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Abstract

Let G be a graph of order n the vertices of which are labeled
from 1 to n and let Gy, ,G, be n graphs. The graph com-
position G[Gq,--- ,Gy] is the graph obtained by replacing the
vertex ¢ of G by the graph G; and there is an edge between
u € G; and v € G, if and only if there is an edge between ¢
and j in G. We first consider graph composition G[Ky, - - , K]
where G is regular and Kj is a complete graph and we estab-
lish some links between the spectral characterisation of G and
the spectral characterisation of G[Kk, - - , K|. We then prove
that two non isomorphic graphs G[G1, - - - G,] where G; are com-
plete graphs and G is a strict threshold graph or a star are not
Laplacian-cospectral, giving rise to a spectral characterization
of these graphs. We also consider directed graphs, especially the
vertex-critical tournaments without nogtrivial agyclic interval
which are tournaments of the shape t[Cy,, -, C, ], where ¢

—
is a tournament and C}, is a circulant tournament. We give
conditions to characterise these graphs by their spectrum.

1 Introduction

Some informations about the structure of the graph can be obtained from
the spectrum of a matrix associated to the graph. The most used matrices
are the adjacency matrix A and the Laplacian matrix L = D — A where D
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is the diagonal matrix of degrees. A graph G is determined by its spectrum
(DS for short) if any other graph having the same spectrum as G is isomor-
phic to G; we shall specify the matrix only if there is a risk of confusion
(we recall that a regular graph is DS with respect to A if and only if it is
DS with respect to L). We can focus on a particular family F of graphs: a
graph G is characterised by its spectrum in F if there are no other graphs
in F cospectral non-isomorphic to G.

Let G be a graph of order n the vertices of which are labeled from 1 to
n and let Gp,--- , G, be n graphs. The graph composition G[G1,- - , G,]
is the graph obtained by replacing the vertex ¢ of G by the graph G; and
there is an edge between u € G; and v € G if and only if there is an edge
between ¢ and j in G. If all the G;’s are isomorphic to a graph H then the
graph composition G[H,--- , H] is the lexicographic product of G and H
and will be noted G[H].

The vertex set of G[H] is the cartesian product V(G) x V(H) and there
is an edge between (u, ') and (v,v’) if and only if there is an edge between
w and v in G or u = v and there is an edge between v’ and v’ in H.
Throughout this paper, a vertex of a lexicographic product G[H] will be
denoted by (u,u’) where u € V(G) and v’ € V(H).

We first consider simple graphs and the lexicographic product of a graph
with a complete graph (Section 2). Then in Section 3 we develop a spe-
cific example of graph composition G[Ky,, Kk,,- - , Kk,] with G a strict
threshold graph or a star. Finally (Section 4), we deal with digraphs and
in particular compositions of tournaments.

To fix notations, Sp(M) denotes the spectrum of a matrix M; for a
graph G, Sp(G) denotes the spectrum of its adjacency matrix and ,ugml) €
Sp(M) means that p; is m; times an eigenvalue of M (the multiplicity of
L is at least m;, we may allow p; = pj; for i # j). The Laplacian spectrum
of G is denoted by Spr(G). For a vertex v of a graph G, N(v) denotes the
set of neighbours of v in G. A complete graph on n vertices is denoted by
K,. The neighbourhood of a vertex v is denoted by N(v) and is the set of

vertices adjacent to v.
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2 Composition of simple graphs with complete
graphs

We consider the graph composition G[Kj, - - - , Ki| where K}, stands for the
complete graph with k vertices. This kind of graph composition G[H, - - - H],
often denoted by G[H] is also called the lexicographic product of G and H
and denoted by G.H. Moreover we remark that when H is the complete
graph then G[K}]| is equal to the strong product of G and H: GX H.

Proposition 1 Let \; be the eigenvalues of a graph G on n vertices (1 <
i <mn). Then the nk eigenvalues of G[K}| are

Sp(G[KR]) = {(=1D)™ =Y U {kXj+k — 1,1 <i < n}.

Proof: The proof of this proposition is conducted by writing the block
matrix of G[K}]; the sketch of the proof is the same as that of Theorem 16.
Another to prove this proposition is to remark that the adjacency matrix
of G[K}] can be written as a Kroneker product of matrices: (A+1)®J—1,
where A is the adjacency matrix of G, I is the identity matrix and J is
the all-ones matrix. Then we use classical result of Kronecker products [7].

O

Lemma 2 [8, 9, 10] Two regular graphs G and G’ are isomorphic if and
only if the graphs G[K}| and G'[Ky| are isomorphic.

The following lemma is a consequence of Proposition 1.

Lemma 3 Let C, = {G[Ky],G regular ,k € N,k > 2}. If H= G[K}] is a
graph cospectral with H' = G'[K}] € C, then G is cospectral with G'.

We can state the following theorem:

Theorem 4 Let C. = {G[Ky],G regular ,k € N,k > 2}. If the graph
H = G[K}] € C, is characterised by its spectrum in C, then G is determined
by its spectrum.

Proof: If G is not determined by its spectrum then there is a graph G’
cospectral with G and non isomorphic to G. Then the graphs G[K}] and
G'[K}] are cospectral (Proposition 1) and not isomorphic (Lemma 2) and
therefore the graph H is not characterised by its spectrum in C. O
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Corollary 5 If G = G[K}] € C, is DS then G is DS.

