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Abstract

In this note we classify the bounded hyper K-algebras of order 3, which
have D; = {1}, D2 = {1,2} and D3 = {0,1} as a dual commutative hyper
K-ideal of type 1. In this regard we show that there are such non-isomorphic
bounded hyper K-algebras.
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1 Introduction

The hyperalgebraic structure theory was introduced by F. Marty [5] in 1934. Imai
and Iseki [3] in 1966 introduced the notion of a BCK-algebra. Borzooei, Jun and
Zahedi et.al. [2,8] applied the hyperstructure to BCK-algebras and introduced the
concept of hyper K-algebra which is a generalization of BCK-algebra. In [7]we de-
fined the notions of dual commutative hyper K-ideals of type 1 and type 2 (Briefly
DCHKI—-T1,T2). Now we follow it and determine all bounded hyper K-algebras
of order 3 which have DCTHKI — T1.

2 Preliminaries

Definition 2.1. [2] Let H be a nonempty set and ” o” be a hyperoperation on H,
that is 7 o7 is a function from H x H to P*(H) = P(H)\{0}. Then H is called a
hyper K-algebra if it contains a constant ”0” and satisfies the following axioms:
(HK1) (zoz)o(yoz)<zoy

(HK2) (zoy)oz=(zroz)oy

(HK3) z < z
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(HKY) z<y,y<z=>xz=y

(HK5) 0 < «z,

for all z,y,z € H, where = < y is defined by 0 € x oy and for every A,B C H,
A < B is defined by da € A, 3b € B such that a < b.

Note that if A, B C H, then by A o B we mean the subset U aobof H.

acA
beB

Theorem 2.2. [2] Let (H,o,0) be a hyper K-algebra. Then for all z,y,z € H and
for all non-empty subsets A, B and C' of H the following statements hold:

(i)zoy<zexzoz<y, (ii) (xoz)o(zoy) <yoz,
(iii) z o (z o y) < y, (iv) zoy <z,
(v) (AoC)oB=(AoB)o(, (vi)z €x00,
(vii) (AoC)o(AoB) < BoC, (viii) A C B implies A < B,
(ix) AoB<(C & Ao (C < B, (x) AoB < A.

Definition 2.3. [7] Let D be a non-empty subset of H and 1 € D. Then D
is called a dual commutative hyper K-ideal of

(i) type 1, if for all z,y,2 € H, N((Nx o Ny)o Nz) C D and z € D imply that
N(Nzo(Nyo(NyoNz))) CD,

(ii) type 2, if for all z,y,z € H, N((Nx o Ny) o Nz) < D and z € D imply that
N(Nzo(Nyo (NyoNz))) CD.

Note that for simplicity of notation we write DCHKI — T'1(T2) instead of dual
commutative hyper K-ideal of types 1(2).

Theorem 2.4. [7] Let 1oy = {1}; Yy € H — {1} and 101 = {0}. Then
D={l}isa DCHKI —T1.

Theorem 2.5. [7] Let 1 € lox, forallz € Hand1 € D C H. If0 ¢ D,
then Disa DCHKI —T1.

Theorem 2.6. [7] Let 1oy = {1}; Vy € H — {1}, 1oc1 ={0}, 1€ D C H
and D # {1}. Then the following statements are equivalent:

(i)0e D,

(i) D is a DOHKI —T1,

Theorem 2.7. [8] There are 220 non-isomorphic bounded hyper K-algebras of
order 3, to have D = {0,1} as a DPIHKI — T3.

Definition 2.8. [2] Let H; and Hs be two hyper K-algebras. A mapping f :
Hy; — H> is said to be a homomorphism if:

(i) f(0) =0,

(ii) f(zoy) = f(x) o f(y), Yo,y € Hi.

if f is both 1-1 and onto, we say that f is an isomorphism.
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3 DCHKI—T1 in Hyper K-Algebras of Order 3

Henceforth we let H = {0, 1,2} be a bounded hyper K-algebra of order 3 with unit
land Dy = {1} , Dy = {1,2} and D3 = {0, 1} be subsets of H.

Theorem 3.1. Let 101 = {0} and 102 = {1}. Then
(i) Dy and D5 are DCHKI — T1.
(ii) D2 is not a DCHKI —T1.

Proof. The proofs of (i) and (ii) follow from Theorems 2.4 and 2.6.

Theorem 3.2. Let 101 = {0} and 102 = {1}. Then there are exactly 40
non-isomorphic bounded hyper K-algebras of order 3 which have D; and D3 as a
DCHKI —T1.

Proof. The proof follows from the proof of Theorem 2.7.

Theorem 3.3. Let 101 ={0} and 102 = {2}. Then

(i) 200={2},000={0} and 201 =002,

(ii) Dy isa DCHKI —T1 if and only if 201 # {0} or 202 = {0},
(iii) Dy is not a DCHKI —T1,

(iv) D3 isa DCHKI —T1 if and only if 2€ 201 and 2 ¢ 0o 1.

Proof. (i) By (HK2) and hypothesis we conclude that 200 = (102)00 =
(1c0)o2=102={2},;000=(101)o0 = (100)ol =101 = {0} and
20l =(1o2)ol=(lol)o2=002.

(ii) Let Dy be a DCHKI — T1. Then we prove that 201 # {0} or 202 = {0}.
On the contrary, let 201 = {0} and 202 # {0}. Then 1o (((102)o(100))o
(Io1)) =10((201)00)=10(000) =100 = {1} = Dy and 1 € Dy, while
1((102)o((100)o((1o0)o(102)))) Z Dy. So Dy is not a DCHKI — T'1, which
is a contradiction.

Conversely, let 201 # {0} or 202 = {0}. Then by (i), hypothesis and some
manipulations we get that Dy isa DCHKI — T'1.

(iii) By (i) and hypothesis we have 1o (((100)o(lo1))o(102)) =10((100)02) =
102 = {2} C Dyand 2 € Dy, while 0 € 10((100)o((1o1)o((101)o(100)))) and so
1o((1o0)o((1o1)o((1o1)o(100)))) € Dy. Therefore Dy is not a DCHKI —T1.
(v) The proof is similar to (ii).

Theorem 3.4. Let 101 = {0} and 102 = {2}. Then:

(i) There are exactly 20 non-isomorphic bounded hyper K-algebras to have D; as
a DCHKI —T1.

(if) There are exactly 5 non-isomorphic bounded hyper K-algebras to have D3 as
a DCHKI —1T1.

Proof. (i) By some manipulations and Theorem 3.3(i) and (ii) we conclude that
there are 20 bounded hyper K-algebras of order 3 which have Dy asa DCHKI—-T1.
These hyper K-algebras are
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H, 0 1 2 Hs> 0 1 2

0 |{o} {0,1,2} {o,1} 0 | {0} {0,1,2} {0,1}

L {1 {0} {2} L {1y {o} {2}

2 {2} {o,1} {0} 2 | {2t {01} {0,1}
Hs 0 1 2 Hy 0 1 2

0 | {0} {0,1,2} {0, 1} 0 | {0} {0,1,2} {0,1}

L (o) {2) L (o {2}

2 {2} {0,1} {0,2} 2 {2} {0,1} {0,1,2}
Hj 0 1 2 Hg 0 1 2

0 | {0} {o} {o0,2} 0 | {0} {o,1,2} {0,2}

r {1} {01} {2} 1| {1} {o} {2}

2 | {2} {0,2} {0,2} 2 | {2} {0,2} {0,1}
Hy 0 1 2 Hg 0 1 2

0 {0} {0,1,2} {0,2} 0 {0} {0,2} {0,2}

T S ) ) T s R (V!

