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Abstract 

First of all, in this paper we propose a family of fuzzy implication operators, 
which the generalised Luckasiewicz´s one, and to analyse the impacts of Smets 
and Magrez properties on these operators. The result of this approach will be a 
characterisation of a proposed family  of inclusion grade operators (in Bandler and 
Kohout´s manner) that satisfies the axioms of Divyendu and Dogherty. Second, 
we propose a method to define  fuzzy morphological operators (erosions and 
dilations). A family of fuzzy implication operators and the inclusion grade are the 
basis for this method.  
Keywords:  Implication operators, Inclusion grade, erosion and dilation. 

1 Introduction 

The expression Mathematical Morphology refers to the study of form and the 
structure. Morphological operations can be employed for many purposes, automatic 
image processing such as in artificial vision, industrial robotics and medicine. 
Essentially, mathematical morphology is a theory on morphological transformations. 
Serra [20] characterise the Binary morphological transformations with four 
principles: Compatibility under translation, compatibility under change of scale, 
Local Knowledge and semicontinuity. 

 
These morphological transformations are based upon the intuitive notion of 

“fitting” a structuring element. It involves the study of the different ways in which a 
structuring element interacts with the image under study, modifies its shape, 
measures and reducing it to one other image, which is more expressive than the 
initial image. Mathematical Morphology was initially developed for analysis of 
binary images. The binary images are maps A: U→{0, 1}, where U represents the 
Euclidean plane R2 or the Cartesian grid Z2 indistinctly, and in each point x∈ U the 
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value of image only can be 0 or 1, with which represents the black colour and the 
white. 

The extension of binary morphological operators to greyscale morphology was 
formulated by Sternberg. Fuzzy Mathematical Morphology aims to extend the binary 
morphological operators to grey-level images. In the literature, several point of view 
are taken to define a Fuzzy Mathematical Morphology (erosion and dilation [3-
8,13,18]. For instance, Sinha and Dougherty define the basic operations of Fuzzy 
Mathematical Morphology by notion of the inclusion grade for fuzzy subsets. 

 
Several approach of the operator inclusion grade of fuzzy subsets A, B of a 

universe U, an example is of this approach is Zadeh´s, A⊆ B iff A(x)≤B(x) ∀x∈U. 
This definition of inclusion grade is to much sensitive to the values of individual 
elements of the universe U, which carries to several authors to propose weaker 
concepts. Bandler and Kohout [2] postulate the inclusion grade to which A is a subset 
of B (for A and B fuzzy subsets of U ) is the membership P(B): F(U)→[0,1], where 

F(U) is the set of all fuzzy set over universe U, such that, P(B)(A)= U∈x
inf {I(A, B)} this 

gives of degree to with which A is a subset of B. Here "I" stand for a implication 
operator. 

 
We define erosion and dilation with the inclusion grade operators as postulated 

by Bandler and Kohout [2]. For these authors, given A and B fuzzy subset of U and I 
a fuzzy implication operator, the degree in which A is a subset of B is given by R(A, 

B) = U∈x
inf {I(A(x), B(x))}.  

Given A, B∈F(U), z∈U and denoting –B the fuzzy subset such that  (-B)(x) = 
B(-x) ∀x∈ U and Bz the fuzzy subset such that  (Bz)(x) = B(x-z) ∀x∈U, then they 
define the erosion of a fuzzy subset A by another one B, called structuring element, 
as the fuzzy subset ξ(A, B) whose membership function is ξ(A, B)(z) = R(BZ, A). 
Dilatation is defined by duality Ò(A, B)(z)=( ξ (AC, -B)(z))C, opening and closing 
are defined similarly to the binary case in terms of erosion and dilation. 

 
Note, other fuzzy versions of the erosion and dilation operators can be found in 

available literature [3, 4, 7-8, 26]. 

2 Fuzzy implication operators and inclusion grade  

In the Fuzzy Logic literature, that extends classical Boolean implications, the 
classical ones are considered  p →  q  for propositions p and q, area defined. 

Table 1 
→  0 1 

0 1 1 
1 0 1 
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Thus, are considered as maps I: [0,1]x[0,1] → [0,1], in such way that the true 

values of (p → q) are given by I(v(p), v(q)). Dubois and Prade [11-12] proposes 
an interesting classification of them. Kerre [14] gives a list of implications operators 
frequently used in the Bibliography. From an axiomatic point of view, Dubois and 
Prade [9,11,12] provides a list of properties which these operators must satisfy. 

