)Kik|)kez € ¢*(C) implies
||(Pr(iwg)K1x) || — oo as |k|] — oo, and thus the condition (4.1) requires that
|Edr|| and ||Fer|| decay sufficiently fast as |k| — oo.
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THEOREM 4.1. If E € L(W,Uy) and F € L(W,Y) satisfy

(4.1a) (ICAR (i, A + L1Cn) Ball|(Pr (iwi) K1) " 1 EGk ) .o, € €(C),
(4.1b) (1P (iwn) K1) T I E ) eq, € €3(C),

then the controller solves the robust output regulation problem.
The controller is then guaranteed to be robust with respect to all perturbations in O

for which the strong closed-loop stability is preserved, {iwk}rez C p(Ae), {iwktp>n C
p(A) for some N € N, P(iwy) K1y are invertible whenever |k| > N, and for which

(4.2a) (1R Gwr, A) (BaBoy — B (Pliwr) K1) "5 ) ) o €EO),

(42) (1P K al) € (),

|k|>N

where J, = Pd(iwk)E(bk + F¢k

In the proof of Theorem 4.1 we will see that if {iwy}rez C p(A), then the condi-
tions (4.1) can alternatively be replaced with conditions (4.2) for the nominal plant.
However, the condition (4.1) has the advantage that the condition only involves the
resolvent and the transfer function of the stabilized plant. This is an advantage if
iwg, ¢ p(A) for some k, as is the case in the example in section 7. In the situation
where sup > v || R(iwg, A)|| < oo for some N € N, also the norms || R(iwk, A)B|| and
||R(iwy, A)By|| are uniformly bounded with respect to k € Z with |k| > N, and the
condition (4.2) simplifies to the following form.

COROLLARY 4.2. If there exists N € N such that {iwg}g>n C p(A) and
sup|g> n | Riwk, A)|| < oo, then the conclusions of Theorem 4.1 hold if

(NP (iwn) K1) = ([ PaCiwr) Bl + 1 FpelD)) 5 v € €2(C)

and the controller is guaranteed to be robust with respect to perturbations in O for

which the strong closed-loop stability is preserved, {iwy}rez C p(Ac), {iwk}k>n C
p(A), sup >N R(iwk, A)|| < oo, and

(PG K W Pation) Baell + IFonl)) | € (©)

It should also be noted that if ||Ca R(iwk, A)L1]| is uniformly bounded for large
|k|, then the asymptotic rate of || Py, (iwy )| is at most equal to the rate of || P(iwg)T|.
Due to our assumptions the norms ||Cy R(iwg, A + L1Cr)Bg|| are uniformly bounded
with respect to k € Z, and it is possible that ||CpR(iwg, A + L1CA)Bygl] — 0 as
k — £oo. Thus the summability condition for (|| E¢g||)rez in (4.1) is in general weaker
or equivalent compared to the summability condition for the sequence (||Féxl|)kez-

The following corollary presents specific choices of K in the cases where || Py, (iwg)T|
are either polynomially or exponentially bounded.

COROLLARY 4.3. The following hold.
(a) If | Pp(iwg)T|| = O(|wi|®) for some a > 0 and (Yi)rez € £2(C), the choice

Pr(iw)f

4.3 Kip =y —o "
(4.3) = B (o) ]
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solves the robust output regulation problem for operators E and F that satisfy

(SF enrtan, A+ Lo BAIER +1Fo) < £(0)
7k| keZ

If we in particular choose v, = |wi|™? for some B > 1/2 whenever w;, # 0,
then |wr|®/|vk| = |wr|*T? whenever wy # 0.

(b) If | Pr(iwg) || = O(e21“k]) for some o > 0 and (7 )rez € £2(C), the choice (4.3)
solves the robust output regulation problem for operators E and F' that satisfy

alwg|
(—6 |CaRieor, A+ LiCa) Ball (| Bl + ||F¢k||>) e 2(C).
|7k| kEZ

We begin the proof of Theorem 4.1 by considering the stability properties of the
semigroup generated by G; — G2G3. If dim Y}, < oo, the stability follows from [5].

LEMMA 4.4. Assume U and Yy for k € Z are Hilbert spaces. Consider Zy =
{ (zr)rez € QrezYi | Xpezllzrlly, < 0o} with inner product (z,v) = >, 7 {2k, Vk) v,
for z = (zp)r and v = (vg)k. Assume {iwy}rez has no finite accumulation points, and
let G1 = diag(iwg Iy, )kez on Zy with domain D(G1) = { (2k)kez € Zo | (Wkzk)k € Zo }
and Go = (Gak)kez € L(U, Zy). If the components Goy, € L(U,Yy) of Ga are surjective
and G3;, have closed ranges for all k € Z, then the semigroup generated by G1 —G2G5
is strongly stable and iR C p(G1 — G2G3).

Moreover, if Gap are boundedly invertible for all k € Z, then ||R(iwg, G1 —
G2G3)Ga|| = |Gy || for all k € Z.

Proof. Since G1 generates a contraction semigroup, the same is true for G; —
G2G'% [14, Cor. 111.2.9], and 0(G1 —G2G3) C C_. The strong stability of the semigroup
follows from the Arendt—Batty—Lyubich-Vu Theorem [1, 24] once we show iR C
p(G1 — G2G3).

Let iw € iR be such that w # wy, for all k& € Z. We have iw € p(G1), and if
I + G5 R(iw, G1)G2 is boundedly invertible, then the Woodbury formula

R(iw, G1 — G2G§) = R(iw, Gl)[I — Gg([ + G;R(iw, Gl)Gg)ingR(iw, Gl)]

implies that iw — G1+ G2G5 has a bounded inverse. Since G5 R(iw, G1)G2 is bounded
and skew-adjoint, we have 1 € p(—G5R(iw, G1)G2) and iw € p(G1 — G2G3).