2 | {21 {021 {012} 2 | 21 02 {0}
Hy 0 1 2 Hio 0 1 2

0 | {0} {0,2} {0,2} 0 {0} {0,1} {0,1,2}

{1 {0} {2} 1o {1} {0} {2}

2 {2} {0,2} {0,2} 2 {2} {0,1,2} {0,2}
Hy 0 1 2 Hio 0 1 2

0 {0} {0,1} {0,1,2} 0 {0} {0,2} {0,1,2}

1o {1} {0} {2} 1o {1} {0} {2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,2}
His 0 1 2 Hiyy 0 1 2

0 {0} {0,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

{1} {o} {2} 1| {1} {0} {2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0}
His 0 1 2 Hig 0 1 2

0 {0} {0,1,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

1| {1} {0} {2} Lo {1} {0} {2}

2 | {2 {0,1,2} {01} 2 | {2 {0,1,2} {02}
Hi7 0 1 2 Hig 0 1 2

0 {0} {0,1,2} {0,1,2} 0 {0} {0} {0,1,2}

1o {1} {0} {2} 1 {1} {o} {2}

2 | {23 {o0,1,2} {0,1,2} 2 | {2t {o,1,2} {o0,2}
Hig 0 1 2 Hsg 0 1 2

0 | {0} {0} {0,1,2} 0 | {o} {o} {o}

1o {1 {0} {2} Lo {1y {o} {2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0} {0}

Now we show that non of each pair of the above 20 hyper K-algebras is isomor-
phic together. On the contrary let there exists an isomorphism f : H; — Hj, for
i#j. So f(xoy) = f(x)o f(y) , for all z,y € H. Clearly f is not identity,
thus we have f(0) = 0, f(1) =2, f(2) = 1. But f(102) = f({2}) = {1} and
f(1)o f(2) =201 D {0}, which is a contradiction, since 0 ¢ f(102) = {1}.

(ii) We can see that Hs, Hyg, Hi1, His and Hig satisfy the conditions of The-
orem 3.3(i) and (iv) and so there are exactly 5 non-isomorphism bounded hyper
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K-algebras of order 3 which have D3 as a DCHKI — T1.

Theorem 3.5. Let 101 = {0} and 102 = {1,2}. Then

(i) 000={0} and 002 =201,

(ii) Dy is a DCHKI — T1 if and only if 201 # {0},

(iii) Dy isa DCHKI —T1 if and only if 201 # {0} and (201 # {0,2} or 1 € 202),
(iv) Dgisa DCHKI —T1if and only if 2€ 201 and 2 ¢ 0o 1.

Proof. (i) By (HK2) and hypothesis we have 002 = (101)02 = (102)o1
{1,2} 01 =(101)J(201) ={0}J201 =201l and 000 = (lol)o0=(100)o1
1o1={0}.

(ii) = Let Dy be a DCHKI — T1 and on the contrary, let 201 = {0}. Then
1lo(((102)o(100))o(lol)) =10(({1,2}01)00)=100={1} and 1 € Dy, while
0€lo((lo2)o((100)o((100)o(102)))). So Dy is not a DCHKI —T1, which
is a contradiction.

< Conversely, let 201 # {0}. By (i), hypothesis and some manipulations we get
that N(NOo (NOo(N0OoNO0))) = N(N1o(NOo(NOoN1)))=N(Nlo(Nlo(Nlo
N1))) = {1}. Also N((Nz o Ny)o N1) € {1}, whilez =0 and y € {1,2}, z =1
and y =2 or z =2 and y € {0,1,2}. Therefore Dy isa DCHKI — T1.

(iii) = Let Dy be a DCHKI—T1. Then we prove that 201 # {0} and (201 # {0,2}
or 1 € 202). On the contrary, let 201 = {0} or (201 = {0,2} and 1 ¢ 202). If
201 ={0}, then 1o(((102)o(100))o(101)) ={1} C Dy and 1 € D5, while
0€lo((lo2)o((1o0)o((100)o(102)))). Thus Ds is not a DCHKI —T1, which
is a contradiction.

If 201 ={0,2} and 1 & 202, then by (HK2) and (i) we have 0o 1 C (202)01 =
(201)02=(002)J(202) C{0,2}. So1lo(((102)o(100))o(102)) ={1,2} = Dy
and 2 € Dy, while0 € 10((102)0((100)o((100)o(102)))). Thus D5 is not a
DCHKI —T1, which is a contradiction.

< Conversely, let 201 # {0} and (201 # {0,2} or 1 € 202). Then by some
manipulations we get that Dy is a DCHKI — T1.

(iv) The proof is similar to (ii) and (iii).

Theorem 3.6. Let 101 = {0} and 102 = {1,2}. Then:

(i) There are exactly 30 non-isomorphic bounded hyper K-algebras to have D; as
a DCHKI —-T1.

(ii) There are exactly 27 non-isomorphic bounded hyper K-algebras to have Dy as
a DCHKI —T1.

(iii) There are exactly 10 non-isomorphic bounded hyper K-algebras to have D3 as
a DCHKI —T1.

Proof. (i) By some manipulations and Theorem 3.5 (i) and (ii) we conclude that
there are exactly 30 bounded hyper K-algebras of order 3 which satisfy the above
conditions and each of them has D1 asa DCHKI—T1. Also similar to the proof of
Theorem 3.4 we can prove that they are non-isomorphic hyper K-algebras. These
hyper K-algebras are
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H; 0 1 2 Hos 0 1 2
0 {0} {o0,1,2} {0,1} 0 {0} {0,1,2} {0,1}
1 {1y {0} {1,2} A1y {0} {1,2}
2 | {2v {01} {0} 2 | {2 {01} {o,1}
Hs 0 1 2 Hy 0 1 2
0 {0} {0,1,2} {0,1} 0 {0} {0,1,2} {0,1}
L0y (L2 Loy {2
2 | {2} {01} {02} 2 | {2} {01} {0,1,2}
Hs 0 1 2 Hg 0 1 2
0 {0} {0,1,2} {o0,1} 0 {0} {o0,1,2} {0,1}
L {1y {0} {1,2} L {1y {0} {1,2}
2 | {1,2} {0, 1} {0,2} 2 | {1,2} {0,1} {0,1,2}
H~ 0 1 2 Hg 0 1 2
0 | {0y {0} {02} 0 | {0}y {o0,1} {0,2}
Ll {o) {12} Ll {0p {n2}
2 | {2} {0,2} {0,2} 2 | {2} {0,2} {0,1,2}
Hy 0 1 2 Hio 0 1 2
0 | {0} {0,2} {0,2} 0 | {0} {02} {0,2}
1o {12 Ly for {12
2 | {23 (021 {0} 2 | {2} (0.2} {02}
Hi 0 1 2 His 0 1 2
0 {0} {0,1,2} {0,2} 0 {0} {0,1,2} {0,2}
1 {1y {0} {1,2} {1 {0} {1,2}
2 | {2} {02} {0,1,2} 2 | {2 {02} {o,1}
His 0 1 2 Hiy 0 1 2
0 {0y {0} {0,1,2} 0 {0} {0}  {0,1,2}
{1y {0} {12} Lo {1y {0} {1,2}
2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
His 0 1 2 Hise 0 1 2
0 | {0} {0} {0,1,2} 0 | {0} {0} {0,1,2}
L {1 {0} {1,2} Lo {1 {0} {1,2}
2 {1,2} {0,1,2} {0,2} 2 {1,2} {0,1,2} {0,1,2}
H17 O 1 2 ng 0 1 2
0 [ {0} {0,1} {0,1,2} 0 | {0} {0,1} {012}
L {0y {12} L o {12
2 | {2} {012} {0,1,2} 2 | {2t {012} {02}
Hig 0 1 2 Hao 0 1 2
o | {0} {o,1}  {o0,1,2} 0 | {0} {01} {0,1,2}
L {1y {0} {1,2} 1o {1y {0} {12}
2 {1,2} {0,1,2} {0,1,2} 2 {1,2} {0,1,2} {0,2}
Hay 0 1 2 Hao 0 1 2
0 {0} {0,2} {0,1,2} 0 {0}  {0,2} {0,1,2}
Lo {1y {o} {12} Lo {1y {0} {1,2}
2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
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Hy | 0 1 2 Ha| O 1 2
0o | {0y {02}  {0,1,2} 0o | {0} {02}  {0,1,2}
L {13 {0} {1,2} L {1 {0 {1,2}
2 [{1,2} {0,1,2} {0,2} 2 [{1,2} {0,1,2} {0,1,2}
Has | 0 1 2 Hy | 0 1 2