The main problem to prove the converse of this theorem is to prove that
if G[K}] (G DS) is cospectral with G'[K}/] then these graphs are isomorphic.
Here we consider this problem for some sub-classes of C,.

Theorem 6 Let B be the family of reqular bipartite graph and let CF =
{G[Ky],G € B,k € N,k > 2}. If G € B is determined by its spectrum then
the graph H = G[Ky] € C5 is characterised by its spectrum in C.

Proof: Let G € B be a regular bipartite graph determined by its spectrum
and let H' = G'[K}/] € CP be a graph cospectral with H = G[K}]; we
have to show that H and H’ are isomorphic. Let u (resp. p') be the
spectral radius of G (resp. G'); since G and G’ are bipartite, the minimum
eigenvalue of G (resp. G’) is —u (resp. —u'). The maximal eigenvalue of H
is k(p+1) and its minimal eigenvalue is k(—p+1). The maximal eigenvalue
of H is K'(1/ 4+ 1) and its minimal eigenvalue is k'(—p’ + 1). Since H and
H' are cospectral, we have k(u+ 1) + k(—p+1) =K (' +1) + K (= +1)
that is k = k’. Applying Lemma 3 we have that G’ is cospectral with G
and since G is DS, G’ is isomorphic to G and so H’ is isomorphic to H.
U

Theorem 7 Let CI = {G[K}), |G|prime, G regular ,k € N,k > 2}. If G is
a reqular DS graph on a prime number of vertices then Yk > 1 the graph
G[K}] € CF is characterised by its spectrum in Cr .

Proof: Let G be a regular DS graph on a prime number of vertices deter-
mined by its spectrum and let H' = G'[Ky/] € CF be a graph cospectral
with H = G[Kj]; we have to show that H and H' are isomorphic. Let
d = ged(k, k') and let ¢, ¢’ be such that k = dq and k¥’ = d¢’ (¢ and ¢ are
coprime). We have H = (G[K,])[Ky] cospectral with H' = (G[Ky])[K4]
and applying Lemma 3 we have that G[K,] is cospectral with G'[K,]. Let
n (resp. n’) and r (resp. ') be the number of vertices and the degree of G
(resp. G'). We have ng =n'q’ and (r + 1)g = (' + 1)¢’. So ¢ divides ng
but ¢ and ¢’ are coprime, thus ¢’ divides n and ¢’ is equal to 1 or n (n is
prime).

e If ¢ =1 then ¢ = 1 (otherwise n’ is not prime) and we have n = n/,
k = k' and G'[Kj] is cospectral with G[Kj|, so (Lemma 3) G’ is
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cospectral with (and therefore isomorphic to) G. So H' is isomorphic
to H.

e If / =nthen ndividesr+1butn>r+1son=r+1and Gisa
complete graph. Then H is also a complete graph wich is DS so H’
is isomorphic to H. O

To end this section, we compute the Laplacian spectrum of a graph
G[Kg,, Ki,, -, K,]. The proof, using block matrices, is a classical way in
this paper to compute eigenvalues of (di)graphs compositions, we describe
it in details.

Theorem 8 The Laplacian spectrum of G[Ky,, Ki,, -+ , K, | is:
(k;i—1)

U ki+ >k U Sp(—A(G)D + A),

i=1l.n JEN(7)

where the vertices of G are labelled from 1 to n, A(G) is the adjacency
matriz of G, D is the diagonal matriz of the k;’s and A is the diagonal
matriz whose i entry is ZjeN(z‘) kj.

Proof: The adjacency matrix of Kj, will be also denoted by Kj,, the
adjacency matrix of G[Ky,, Kg,, ..., Ki,] will be denoted by A, D is the
diagonal matrix of degrees of G[K, , ..., Kj,, | and L = D—A is the Laplacian
of G[K}y, ..., Ki,]. The vector (1,1,---,1)T is denoted by 1, or by 1 if no
———
p times
confusion can be made. Let u be an eigenvector of K}, associated to the
eigenvalue —1, since the multiplicity of the eigenvalue —1 is k; — 1, there is
k; — 1 independant eigenvectors u. As 1 is an eigenvector of K}, associated
ti the eigenvalue k; — 1, we have < u,1 >= 0 (where <, > is the usual scalar

product). Leta=(  0,...,0 ,ul, 0,...,0 )T, we have Al = —@
—— ——
ki1+...+k;_1 times kiy1+...+kn times

and D = (k; =1+ 3 ey kj)u. So Lu = (ki + 3 e v kj)u. As aresult

ki + ZjeN(i) kj is k; — 1 times an eigenvalue of G[K},, Ki,, -+ , Ky, ].
There remains n eigenvalues to find (and n eigenvectors). Let w =
aily,
a21k‘2 T .

and v = (a1, @9, ...,ap)" where a; € R for 1 <14 < n, we have:

anlkn
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(k1 — D1y, + (ZjeN(l) kjaj)lkl
(k2 — D)agly, + (ZjeN(?) kja) Ly,
Aw = | (ks = Dasle;, + (X jene) ki) le, ||

(k’l -1 + Z]GN(I) k])al]_kl
(k’Q -1 + Z]GN(Z) k‘])agle
Dw = (ks — 1+ ZjeN(?;) kj)a?)lks