Assume now that iw = iw, for some n € Z. We will first show that there exists
¢ > 0 such that ||(iw, — G1 + G2G3%)z|| > ¢||z|| for all z € D(G1 — G2G3%). If this is
not true, there exists a sequence (z;)ken C D(G1 — G2G3) such that ||zx]| = 1 for all
k € N and ||(iw, — G1 + G2G3%)zi]| — 0 as k — oo. Since iw, — G1 is skew-adjoint,
we have

[(iwn — G1 + G2G3)zk || > [Re((iwn — G1 4+ G2G3)zk, 1)) | = |Gzl

and thus ||G5z,| — 0 as kK — oo. For every k € N denote 2, = z{ + 27 where
2t € Rliwy, — G1), 27 € N(iw, — G1), and 1 = ||z||* = ||z4]|* + [|22]>. There exists
c1 > 0 such that ||(iw, — G1)2}|| > c1]|2i]| for all k € N. Thus

cillzill < ll(iwn — Gr)zill < [|(iwn — G1 + G2G)zi|l + [|G2 ||| Gozk | — 0
as k — oo. Moreover, |G322|| > ||(G35,)T]|71]|22]l, and

Gz 22N < 1G3200 < 1G3zell + G52kl = 0
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as k — oo. We have now shown that z; — 0 and 27 — 0, but this contradicts the
assumption that ||zx]|> = 1 for all £ € N and thus shows that iw, — G1 + G2G is
lower bounded. In particular, we now have iw,, ¢ 0,(G1 + G2G3) and that the range
of G1 + G2Gj is closed. Finally, the Mean Ergodic Theorem [2, sec. 4.3] implies that
the range of G1 + G2G5 is dense, and we thus have iw,, € p(G1 + G2G3).

The structure of (G; and the assumption that the components Gop of Go are
boundedly invertible imply that N(G2) = {0} and R(iwr — G1) & R(G2) = Zy for
all k € Z. Let k € Z and u € U, and denote z = R(iwg, G1 — G2G5)Gou. Then
R(iwk - Gl) N R(Gg) = {0} and N(Gg) = {0} imply

. _ . (iwr, — G1)z =0,
(iwg, — G1)z = Ga(u — G52) < { w— Gz,
Thus z = (21)iez € N (iwx — Gy) is such that z; = 0 for all | # k, and 2z, = G5, u,
which further implies ||z|| z, = ||G54 ully. Since u € U was arbitrary, this implies that
IR(iwk, G1 — G2G3)Gall = |Gy, |l 0

Proof of Theorem 4.1. We can complete the proof by showing that the controller
(G1,Ga, K) constructed in section 4 has the following properties:
(i) The controller (G1, Ga, K) is regular, and it satisfies the G-conditions (3.4).
(ii) The operator Gy + Go(CaAH + DK;) generates a strongly stable semigroup.
(iii) The semigroup generated by A, is strongly stable, and o(A.) C C_.
(iv) There exists M, > 0 such that

| R(iwr, Ae) Betr || < Memax{||E¢yl|, | Foxl,
(P (iwr ) K1) | (| Ca R (iwr, A + L1CA) Balll| Er|| + || Forll) }-

(v) (| R(iwg, Ac)Begyr|]) € £2(CT) if and only if conditions (4.2) are satisfied.
The results in [39, sec. 7] show that the controller (G1,Ga, K) is a regular linear
system on Z = Zy x X since it is a part of the system obtained from

G 0] (G, o] |Bv —Haal 00
0 A7 L B7 0 CA 9 0 D b
0 K| |0 0

with admissible output feedback K= {8 é (I)} . It is also straightforward to verify that

for all A € p(G1) we have R(\, G1)G2 = R(X, G5)Ga, where G : D(G§) C Z — Zox X_1
is the operator G; with domain D(Gf) = D(G1) x X (B, 1)

We will now show that (G1, Go, K) satisfies the G-conditions. The operator G is of
the form Go = (Gak)kez, and its components Gar, = —(Pp, (iwg ) K1x)* are boundedly
invertible for all k& € Z. This implies N (G2) = {0} and also further shows that
N(Gy) = {0}. Let n € Z be arbitrary, and assume (w,v)T = (iw, — G1)(z,2)T =
Goy € R(iwn — G1) N R(G2) for some (z,2)7 € Z x X and y € Y. The property
R(X,G1)Ga = R(A, G7)Go implies that (z,2) € D(G1) x X(p,1) and

wl| (iwn, — G1)z — GoCkx _ Gay
v|  |(iwn, —A—BKopn — LCk)x| | Ly |’

where Cx = Cp + DKap. The first line implies (iw, — G1)z = Go(Ckz + y), which
means that in particular Go, (Cxz+y) = (iw, —iwy )2z, = 0. Since Ga, is injective, we
must have Cxx+y = 0. Using this, the second line above implies (iw,, — A— BKap)x =
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L(Ckz+y) =0, and since iw, € p((A + BK2p)|x), we must have x = 0. Using this,
we get y = —Cgax = 0, and thus also (w,v)T = Gyy = 0. This concludes that
R(iwn —G1) NR(G2) = {0}. Since n € Z was arbitrary, the G-conditions are satisfied.

The system (A + L1Ca, B+ L1 D, Cy, D) is exponentially stable and regular [39,
sec. 7] and R(A\, A+ L1CA)R(B+ L1D) C Xp by [39, Prop. 6.6]. There exists M >0
such that || Pr(iwg)|| < M and ||R(iwg, A+ L1CA)(B+ L1D)|| < M for all k € Z, and
thus G5 € ,C(YY, Z()) and H € E(ZO,X).

Denote A, = A+ L,Cy) and B, = B+ L1D. If z € Z and A > 0, then analogously
as in the proof of Lemma 3.4 we have \CR(A\, AL )Hz — 3, ., CaR(iwy, AL) Bp K1ip 2k
as A — oo since (Ar, By, C) is regular and since (K1x2k)kez € £2(U). Thus R(H) C
D(Ch), and similarly R(H) C D(Kax). These properties imply that we can define
Ci =C\H+ DK, € E(Zo,Y) and

C\Hz+ DKz = Z(OAR(iwk,AL)BL + D)Kypz, = ZPL(iWk)Klkzk-
keZ keZ

Thus G2 = —Cf. The fact that K7, were chosen so that Pr,(iwg) K1) are boundedly
invertible implies that the components Gy of G5 are boundedly invertible for all
k € Z. We thus have from Lemma 4.4 that the semigroup generated by G + G2C; =
G1 — GQG; is strongly stable, iR C ,O(Gl + GQOl), and HR(iwk,Gl + GQOl)GQ” =
|| (Pr (iwk) K1) 7| for all k € Z.