0 | {0} {0,1,2} {0,1,2}
Ll oo Ly
2 | {20 {012 {0}
Ho7 0 1 2
0 | {0} {0,1,2} {0,1,2}
Ll oo ey
2 | {2} {012} {02} {2y {0,1,2} {0,1,2}
Hog 0 1 2 0 1 2
0
1
2

{0} {0, 1, 2} {O, 1, 2}
1y {0
{2} {0,1,2} {0,1}
0 1 2
{0y {0,1,2} {0,1,2}
1y {0 1

oFl\D»—lOMml\D»—AO
o oo

{or {o,1,2} {0,1,2} 0 | {op {012} {0,1,2}
{1y {0} {1,2} 1 {13 {0} {1,2}
{1,2  {o0,1,2}  {0,2} 2 [ {1,2} {0,1,2} {0,1,2}

(ii) it is easy to see that all of the above hyper K-algebras satisfy the conditions
of Theorem 3.5(iii) except of H7, Hg and Hyg. Thus there are exactly 27 non-
isomorphic bounded hyper K-algebras to have Dy as a DCHKI — T1.

(111) We can check that H7, Hg, H13, H14, H15, H167 ]‘[177 ng, ng and H20 sat-
isfy the conditions of Theorem 3.5(iv) and so there are exactly 10 non-isomorphic
bounded hyper K-algebras to have D3 as a DCHKI —T1.

Theorem 3.7. Let 101 ={0,1} and 102 = {2}. Then

(i) 200 = {2}, 201 = (002) [ J{2} and 000 C {0, 1},

(il) Dy is a DCHKI — T1,

(iii) Dy is a DOHKI — T1 if and if 1 € (202)((002),

(iv) D3 isa DCHKI —T1 if and if (202) # {0,1} or 2€ 0o 1.

Proof. (i) By hypothesis and (HK2) we have 200=(102)00=(100)02 =
102 ={2},201=(102)0ol1 =(101)0o2 ={0,1}02 = (00 )U{Z}and
ooog(1o1)ooz(100)o1:1o1:{0,1}
(ii) By (i) and some manipulations we get that N((Nz o Ny) o N1) € D4, for all
x,y € H except x =y = 2. But for x = y = 2, consider two cases:

(a) 202 = {0}, (b) 202 #£ {0}.
(a) Let 202 = {0}. Then N(N2o (N2o (N20N2))) C Dy.
(b) Let 202 # {0}. Then N((N20N2) oN1) Z D;.
Therefore Dq is a DCHKI —
(iii) = Let D3 be a DCHKI Tl. We prove that 1 € (202)((002). On the
contrary, let 1 €202 or1 ¢ 002. If 1 €202, then 1o(((100)o(102))o(102)) =
10(202) C 10{0,2} = {1,2} = Dy and 2 € Dy, while 0 € N(N0o(N20(N20oN0))).
Hence D5 is not a DCHKI — T1, which is a contradiction.
I£1 ¢ 002, then Lo(((1o0)o(100))0(102)) = 1o({0, 1}02) = 10{0,2} = {1,2} = Ds.
Now similar to above, we conclude that Dy is not a DCHKI —T'1, which is a con-
tradiction.
< Conversely, let 1 € (202)()(002). Then by some manipulations we get that
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N((NzoNy)oNz)Z Do, for all z,y € H and z € Ds.
(iv) The proof is similar to (iii).

Theorem 3.8. Let 101 ={0,1} and 102 = {2}. Then:

(i) There are exactly 37 non-isomorphic bounded hyper K-algebras to have D; as
a DCHKI —T1.

(ii) There are exactly 16 non-isomorphic bounded hyper K-algebras to have D; as
a DCHKI —-T1.

(iii) There are exactly 36 non-isomorphic bounded hyper K-algebras to have D3 as
a DCHKI —T1.

Proof. (i) By some manipulations and Theorem 3.7 (i) and (ii) we conclude that
there are 37 bounded hyper K-algebras of order 3 which satisfy the above condi-
tions and each of them has D; as a DCHKI — T1. Also similar to the proof of
Theorem 3.4, we can see that they are non-isomorphic hyper K-algebras. These
hyper K-algebras are

Hy 0 1 2 Ho 0 1 2

0| {0} {or {0} 0o | {0} {o}  {o}

1| {1} {o,1} {2} 1 {1} {o,1} {2}

2 | {2} {0,2} {o} 2 | {2t {0,2} {0,1}
Hj; 0 1 2 Hy 0 1 2

0| {0} {or {0} 0 | {0} {0} {0}
Ly oo 2 Ll oo (2

2 | {20 {0,2} {0,2} 2 | {22 {0,2} {0,1,2}
Hs 0 1 2 Hg 0 1 2

0 | {or {o,2} {0} 0 | {or {o,1,2}  {o}

L 0 (2 Lm0 2

2 | {20 {02} {0,2} 2 | {21 {02} {0,1,2}
H~ 0 1 2 Hyg 0 1 2

0o | {or {or {0,2} 0 | {or {o} {0,2}

1 {1} {o,1} {2} 1 {1} {o,1} {2}

2 | {2} {02} {0.1.2) 2 | {2} {02} {0.2)
Hy 0 1 2 Hio 0 1 2

0 | {0} {o,2} {o0,2} 0 | {0} {0,2} {0,2}

1 {1} {o,1} {2} Lo {1 {o,1} {2}

2 | {2} {0,2p {0} 2 | {2t {02} f{o,2}
Hiq 0 1 2 Hio 0 1 2

0 {0} {0,1,2} {0,2} 0 {0} {0,1,2} {0,2}

Lo {1 {o,1}p {2} {1y {o,1} {2}

2 {2} {0,2} {0, 1} 2 {2} {0,2} {0,1,2}
His 0 1 2 Hiy 0 1 2

0 | {0} {or {01} 0 | {0} {0} {0,1}

{1 {o,1} {2} {1 {01} {2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
His 0 1 2 Hig 0 1 2

0 | {0} {02} {01} 0 | {0} {02} {01}

{1 {o,1} {2} 1 {1 {o,1} {2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
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Hir 0 1 2 His 0 1 2

0 {0} {0,1,2} {0,1} 0 {0} {0,1,2} {0,1}

L1y (01} {2 L1y (0. {2

2 | {2} {0,1,2} {0} 2 | {2} {0,1,2} {0,1}
Hio 0 1 2 Hyo 0 1 2

0 {0} {0,1,2} {0,1} 0 {0} {0,1,2} {o0,1}

1 {1y {01} {2} 1 {1y {01} {2}

2 [ {2} {0,1,2} {0,2} 2 | {2} {0,1,2} {0,1,2}
Ho 0 1 2 Ho 0 1 2

o ({oy {0}  {0,1,2} o {0y {0y  {0,1,2}

Lo {1 {01} {2} Lo {1 {01} {2}

2 | {2} {012} {02} 2 | {2} {o0,1,2} {o0,1,2}
Hos 0 1 2 Hoy 0 1 2

0 | {0} {o1} {0,1,2} o ({0} {01} {0,1,2}

{1y {01} {2} L {1y {01} {2}

2 | {2} {0,1,2} {0,2} 2 | {2} {0,1,2} {0,1,2}
Hys 0 1 2 Hog 0 1 2

0 {0} {0,2} {0,1,2} 0 {0} {0,2} {0,1,2}

{1y {01} {2} 1 {1y {01} {2}

2 | {2} {0,1,2} {0,1} 2 | {2} {0,1,2} {0,2}
Hyr 0 1 2 Hosg 0 1 2

0 {0} {0,2}  {0,1,2} 0 {0} {0,1,2} {0,1,2}

Lo {1 {01} {2} Lo {1 {01} {2}

2 | {2} {0,1,2} {0,1,2} 2 | {2} {o0,1,2} {0}
Hag 0 1 2 Hao 0 1 2

0 {0} {o0,1,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

1 {1 {01} {2} 1o {1 {01} {2}

2 {2} {0,1,2} {0,1} 2 {2} {0,1,2} {0,2}
H31 0 1 2 H32 0 1 2

0 {0} {0,1,2} {0,1,2} 0 {0,1} {0} {0,1,2}

1 {1y {01} {2} L {1y {o,1} {2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hss 0 1 2 Hsy 0 1 2