SO

((ZjeN(l) kj)on — ZjeN(l) kjoj) 1y,
(XCjenve) ko2 = 2ien(2) ki) Lk
Lw=| ((Cjenp kias — Xjen kiaj) e,

(X jenm) kian = 2 jenm) ki) Lk,

As a consequence w is an eigenvector of L if and only if 3\ € R, Vi =
1,--+,m, (ZjeN(i) kj)oy — ZjeN(i) kja; = Aoy, that is if and only if v =
(a1, -+ ,a,)" is an eigenvector of —A(G)D + A where D is the diagonal
matrix of the k;’s and A is the diagonal matrix whose ™" diagonal entry
is equal to ZjeN(i) kj. As aresult v = (g, - o) is an eigenvector of

—AD + A associated to the eigenvalue X if and only if w is an eigenvector
of L associated to the eigenvalue A.

Moreover a vector w is not a linear combination of the vectors @ previously
defined because the vectors u are orthogonal to 1 so there is no linear
combination of vectors u equals to al, a € R*. The w are the n missing
eigenvectors and the n missing eigenvalues are the eigenvalues of —A(G)D+
A O
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3 Composition of a threshold graph with
complete graphs

3.1 Starlike threshold graphs: definition and Laplacian
spectrum

In this section we consider a special class of graphs, the characterization
of which cannot be done with theorems stated in the previous section: the
graph is not regular and the composition is made with complete graphs of
various orders. Moreover, showing the characterisation by the spectrum of
a special class of graph is quite frequent in spectral graph theory; indeed,
more the considered family of graphs is large, more the risk to have a pair
of cospectral non-isomorphic graphs within this family is important.

A threshold graph [2] is a graph that can be partitioned into a stable
subgraph S and a maximal complete subgraph K such that S = {i,--- ,i,}
and N(i;) C N(ig) C --- C N(ip). If these inclusions are strict then the
threshold graph is called strict threshold graph. A (strict) starlike-threshold
graph is a graph G[K},, -, Kj,| where G is a (strict) threshold graph.
We can give an alternative definition of a (strict) starlike-threshold graph

[2]:

Definition 9 A starlike-threshold graph is a connected graph where ver-
tices can be partitioned into C, Dy, D2, - -+ , D, such that:

e (' is a maximal complete subgraph;
e D, is a complete subgraph and Vu,v € D;, N(u)U{u} = N(v) U {v};
e (1 CCyC---CC,CC where C; = (N(u) U{u})\D; with u € D;.

If the latest inclusions are strict the starlike-threshold graph is called strict
starlike-threshold graph

Notations: We set dz == |Di|,C = |C|, Cc; = |CZ|, C; = |CZ\CZ,1| with
¢, =1, d = |C\Cp|. The number of vertices of a starlike-threshold graph
is denoted by n and we set n; = n — 22;11 dy=c+> 7t _;dpfor2<i<p
(we have n; = n and np, = c+dp). A starlike-threshold graph is determined
by the parameters p, ¢, (d;)i<i<p, (¢i)i1<i<p- By analogy with a star, the
parameter p is called the number of branches.

Before dealing with starlike-threshold graphs, we give some general re-
sults on the Laplacian spectrum.
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Theorem 10 [6, 13] Let G be a graph on n vertices whose Laplacian spec-
trum is 1 > o > ... 2 fin—1 > pn = 0. Then:

(i) pn-1 < F%gmin{d(v),v € V(G)}.

(ii) If G is not a complete graph then p,—1 < min{d(v),v € V(G)}.

p1 > =25 max{d(v),v € V(G)} > max{d(v),v € V(G)}.

Theorem 11 [6] Let G be a non-complete graph, kg its vertex connectivity,
K1 its edge connectivity, pn—1 its second smallest Laplacian eigenvalue (also
called algebraic connectivity), d,, its minimum degree. Then p,—1 < ko <
k1 < dpy

Definition 12 Let G be a simple graph on n vertices, a vertex of degree
n — 1 is an universal vertex.

The following lemma uses only basic properties on the Laplacian spec-
trum [13].

Lemma 13 Let G be a graph on n vertices with k universal vertices, then
n®) e Spr(G) and the Laplacian spectrum of G\{universal vertices} is

(SpL(G)\{n™, 0} — k) U {0}.

Proposition 14 Let G be a graph with only one non-zero Laplacian-eigen-
value a, then there is r € N* p € N such that the Laplacian spectrum of G
is {a7*=") 00"*tP)} and G is isomorphic to 1K, UpK].

Proof: Let G be a graph with only one non-zero Laplacian-eigenvalue «a
and let H be a connected component of G which is not an isolated vertex;
the graph H has only one non-zero eigenvalue a. If H is not complete,
by Theorem 11 we have a < min{d(v),v € V(H)}, but Theorem 10 gives
a > max{d(v),v € V(H)}, contradiction. So H is the complete graph K,
with Laplacian spectrum {a(®~1,0}. O
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Theorem 15 [1] Let G be a graph without isolated vertex. If the Laplacian
spectrum of G is {k: (k1 =1) k(k2 YLk 00 with k; € N\{0,1} then

G is a disjoint union of complete gmphs of order ki, oo, k.