 
Concerning to the implication operators, different systems of axioms are used 

(Trillas and other authors [16,21,22,25 ]) depending on the purpose of its use. Note 
that, Lukasiewicz is the unique operator that verifies the whole Dubois and Prade´s 
properties [11-12], and in particular the Smets and Magrez´s axioms [21]. 

 
Numerous types of different operators are used to extend Boolean classic 

implication (Dubois, Prade, Trillas  and others [11-12,22,23,1,16,21,14]), in fuzzy 
logic, as it is well known, the choice of operator depending on its practical 
efficiency. 
 

In this paper we use Lukasiewicz generalised to define fuzzy operators: 
inclusion grade, erosion and dilation . 
 
Definition 1: Lukasiewicz generalised operators are the maps  
L: [0, 1]x[0, 1]→[0, 1], such that L(a, b) = min(1, λ(a)+λ(1-b))  ∀a, b∈[0, 1] 
where function λ: [0, 1]→[0, 1]  verifying λ(0) = 1 and λ(1) = 0. 
 

We proceed now to analyse if the Lukasiewicz generalised operator verifies the 
Smets-Magrez axioms. In order to this, we will state the relations between the 
various axioms and p roperties of function λ. We can prove that the limit conditions 
required for the function λ is sufficient to assure that the operator L are an 
generalising of classical implication. 
 

Let’s remember that the Smets-Magrez´s axioms for implication operators, as 
being the essential properties for Lukasiewicz implication: 
SM.1.- The value L(a, b) depends  on values a and b. 
SM.2.- Opposition  law:  L(a, b) = L(1-b, 1-a)   ∀a, b ∈[0, 1], 
SM.3.- Exchange principle: L(a, I(b, c)) = L(b, I(a, c))   ∀a, b ∈[0, 1], 
SM.4.- L(., b) is non increasing ∀b ∈ [0, 1] and L(a,  .) is non decreasing ∀a∈[0, 1] 
SM.5.- ∀a, b ∈ [0, 1],    a ≤ b  ⇔  L(a, b) = 1  (implication defines an ordering) 
SM.6.- L(1, b) = b   ∀b∈[0, 1] 
SM.7.- L(a, b) is continuous. 
 
Theorem 2: Under the conditions stated in definition 1, the following properties are 
verified: 
1)  L(0, b) = 1   ∀b∈[0, 1],   2)  L(a, 0) = λ(a)   ∀a∈[0, 1],  3)  L(a, 1) = 1 ∀a∈[0, 1]  
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4)  L(1, b) = λ(1-b)   ∀b∈[0, 1],   5)  L(a, b) = 1 ⇔  λ(a)+λ(1-b) ≥ 1   ∀a, b∈[0, 1] 
6)  L(a, b) = 0 ⇔ λ(a) = 0 and λ (1-b)=0. 
 
Theorem 3: Let L be in Definition 1 conditions: 
a) L(., b) is non increasing in the first variable iff λ is non increasing 
b) L(a,  .) is non decreasing in the second variable iff λ is non increasing 
c) L(a, b) is continuous iff λ is continuous. 
 
Theorem 4 : In the conditions of Definition 1, L(a, b) = min(1, λ(a)+λ(1-b)) verifies 
the axioms, SM.2, SM.4, SM.5 and SM.7 iff λ and µ: [0, 1] → [0, 1] verifies the 
conditions of the next table: 

Table 2 
1.- λ(0) = 1  and  λ(1) = 0         2 .- λ non increasing and µ non decreasing 
3.- λ(p) = µ(1-p)   ∀p∈[0, 1]    4.- p ≤ q ⇔  λ(p)+λ(1-q) ≥ 1        5.- λ continuous 

 
Theorem 5: Let L in the conditions of Definition 1 and λ verifying Table 2 then, the 
following properties are equivalent: 
a) L(a, L(b, c)) = L(b, L(a, c))  ∀a, b, c∈[0, 1]                b)  L(1, b) = b  ∀b∈[0, 1] 
c)  L(a, L(b, a)) = 1  ∀a, b ∈[0, 1]                                    d)  λ(a) = 1-a  ∀a∈[0, 1] 
 

Therefore the only Lukasiewicz generalised operator that verifies all the Smets-
Magrez axioms is for the function λ(p)=1-p  ∀p∈[0, 1]. 