We will now show that the closed-loop system is strongly stable and iR C p(A4.).
With the chosen controller (G1,Gs, K) the operator A. becomes

A BKl _BK2A
A, = |G2Cpn G+ G2 DK, Go2Cy
LCy LDK, A+ BKs + LCy

with domain D(A.) equal to

X
D(Ae): { z1| € XB XD(Gl)XX(B)L)
T1

Ax + BK121 — BKapx1 € X,
(A + BKQA + LOA)ZIJl + LOAZIJ + LDK121 e X

If we choose a similarity transform Q. € L(X x Zy x X)

I 0 0
Qe=10 1 0|=Q.",
-1 H -1

we can define /1@ = Q@AGQ;1 on X x Zy x X. The operator H is the unique solution
of the Sylvester equation HG7 = (A + L1CA)H + (B + L1 D)K;. Analogously as in
the proof of [27, Thm. 12] we can see that

X
D(A.) = { 21| € X xD(Gy) x X1,
1

(A4 BKap)x + B(K1 — KopnH)z1 + BKopx1 € X,
(A4+ L1Cph)z1 € X ’
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where we have denoted X1, = D(A) + R(R(\o, A)L) = D(A) + R(R(Xo, A)L1). For
ze = (z,21,71)7 € D(A.) a direct computation using L = Ly + HGo, C; = CyH +
DKy, and HG1z, = (A + Lch)Hzl + (B + LlD)Klzl yields

A _(A+BK2A)!E+B(K1 — KonH)z1 + BKap11
Acze = (G1 4+ G2(CpH + DK4))z1 — GaCpxq
L (A + Lch)ﬂil
_A+BK2A B(K1 —KQAH) BKQA X
= 0 G+ GoCy —GoCh 21
L 0 0 A + Lch X1

Since G + G2C is strongly stable and iR C p(G1 + G2C1), and since (A+ BKaop)|x
and (A + L1Cy)|x generate exponentially stable semigroups and KopH € L(Zy,U),
the semigroup generated by A, is strongly stable and iR C p(fle). Due to similarity,
the same is true for A., and thus the closed-loop system is strongly stable.

To guarantee the solvability of the Sylvester equation .5 = A.Y + B, we need
to estimate || R(iwg, Ae)Beog|| for k € Z. By Theorem 2.3 we have R(iwg, Ae)Beoy =
R(iwy, AS)Begr, where A¢ is the operator A, with the domain D(AS) = X(p p,) X
Zg, = X(B,By X D(G1) X X(B r)- This further 1mp11es that for any k € Z the
element z. = R(iw, A¢) B¢y, is obtained with z. = Q- '3, from the solution of the
triangular system (iwy, — Ae ©)Ze = QeBeoy, where Ae is the operator A, with domain
D(A¢) = X(B,By) X D(G1) x D(C’A) A direct estimate using exponential stability of
(A4 BK3p)|x and (A + L1Cy)|x and the admissibility properties of the operators
B, By, C, L1, and K5 shows that for all kK € Z we have

| R(iwr, A Qe Behi|| S max{ || Ewll, | F el
| R(iwg, G1 + G2C1)Gall(|CaR(iwk, AL) Ball| E¢r|l + | Ful) }-

The condition (4.1) for the solvability of the robust output regulation problem now
follows from ||R(iwk, Gy + GQOl)GQH = ||(PL(iwk)K1k)_1||.

Finally, we will show that under the additional assumptions on the perturbations
the conditions (5.2) are equivalent to (|| R(iwk, Ae)Beor||) k>N € ﬂz((C) Due to the
assumption {iwg}rez C p(Ae) this is further equivalent to (||R(iwk, Ae)Bedk||)rez €
¢%(C). Let k € Z be such that |k| > N. We begin by characterizing N (iwy — G1). Let
2z = (28, 20T € N(iw, — G1), and denote Cx = Cp + DKop. Then using the fact
that (G1, G2) satisfy the G-conditions in Definition 3.5, we get

(i — G1)2F — GaClearh 0 Cray =0,
(i — A — BEyp)ak — LOxak ] - [o] & ) -Gz =0,

k 2474 K (iwp — A — BKap)zh =0,
and since iwy € p((A + BK2p)|x), we have 2z = (2F,0)T, where 2F € N (iwp — G1).
This immediately implies that the restriction of the operator P(lwk)K to the subspace
N (iwg — G1) is given by P(lwk)K 1k, which is boundedly invertible by assumption. If
we denote § = Pd(zwk)EqSk + F¢p, Lemma 3.10 implies

R(iwy, A)(BaEr, — BK1x(P(iwe) K1x) ™ k)

R(iwy, Ae) By, = 2k :
0
where Z, = (34)icz € Zo is such that 2f = —(P(iwg)K1x) ') and 2L = 0 for all

| # k. This immediately implies that (||R(iwy, Ae)Beor||) x>~ € €2(C) if and only
if (4.2) are satisfied. 0
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4.1. Controller with a reduced order internal model. In this section we
modify the internal model in the controller in section 4 to design a controller that is
robust with respect to a predefined class Oy C O of perturbations. In this section
we assume that {iwy}rez C p(A) and P(iwy) are boundedly invertible for all k € Z.
In particular, we then have that either both U and Y are infinite-dimensional, or
dimY = dimU. The class of admissible perturbations Oy C O may be chosen freely,
but it is assumed that all its perturbations (A B,B;,C,D,E F) € Qg are such that
iwy, € p(A) and P(iwy) is boundedly invertible for all k € Z. For such Oy the
construction of the reduced order internal model begins by defining

Sk = span{ﬁ(iwk) Y By(iwp)Edr + Féy) ‘ (A,B, B4, C,D,E, F) oo} cU

and pr = dimSy for k£ € Z. The number of copies of each frequency iwy of the
exosystem that we include in the reduced order internal model is equal to pi. Let

Zo={(zk)rez | zr €Y Vk and ZszHQ < oo},
kez

where Y, = CPr if pp < dimY and Y, = Y if pp = dimY or pr = oo. Define
Gy : D(Gl) C Zy — 2y by

G1 = diag(iwklyk)kez, D(Gl) = { (Zk)kez S Z() ‘ Z|wk|2|\zk||2 < 00 },
kEZ

and choose K1 € L(Zy,U) such that K1 = (K1x)kez with

YeQr € L(CP=TU) if pr < dimY,

Kip = P(iwy) ™! . .
’ykm e L(Y,U) if py=dimY or pp = c0

Here Qi = [u}, ..., u}*] € L(CP*,U), where {ul}I*, C U are bases of the subspaces

Sk normalized in such a way that supy ||Qx||z(crr vy < 00, and (yk)rez € €2(C) with

Y > 0. We then have that (|| Kix||)kez € ¢2(C) and thus Ky € £(Z,U). Finally,

we define Gy = (— (P (iwk) K1x)*)kez € L(Y, Zp). The structure and the rest of the

parameters of (Gy,Ga, K) are chosen as in the beginning of section 4.

THEOREM 4.5. Assume P(iwy) are invertible for all k € Z. Assume further that
E e LW,Uy) and F € L(W,Y) satisfy

(4.4a) (I R(iwk, A) (BaE¢r — BP(iwg) yk)ll) .oy € £2(C),
(4.4D) (v M NQLPGw) T well) € (©),
(440) (1P o) ) ez 5 € 2(©),

where yi, = Py(iwk)Edr + For and J C Z is the set of indices for which Y, # Y.
Then the controller solves the robust output regulation problem for the class Oy of
perturbations.