Theorem 16 The Laplacian spectrum of a strict starlike-threshold graph
with parameters p, ¢, (d;)i<i<p, (¢i)1<i<p s the multiset:

p

U ngcé), (d; + Z c;-)(difl), ¢ » UL o).
j=1

i=1

Proof: The proof is made by induction on p. Induction Hypothesis: the
Laplacian spectrum of a threshold graph of completes with p branches is

P

(2
U ngcg), (di + Zc})(difl), ¢ p U{cY 0}
i=1 j=1

p=1: Let n = |G| and let py > po > ... > pp—1 > pn = 0 be the
Laplacian eigenvalues (counted with multiplicity). Since G has ¢; universal
vertices we have (Lemma 13) n(®) € Spr(G). The graph G\C} is the
disjoint union of two completes with dy and ¢ vertices so Spr(G\C;) =

d(drl), d€=1 0@}, According to Lemma 13,
{d;
Spr(G\{universal vertices}) = (Spr(G)\{n'*"),0} —¢;) U {0}
SO
SpL(G\C1) = (Spr(G)\{nV), 0} — c1) U {0}
and
SpL(G\{n), 0} = Spp(G\C1) \ {0} + 1 = {(dy + ) 7V, V).

Thus
Spr(G) = {n'D (dy + 1)@=, =D 0}

The induction hypothesis is true for p = 1.

Let us assume that the induction hypothesis is true at rank p and let
G be a strict threshold graph of completes with p + 1 branches and let
U1 > g > o > fip—1 > iy = 0 be its Laplacian eigenvalues (counted with
multiplicity).
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According to Lemma 13, the spectrum of G\C is { ¢, +1— €1, -+, fin—1—
¢1,0}. The graph G\Cj has two connected components: the complete
graph D; and a strict threshold graph of completes denoted by G;. The
Laplacian of G\C has twice the eigenvalue 0, so 3¢ such that p;—c; = 0 i.e.
w; = c¢1 = ¢y We also have that Spr(G\C1) = Spr(D1) U Spr(G1). Since
the spectrum of a complete graph on k vertices is k with multiplicity £ — 1
and 0 with multiplicity 1 we have that d; is an eigenvalue of G\C; with
multiplicity d; — 1. The graph G is a strict threshold graph of completes
whose the partitioning of vertices is C\C1, Da,...,Dp41. Moreover, for u €
D; we have (N(u) U{u})\D; = C;\Cy and so |[(N(u) U {u})\D;| = ¢; — c1.
We also have |Gi| =n —¢;.

We apply the induction hypothesis to Gy in order to obtain its spectrum:

P
U (niy1 — 01) ’“) dit1 + Z dit1= Ci+1 —C U{(Cfcl)(c _1)70}
i=1
i.e.

p+1 7

U (i—e) D (di+ D) e —er p Uf(e— )Y, 0}

i=2 j=2

so the spectrum of G\C is
{dih 1 O}UU i —c) D (di + > ) I 6 — eq pU{(e—er)@ Y, 0}

j=2

As Spr(G) = {n{®),0} U (Spr(G\C1) \ {0} + ¢1) we have

p+1
Spr(G) = U ,(di + Z ) e » {0
i=1
As a conclusion the induction hyptohesis is true for p + 1. O
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3.2 There are no cospectral non-isomorphic strict starlike-
threshold graphs.

Lemma 17 For a threshold graph of completes with parameters p, ¢, (d;)1<i<p,
(¢i)i<i<p, we have the following inequalities:

ny>nNg>nN3>...>"My

i
Vi >4, nl->dj+Zc;C

k=1
Vi, 4, ng > Cj
Vi, ng > ¢

c1<c<c<...<cgg<c

Lemma 18 For p > 2, if dy + ¢1 > n2 and ¢y # 0 then the multiplicity of
di+c isdy — 1.

Proof: We already know that the multiplicity of di + ¢ is greater than or
equal to d; — 1; it remains to show that the other eigenvalues are not equal
to dy + ¢1. These eigenvalues are ngci), (d; + 22:1 cz)(difl), ¢, el =1 0 for
1=1,..,p.

e With the first inequalities of the previous lemma and with d; + ¢ > no
we have dy + ¢; > n; for ¢ > 2. Obviously we have nqy > di + ¢1.

edi+cp >ng=dy+cp >dj+ 22:1 c% for j > 2 (second inequality of
the previous lemma).

o di+c1 >ny = di+c1 > ¢ for all j (third inequality of the previous
lemma).

e di +c¢1 > ny = di + ¢; > ¢ (fourth inquality of the previous lemma).

As a result the remaining eigenvalues are not equal to di + ¢, thus the
multiplicity of dy + ¢; is di — 1. O

Lemma 19 For p > 2, if di + ¢1 < ng and ¢y # 0 then the multiplicity of
. /
ng 1S .

Proof: We already know that the multiplicity of nq is greater than or equal
to cb; it remains to show that the other eigenvalues are not equal to no.

These eigenvalues are ngci), (d; + 22:1 )& ey =D 0 for i =1, ..., p.
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n; # ng, Vi # 2 (Lemma 17).

ng > di + ¢; by hypothesis.

ng > d; + 22:1 ¢, pour j > 2 (second inequality of Lemma 17).

ng > ¢; pour tout j (third inequality of Lemma 17).

ny > ¢ (fourth inequality of Lemma 17).