3 The inclusion grade  

In the next paragraph, we will study the fuzzified concept of the set inclusion for 
fuzzy subsets in some universe U Finite, starting with the Sinha and Dogherty [7-8] 
proposition. The fuzzy subsets of U shall be denoted by F(U), and FR(UxV) is the 
class of the fuzzy relations in UxV. 
 
Definition 6: We say that R∈FR(F(U)xF(U)) is an inclusion grade between fuzzy 
subsets, when the following axioms are satisfied: 
IG.1.- R(A, B) = 1 ⇔ A  ⊆ B 
IG.2.- R(A, B) = 0 ⇔ ∃ x∈U such that A(x) = 1 and B(x) = 0 
IG. 3.- R is non decreasing in its second argument  (B ⊆  C ⇒ R(A, B) ≤ R(A, C)) 
IG. 4.- R is non increasing in its first argument     ( B ⊆  C ⇒  R(C, A) ≤ R(B, A) ) 
IG. 5.- R(A, B) = R(BC, A C) 
IG. 6.- R(A∪B, C) ≥ min(R(A, C), R(B, C)) 
IG. 7.- R(A, B∩C) ≥ min(R(A, B), R(A, C)) 
 

The properties of this list are concordant with those of the ordinary set 
inclusions. As an example let see that IG.1 is consistent with the crisp set inclusion: 
A ⊆ B is necessary and sufficient in order that the grade which A is a subset of B is 
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1; If x∈U such that A(x) = 1 and B(x) = 0 is necessary and sufficient so that the 
grade with which A is a subset of B is 0; IG.3 property maintains, for ordinary sets, 
the property of transitivity of inclusion; etc.. 

 
In the next theorem, we probe some properties of the inclusion grade. 
 

Theorem 7: Under Definition 2 conditions the following is verified: 
i) R(A ∪B, C) = min(R(A, C), R(B, C))      ii) R(A, B∩C) = min(R(A, B), R(A, C)) 
iii) Property IG.3 is equivalent to R(A, B∪C) ≥ max(R(A, B), R(A, C)) 
IV) Property IG.4 is equivalent to R(A∩B, C) ≥ max(R(A, C), R(B, C)) 

 
We remark that the quoted authors include in their version of Definition 6, the 

property R(A,B∪C) ≥ max(R(A, B), R(A, C)), to determine inclusions grades, 
producing therefore redundant family properties. 

With respect to the existence of inclusion grade, Divyendu and Dougherty 
propose in [7-8] the relations  

R(A, B)= inf
x∈U

{min(1, λ(A(x))+λ(1-B(x)))}                                 (1) 

As an inclusion grade for A, B∈[0, 1]U where λ: [0, 1] →  [0, 1]  is a map that 
verifies the following table conditions: 

Table 3 
1.- λ is non increasing               2 .- λ(1) = 0  and  λ(0) = 1 
3.- If there exist p and q ∈[0, 1] such that λ(p) = λ(q) ≥ 0.5, then p = q  
4.- The equation λ(p) = 0 has a single solution   5.- λ(p)+λ(1-p) ≥1    ∀p∈[0, 1] 

 
Theorem 8:  Let R∈FR(F(U)xF(U)) be given by: 

R(A, B) = inf
x∈U

{min(1, λ(A(x))+λ(1-B(x)))}  ∀A, B∈F(U). 

Then R satisfies the properties from Definition 2 iff λ verifies the conditions of the 
following table:  

Table 4 

1.- λ(1) = 0 and λ(0) = 1,        2 .- p  ≤ q ⇔ λ(p)+λ(1-q) ≥ 1,     3.- λ is non increasing 
 
Theorem 9: If λ(0)=1 and λ(1)=0, λ is non increasing and λ(p)+λ(1-p )≥1  ∀p∈[0, 
1], then:  p ≤q ⇒ λ(p)+λ(1-q)≥1. The converse implication is not true. 
 