In particular, the controller is robust with respect to all perturbations in Oy for
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which the strong closed-loop stability is preserved, {iwg}rez C p(Ae), and

(450) (I RGen, A) (BaBor — BP(w) 3 )Il) _ € (0,
(4:5D) (3 QLP )3l ), € (©),
(4:50) (o 1P eon) NP Gion) Plico) 5l ), € (C),

where i = Py(iwp)Edr + Foy.

Proof. The strong stability of the closed-loop system and the property iR C
p(A.) can be verified similarly as in the proof of Theorem 4.1 since we again have
Cy = CpH + DK; = —G% and the components Gor, € L(Y,Y:) of Gy are either
boundedly invertible or surjective finite rank operators.

Let (/1, B,Bq4,C, D, E, ﬁ‘) € Op and k € Z be arbitrary, and denote g, =
Py(iwy)Eey,+ Fey,. We begin by showing that the equations (3.5) in Theorem 3.7 have
a solution for every k € Z, i.e., there exists z € N (iwr, —G1) such that P(iwk)KAzk =
—ik. If k € Z is such that Y, =Y, we can choose z = [*}*] with 21, = (2!})iez € Zo
such that 2!, = 0 for | # k and 2f, = —Wik||P(iwk)_1||P(iwk)]5(iwk)‘1gk. Then
clearly [*3*] € N (iwy — G1) and

P(iwk)KA |:Z(1)k:| = ﬁ(iwk)Klkzlk = —P(iwk)p(iwk)_lﬂk = —]jk.

It remains to consider the situation Yy # Y. We have P(iwg) 'jx € Sk = R(Qx) by
definition. Choose zj, = [*}*]| with 21, = (2}, )iez such that z}, =0 for all | # k and

sz = —%Qip(iwk)_lgk € Y, = CP:. Then clearly [Z(l)’“} € N(iwr, — G1) and
P(iwk)KA |:Z(1)k:| = P(iwk)Klkak = —P(iwk)QkQLP(iwk)*lgk = —Yk.

Thus the equations (3.5) in Theorem 3.7 have a solution for all k € Z.

To prove that the Sylvester equation S = A.¥ + B, has a solution satisfying
R(X) € D(C.p) whenever (4.5) holds, we will construct the solution ¥ = (I, )7 ex-
plicitly. Let k € Z, choose zj, as above, and define I1¢,, = R(iwy, fl) (BKAzk+BdE¢k)
and I'¢x = z. Then the properties I'¢yp = 21 € N (iwg — G1) and P(iwk)KAzk =
—Jk = —Pi(iwg) B¢y, — Fey, imply

(iwk — A)H(bk~— B.KAF?IC
(iwg — G1)T'or — G2(Callgy, + DKAT'¢y)

or £S¢, = AcS¢y,+ Begi. By Lemma 3.4 we have ¥ € L(W, X.) and R(E) C D(Cep)
if (|I2ék)kez = (||R(iwk, Ae)Bedi | ez € €2(C). If k € Z is such that Y =Y, then
16kl S 1Tkl + [T dx]| = || Riwn, A)(BEK g2ty + BaEow)|| + [|213
|| P (iwr) P (iwr) G|
Ve[| P(iwr) 1|1

(iwk — Ae)z(bk = = Be¢ka

= || R(iwk, A)(BaEy, — BP(iwy) ™ gx)|| +

On the other hand, if k € Z is such that Y, = CP+, then
1265l S | R(iwr, A)(BK g2ty + BaBdr)|| + (|27l
|1QLP (iewr) 5|

= || R(iwk, A)(BaE¢r — BP(iwy) x| + ”
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Thus (||[X¢r|)kez € £2(C) is satisfied if conditions (4.5) are satisfied. In the case of
the nominal plant, the conditions (4.5) reduce to (4.4). 0

4.2. A new controller structure for output regulation. We can also use the
new controller structure to achieve output tracking and disturbance rejection in the
situation where the controller is not required to be robust. In this section we assume
{iwg trez C p(A), but it is not required that Assumption 2.2 on the surjectivity of the
transfer functions is satisfied. Instead, we only need to assume that y, € R(P(iwy))
for all k € Z, where yi, = Py(iwg)E¢y, + Foi.

Let G; have the same general structure as in section 4. Choose Zy = W = ¢%(C)
and G = S = diag(iwg ) kez, and choose K1 = (K1)kez : Zo — U with Ky, = Vkm
where (vx)rez € £2(C) with v, # 0 and where uy, € U are such that

P(iwk)ur, = yx if yk #0,

Uk ¢ N(P(zwk)) if Yk = 0,
where yi, = Py(iwg)E¢r + For. If P(iwg) has a closed range, we can in particular
choose u = P(iwg)yr. We have (|Kil),ey € €3(C) and thus Ky € L(Zo,U).

We define Gy = (—(Pp(iwk)K1k)*)kez € L(Y,Zp). The rest of the parameters of
(G1,Ga, K) are chosen as in the beginning of section 4.

THEOREM 4.6. Assume E € L(W,Uy) and F € LW,Y) satisfy
(4.6a) (|| R(iwk, A)BaE¢y, — R(iwk, A)Bug||),e, € (C),
(4.6b) ("/;1||uk||)k€J € *(C), and (I R(iwk, A) BaEdk|) ez s € *(C),

where yy, = Py(iwg)Edr + F oy, and where J C 7 is the set of indices for which yy, # 0.
Then the controller solves the output requlation problem.

Proof. We have Py, (iwy) K1x # 0 for all k € Z. The strong stability of the closed-
loop system and ‘R C p(A.) can be shown similarly as in the proof of Theorem 4.1
since C1 = CAH + DK = —G3%, and Gy, € L(Y, C) are rank one and nonzero.

It remains to show that the regulator equations (3.2) have a solution ¥ € L(W, X.)
satisfying R(X) C D(Cep). We will construct the solution ¥ = (II, ¥)7 explicitly by
defining ¢y, and I'¢y. Let k € Z. If yp # 0, then define I'gp = [*}*], where
21 = (Zik)lez with zik =0 for all [ # k and sz = el hen Tor € N(iwk — G1).