As a result the remaining eigenvalues are not equal to ng, thus the multi-
plicity of ng is ¢. O

Lemma 20 Ifd; +c¢; = ng and ¢ # 0 then the multiplicity of ny (i.e. the
multiplicity of dy + ¢1) is ¢y +dy — 1.

Proof: We already know that the multiplicity of nq is greater than or equal
to ¢}, and that the multiplicity of d; +c¢; is greater than or equal to d; —1, so
if dy +c¢1 = ng then the multiplicity if ny (i.e. that of di+¢q) is greater than
or equal to ¢, +d; — 1. It remains to show that the other eigenvalues are not
equal to no. These eigenvalues are ngcé), (d; +Z§€:1 cﬁg)(di_l), ci, =Y 0 for
1=1,..,p.

o n; # na, Vi # 2 (Lemma 17).

e ny>d;j+ >, ¢ pour j > 2 (second inequality of Lemma 17).

eny > ¢; pour tout j (third inequality of Lemma 17).

e ny > ¢ (fourth inequality of Lemma 17).

As a result the remaining eigenvalues are not equal to ns, thus the multi-
plicity of ng is ¢y, +d; — 1. O

Lemma 21 Let G be a strict starlike threshold graph withp > 2 and ¢, # 0,
the spectrum of which is p1 > po > ... > g > 0, and let my, ma,...,my be
the multiplicities of these eigenvalues. If mo = po —pug—1 then dy = po—piq
otherwise dy = p1 — pa.

Proof: The spectrum of G is

p

U {m“”, (di + Zc@(di‘”,ci} U {1V, 0}
k=1

=1

(Theorem 16). According to Lemma 17, the greatest eigenvalue p; is equal
to n and the smallest eigenvalue p, is equal to ¢;. According to Lemma
17, there are two possible values for the second largest eigenvalue po: no
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or di + ci. Indeed for j > 2 we have n; < no, d; + 22:1 ¢, < np and for
J < 1 we have ¢; < ¢ < ng; except ny and di + ¢; all the eigenvalues are
strictly loweer than ns.

o If 1o = no = di + ¢ the we have d; = pus — pig and dy = p1 — p2. The
lemma is true in this case.

o If o = dy 4+ ¢1 > ng then, by Lemma 18, the multiplicity of dy + c; is
dy —1 and we have mg = o — g — 1 and dy = p2 — pg. The lemma is true
in this case.

o If o = ny > di + c¢; then, by Lemma 19, the multiplicity of no is 6’2,
we have ¢y < n—d; —c; —1 =ng — pg — 1 thus mg # pg — pg — 1 and
d1 = p1 — po. The lemma is true in this case. O

Theorem 22 Let G be a strict starlike threshold graph cospectral with a
strict starlike threshold graph F with p = 1. Then G and F' are isomorphic.

Proof: Let I be a strict starlike threshold graph with p = 1 and with
parameters dq,ci1,c¢. As G is cospectral with F, the spectrum of G is
{nl) (dy + )4 ¢1,¢lD 0} and G has ¢ universal vertices. Let
G1 be the graph G; = G\{universal vertices}, the spectrum of G is
{d(ldl_l),c’(c/*l),0,0}. The graph G has two connected components: a
complete and a complete or a strict starlike threshold graph.

o If Spr.(G1) = {0,0} then G; consists in two isolated vertices and G is
completely determined.

o If Spr(G1) = {dgdl*l),O, 0} then G (and consequently G) is completely
determined (Proposition 14).

o If Spr(G1) = {¢“~1,0,0} then G; (and consequently G) is completely
determined (Proposition 14).

e Let us assume that Spr(Gi) = {d(ldl_l),c'(clfl),0,0}. If G; has an
isolated vertex, then the spectrum of a connected component of G is
{dgdl*l), €= 0}, This is not the spectrum of a complete nor the spec-
trum of a strict starlike threshold graph because the greatest eigenvalue
is not equal to the number of vertices. As a result G; does not have an
isolated vertex and (Theorem 15) (1 is the union of two completes with d;
and ¢ vertices.

Theorem 23 There are no cospectral non-isomorphic strict starlike thresh-
old graphs.
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Proof: Let G be a strict starlike-threshold graph cospectral with another
strict starlike-threshold graph G’; we have to show that G is isomorphic
to G’. The proof is made by induction on the number of branches of G’
denoted by p; the induction hypothesis is ‘If G is a strict starlike threshold
graph cospectral with a starlike threshold graph on p branches then these
two graphs are isomorphic’.

e p = 1. It is Theorem 22.

e Let us assume the hyothesis true at rank p — 1 and let G be a strict
starlike threshold graph cospectral with a strict starlike threshold graph
with p branches. We denote by m; the multiplicity of the eigenvalue ;.
We have:

e 1 is given by the number of eigenvalues or by .
® Cl — M.
e d; is given by Lemma 21.