Theorem 10 :  A function λ: [0, 1]→[0, 1] satisfies conditions of Table 4 iff there 
is a function g: [0, 0.5] →  [0.5, 1] for which  
i) g(0) = 1,          i i) g is strictly non increasing,   iii)  if p ∈[0, 0.5], then λ(p) = g(p),   
   if p ∈(0.5, 1] and  1-p  is a continuity point of g then λ(p) = 1-g(1-p ) 

if p ∈(0.5,1] and 1-p is a discontinuity point of g, then 1-g(1-p) ≤λ(p)≤ 1-g((1-p)+) 
 

Theorem 10 assure the existence of λ functions which verify the conditions of 
these Tables 4, for this it is enough to select functions g: [0, 0.5] → [0.5, 1] 



P. Burillo, N. Frago  & R. Fuentes 

 

90 

 

strictly non increasing with g(0) = 1, and completely continuous, or piecewise 
continuous or continuous in zero or upper semi-continuous and continuous in zero. 
The functions that we propose, are just with a finite number of discontinuity points 
in [0, 1], that is piecewise continuous functions. The reason for this proposal is that 
they constitute a large number of functions, and these are easier to wo rk with on the 
computer, as it is usual in Mathematical Morphology. In the same line it is useful the 
following Theorem. 
 
Theorem 11 : Let g: [0, ½]→[½, 1] a function verifying i ) g(0)=1,  ii) g is strictly 
non increasing and piecewise continuous. Then the function  

λ: [0, 1]→[0, 1] given by

 

λ(p)=


















∈−−





∈

,1
2
1

pifp)g(11

2
1

0,pifg(p)

 satisfies Table 4 

conditions and therefore the expression   
R(A, B)= inf

x∈U
{min(1, λ(A(x))+λ(1-B(x)))}  ∀ A and B∈[0, 1]U is an inclusion grade, 

which satisfies properties IG.1,...,IG.7 of Definition 6. 
 
In this paper we have used the axioms of Smets and Magrez [21] to characterise 

a family of fuzzy implication operators, verifying axioms 1, 2, 4, 5 and 7 from these 
authors (Theorem 4-5), proving that the accomplishment of axioms 7 (continuity of 
L(a, b) ) required the continuity of λ function for this operator. There are other 
weaker axiom families to characterise the fuzzy implication operators  (Morsi [16] ) 
in which instead of the continuity, the upper semi-continuity of these operators is 
required , this condition is verified with λ functions upper semi-continuous (See [5, 
13] ). 

 
Now we have to note that the inclusion grade developed coincides with the 

formulation given by Bandler and Kohout [2], the generalised Lukasiewicz 
implications are used as fuzzy implications. L(a, b) = min(1, λ(a)+λ(1-b))  ∀a and b 
belonging to [0, 1], with λ function verifying the following properties:  
1.- λ(0)=1 and λ(1)=0,   2.- λ increasing,  3.- p≤q⇔λ(p)+λ(1-q)≥1,  
4.- λ continuous (upper semi-continuous ). 
 

Note: See proof of theorem 2-5 and 7-11 in [5,13]. 

4 Fuzzy mathematical morphology induced by 
generalised lukasiewicz operator 

As an example of potential applications, these new inclusion grade operators 
have been used in the processing of the images, where they help to define the 
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fundamental operations of erosion, dilatation, opening and closing thus having the 
way to the task of determining a Fuzzy Mathematical Morphology. 

 
In this paper we have defined erosion in fuzzy mathematical morphology with 

R(A, B) operator and λ functions characterised by Table 2, and the basic 
morphological operations, erosion, dilation and closing-opening as the appropriate 
composition the fuzzy dilation and erosion. We have investigated the basic 
properties that verify these operators, and the paper closes with applications via 
image processing. The paper includes some examples as illustration of the effects of 
these operators. 

 
In this section we formally define the various basic operations used in literature 

(see [3, 4, 7, 8, 26]), that are needed in the subsequent discussions. 
 
The complement  of a fuzzy subset A of U, denoted AC , is  the fuzzy subset of U 

defined as AC(x) = 1-A(x)  ∀x∈ U. 
 
The translation of a fuzzy subset A of U by v∈U, denoted Av, is the fuzzy 

subset of U defined as A v(x)=A(x-v)   ∀x∈ U. 
 

The reflection of a fuzzy subset A of U, is the fuzzy subset of U -A of U defined 
as -A(x)=A(-x)  ∀x∈ U. 