Ve

Moreover, define ¢y, = R(iwy, A)(BKT'¢y, + BaE¢r) € X(p,p,). Then
CepaXdr + Doy, = Callgy, + DKL ¢y, + Fopp, = —P(iwg)ug, + yr = 0.
Moreover, since I'¢y, € N (iwg, —G1), we have that CpIlgy, + DKAT'¢r, = —F ¢y, implies
(iwg, — A)llgy, — BKAT ¢y,
(iwr — G1)Lor — G2(Callgy + DKL)

or equivalently X.S¢r = AcXor + Begr. Alternatively, if k € Z is such that y, = 0,
we choose ¢, = 0 and Il¢y, = R(iwy, A)ByE¢,. Then we can similarly see that
CepaXdr + Do, = 0 and BS¢r = AcXdr + Bedy. It remains to show that X is
bounded and R(X) C D(Cea). By Lemma 3.4 the operator ¥ has these properties if
(I56xll)ecz = (1R, Ac) Bodpliez € 2(C). I g 0, we have

1261 < 1wl + (Il = [|R(iwr, A)(BEK k21, + BaBéw)l| + |21
[|ull
Vi

(iw, — Ae) Xy = = Beor,

= ||R(iwk, A)BdE(bk — R(iwk, A)Buk” +
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Similarly, if y, = 0, then
IZen]l S [1R(iwr, A)(BE 12ty + BaBou)|| + |21 ]| = [|R(iwr, A) BaEgy|.

We thus have ([|S¢x||)kez € £2(C) due to the conditions (4.6). By Theorem 3.3 the
controller solves the output regulation problem. ad

5. The observer-based controller. In this section we construct an observer-
based controller that solves the robust output regulation problem. For this controller
structure it is necessary to assume that Pg (iwy) are boundedly invertible for all k € Z.
This in particular implies that dimU = dimY if dimY < oo.

Step 1°. We begin by choosing the state space of the controller as Z = Zy x X
and choosing the structure of (G1, G2, K) as

G — e 0 G, — | &2
""" |(B+LD)K; A+ BKoy+L(Cx+DEKop)|» 727 |-L]|’

and K = [K;, K2p]. By Assumption 2.1 we can choose Ko € L(X1,U) and L €
L(Y, X_1) in such a way that (A+ BKa1a)|x and (A+LCy)|x generate exponentially
stable semigroups and the system (A, [B, L, By, [KC;1 ] , D) is regular. We define

PK(/\) = (CA + DKglA)R()\, A+ BKglA)B + D, A E p(A + BKglA).

We assume that Pk (iwg) are boundedly invertible for all k € Z.
Step 2°. The operators (G1,G2) make up the internal model of the exosys-
tem (1.2), and they are defined by choosing Zy = £2(Y), and

G, = diag(iwkfy)kez, D(Gl) = {(Zk)kel € Zy | (wkzk)kez € 52(Y) }

We choose Ga = (Gag)rez in such a way that the components Ga, € L(Y) are
boundedly invertible and (||Gax||)kez € £%(C). In particular, it is possible to choose
Gar = garly, where (gor)rez € £2(C) and gox, # 0 for all k € Z. For more concrete
choices of G, see Corollary 5.3.

Step 3°. We define H : R([B, Byg]) C X_1 — Zj such that

Hx = (ng(CA + DKglA)R(iwk, A+ BKglA)CC)keZ Vo € R([B, Bd])

Since we have from [39, sec. 7] that (A + BKaia, B, By, Ca + DKa1p, D) is a regular
linear system, it is immediate that H is well defined and H € L(X, Zp).
Step 4°. We choose the operator Ky € £(Zp,U) in such a way that

K =— Z(GQkPK(iwk))*zk
kez

for all z = (zk)kez € Zo. We define Ky = Koip + K1H € L£(X;1,U), which is an
admissible observation operator for A and Koy = K». Finally, we choose the domain
of the operator G; as

D(@G1) = { [;i] € D(G1) x X(p,1) | (A+ LCx)a + (B + LD)(K1z1 + Kanar) € X |.

THEOREM 5.1. If E € L(W,Uy) and F' € LIW,Y) satisfy

(5.1) (1P (iwr) "' Goi IP(1ESk || + 1 Fpel))) ey, € €(C),
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then the controller solves the robust output requlation problem.
The controller is guaranteed to be robust with respect to all perturbations in O for

which the strong closed-loop stability is preserved, {iwg}rez C p(Ae), {iwk} k>N C
p(A) for some N € N, P(iwy) are invertible whenever |k| > N, and for which

(5.2) (||R(iwk, A) (BquSk - BP(mk)—lgk) ||) o € 2(C),
(20)  (I(GoPrcion)’) (I~ KanREBr)Plioe) i) € £2(©)
(5.20) (1B B PGew)~all) , € C(©),

where Gy = Py(iwy)Edy + Foy, RS = R(iwg, A+ LCy) and By, = B + LD.
If {iwk }rez C p(A), (5.1) can again be replaced with (5.2) for the nominal plant.

COROLLARY 5.2. If there ewvists N € N such that {iwg} >y C p(A) and
sup|g> n | R(iwk, A)|| < oo, then the conclusions of Theorem 4.1 hold if

(I(GarPrc (iwr) ) "M P Ciwr) | ([ Paiwn) E@x | + 1F Gkl])) s € €(C)

and the controller is guaranteed to be robust with respect to perturbations in O for

which the strong closed-loop stability is preserved, {iwg}rez C p(Ae), {iwk} k>N C
p(4), sup|k|ZN||R(iwk,A)|| < 00, and
(||(G2kPK(iwk)*)_l||||13(iwk)_l||(||13d(iWk)E¢k|| + ||F¢k||))|k|>N € £2(C).

COROLLARY 5.3. The following hold.
(a) If || Pk (iwg) 7Y = O(Jw|®) for some a > 0 and (yk)kez € €*(C), the choice
Gor = i ly solves the robust output regulation problem for E and F satisfying

w 2a
(' ¢ (||E¢k||+||F¢k||>) e 2(0)

vk ? kez

If we in particular choose v = |wy|™? for some B > 1/2 whenever wy # 0,
then |wi|?®/|ve]? = |wi|?@ ) whenever wy, # 0.

(b) If || Px (iwr) "t = O(el<rl) for some a > 0 and (yi)rez € ¢2(C), the choice
Gor = i ly solves the robust output regulation problem for E and F satisfying

20|wy|
(S UBaul + IFoc) (@),
71 kez

Proof of Theorem 5.1. The proof can be completed similarly to the proof of Theo-
rem 4.1. The regularity of the controller follows from [39], and the G-conditions can be
verified similarly as in [27, Thm. 15]. The operator By = HB+G2D € L(U, Z) is well
defined, and By = (Bik)kez = (Gop Pr (iwk))kez. Thus By = —K7, and Lemma 4.4
implies that the semigroup generated by G1 + B1K; = G1 — B1 By is strongly stable,
iR C p(G1 + BlKl), and ||K1R(i(dk,G1 + BlKl)H = ||PK(iwk)_1G£kl|| for all k € Z.