0 {0,1} {0,1} {0,1,2} 0 {0,1} {0,2} {0,1,2}

{1y {01} {2} Lo {1y {01} {2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1}
H35 O 1 2 H36 0 1 2

0 [{0,1} {0,2} {0,1,2} 0 [{0,1} {0,1,2} {0,1,2}

1y {01y {2 1|y {01y {2

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0, 1}

Hsz | 0 1 2

0 {0} {0,1,2} {0,1,2}

1 {1y {01} {2}

2 {2} {0,1,2} {0,1,2}
(ii) We can see that Hy4, His, His, Hoo, Haz, Haa, Has, Hoy, Hag, Hzy, Hsa,
Hss, Hsy, Hss, Hsg and Hs; satisfy the conditions of Theorem 3.7(iii). Thus
there are exactly 16 non-isomorphic bounded hyper K-algebras to have D5 as a
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DCHKI —T1.

(iii) It is seen that except of Hy all of the above hyper K-algebras satisfy the condi-
tions of Theorem 3.7(iv). Thus there are exactly 36 non-isomorphic bounded hyper
K-algebras to have D3 as a DCHKI —T'1.

Theorem 3.9. Let 101 ={0,1,2} and 102 = {2}. Then

(i)200={2}and 201 = (002) J({2}) U(2 0 2),

(ii) Dy and D3 are DCHKI —T1.

(iii) Dy is a DCHKI — T1 if and only if 202 = {0,1,2} or (202 = {0,1} and
1€002).

Proof. (i) By (HK2) we get that 200=(102)0o0=(100)02=102= {2} and
201=(1lo2)ol=(lol)o2=(002)J(102)J(202)=(002)J({2})U(202).
(ii) The proof is similar to the proof of Theorem 3.7(ii).

(iii) = Let Dy be a DCHKI — T1. Then we prove that 202 = {0,1,2} or
(202=4{0,1} and 1 € 002). On the contrary, let 202 # {0, 1,2} and (202 # {0,1}
or 1 £002). Let 202 ={0,1} and 002 C {0,2}. Then N((N2o N2)o N2) C
10({0,2}) ={1,2} = Dy and 2 € Do, while 0 € N(N2o0 (N2o (N2o N2))). Thus
Dy is not a DCHKI — T1, which is a contradiction.

Let 202 C {0,2} and 1 € 002. Then N((NOo N2)o N2) C Dy and 2 € Dy,
while 0 € N(NOo (N2o (N20 NO))). So Ds is not a DCHKI — T1, which is a
contradiction.

Let (202)J(002) C {0,2}. Then N((NOo N0O)o N2) C Dy and 2 € Dy, while
0€ N(NOo(NOo (NOo NO))). So Dy is not a DCHKI — T1, which is a contra-
diction. Therefore Dy is a DCHKI — T'1.

< Conversely, let 202 = {0,1,2} or (202 ={0,1} and 1 € 00 2). Then by some
manipulations we get that N((Nz o Ny) o Nz) € Do, for all ,y € H and z € Ds.
Therefore Dy is a DCHKI — T'1.

Theorem 3.10. Let 101 ={0,1,2} and 102 = {2}. Then:

(i) There are exactly 63 non-isomorphic bounded hyper K-algebras to have both
D and D3 as DCHKI —T1.

(ii) There are exactly 36 non-isomorphic bounded hyper K-algebras to have Dy as
a DCHKI —T1.

Proof. (i) By some manipulations and Theorem 3.9 (i) and (ii) we conclude that
there are 63 bounded hyper K-algebras of order 3 which satisfy the above con-
ditions and each of them has D; and D3 as DCHKI — T1. Also similar to the
proof of Theorem 3.4 we can prove that they are non-isomorphic hyper K-algebras.
These hyper K-algebras are

H, 0 1 2 Ho 0 1 2
0 [{0} {0} {0 0 ({0} (0.2 {0y
L {1} {012} {2 L {1} {012} {2
2| {2} (0.2} {0 2 | {2} {02} {0.2)
Hs 0 1 2 Hy 0 1 2
I I ) S () S 1) 0 (0.2 (0] {0
1 {1} {0,1,2} {2} 1 {1} {0,1,2} {2}
2 {2} {0,2} {0,2} 2 {2} {0, 2} {0, 2}
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Hs 0 1 2 Hs 0 1 2

0 [{0,2} {0,2F {0} 0 | {0} {0,2F {0,2}

1| {1 {012} {2} 1| {1} {012} {2}

2 | {2} {02} {02} 2 | {2} {02} {0}

H; 0 1 2 Hsg 0 1 2

0 | {oy {02} {02} 0o {oy {0} {02}

1| {1} {0,1,2} {2} 1| {1} {0,1,2} {2}

2 | {2 {02} {0,2} 2 | {2 {02} {0,2}
Hy 0 1 2 Hio 0 1 2

0 | {0,2} {0} {0,2} 0 {0,2} {0,2} {0,2}
1 {1} {0,1,2} {2} 1 {1+ {0,1,2} {2}
2 {2} {0,2}  {0,2} 2 {2} {0,2}  {0,2}
Hu 0 1 2 Hio 0 1 2

0 | {0} {0,1} {01} 0 | {0f {0,1} {01}

1o {1y {012y {2} 1o {1y {012y {2}

2 | {2 {0,1,2} {o,1} 2 | {2 {0,1,2} {0,2}
His 0 1 2 His 0 1 2
0 |{0,2y {0,1} {0,1} 0 | {0}y {0,1}  {0,1}
1|y {012} {2 1 {1y {012} {2
2 | {2+ {012} {02} 2 | {2} {o,1,2} {0,1,2}
His 0 1 2 Hise 0 1 2
0 {02} {0,1} {01} 0 |{0,1,2} {01}  {0,1}
1| {1y {012 (2 | {1 {012 (2
2 | {2} {0,1,2} {0,1,2} 2 {2y {0,1,2} {0,1,2}
Hl? 0 1 2 ng 0 1 2

0 | {0} {02} {0,1} 0 | {0r {02} {01}

1| {1} {012} {2 1| {1} {012y {2

2 | {2} {0,1,2} {0,2} 2 | {2} {0,1,2} {0,1,2}
Hio 0 1 2 Hyp 0 1 2

0 |{0,1,2% {0,2} {0,1} 0 | {0} {0,1,2} {o0,1}
1|1y {012} {2 1| {1y {012} {2

2 | {2 {012} {012} 2 | {2} {02} {0}
Hoy 0 1 2 Hao 0 1 2

0 | {0} {0,1,2} {0,1} 0 | {0} {0,1,2} {0,1}

1| {1} {012} {2 1| {1y {012} {2

2 | {2} {0,1,2} {0,1} 2 | {2} {0,1,2} {0,2}

Hos 0 1 2 Hoy 0 1 2

0 {0,2} {0,1,2} {0,1} 0 {0} {0,1,2} {0,1}

1 {1} {0,1,2} {2} 1 {1} {0,1,2} {2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
Hss 0 1 2 Hog 0 1 2
0 [{0,2} {o0,1,2} {0,1} 0 [{0,1,2} {o0,1,2} {0,1}
1|y {012} {2 1| {1y {012} {2
2 | {2} {0,1,2} {0,1,2} 2 {2y {0,1,2} {0,1,2}
Hayr 0 1 2 Hog 0 1 2