The graph G\C is the disjoint union of a complete with d; vertices and
a strict starlike threshold graph G;. As we know ¢; and n, we know the

spectrum of G\Cj (Lemmal3); and as we know dy, we know the spectrum
of G1:

p

S (= en)( (di + > )@ ey — e p U{(c—e1) @V} U {0}
j=2

=2

But (Theorem 16) this is the spectrum of a strict starlike threshold graph
with p — 1 branches, ny — ¢y vertices, so the graph G is a strict star-
like threshold cospectral with a strict starlike threshold graph with p — 1
branches and therefore isomorphic to this graph by the induction hypoth-
esis. As a result G is isomorphic with G’ and the induction hypothesis is
true at rank p. [l

3.3 Star of completes

A star of completes is the graph S, [Ky,, Ki,,- - , Kk, | where S, is a star
with n + 1 vertices labeled from 0 to n such that the vertex with degree
greater than 1 is labeled 0. A star can be seen as a particular case of a
threshold graph, a star of completes can be seen as a particular case of a
starlike threshold graph.
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Theorem 24 The Laplacian spectrum of a star Sp[Kk,,--- , K, ] of com-
pletes is

{(ko+ - <k0}oU{ko+k YE-DY U {3 U {0}

We can now state two theorems of characterizations of stars of com-
pletes:

Theorem 25 There are no Laplacian-cospectral non-isomorphic stars of
completes.

Proof: Two cospectral stars of completes have the same number of univer-
sal vertices, the deletion of which gives a union of complete graphs. Since
there are not two disjoint unions of complete graphs cospectral and non-
isomorphic, it ensues that there are no Laplacian-cospectral non-isomorphic
stars of completes. O

Theorem 26 Let H be the set of graphs with minimum degree strictly
greater than the minimum non-zero eigenvalue of its Laplacian matriz. A
star of completes belonging to H is characterised by its Laplacian spectrum

m H.

Proof: Let G be a graph on N vertices with spectrum { (kg + ...+ k, ) %0) LU
UZ (ko 4 Ky) k=D U {k(n 2 }U {0} and such that dpi, > ko. We have

= ko + ... + k, and the spectrum of G is U {(N — ko + k;)*~D} U
{(N - ko)(”*l)} U {0ko+D1 50 G has kg + 1 connected components. One
of these components which has the eigenvalue N — kg, has more than N —
ko — 1 vertices (Theorem 10). Then the ko other connected components are
isolated vertices. Let H be the connected component of size N — kg, The
spectrum of H is [JiZ; {(N — k:o + ki) =D U {(N ko)~ D1u {0W} so
the spectrum of H is [J}, {(k;)*~D}u {(0)™}.

The graph H have no isolated vertex; indeed the maximum degree of H,
denoted by di ., is the maximum degree of G that is di,, = N — dpin — 1.
The minimum degree of H is |H|—dZ,_ —1 = (N—ky)— (N —dpin—1)—1 =
dpin — ko > 0 so H does not have isolated vertices.

By Theorem 15, H is a union of complete graphs of size kq, ..., ky,, thus
H is the complete multipartite graph Ky, . r, and G is the disjoint union
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of the complete multipartite graph Ky, 5. and kg isolated vertices. As a
result G is a star of completes S, [K,, ..., Ki,]. O

Remark 27 For a graph G, let kg be its vertex connectivity and k; be its
edge connectivity. We have (Theorem 11) pp—1 < ko < K1 < dpin (fn—1 is
the second smallest Laplacian eigenvalue, that is ky). Thus we can obtain
corollaries of the previous theorem by replacing the condition dyin > ko by
the condition dpn > kg or Ko < K1.

Remark 28 There exists non-DS star of completes, for instance the star of
completes Sg[Kk,, K5, K2, Ko, K2, K2, Ks| is Laplacian-cospectral with and
non-isomorphic to Sg[Ky,, P, K1, K1, K1, K1, K| where P is the Petersen
graph. Of course, owing to Theorem 26, the cospectral mate is such that
its minimum non-zero eigenvalue equals its minimum degree.

4 Composition of tournaments

In this section we deal with the adjacency spectrum of tournaments (that
is a digraph in which each pair of nodes is joined by an arc). Compared
with simple graphs, few is done to characterise digraphs by their spectrum.

A circulant matriz [5] is a matrix whose k' column is a circulant shift
of the (k — 1)™ column. A circulant tournament is a tournament whose
adjacency matrix is circulant. We denote by E')k (k odd) the circulant

tournament, the vertices of which are labeled from 0 to & such that N(0) =
{1,2,--- , 551} and N(i) = (N(0) + i) mod[k].

Proposition 29 [5] The eigenvalues of a circulant matriz are
n—1 pim
Ap = ZajeTJT, r=0,..,n—1,
=0

where (ag, a1, ...an—1)" is the first column of the matriz. In particular, the

etgenvalues of a circulant tournament the vertices of which are labeled from

0 ton are
2i7r,7'7.
Ar = E en , r=0,...,n—1
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and the eigenvalues of E')k (k odd) are

E—1
2
2imj .
)‘T:E e ® " r=0,...k—1.
j=1

This following well-known and straightfoward result is useful to charac-
terise circulant tournament.

Proposition 30 A tournament is a circulant tournament if and only if its
automorphism group contains a full-length cycle.

This section is motivated by obtaining an algebraic characterization
(mainly spectral characterization) of vertex-critical tournament without non-
trivial acyclic interval (see the definition hereafter). Culus and Jouve [3] re-
cently found a characterization of these graphs through a combinatorial and
graph-theoretic approach: these graphs are compositions t[akl, e ,6’)1%].