If we choose a similarity transform

—I 0 0
Qe=|H I 0/ =Q;"
-1 0 I
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and use the fact that H is a solution of the Sylvester equation G1H = H (A4+BKoin)+
G2(Cp + DK31y), then we can see that A, = Q.A.Q. !, where

K A+ BKoj —BK, —BKop
A, = 0 G1+ B1K1  BiKsa
0 0 A+ LCy

with the natural domain. The properties of G; + B1 K7 and the exponential stability
of (A + BKsia)|x and (A 4+ LCy)|x imply that the closed-loop system is strongly
stable and iR C p(A.). Later in Lemma 6.3 it is shown that ||R(iwg, G1 — G2G3)|| =
O(1 + || Pg (iwg) "1G5,t[|?). A direct estimate using the admissibility of B, By, C,
L, and K, and the boundedness of H By shows that (|| R(iwk, Ae)Beor||)rez € £2(C)
if (5.1) is satisfied.
Finally, we will show that, under the additional assumptions on the perturbations,
the conditions (5.2) are equivalent to (|| R(iwk, e) Bedk||)kez € €2(C). Let k € Z be
such that |k| > N, and denote § = Py(iwy,)Edy + F¢p. By Lemma 3.10 we have

R(iw, A.) em_[ Wk’@(édféwéKz)],

where z € N(iwy — G1) is such that Kz = —P(iwg)~'9. Since (iwy — G1)z = 0,
we have that z = (z1,21)7 € D(G1) x X(p,1), and denoting By, = B + LD and
Ry, = R(iwg, A+ LCy) we have

iwr — G 0 21l
—Br K, iwp—A—LCy — BrKopl |z1]| —

o (iwk — Gl)zl = 0, B
xr1 = RLBLKl,Zl + RLBLK2A$1 = RLBLKZ = —RLBLP(iwk)’lg.

Thus 21 € N (iwg —G1), and 21 = (2});ez is such that 2} =0 for all | # k and K2, =
Kixzy. The above equations imply Kijzf = Kz — Koazy = (I — KonRpBr)Kz and
thus 2§ = Kl_kl(f — KoaRLB)Kz = _Klk (I — KoaRpBr)P(iwg)~1j. Now

o R(iwy, A)(ByE¢), — BP(iwy,)~17)
R(iwk, Ae)Be¢k = %1
—RLBLP(iwk)*lg

and Klk = —(ngPK(Nw )) and H21|| = ||(G2kPK(iwk) ) (I KQARLBL) (zwk) 1:&”
imply that (|| R(iwg, Ae)Beor|)kez € €2(C) if and only if conditions (5.2) are satis-
fied. d

6. Nonuniform stability of the closed-loop semigroup and decay rates
for e(t). In this section we derive decay rates for the orbits ¢ — T¢(t)zeo of the closed-
loop system and the regulation error e(t) corresponding to initial states xz.o € D(4A.)
and vy € D(S). These results are based on the theory of nonuniform stability of semi-
groups developed in [23, 4, 6, 3]. It should also be noted that the following theorem is
not limited to the controller structures used in this paper, but instead it applies to any
robust controller for which the closed-loop system satisfies ||R(iw, A¢)|| = O(g(|w]))-

THEOREM 6.1. Assume the controller (G1,Ga, K) solves the output regulation prob-
lem, and assume g : Ry — [1,00) is a continuous and monotonically increasing func-
tion such that || R(iw, A.)|| = O(g(|w|)). In particular, for the controllers in sections 4
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and 5 we can choose g(-) for which there exists My,wy > 0 such that |%ﬁ| < M,

for all w > wy and
(a) ||(Pr(iwg)K1k) 7Y < g(|wk|) for all k € Z for the controller in section 4;

)

(b) || Pr (iwr) "*G5, |12 < g(|wi|) for all k € Z for the controller in section 5;

(¢) ||(Pr(iw)K1x)T||? < g(|lwr|) for all k € Z for the controller in section 4.1;

() |lugll? ]yl =2 Pr Giwr)uk|| =2 < g(Jwk|) for all k € Z for the controller in sec-

tion 4.2.
Then there exist Mo, M, >0 and 0 < ¢ < 1 such that
M,
(6.1) [Te()zeol| € —=— | Acteol|  Vaeo € D(Ae),
Aﬁog( )

where Mlog 1s the inverse of the function

Miog(w) = Mog(w)(log(1 4+ Mog(w)) +log(1 +w)),  w>0.

Furthermore, there exists M& > 1 such that for all vo € D(S) and for all initial states
of the form Teo = Teo — A ' Bevg where T € D(Ae) the regulation error satisfies

t+1 M
(6.2) / les)lds < —=r—[|Audo — S5l
¢ M} (ct)

og
where ¥ € L(W, X.) is the solution of the requlator equations (3.2).

The function Ml;gl(t) has particularly simple forms in the most important situa-
tions where g(+) is either a polynomial or an exponential function, i.e., when the norms
| (P (iwy) K1x) 7| and || P (iwy,) 1G5, || grow either polynomially or exponentially
fast when |wy| is large. In particular, if g(w) = Mow® for some «, My > 0, then

Mo} (ct) ~ (t/logt)*/* [3, Ex. 1.7], and thus (6.1) and (6.2) simplify to

logt i logt -
I7: ezl < M (250 ) ezl [ leto)las < e (2 ) | Acieo — St
t

In addition, if X is a Hilbert space, then it follows from [6] that the logarithm in the
above inequalities can be omitted, and we have

t+1 Me
ITe(t)zeoll < 75 1 Aeeoll, /t le(s)llds < 375 | AeFeo — ESvoll-

tl/a
Moreover, if g(w) = Mpe® for some «, My > 0, then Mlggl (ct) ~ Llogt [4, Ex. 1.6],
and (6.1) and (6.2) simplify to
t+1
[ le
t

In the case where the operator B; and the operator L in the controller are
bounded, the convergence rate (6.2) is achieved for all vy € D(S) and zeo € D(Ae),
since in this case we have B, € L(W, X.) and A;!'B.vy € D(A.). The norm on the
right-hand side of (6.2) can then be estimated by

[Te(t)zeol| <

1 —’EDSUQH.

[AeTeo — ESvol| < [[Aczeoll + %] Svoll + [|Bell[[vo]l-
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In the further particular case where also the operator B is bounded, we have D(A.) =
D(A) x D(G1) = D(A) x D(G1) x D(A) for both of the controller structures. Then
an easy estimate using the admissibility of C' and K leads to the following corollary.
Here ||z[|pca) = ||Az| + |||, and [z0]lg, and |lvo||p(s) are defined analogously.