0 | {0} {0,1,2} {0,1,2} 0 [ {0} {0} {0,1,2}
1| {1y {02y {2 1| {1y {on2y {2

2 | {2} {o0,1,2} {0} 2 | {2} {0,1,2} {0,1}
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Hog 0 1 2 Hs3o 0 1 2

0 {0} {0,1} {0,1,2} 0 {0} {0,2} {0,1,2}

1| {1} {o,1,2} {2} 1| {1} {o,1,2} {2}

2 {2} {0,1,2} {0,1} 2 {2} {0,1,2} {0,1}
H3, 0 1 2 Hso 0 1 2

0 [{0,1} {02} {0,1,2} 0 | {0} {0,1,2} {0,1,2}

L 2 {2 L) {on2 (2

2 | {2} {0,1,2} {01} 2 | {2} {0,1,2} {0,1}
Hss 0 1 2 Hsy 0 1 2

0 |{0,1} {0,1,2} {0,1,2} 0 | {0} {0} {0,1,2}

Ly {2 (2 Ly L2 {2)

2 | {2} {o0,1,2} {0,1} 2 | {2} {0,1,2} {0,2}
Hss 0 1 2 Hsg 0 1 2

0 | {0r {0,1} {0,1,2} 0 [{0,2} {0,1} {0,1,2}

{1} {o,1,2} {2} {1y {o,1,2} {2}

2 | {2} {0,1,2} {0,2} 2 | {23 {0,1,2} {0,2}
Hsr 0 1 2 Hss 0 1 2

0 [ {0} {0,2f {0,12} 0 | {0 {0,1,2} {0,1,2}

L o2 (2 L {on2y (2

2 | {2} {o,1,2} {o0,2} 2 [ {2t {012} {02}
Hsg 0 1 2 Hyo 0 1 2

0 |{0,2} {0,1,2} {0,1,2} 0 | {0} {oy  {0,1,2}

1 {1} {0,1,2} {2} 1 {1} {0,1,2} {2}

2 {2} {O, 1, 2} {0, 2} 2 {2} {0, 1, 2} {O, 1, 2}
Hy 0 1 2 Hyo 0 1 2

0 {0,1,2} {0} {0,1,2} 0 {0} {0,1} {0,1,2}

1 {1y {o,1,2} {2} 1t {1} {o,1,2} {2}

2 {2} {0, 1, 2} {07 1, 2} 2 {2} {O7 1, 2} {O, 1, 2}
Hys 0 1 2 Hyq 0 1 2

0 |{0,2} {0,1} {0,1,2} 0 |{0,1,2} {0,1} {0,1,2}

1 2 {2 L {012 2

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hys 0 1 2 Hyg 0 1 2

0 | {0}y {0,2} {0,1,2} 0 [{0,1,2} {0,2} {0,1,2}

L {012 {2 L {012 {2}

2 | {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hyr 0 1 2 Hag 0 1 2

0 {0, 1} {0,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

1 {1}  {0,1,2} {2} 1 {1} {0,1,2} {2}

2 {2} {()7 1, 2} {07 1, 2} 2 {2} {07 1, 2} {O, 1, 2}
Hyg 0 1 2 Hso 0 1 2

0 |{0,2} {0,1,2} {0,1,2} 0 |{0,1,2} {0,1,2} {0,1,2}

L o2 {2 L {02 {2

2 | {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hsy 0 1 2 Hso 0 1 2

0 |{o0,1} {o0,1,2} {0,1,2} 0 {0} {0} {0}

1 o2 {2 1) {12 {2

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1}
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Hss | 0 1 2 Hsi | 0 1 2

0 | {0} {0,1,2} {0} 0 | {0} {0,1,2} {0,2}

1o {1} {012} {2} 1 {1} {012} {2}

2 | {2} {o0,1,2} {0,1} 2 | {2} {0,1,2} {0,1}
Hss | 0 1 2 Hss | 0 1 2

0 | {oy {02} {02} 0o | {oy {0} {0}

1| {1} {o,1,2} {2} 1| {1} {o0,1,2 {2}

2 | {2} {0,1,2} {0,1} 2 | {2} {0,1,2} {0,1,2}
Hsr 0 1 2 Hss | 0 1 2

0 [{0,1,2} {0} {0} 0o | {oy {o0,1,2} {0}

1 {1t {o,1,2y {2} Lo {1 {012} {2}

2 {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}
Hso 0 1 2 Heo | 0 1 2

0 [{0,1,2} {0,1,2} {0} 0 | {0}y {0,2} {0,2}

1 {1 {o1,2p {2} 1o {1y {012} {2}

2 {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}
He 0 1 2 Hez | 0 1 2

0 [{0,1,2} {0,2} {0,2} 0 | {0} {0,1,2} {0,2}

1 {1 {o,1,2} {2} 1o {1} {012} {2}

2 {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}

Hes | 0 1 2
0 |{0,1,2} {o0,1,2} {0,2}
1 {13 {o,1,2y {2}
2 {22 {0,1,2} {0,1,2}

(i) We can see that Hyy, His, Hyis, Hig, Hig, Hig, Ho1, Has, Has, Hag, Hag, Hag
Hso, H31, H32, Hs3, Hyo, Hy1, Hao, Hys, Hya, Hys, Has, Har, Hyg, Hag, Hs0, Hs1,
H56, ]‘]577 }1537 H59, H607 H617 H62 and H63 satisfy the conditions of Theorem
3.9(iii) and so there are 36 non-isomorphic bounded hyper K-algebras of order 3
which have Dy as a DCHKI — T1.

Theorem 3.11. Let 101 =1{0,2} and 102 = {1}. Then
(i) (002)J(202)={0,2}, 000 C {0,2} and 200 = {2},
(i) Dy is a DOCHKT —T1,

(iii) Dy and Dy are not DCHKI — T1.

Proof. (i) By (HK?2) and hypothesis we get that {0,2} = (102)ol=(lol)o2=
(002)J(202) and (000)[J(200) =(1o1)o0=(100)ol=101={0,2}. Thus
(200) = {2} and (000) C {0,2}.

(ii) By some manipulations we get that N(Nz o (Nyo (Nyo Nz))) = {1}, in each
of the following cases:

(a) z,y € {0,2}, (b) x=1and y =2, (¢)z=1and y € {0,1}.

Also N((NOo N1)o N1) = N((N2o N1)o N1) = {0,2} € D;. Therefore D; is a
DCHKI —-1T1.

(iii) We prove theorem for D3, the proof of Ds is similar to Ds.

Since N((N0OoN1)oN0) = {1} C D3, 0 € D3 and {0,2} C N(NOo(N1o(N1oNO))),
then D3 is not a DCHKI — T1.
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Theorem 3.12. Let 101 = {0,2} and 1 02 = {1}. Then there are exactly
26 non-isomorphic bounded hyper K-algebras to have Dy as a DCHKI —T1.