Definition 31 A subset X of a tournament T is an interval (also called
convex subset) if for all v in V(T') \ V(X) then for all x € X there is a link
from v to x or for all x € X there is a link from = to v. An acyclic interval
is an interval without any cycle, that is a transitive interval. A non-trivial
acyclic interval is an acyclic interval with at least two vertices.

A wvertex-critical tournament without non-trivial acyclic interval is a
tournament 7" such that T' is without non-trivial acyclic intervals and, for
every vertex u of T, T'\ u has a non-trivial acyclic interval.

Theorem 32 [3] Every vertez-critical tournament without non-trivial acyclic

— —
interval is isomorphic to t[C'y,,-- -, C,, | where t is a tournament of order

m and where k; € N\ {0, 1,2}.

Proposition 33 [5, 11] The eigenvalues of Hk are:

k—1 . .
Z 14 i JT if
s —5 + 5 cot —) if j odd E—1
P e i i<k oand \y = ———.
= —3 + % cot %) if j even 2

Theorem 34 The spectrum of T = t[E’,ﬂ, oy E)kn] is the multiset

JQ (Sp(ﬁkj) \ {k]; ! }) U Sp(AD + A),
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where A is the adjacency matriz of t, D is the diagonal matriz of the k;’s

and A is the diagonal matriz whose j% entry is kj;l

Proof: The proof is conducted in the same manner as that of Theorem 16.
O

R

We define 7, = {t[C], t regular,k > 3}; it is a subset of the regular
tournaments of 7 and a subset of the vertex-critical tournaments without
non-trivial acyclic interval.

Theorem 35 The tournament T = t[gk] € 7, is characterised by its spec-
trum in 7. if and only if t is determined by its spectrum.

Proof: We show the first implication (=). Let ¢ be a r-regular tourna-
ment such that t[gk] is characterised by its spectrum in 7, and let ¢’ a
tournament cospectral with ¢t. Then tournament ¢’ is r-regular and ¢/ [6);6]
is cospectral with t[E’)k] and so there is an isomorphism ¢ : t[E’)k] — t’[E’)k].
Now let assume that u; and uy are two distinct Xt)a‘rtices of ¢t such that there
exists a vertex v’ of ¢ and a,d’,b vertices of C'y with ¢(u1,a) = (v, d)
and p(ug,a) = (v, V). Since ¢ is an isomorphism, we have that

{o(v,2),v € N(uy),z € V(Cp)} € N(p(uy,a)) = N(u',a')
and
{o(v,2),v € N(ug),z € V(Cp)} € N(p(ug,a)) = N(u',b).
Consequently:
{o(v,2),0 € N(u1) UN(uz),z € V(Cp)} € Nu,d') UN (V)

Since uy # ug we have |[N(u1) UN(ug)| > r+1 and |[N(uv/',a’)UN (W', b)| >
(r + Dk But N(u/,d’) U N@, V) = {(/,2),0' € N@'),z € V(Cp)} U
{(W, ),y € N(a)UN(¥)} and [N («/, ') UN (u/, V)| < rk+2552 < (r+1)k
involving a contradiction. As a result if p(u1,a) = (v/,ad') and @(uz,a) =
(u/,b') then u; = uy. If we define the following surjective homomorphism
R t’[E’)k] — t/ w(u,x) = v/, we have that u; # up implies 7(p(uy,a)) #
m(p(uz,a)). Now, for a given a € V(E?k) we define the injection i, : t —
t[Bk],z(u) = (u,a) and 1), = 70 Y 0 i, is an isomorphism from ¢ to ¢'. (it
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is easy to see that u; ~ ug = ¥(u1) ~ ¥(u2)). As a result ¢ is isomorphic
to ¢’ and t is DS; the first implication of the theorem is proved.

Now we show the converse («<): we assume t DS. Let T' = t[ak] cospec-
—
tral with 77 = ¢/[C'/], that is :

n (sp(ﬁk) \ {%}) USp <kAt + %1)

Sp(T)

- 7 (sp(?ﬁk,) \ {k/2 1 }) USp (k:At/ LK ; 11)

Sp(1”)

Ifn—\t\>]t’\—n then k < k' (because nk = n'k’).
Let X\ € Sp( Ck \ {£2} such that A%Sp(Ck/)\{ _1}, so A€

Sp (kAt/ + T_ll ) which is impossible according to the multiplicity of A in

Sp(T). So:
su@o\ {552} e s {55

As Sp(C) \ {55} = (=4 + deot (735) j € {0r — 1)\ {Z51))

we have 35/ > 0 : i = 232,:7 L wich implies k' > 3k and as a consequence

n > 3n'.
As the eigenvalues of Sp(ak/) are simple, we have that each copy of
Sp(a)k/) \ {%} can only contain one copy of Sp( Ck {k 1} for that

reason Sp <l<:At/ + %I) contains (n — n') copies of Sp(Ck) \ {52}, so
n' > (n—n')(k — 1) > n, contradiction !

As aresult n =n/, k = k' and therefore Sp(t) = Sp(¥). Since t is DS, ¢
and ¢’ are isomorpic and t[ak] is isomorphic to ¢’ [Bk/] O

Corollary 37 is an exemple of application of Theorem 35:
Theorem 36 [11] The circulant tournament Bp, p odd, is DS.