COROLLARY 6.2. If B, By, and L are bounded operators and the assumptions of
Theorem 6.1 are satisfied, then there exists MS > 0 such that for all initial states
vo € D(S), zo € D(A), and zy € D(G1)

t+1 Me
[ 1elds < 52— (lolloy + [olloy + lelogs) -
t Mlog( )

In particular, for the controllers in sections 4, 4.1, 4.2, and 5 there exists ]\7[@ > 0 such
that for all initial states vo € D(S), xg € D(A), and 20 = (29,29)T € D(Gl) D(A)

t+1 Me
/ le(s)llds < —=— (lzollp(a) + Iz}l p6y) + Izt llpa) + lvollngs)) -
¢ Mg, (ct)

log

Finally, if the operators C and K are bounded, then the proof of Theorem 6.1
shows that the regulation error e(t) decays at a rate [e(t)|| < +; 1(Ct) [|AcZeo — X Svol|.

The nonuniform stability properties described in Theorem 6 1 are based on the
following result on the behavior of the resolvent of the stabilized internal model.
Theorem 6.3 in particular implies that the semigroup generated by Gi — GaG3 is
nonuniformly stable in the sense of [4, 6, 3].

THEOREM 6.3. Assume U and Yy for k € Z are Hilbert spaces. Consider Zy =
{ (zr)rez € QrezYr | Xpezllzrlly, < 0o} with inner product (z,v) = >, .7 {2k, Vk) v,
for z = (2k)k and v = (vg)g. Assume {iwg}trez has a uniform gap, and let G =
diag(iwk Iy, )rez on Zoy with domain D(G1) = { (zk)kez € Zo | (Wkzk)k € Zo} and
G2 = (Gar)rez € L(U, Zy).

Assume further that Gop € L(U,Yy) of Ga are surjective and G, have closed
ranges for all k € Z, and assume g : Ry — [1,00) is a continuous and monotonically
increasing functzon such that |G, |12 < g(lwk|) for all k € Z, and there exist M, w, >
0 such that |d ) Lo < My for allw > wgy. Then the semigroup generated by G1—G2G3

1s strongly stable iR C p(G1 — G2G3), and there exists M > 0 such that
(6.3) [R(iw, Gi = GaGo) || < Myg(|w]),  [w| > wy.

Proof. The strong stability of the semigroup and iR C p(G; — G2G3) follow
from Lemma 4.4. The approach in the remaining part of the proof is inspired by the
technique used in [23, Ex. 1-3]. If the estimate (6.3) does not hold for any M > 0, then
there exists (s, )nen C R satisfying |s,| > 1, and |s,| — 0o as n — 00, and (25 )nen C
D(G1) with ||z,]| = 1 for all n € N such that g(|s,|)||(isn — G1 + G2G5)z,|| — 0 as
n — 0o. For all n € N we then also have

0 ¢ Re(g(|snl)(isn — G1 + G2G3)zn, 2n) = g(|sn]) | G32nll?,

which further implies

V3([snll(isn — G1)zall < g(lsnll(isn — Gr + G2G3)zall + Vg ([sn ) Ga2n [ = 0

as n — oQ.
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For each n € N denote m,, = arg ming|s, —wg| € Z. Since d = infj4;|wi —w;| > 0,
we have that |s, — wi| > d/2 for all k # m,,. Denote z, = (2¥)rez, where z¥ € Y.
For any 0 < ¢ < 1/2 there exists N5 € N such that for all n > N5 we have

6% 2 g(sn)l(isn — G1)zal® = g(Isn) Y _lsn — wil*l12]1?

kEZ

2 + g(Jsal) = Z [k

k;ﬁmn

> g(Isnl)lsn — wm,|*[l2

Since |s,| — 00 as n — 0o, we can assume that |wy,, | > wy +1 for all n > Ns. Define
Yn = (YF)rez € Zo such that y™» = z™» and y* = 0 for k # m,,. Then

(6.4a) gUsal)llzn = gl = g(lsal) 3 II2 knﬂ_dg,
k#ma,
. 452
(6.4D) 211 = llznll* = > N2hlP > 1= —
k#my,

The above estimates also imply
2 20| |2 2 46°
6% = g(Isnl)lsn — wm, [*llzn"™ I = [sn —wm, " |1 — —5 |,

and thus |s,, — wpm, |? < §2/(1 — 46%/d?) < 262 if 62 < d?/8 and n > Ns. This means
that the points s, approach the points in the set {wg }rez as n — oo. Now

V9([sal)llG22nll = Vg(Isal)1G2yn + G2 (2n = ya)ll 2 Vg(Isn I Goynll = — G2l

due to (6.4a). Since |dwg | is bounded for w > w, and since |s, — wp, | — 0 as

n — oo, there exists Ny € N such that ‘(7‘“3"') > 1/2 for all n > N,. Using (6.4b)

and [[(G3,, )11 = Gl I7 < g(lwm, |), we get

£ 2 s (Isnl) may2 < _9Usnl) 462\ _ 1 462
n ™ 2 A~ "We2—-—\l1-—2z|1-—

for all n > max{Ns, No}. Combining the above estimates, we see that for a small
enough § > 0 we thus have

=

. i 25 1 462 26
VIUsaDlIGiznll = Vg(lsuDIIGoynll = G2l =2 —= (1= — | — G2l >0
V2 d d

for all n > max{Ns, No}. This contradicts the property /g(|sn|)||G52n|l — 0 as
n — oo, and therefore the proof is complete. a

Proof of Theorem 6.1. The triangular structure of the operators A, in the proofs
of Theorems 4.1, 4.5, 4.6, and 5.1 imply that if the function g : Ry — [1,00) is
chosen so that ||(Pr(iwk)K1x)'||? < g(Jww|) for the controllers in sections 4, 4.1,
and 4.2, or so that ||(Gax P (iwg))t]|? < g(|lw|) in the case of the controller in sec-
tion 5, then |R(iw, A.)|| = O(g(|w|)). Moreover, (Pr(iws)K1x) = (Pr(iwg) K1)~
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in part (a), (GoxPx (iwg))t = Px(iwy) Gy in part (b), and ||(Pr(iwy)K1x)| =
”Z:‘H | Pr(iwg )ug|| =t in part (c). The decay rate (6.1) follows from [4, Thm. 1.5].
It remains to consider the behavior of the regulation error. Assume vy € D(S)

and xeo = Teo — Ay 1 Bevg, where Zo9 € D(A.). Then XSvg = A.Xvg + Bevo implies
Ae(xeo — E'UQ) = AeTeg — Bevg — 2S00 + Bevg = AeZeg — XS € X,

and thus z. — Yvg € D(A.). Since C. is admissible, there exists k > 0 such that
f01||CeATe(s)x||ds < k||z| for all x € X.. Because ¥ is the solution of the regulator
equations (3.2), the proof of Theorem 3.3 and the nonuniform decay of T¢(¢) imply

t+
/ )llds = / I T2(8) T () @eo — Svo)lds < AI|Te(t)(@eo — Suo)
t
kM,
< 7||A (Teo — Xvo)|| = —=— | AcFeo — ESwy. O
My (ct) Mo, (ct)