Proof. By some manipulations and Theorem 3.11 (i) and (ii) we conclude that
there are 26 bounded hyper K-algebras of order 3 which satisfy the above condi-
tions and each of them has D; as a DCHKI — T1. Also similar to the proof of
Theorem 3.4 we can prove that they are non-isomorphic bounded hyper K-algebras.
These hyper K-algebras are

0 1 2

0} {02} {0.2)
1 {02 (1
2y {0} {0}
0 1 2

0} {012} {0.2}
1y {02 {y

2 {01 {0

0 1 2

{oy {0y {0}

{13 {02} {1}

{2v {op {0,2}
0 1 2

{or {0} {0}
{13 {02} {1}
{2} {02} {0,2}

0 1 2
foy {0} {0}
{1t {02y {1}
{2} {o0,1,2} {0,2}

0 1 2
{oy {01} {0}
{1y {02} {1}
{2+ {0,1,2} {0,2}

0 1 2

{o,2y {0,2} {0}

{13 {02} {1}

{21 {0,2} {02}

0 1 2

0y {0.1.2) {0}
1 {020 {y
{2} {0,1,2} 40,2}
0 1 2

0y {0} 0.2}
1y {02 {1

2 {02} {02}
0 1 2

{or  {0,1} {02}
{13 {02} {1}
{23 {012} {0,2}

0 1 2
{0y {02} {0,2}
{1y {02} {1}
{2+ {02} {0}

0 1 2
{0y {0,1,2} {0,2}
{1t {0,2} {1}
{2v {0,1,2y {0}

0 1 2
{0y {0y {0}

{1y {02} {1}
{2+ {01} {0,2}

0 1 2
0,2} {0} {0}

{1 {024 {1}

{2t {0,2} {02}

0 1 2

{0y {o,1} {0}

{1y {02} {1}

{2+ {01} {0,2}

0 1 2
{0y {02} {0}

{1t {02} {1}

{2+ {02} {0,2}

0 1 2
{0y {02} {0}
{1t {02} {1}
{2} {0,1,2} {0,2}

0 1 2
{0,2} {o0,1,2} {0}
{1y {02} {1}
{2} {0,1,2} {0,2}

0 1 2

{o,2y {0} {02}
{13 {02} {1}
{2} {02} {02}

0 1 2

{0,2} {0,1} {0,2}
{13 {02} {1}
{23 {0,1,2} {0,2}
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Hoq 0 1 2 Hoo 0 1 2

0 [ {0} (0.2} (0.2 0 [ {0} {0.2] (0.3
1) {02y {1 1) {02y

2 | {23 {0} {02 2 | {2} {02} {0.2)
Hos 0 1 2 Hoy 0 1 2
0 {0,2} {0,2} {0,2} 0 {0} {0,1,2} {0,2}
Ll {02y Ll {02y oy
2 {2} {0,2} {0,2} 2 {2} {0,1} {0,2}
Hos 0 1 2 Hog 0 1 2
0 | {0} {0,1,2} {0,2} 0 | {0,2} {0,L,2} {0,2}
Ll {02y Ll 02 {1y
2 | {2} {012} {0.2) 2 | {2} {012} {02}

Theorem 3.13. Let 101 = {0,2} and 102 = {2}. Then

(i) 200={2},000C {0,2} and 201 =(002)J(202),

(ii) Dy (D3) isa DCHKI — T1 if and only if 201 # {0},

(iii) If 1 € 202, then D5 is not a DCHKI — T1,

(iv) If 202 = {0, 1,2}, then Dy isa DCHKI —T1,

(v) If 202 ={0,1}, then Dy isa DCHKI —T1 if and only if 1 € 00 2.

Proof. (i) By (HK2) and hypothesis we get that 200 =(102)o0=(100)02=
102=1{2},{0,2} =10l =(100)ol=(1o1l)o0=(200)J(000) and so
000C{0,2}. Also201=(102)ol=(10o1)0o2=(002)J(202).

(ii) = Let Dy be a DCHKI—T1. Then we prove that 201 # {0}. On the contrary,
let 201 = {0}. Then by (i) we get that 002 =202 = {0} and 000 = (202)00 =
(200)02=202={0}. Also0o01C (202)01=(201)02=002={0}. Thus
N((N1oNO)o N1) ={1} = Dy, while 2 € N(N1o (NOo(N0Oo N1))). Hence Dy
is not a DCHKI — T1, which is a contradiction.

< Conversely, let 201 # {0}. Then 2 € N((Nz o Ny) o N1), for all z,y € H and
so N((Nz o Ny)o N1) € Dy, for all x,y € H. Therefore Dy is a DCHKI —T1.
The proof of D3 is similar to above.

(iii) Let 1 ¢ 202. Then 1o(((100)o(1lol))o(102)) = 10((1040,2})02) = {1,2} = Dy
and 2 € Dy, while 0 € N(NOo(N1o(N1oNO0))). Thus Ds isnot a DCHKI—T1.
(iv) Let 202 = {0, 1, 2}. Then by some calculations and (i) we have N((Nxo Ny)o
Nz) € Do, for all z,y € H and z € Dy. Therefore Dy is a DCHKI — T1.

(v) = Let 202 ={0,1} and Dy be a DCHKI —T1. Then we show that 1 € 00 2.
On the contrary, let 1 ¢ 002. Then 002 C {0,2}. Thus N((IN20N2)o N2) = D,
and 2 € Dy, while 0 € N(N20(N20(N20N2))). Hence D is not a DCHKI —T1,
which is a contradiction.

< Conversely, let 1 € 00 2. Then by some manipulations and (i) we conclude
that N((Nz o Ny) o Nz) € Dy, for all z,y € H and z € Dy. Therefore Dj is a
DCHKI —-T1.

Theorem 3.14. Let 101 = {0,2} and 102 = {2}. Then:

(i) There are exactly 43 non-isomorphic bounded hyper K-algebras to have both
Dy and D3 as DCHKI — T1.

(ii) There are exactly 20 non-isomorphic bounded hyper K-algebras to have Dy as
a DCHKI —T1.
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Proof. (i) By some manipulations and Theorem 3.13 (i) and (ii) we conclude
that there are 43 bounded hyper K-algebras of order 3 which satisfy the above
conditions and each of them has D and D3 as DCHKI —T1. Also similar to the
proof of Theorem 3.4 we can prove that they are non-isomorphic bounded hyper
K-algebras. These hyper K-algebras are

0 1 2
07 (0L {003
1y {02y {2}
2y {01} {0}
0 1 2
0y {01} {01}
1y {02} {2}
2y {01} {0,1}
0 1 2
07 {027 {0.2)
1y {02} {2}
2y {02} {0}
0 1 2
0.2 {0 {0
1y {02} {2
2y {02} {02}
0 2

0 1 2
foy {0y {0}
{1t {0,2} {2}
{2} {01} {o0,1}
1 2

{0y {0,1,2} {0,1}
{1y {02y {2}
{2} {f1)7 1} {37 1}

0 {0 {0
{1} {02y {2}
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1 2
07 {027 {0}
1y {02} {2}
2y {0.2} {02}
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9 1 10 0 1
{0,2p {02} {0} 0 | {oy {0} {0,2}
{1} {02} {2} Lo {1y {02y {2}
{2} {0,2} {02} 2 | {2} {0,2} {0,2}
11 0 1 2 Hio 0 1 2
0 |{0,2} {0} {0,2} 0 {0} {0,2} 0,2}
{1y {02y {2} 1o {1y {02y {2}
2 | {2t {02} {0,2} 2 | {2} {0,2} {0,2}
His 0 1 2 Hiq 0 1 2
0 {0,2} {0,2} {0,2} 0 {0} {0,1,2} {0,1,2}
1| {1y {02} {2 1| {1} {02} {2}
2 | {2} {02} {0,2} 2 | {2} {012} {0}
His 0 1 2 Hie 0 1 2
0 {0} {0,1,2} {0,2} 0 {0} {0,1} {0,1,2}
{1y {02} {2} Lop{1p {02} {2}
2 | {2 {0,1,2} {o,1} 2 | {2} {o0,1,2} {o0,1}
Hy7 0 1 2 His 0 1 2
0 {0} {o0,1,2} {0,1,2} 0 {0} {0,1}  {0,1}
{1 {02} {2} Lo A{1y {02 {2}
2 | {2} {o,1,2} {01} 2 | {2} {0,1,2} {0,2}
Hig 0 1 2 Hoo 0 1 2
0 {02} {01y {01} 0 | {0y {0,1,2} {01}
{1 {02 {2} 1 {1y {0,2} {2}
2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} 0,2}
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Ho 0 1 2 Hao 0 1 2

0 {0,2} {0,1,2} {0,1} 0 {0} {0} {0,1,2}

Lo A1 {02} {2} {1y {02} {2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,2}
Hos 0 1 2 Hoay 0 1 2