 
The scalar addition of a fuzzy subset A de U, and constant α∈[-1, 1], denoted 

as Aα, is defined as (A α)(x) = min(1, max(0, A(x)+α))  ∀x∈ U. 
 
Given α∈[0, 1] and A fuzzy subset of U, we denote α(A) as the fuzzy subset of 

U such that α(A)(x)=α(A(x)). 
 
Let be a fuzzy subset A of [0, 1]U and v ∈U, then, it is easily verified that: 

 1)  -(Av) = (-A)(-v),           2 )  (Av)C = (AC)v,     3 )  (-A)C  = -(AC). 
 

The operator R(A, B) (1 ), with λ function verifying the conditions of Table 2, 
the characterisation given by Sinha and Dougherty [16-19] is: 

∀A, B∈[0, 1], R(A, B) = sup
(A ) (r 1) (B)c cλ λ◊ − ⊆

{r}, r∈[0, 1] 

5 Erosion and dilation: definition and properties. 

Let us consider the notion of erosion within the original formulation of 
mathematical morphology in Euclidean space U. Given A, B subsets of U, x∈U and 
denoting Bx={b+x | b∈B} and -B={x∈U | -x∈B}. Then the erosion of A by B is 
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defined by ξ(A,B)=A (-B)= bA
B)(b −∈

∩ ={x∈ U | Bx⊆A} [14]. Resulting that 

x∈ ξ(A,B) if and only if Bx⊆A, this idea can be extended to the fuzzy situation, 
considering the erosion in a point x∈U as the grade with which the translated of B 
by x is included in A. 

 
Now we are ready to explain the erosion and dilation as we can see in the Sinha 

and Dougherty´s work [7-8].  
 
Definition 12: The erosion (dilation) of an image A by another B, being A and B 
fuzzy subset of U, is the fuzzy subset denoted by ξ(A, B)  
(Ò(A, B)), and it is defined by:  ξ(A, B)(z)=R(Bz , A)  ∀z∈U  
(Ò(A, B)(z)=1-R((-B)z , Ac)  ∀z∈U ). 

 
The B image is called “structuring element”. 
 
Note, other fuzzy versions of the operator erosion and dilation can be found in 

available literature [3, 4, 7, 8, 26]. 
 
Considering any A, B and C fuzzy subsets of U, if we study erosion and dilation 

operation from definition 1 and λ function satisfying Table 2 conditions, and erosion 
and dilation with the same definition, but λ verifying conditions from Table 1, we 
obtain that some properties are common in both cases. 

 
Note that Table 1 is  Sinha and Dougherty´s conditions and Table 2 are our 

conditions. 
n Dilation is commutative Ò(A, B) = Ò(B, A), erosion is not. 
n Erosion and dilation are dual of each other, Ò(AC , -B) = ξ(A, B)C . 
n Erosion and dilation are invariant for translations. Give A, B fuzzy subset of U 

and v∈U then:  
1) ξ(Av, B)=ξ(A, B)v,      2) ξ(A, Bv )=ξ(A, B)(-v),   3) Ò(Av, B) = Ò(A, B)v     
4) Ò(A, Bv) = Ò(A, B) 
n Erosion and dilation are increasing in the first variable and decreasing in the 

second variable  
n  ξ(A, B∪C) = ξ(A, B)∩ξ(A, C),              ξ(A∩B, C) = ξ(A, C)∩ξ(B, C), 
Ò(A, B∪C) = Ò(A, B)∪Ò(A, C),        Ò(A∪B, C) = Ò(A, C)∪Ò(B, C), 

n Let A, B be fuzzy subsets of U and K' crisps subset of U, then exist a bounded 
crisp subsets of U, such that: 

ξ (A ∩K, B)=ξ(A, B) ∩K',   Ò(A ∩K, B)=Ò(A, B) ∩ K'. 
 

We also state that erosion and dilation verify the next principles of quantification: 
compatibility under translation, the local knowledge, and semi-continuity if the λ 
function is semicontinua. They are the first, third and fourth Serra's principles [20] 
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to characterise the crisp morphological transformations. The second of these 
principles, compatibility under change of scale, is not  verified [13].  
 