7. Robust control of a two-dimensional heat equation. In this section we
construct a controller that achieves robust output tracking and disturbance rejection
for a two-dimensional heat equation

(7'13) xt(&v t) = Am(&v t)v ﬂi(f, 0) = $0(€),
(1) el =), ooE Ol =), (€Dl =0,
(7.10) ot = | ale e

on the unit square £ = (£1,&2) € Q = [0,1] x [0, 1]. Here u(t) is the Neumann boundary
control input and d(t) is the external disturbance signal. The control and disturbance
are located on the parts I'y and I's of the boundary 0, where I'y = {& = (£1,0) |
0<& <1l}andTy = {¢ = (0,&) |0 < & < 1/2}, and the remaining part of
the boundary is denoted by I'y = 99\ (I'y UT'2). The observation is on the part
s ={&=(1,&) |0 <& <1} of the boundary of the square.

The controlled heat equation can be written as an abstract linear system on
X = L?*(Q) by choosing A = A with D(4) = {z € H*(Q) | 22 = 0 on 02} and
choosing operators B, Bd € L(C,X_1) and C € L(X;,C) such that B = or,(+),
By =6r,(-), and Cz = fo x(0,&2)dEs [8]. We have from [8, Cor. 1] that the controlled
heat equation (7.1) is a regular linear system with D =0 € C.

We construct a robust controller using the method presented in section 4. Our
aim is to achieve output tracking of a continuously differentiable periodic reference
signal (depicted in Figure 1 in black) generated by an exosystem on W = ¢?(C)
with S = diag(ik)rez. I (¢r)rez denotes the canonical basis of W and if we choose
F € L(W,C) such that F¢y = 0 and Fop = y,.(k)|k[>/® for k # 0, where y,.(k) are
the complex Fourier coefficients of yper(t), then y,f(t) is generated with the initial
state vg = (vor)rez With voo = 1 and vy, = |k|~3/® for k # 0. The Fourier coefficients
o (k) of yrer (£) satisfy [y, (k)| = O(K1 =), and thus |Féy| = O(k|-12/%),

7.1. Stabilization and controller parameters. Since 0 € 0,,(A4), the uncon-
trolled heat equation is unstable. If we choose Ly € L(C, X) and K3 € L(X,C) such
that Kox = —72 [, 2(§)d¢, and Ly = —7* - 1, where 1(§) = 1 for all £ € Q, then
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(4, [%} ,[B, L1, Bg]) is a regular linear system and the semigroups generated by

A+ L1Cp and (A 4+ BK5)|x are exponentially stable. In this example the transfer
function of the plant has an explicit formula P(A\) = 1 for all A € Cy \ {0}, and
Pr(A) =({I—-CR\NAL) PN =\+7m2)7 L

Since dimY = 1, we choose the internal model to contain one copy of the exo-
system so that Zg = W = (?(Z;C) and G; = S, and as suggested in Step 4° and in
Corollary 4.3, we choose K; € L£(Zy, C) with components

K Yo Pp(iw)™t Yo ik + w2
T T R[R [P Giw) T T 1+ K[V R 4 ot
o, = — (P (iwy) K1)* = — 10

1+ |k|V/240) k2 + rd
(1+]

where £ > 0 is fixed and small, and vy > 0. Then ||(Pp (iw) K1) | = O(|k|?/2%).
Moreover, we define L € £L(C, X_1) in such a way that

L=1Ly+HGy =L+ Y Rliwk, A+ LiCx) BK1,Gax
kEZ
Z R(iwg, A+ L1CA)B
(1 + [k|1/2+5)2(x2 — ik)’

keZ

7.2. Solvability of the robust output regulation problem. Since we have
sup,,crl||R(iw, A)|| < oo, we can apply Corollary 4.2. For all k # 0

B0 )

7o
For our grey (1), |1F ol = O(K|~2/%) and |(P(iwe) K1) | Fonll = O(k]~2/1%+),
and thus (|(P(iwk)K1k)_1|||F¢k|\)k¢0 € (*(C) and the output tracking of y,.f(t) is

achieved whenever 0 < k < 2/5.
Since (A, By, C) is regular, |Py(iwg)| < |wk| ™! = k|7 for all k # 0, and

|(P(iwy) K1x) ™

(P (iwg) K1)~ || Paliwn) || Edr| < |KIM2T5 By

By Corollary 4.2 the controller rejects all disturbance signals that can be expressed
with E¢y, satisfying |E¢x| < |k|~? for any exponent 8 > 1+ x and corresponding to
the initial state vo = (vok ), With voo = 1 and vor = |k|=3/5 for k # 0. This includes

any d(t) whose Fourier coefficients satisfy w(k) = |I€|’B for any 3 > 8/5 + k.

7.3. Numerical approximation and simulation. The controlled heat equa-
tion was simulated using a finite difference approximation with a 16 x 16 grid on the
square © = [0,1] x [0,1]. In the simulation the infinite-dimensional exosystem was
approximated using a 21-dimensional truncation of the operator S. The controller
parameters were set to k = 1/8 and v = 12.

For simulation the resolvent operators R(iwg, A + L1CA) appearing in L were
approximated numerically using a more accurate finite difference approximation with
a 41 x 41 grid, and the infinite sum was approximated with a truncation corresponding
to the truncation of the exosystem.

The behavior of the controlled system was simulated for an external disturbance
signal d(t) = cos(4t) + $sin(t). Initial states of the plant and the controller are
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E 0.1
0
—1
‘ : : : 004 : : ‘ ‘ ‘
4 8r 12 0 . 127 20

T

us

Fi1G. 1. Output y(t) of the controlled plant. F1G. 2. Behavior of the error integrals.

F1G. 3. State of the controlled heat equation on I's.

chosen to be zero. Figures 1 and 2 depict the output y(¢) of the controlled plant

on the interval [47, 127] and the behavior of the integrals |, tt+1||e(s)||ds, respectively.
Finally, Figure 3 depicts the behavior of the state of the controlled system on I's.
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