0 [ {0} {01} 1{0,1,2} 0 [{0,2}] {0,1} {0,1,2}

L {02y 2 Ly {02 {2

2 | {2} {0,1,2} {0,2} 2 | {23 {0,1,2} {0,2}
Hos 0 1 2 Hog 0 1 2

0 {0} {0,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

1| {1t {0,2} {2} 1| {1y {0,2} {2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,2}
Ho7 0 1 2 Hog 0 1 2

0 |{0,2t {o,1,2} {0,1,2} 0 | {op {0} {0}

Lo {1 {0,2} {2} {1y {02} {2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
Hag 0 1 2 Hso 0 1 2

0 {0} {0,1,2} {0} 0 {0,2} {0,1,2} {0}

1o {1} {0,2} {2} {1y {02} {2}

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}
H3, 0 1 2 Hso 0 1 2

0 | {0} {0,1} {0,1} 0 [{0,2} {0,1} {0,1}

L {02y (2 1 {02 {2

2 | {2} {012} {0,1,2} 2 | {2t {012} {o0,1,2}
Hazs 0 1 2 Hsy 0 1 2

0 | {0} {0,1,2} {0,1} 0 |{0,2} {0,1,2} {0,1}

L {1}y {02} {2} L {1} {0,2} {2}

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}
H35 0 1 2 H36 0 1 2

0 {0} {0,2} {0,2} 0 {0} {0,1,2} {0,2}

Ly {02 {2 Ly (02 (2

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}
Hsz 0 1 2 Hss 0 1 2

0 {0,2} {0,1,2} {0,2} 0 {0} {0} {0,1,2}

1o {1 {0,2} {2} {1y {0,2} {2}

2 | {2} {0,1,2} {0,1,2} 2 | {21 {0,1,2} {0,1,2}
Hsg 0 1 2 Hyo 0 1 2

0 {0} {0,1} {0,1,2} 0 {0,2} {0,1} {0,1,2}

L {1y {02} {2} 1| {1} {0,2} {2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hy 0 1 2 Hyo 0 1 2

0 | {0} {02} {0,1,2} 0 | {0} {0,1,2} {0,1,2}

Ly {02 {2} Ly (02 (2

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}

Hy3 ‘ 0 1

2

0 |{0,2} {0,1,2}
1 {1} {0,2}
2 {2} {0,1,2}

{0,1,2}

{2}
{0,1,2}

93



54 L. Torkzadeh & M.M. Zahedi

(ii) It is easy to check that Hsz, Hy, His, Hi7, Hog, Hag, H3o, H31, H3a, H3s, H3y,
I’Ig5,]7367 1‘1377 H38, Hgg, }L;:o7 H41, H42 and H43 satisfy the conditions of Theo-
rem 3.13 (iv) and (v) and so there are exactly 20 non-isomorphic bounded hyper
K-algebras of order 3.

Theorem 3.15. Let 101 = {0,2} and 102 = {1,2}. Then

(i) (002)J202) = {0,2}U(201), 000 C {0,2} and 200 = {2},

(ii) Dy (D3) isa DCHKI — T1 if and only if 201 # {0} or 00 2 # {0},
(iii) Do isa DCHKI —T1 if and only if 1 € 20 1.

Proof. (i) By (HK2) we get that {0,2}J(201) = (102)0l1 = (1ol)o2 =
(002)J(202), (200)J(000) =(101)o0=(100)ol=101={0,2}. Thus
200={2} and 000 C {0, 2}.

(ii) = Let D1 bea DCHKI—T1. Then we show that 201 # {0} or 002 # {0}. On
the contrary, let 201 = {0} and 002 = {0}. Then by (i) we get that 202 = {0, 2}.
Also by (HK2) and (1) we have 001 C (202)01=(201)02=002= {0} and
so 0ol ={0}. (000)ol=(001)o0 =000 implies that 0 00 = {0}. Thus
N((N1oNO)o N1) = Dy, while 2 € N(N1o (N0Oo (N0Oo N1))). So D; is not a
DCHKI — T1, which is a contradiction.

< Conversely, let 201 # {0} or 002 # {0}. Then by some manipulations and (i)
we get that N((Nz o Ny)o N1) Z Dy, for all x,y € H.

The proof of D3 is the same as D;.

(iii) The proof is similar to (ii).

Theorem 3.16. Let 101 ={0,2} and 102 = {1,2}. Then:

(i) There are exactly 61 non-isomorphic bounded hyper K-algebras to have both
Dy and D3 as DCHKI —T1.

(ii) There are exactly 50 non-isomorphic bounded hyper K-algebras to have Dy as
a DCHKI —T1.

Proof. (i) By some manipulations and Theorem 3.15 (i) and (ii) we conclude
that there are 61 bounded hyper K-algebras of order 3 which satisfy the above
conditions and each of them has D; and D3 as DCHKI — T1 and also by the
proof of Theorem 3.4 they are non-isomorphic. These hyper K-algebras are

Hi| 0 1 2 H| 0 1 2
0 1 {0} {0,2} {0} 01 {0} {0,2} {0,2}
L1}y {02} {12} 1 {1p {02} {1,2}
2 | {2p {op {0} 2 [ {2} {0} {0,2}
Hs | 0 1 2 Hy| 0 1 2
0 | {0y {0} {02} 0 {02y {0} {0}
1| {1} {02} {1,2} 1| {13 {02} {1,2}
2 | {2v {02} {02} 2 | {2 {02} {02}
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Hs 0 1 2 Hg 0 1 2
0 | {0} {o,2} {o} 0 |{0,2p {o0,2} {0}
1| {1} {0,2} {1,2} 1| {1} {02} {1,2}
2 | {2} {02} {0,2} 2 | {2} {02} {0,2}
H~ 0 1 2 Hg 0 1 2

0 | {0} {o0,2} {0,2} 0 | {0} {o} {02}
1| {1} {0,2} {1,2} 1| {1} {0,2} {1,2}
2 | {2 {o0,2} {0} 2 | {2} {0,2} {02}
Hy 0 1 2 Hio 0 1 2
0 [{0,2} {0} {0,2} 0 | {0} {0,2} {0,2}
1| {1} {02} {1,2} 1| {11 {02} {12}
2 | {23 {0,2} {02} 2 | {2} {0,2} {0,2}
Hi 0 1 2 Hio 0 1 2
0 |{0,2} {0,2} {0,2} 0 | {0} {0} {0}

L {1 {02} {1,2} Lo {1 {02} {1,2}
2 {2} {0,2} {0,2} 2 {2} {o0,1} {o0,1,2}
His 0 1 2 Hiy 0 1 2
0 [ {0} {o,1,2}  {o} 0 | {0} {o,2} {o,1}

1| {11 {02y 1,2} 1| {1} {02} {1,2}
2 [ {2t {01} {o0,1,2} 2 | {2} {01} {0,2}
His 0 1 2 Hig 0 1 2
0 | {0} {0,1,2} {0 1} 0 [ {o} {o,1} {o,1}
11y {02} {1y 1 {1y {02} {12
2 | {2}  {o0,1} {0,2} 2 | {2} {o0,1} {0,1,2}
Hir 0 1 2 His 0 1 2
0 | {0} {0,1,2} {o0,1} 0 | {0} {0,1,2} {0,2}
L {y {02 {12} 11y {02} {12
2 | {2} {o0,1} {0,1,2} 2 | {2}  {0,1} {0,1}
Hig 0 1 2 Hoo 0 1 2
0 | {0} {0,2} {0,2} 0 | {0} {0,1,2} {0,2}
1| {13 {02y {12} 1| {1 {02 {1,2}
2 [ {2} {01} {0,1,2) 2 [ {23 {01} {012
Ha 0 1 2 Hoo 0 1 2
0 | {0} {0,1,2} {0,1,2} 0 | {0} {0,1} {0,1,2}
1| {11 {02y {12} 1| {1} {02} {1,2}
2 | {23 {03 {0 2 | {2} {o,13 {01}
Hos 0 1 2 Hoy 0 1 2
0 | {0} {0,1,2} {0,1,2} 0 | {0} {0,2} {0,L,2}
1| {1 {02y {1,2) 1| {11 {02} {12}
2 | {23 {01} {o0,1} 2 | {2} {0,1} {0,2}
Has 0 1 2 Hog 0 1 2
0 | {0} {0,1,2} {0,1,2} 0 | {0} {0} {0,L2}
1| {11 {02y {1,2} 1| {1 {02} {1,2}
2 | {23 {01}  {0,2} 2 | {2} {0,1} {0,1,2}
Hor 0 1 2 Hog 0 1 2
0 | {0} {0,1} {0,1,2} 0 | {0} {0,2} {0,1,2}
1| {13 {02} {12} 1| {1} {02} {1,2}
2 [ {2} {0,1} {0,1,2} 2 | {2} {0,1} {0,1,2}