Theorem 13 : Let A and B be fuzzy subsets of U and z∈U, then 

1)  ξ(A, B)(z)=sup{1+min(0, α) | (λ(B)Cα)z ⊆  λ(AC)}  and  0≥α≥ -
U∈x

sup {λ(B(x)} 

2)  ξ(A, B)(z)= sup
(B ) ( 1) (A)C

z
Cλ α λ◊ − ⊆

{α}  being α a real number belonging to  [0, 1]  

3)  Ò(A, B)(z) = 
U∈x

sup {max(0, 1-λ((-B)z(x))-λ(A(x))) }. 

4)  Ò(A, B)(z)= inf
( (B )) ( ) (A )C

( z)
C C− ◊ − ⊆−λ α λ

{α}     and    α∈[0, 1] 

5)  Ò(A, B)(z)= inf
( ( )) ( )− ◊ ⊆λ α λB AC

z
{α}     and     0≥α≥ -

U∈x
sup {λ(B)C(x)} 

Proposition 14: Dilation and erosion are not associative. 
It follows immediately from the previous definition that ξ(A, ∅ )(z) = 1 ∀z∈U 

and ξ(∅ , B)(z) = 
U∈x

inf {λ(B(x)} ∀z∈U for each A and B fuzzy subsets of U. 

Dilations verify that:  Ò( ∅ , B)(z) = 0  ∀z∈U  and  ξ(A, ∅ )(z) = 0  ∀z∈U for all A 
and B∈F(U). 
 

In theoretical notion, an image A is a map of R2 ó  Z2 in [0, 1 ], but in practical 
work an image A is a map A: DA →[0, 1]. Where DA is a bounded subset included 
in R2  or Z2. The subset DA  is called the "domain" of the image A; in general 
different images have different domains. 
 

Examples in this paper use digital images. The domain of a digital image will be 
rectangular in shape and contain a finite number of elements. In such a case, a 
digital image  will be  represented in  a manner similar to a matrix A = {aij}  where  
aij = A(i, j) with (i, j)∈DA. In all examples we assume that the element of the matrix 
corresponding to the (0, 0) lattice point of the xy coordinate system is the left 
inferior vertex of DA. This is not restrictive because, as we have seen, erosion and 
dilation are invariant with respect translation. 
 

We give now some graphics, to illustrate the effect of our dilation-erosion 
operators in images. It is know that Binary Mathematical Morphology dilation 
expands the image and erosion shrinks it. Erosion yields a "smaller" image than the 
original and dilation the opposite, this idea can be extended to grey level imagery. 

 
A point to notice here , is the fact that erosion and dilation, basic operations in 

binary imagery, can be extended to grey level. If the image and structuring element 
are binary (zero and one), binary operators, erosion-dilation hold the same effect 
that the fuzzy erosion-dilation. But in the case of fuzzy image and/or fuzzy 
structuring element, dilation-erosion operation results in overlapping effects of 
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expands/shrink images and the modification of the contrast of image. The function λ 
and fuzzification of the structuring element are the responsible of the contrast effect. 
 

Given the image Figure 1, the Figures 2-3 are output images of the fuzzy erosion 
and dilation respectively, they show the shrink-expand effect and modification of 
contrast of the image. The structuring element B used here, is an array 5x5, whose 
values are one. The function λ used is  defined by λ(p) = -0.5p + 1 if p∈[0, 0.5] and 
λ(p) = -0.5p + 0.5 if p ∈(0.5, 1]. 

 
Figure 1, Initial image l. 

 

Figure 2, Erosion image 
 

Figure 3, Dilation image. 
 

Fuzzy erosion-dilation effect can also be seen in Figure 4 and 5. Figure 1 is the 
original image, the Figure 4 and Figure 5 show  the erosion and the dilation of 
Figure 1 respectively. These images  are  obtained by using  the  structuring  element  
B = {0,0,0,0,1; 0,0,0,1,0; 0,0,1,0,0; 0,1,0,0,0; 1,0,0,0,0} and λ funct ion defined by  
λ(p) = -0.5p+1 if p∈[0, 0.5] y λ(p) = -0.5p+0.5 if p∈(0.5, 1]. These figures illustrate 
as the selection of structuring element can contribute to creation of deformations of 
image shades. 

 Figure 4, Erosion Image. Figure 5, Dilation image 
 
If the structuring element is the subset B = {1}, then ∀A∈[0, 1]U,  

ξ(A, B)(z) = λ(1-A(z)), we have that, when we apply it to the initial image, produces 
a new image with only grey level changes (contrast enhancement) and it depends on 
the λ function  used in the inclusion grade operator,  
R(A, B) = inf

x∈U
{min(1, λ(A(x)) + λ(1-B(x)))}. 
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6 Opening and closing: definition and properties. 

Let us consider the opening and closing definition such as the have been 
described by Sinha and Dougherty [16-19]. We present now, some theorems and 
properties. 
 
Definition 15 : The opening (closing) of a fuzzy subset A of F(U) by another B, is a 
fuzzy subset denoted by @(A, B) (ζ(A, B)), and defined by  
@(A, B) = Ò(ξ(A, B), B) and ζ(A, B) = ξ(Ò(A, -B), -B) respectively. 

 
If A and B are fuzzy subsets of U, then the opening (closing) fuzzy operators, 

whereas the λ functions characterised in Table 2, verify the following properties: 
(see [11]). 
n Opening and closing are dual operations: ζ(AC, B)C  = @(A, B) 
n Opening and closing are invariant in translations 
n Opening and closing are increasing with respect to the first variable  
 

Sinha and Dougherty stated these same properties for opening (closing) fuzzy 
operators by using λ functions characterised in Table 1. 
 
Theorem 16: Let A and fuzzy subset of U and λ a continuous functions of  
[0, 1] in [0, 1], then: 
1)   @(A, B) = U

λ α λ( B ) ( 1 ) ( A )C
y

C◊ − ⊆ {λ(By )C◊(-λ(α))},   α∈[0, 1] 

2)   ζ(A, B) = ∩
◊ − ⊆λ α λ(B ) ( 1) (A)c

x
{λ(B)x ◊  λ(α) },     α∈[0, 1]. 

 
The Figures 7-8 are output images of the fuzzy opening-closing operators for 

image Figure 6, they shows modification in its shape and the contrast image. The 
structuring element B used here, is an array 5x5, B = {1,1,1,1,1; 1,1,1,1,1; 1,1,1,1,1; 
1,1,1,1,1; 1,1,1,1,1}. The function λ used is defined by λ(p) = -0.5p + 1 if p∈[0, 0.5] 
and λ(p) = -0.5p + 0.5 if p ∈(0.5, 1]. 
 

 

Figure 6, Initial image 
 

Figure 7, Opening 
image. 

 
Figure 8, Closing image. 
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Note the resulting images when the former operators are used. Figures 7 and 8 
show the small flower inside with attenuated grey-level, as a flower that becomes 
lighter than initial image. Considering that white and black denote 0 and 1 
respectively. Note the effects in some corners of the image, differences between 
Figure 7 (opening) and Figure 8 (closing), we can observe that @(A, B) ⊄ A and 
that A ⊆  ζ(A, B). 

Figures 9-14 illustrate effects of opening and closing operator. The function 
used is λ(p)= -0.5p+1 if p≤0.5 and λ(p)= -0.5p+0.5 if p>0.5, p∈[0, 1], and the 
structuring element, the array B = {1,1,1; 1,1,1; 1,1,1}. Figures 10-11 show the 
opening and closing of the initial image of the Figure 9. Figures 13-14 show the 
opening and closing of initial image of the Figure 12, with the same structuring 
element and λ function. See the modification to smoother grey and note that all 
outward pointing corners were rounded, whereas inward pointing corners were no 
affected, in other words, say that image transformation can vary using different 

structuring elements. 
 

Figure 12, Initial image. Figure 13, Opening image . 
 

Figure 14, Closing image . 

 

In the present study, one of our goals is to formulate, the most important 
theoretical difference, respect to the results obtained by Sinha and Dougherty:  

 
The opening (closing) operator does not satisfy antiextensive (extensive) and 

idempotent properties  
 

Figure 9, Initial image . Figure 10, Opening image . Figure 11, Closing image. 
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To end this subsection, let us note that: if we use the operators defined in this 
paper only with a binary image and a b inary structuring element, the output images 
are equal to output images of binary morphology operators. In this case opening 
(closing) fuzzy operator verifies the antiextensive (extensive) and idempotent 
properties to similar way to binary case. Indeed, given A and B crips subsets of U, 
we have that: 