95



56

L. Torkzadeh & M.M. Zahedi

Hsg 0 1 2 Hs3o 0 1 2

0 | {0} {o0,1,2} {0,1,2} 0 | {0} {0} {0}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 | {22 {0,1} {0,1,2} 2 | {22 {0,1,2} {0,1,2}
Hsq 0 1 2 Hso 0 1 2

0o [ {op {012} {0} o | {o} {01} {o,1}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,2}
Hss 0 1 2 Hsy 0 1 2

0 (0,2} {01} {01} 0 | {0] {0,1,2} (0,1}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 | {2} {012} {0,2} 2 | {2} {0,1,2} {0,2}
Hss 0 1 2 Hsg 0 1 2

0 {0,2} {0,1,2} {0,1} 0 {0} {0,1} {0,1}

{1y {02} {1,2} {1y {02} {12}

2 | {2} {0,1,2} {0,2} 2 | {22 {0,1,2} {0,1,2}
Hsr 0 1 2 Hsg 0 1 2

0 {0,2} {0,1} {0,1} 0 {0} {o0,1,2} {0,1}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 | {2v {o,1,2} {0,1,2} 2 [ {2t {012} {0 1,2}
Hsg 0 1 2 Hyo 0 1 2

0 |{0,2} {o,1,2} {0,1} o | {0} {o,1} {o0,2}

Ll 0 e 1|y {02 {12}

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1}
Hy 0 1 2 Hyo 0 1 2

0 {0} {0,1,2} {0,2} 0 {0} {0,1} {0,2}

Lo {1 {o0,2} {1,2} {1y {02} {12}

2 {2} {0,1,2} {o0,1} 2 {2} {0,1,2} {0,1,2}
Hys 0 1 2 Hyy 0 1 2

0 {0,2} {0,1} {0,2} 0 {0} {0,2} {0,2}

1 {1} {0,2} {1,2} 1 {1} {0, 2} {1,2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hys 0 1 2 Hye 0 1 2

0 {0} {0,1,2} {0,2} 0 {0,2} {0,1,2} {0,2}

1 {1} {0, 2} {1,2} 1 {1} {0,2} {1,2}

2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1,2}
Hy7 0 1 2 Hys 0 1 2

0 {0} {0,1,2} {0,1,2} 0 {0} {0,1} {0,1,2}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 {2} {0,1,2} {0} 2 {2} {0,1,2} {0,1}
Hyo 0 1 2 Hso 0 1 2

0 {0} {0,1,2} {0,1,2} 0 {0} {0} {0,1,2}

1 {1} {0,2} {1,2} 1 {1} {0, 2} {1,2}

2 | {22 {0,1,2} {o,1} 2 | {21 {0,1,2} {0,2}
Hsq 0 1 2 Hso 0 1 2

0 {0} {0,1} {0,1,2} 0 {0,2} {0,1} {0,1,2}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 | {2} {0,1,2} {02} 2 | {2} {0,1,2} {o,2}
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Hss 0 1 2 Hsy 0 1 2

0 {0} {0,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

L 02 (L Ll 0.2 L

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,2}
Hss 0 1 2 Hsg 0 1 2

0 {0,2} {0,1,2} {0,1,2} 0 {0} {0} {0,1,2}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 {2} {0,1,2} {0,2} 2 {2} {0,1,2} {0,1,2}
Hs7 0 1 2 Hsg 0 1 2

0 {0} {0,1} {0,1,2} 0 {0,2} {0,1} {0,1,2}

1 {1} {0, 2} {1,2} 1 {1} {0,2} {1,2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}
Hso 0 1 2 Heo 0 1 2

0 {0} {0,2} {0,1,2} 0 {0} {0,1,2} {0,1,2}

1 {1} {0,2} {1,2} 1 {1} {0,2} {1,2}

2 {2} {0,1,2} {0,1,2} 2 {2} {0,1,2} {0,1,2}

He ‘ 0 1 2

0 |{0,2} {0,1,2} {0,1,2}
1 {1} {0,2} {1,2}
2 {2} {0,1,2} {0,1,2}

(i) We can see that the above hyper K-algebras from Hjs to Hg; satisfy the
conditions of Theorem 3.15(iii) and so there 50 non-isomorphic bounded hyper K-
algebras of order 3 which have Dy as a DCHKI —T1 .

Theorem 3.17. Let 1 € (101)((102). Then Dy, Dy and D3 are DCHKI —T1.

Proof. By Theorem 2.5, D; and Dy are DCHKI — T1. Now we prove D3 is
a DCHKI —T1 too. Consider two cases: (i)2€lo1l (ii)2¢ 101
(i) Let 2€ 101. Also1 €101 implies that 2€ 101 C N((Nz o Ny) o Nz), for all
x,y,z € H. Thus N((Nxo Ny)o Nz) € Ds, for all z,y € H and z € D3. So Dj is
a DCHKI —T1.

(ii) Let 2 ¢ 1o 1. Then 101 = {0,1}. Now consider two cases: (a) 2¢ 102
(b)2€102

(a) if 2 € 102, then by some manipulations we get that N(Nzo(Nyo(NyoNz))) C
D3, for all x,y € H.

(b) If 2 € 102, then 1 02 = {1,2} and also by hypothesis and (HK2) we
have (101)J(201) = (102)0ol1 = (101)0o2 = (002)J(102) = {0,1,2}.
Thus 2 € 20 1. Hence we get that N((NO o N2) o Nz), N((N1o N2)o Nz),
N((N20o N0O)o Nz), N((N2o N1) o Nz) and N((N2o N2)o Nz) € D3, for all
z € D3. Also N((NzoNy)oNz) C D3 implies that N(Nzo(Nyo(NyoNz))) C Ds,
for all x,y € {0,1} and z € Ds3. Therefore D3 is a DCHKI — T1.

Theorem 3.18. Let 1 € (101)[(102). Then :
(i)if 1ol = {0,1} and 1 02 = {1}, then there are 180 non-isomorphic hyper
K-ideals which have Dy, Dy and D3 as DCHKI — T1.
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(ii) if 1o1 = {0,1} and 1 02 = {1,2}, then there are 120 non-isomorphic hyper
K-ideals which have Dy, Dy and D3 as DCHKI —T'1.
(i) if 101 = {0,1,2} and 102 = {1}, then there are 316 non-isomorphic hyper
K-ideals which have Dy, Dy and D3 as DCHKI — T1.
(iv)if 101 ={0,1,2} and 102 = {1, 2}, then there are 402 non-isomorphic hyper
K-ideals which have Dy, Dy and D3 as DCHKI — T1.

Proof. (i) The proof follows from the proof of Theorem 2.7.

By hypothesis and some manipulations we can see that there are exactly 120 in
part (ii), 316 in part (iii) and 402 in part (iv) non-isomorphic hyper K-algebras of
order 3 which have Dy, Dy and D3 as DCHKI —T1.

But to avoid the increasing of the pages of this paper, we refer the readers to
http://math.uk.ac.ir/ zahedi.

Conclusion: The above results show that there are exactly 1338(1167, 1276)
non-isomorphic bounded hyper K-algebras of order 3, in which they have Dy (Ds,
Ds) asa DCHKI —T1.
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