- For the fuzzy erosion is verified that ∀z∈U ξ(A, B)(z) = R(Bz , A) = 





⊆
⊄

A
A

Z

Z

    Bif    1
    Bif    0

 and for the binary erosion ξ(A, B)=A (-B)={z | BZ ⊆ A} (BZ is 

equivalent to B+z), in fact x∈BZ ⇔B(x-z)=1⇔∃b∈B ∋ b=x-z⇔ ∃b∈B ∋ x=b+z ⇔  
x∈B+z). We have that z∈ξ(A, B) ⇔ BZ ⊆ A ⇔ ξ(A, B)(z) =1  y  z∉ξ(A, B) ⇔ BZ⊄ 
A ⇔ ξ(A, B)(z) = 0. 

 
- For the fuzzy dilation is verified that ∀z∈U Ò(A, B)(z) = 1-R((-B)z , AC) = 





=
=

1),    R((-B)if    0
0),    R((-B)if    1

Z

Z
C

C

A
A , but , R((-B)z , AC) =0 ⇔∃ y∈U ∋ (-B)Z(y) =1 y AC(y) = 0 ⇔  

(-B)(y -z) = 1 y A(y) = 1 ⇔ B(z-y) = 1 y A(y) = 1, and for the binary dilation is 
Ò(A, B) = A ⊕B = {x | (-B)+z∩A≠∅}.  
 

We have that z∈Ò(A, B) ⇔ (-B)+z ∩A ≠ ∅ ⇔ ∃ y∈U ∋ y∈(-B)+z  e  y∈A ⇔ 
∃ y∈U  ∋  y = -b + z,  b∈B  e  y∈A ⇔ ∃ y∈U  ∋ z-y∈B e y∈A ⇔ ∃ y∈U ∋ B(z-y)=1 
e A(y) =1 ⇔  R((-B)z, AC) = 0 ⇔ Ò(A, B)(z) = 1. 
 

-  If we consider that opening and closing operations are given by:  
@(A, B)=Ò(ξ(A, B), B) and ζ(A, B)=ξ(Ò(A, -B), -B) 

 
Then, we can write that, in case of binary images and binary structuring 

elements, the output image of this operator is equal to the output image with binary 
Euclidean Morphology operators. 

In any case, fuzzy operator opening (closing) used in binary imagery holds 
antiextensive  (extensive) and idempotent properties. 
When the λ function is defined by λ(p)=1-p ∀p∈[0, 1], opening (closing) operator's 
properties do not differ from the traditional properties of morphology binary as it 
has been mentioned in (Sinha - Dougerty [16-19], and Frago [13]). 

 
We postulate the following properties for the opening (closing) operator when λ 

is, λ(p) ≥1-p:  Opening is antiextensive and idempotent, closing is extensive and 
idempotent. Only when λ(p) = 1-p, Table 2´s conditions are satisfied. 
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7 Concluding remarks 

By considering both, the intuitive concept of the set inclusion and the demands 
of important applications in fuzzy set theory, a collection of inclusion grade 
operators have been proposed. Their characterisation has been achieved by means of 
the Lukasiewicz generalised implications and functions λ of [0, 1] in  
[0, 1] that verifies all the requirements summarised in Table 4 of this paper.  

 
The proposed family of inclusion grade operators, it is shown to be a good 

extension of the Zadeh inclusion for fuzzy sets. 
 
As an example of potential applications, these new inclusion grade operators 

have been used in the processing of the images, where they help to define the 
fundamental operations of erosion, dilatation, opening and closing thus having the 
way to the task of determining a Fuzzy  Mathematical Morphology. 

 
A second objective of the present paper has been to construct a family of 

operators: erosion (dilation), opening (closing), that satisfy most of the binary 
mathematical morphology properties. 

 
In this paper, an attempt has also been made by examining in figures the effect 

of these operators in fuzzy images, which may be translated to image processing and 
techniques with images grey-scale, used in medical imaging, etc. 

 
For binary images and binary structuring elements, erosions and dilations, as 

defined here, produce the same results as the analogous operators in ordinary 
mathematical Morphology. 

 
We can finish these conclusions, by saying that the morphological operators 

proposed in this work, extend the correspondent concepts of binary operators. How 
these operators act on fuzzy images is of interest, for instance, in the computerised 
treatment of sonography or radiology pictures, where grey, black and white levels 
are apt to appear. 
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