Corollary 37 There are no graphs in 7T, cospectral mon isomorphic to

C,[Chl.
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We end this section by giving an algebraic characterization of some
vertex-critical tournament without non-trivial acyclic interval.

Lemma 38 Let p be a prime number, (, be a primitive root of 1 and let
2imyj

-1
A= ijz e 7 . Then we have that the field extentions Q((p) and Q(\) are
equal. As a consequence, the degree of the minimal polynomial in Q of X is

p—=1  2ixj

2

p—1 and The conjugates of A in Q are A\, = Zie? "oor=1,..p—1.

Proof: We have A € Q((p) and so Q(A) C Q((p). Let ¢, = e% and
k= p%l? then )\ = Cp(]- + Cp + ...+ Cg—l) and

A= G+ L+ TR
= GUGTIAT T L T
= g+ .

So ¢F = A"!'A and Q(¢p) € Q(N).

Let x(X) be the characteristic polynomial of 6’2,, then there is a poly-
nomial P(X) of degree p — 1 and with coefficients in Q such that y(X) =
(X — ’%)P(X). Since A is an eigenvalues of E)p, then it is a root of P
and therefore P is the minimal polynomial of A. The conjugates of A in
Q are then the eigenvalues of E’)Ij different from ;%1 and are described in
Proposition 29. U

Theorem 39 Let T be a tournament on n vertices. If the three following
conditions are satisfied

(i) there is an integer m and prime number p1,p2,...pm such that p1 + .. +
Pm =mn and m < min{p; };

(ii) the automorphism group of T' contains the cycles (01 ... p1—1), (p1 p1+
1o.opp—1),c(pr+ i +Pm-1 D1+ e +Pm-1+1 oo pr4 ..+ 0m—1);
(iii) the adjacency spectrum of T' contains the following eigenvalues

'3
-

s —
2

2imy
APs) = E ers , s=1,..,m;
Jj=1

then T 1s a vertex-critical tournament without non-trivial _c)zcyclz'c interval
—
and there exists a tournament t such that T =t[C,,,---,C,, ].
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Proof: Condition (ii) implies that there exists tournaments 71, ..., T,,, with
respectively p1, ..., pm, vertices and a tournament ¢ on m vertices such that
T = t[T1,T>,....,T,,]. Moreover the automorphism group of T; contains
a full-length cycle, so T; are circulant tournaments and consequeltly are

regular of degree pinl. It remains to show that these tournaments T; are

N
isomorphic to C'p,.

Using block-matrices, as done in Theorem 16, or by analogy with The-
orem 34, the spectrum of T' = t[T1, T, ..., T)y] is

]Lnjl (Sp(ij) \ {ij— ! }) USp(AD + A)

where A is the adjacency matrix of t, D is the diagonal matrix of the p;’s

and A is the diagonal matrix whose j** entry is 2 R !

Fact 1: an eigenvalue A(P) described in condition (iii) cannot be an
eigenvalue of AD + A. Indeed, the characteristic polynomial of AD + A
has its coefficients in Z and is of degree m and A®) is complex and its
minimal polynomial in Q is of degree p; — 1 (Lemma 38). But m < ps by
condition (i) so m = p, — 1 and the eigenvalues of AD + A are A?s) and
its conjugates described in Lemma 38. On one hand the trace of AD + A
is the trace of A (which is positive) and on the other hand the trace of
AD + A is the sum of its eigenvalues that is (according to Proposition 33)
_%(ps — 1) < 0, involving a contradiction.

Fact 2: an eigenvalue A(Ps) described in condition (iii) cannot be an
eigenvalue of T} with |T,| = p, # ps. Indeed, if APs) is an eigenvalue of T,
then according to Proposition 29 we have APs) € Q(¢,,), but APs) € Q(¢,,),
s0 APs) € Q(¢p,) NQ(¢p,) = Q, a contradiction.

According to Facts 1 and 2, APs) is an eigenvalue of T, with |T,| =

: (ps) Bt 2y,
ps. Therefore the p, eigenvalues of |T| are A"/ = ijl ers |, 1=

1,...,ps— 1 and pST*l (T is psgl—regular). The tournament 7T has the same
eigenvalues than E)ps, so T is isomorphic to Bps (Theorem 36).

This ends the proof of this theorem. O
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5 Conclusion

As a conclusion, if we focus on the well-known question (but far from being
solved) Which graphs are determined by their spectrum?, we realise that the
spectrum is not sufficient to (easily) determine graphs. An easier problem,
which is often a first step in proving DS graph, consists in showing that some
given graphs are characterised by their spectrum within a smaller family of
graphs. This is what we have done in this paper by giving characterisations
of strict starlike threshold graphs or stars of completes. In this paper we
also established some links between graphs determined by their spectrum
and graph compositions characterised by their spectrum.

Another difficult point is to deal with directed graphs. Indeed the eigen-
values are complex (and as a consequence more difficult to handle) and few
digraphs are proved to be DS; moreover if we compare to undirected graph,
there are less properties linking the spectrum to the structure for digraphs
than for graphs. As we have done with some vertex-critical tournament
without non-trivial acyclic interval (which can be written as a digraph
composition), another way to extend the problem of finding DS graphs is
to consider other algebraic objects related to the graphs: we do not only
consider the spectrum but also the automorphism group for instance. The
new question arising is Which (di)graphs are determined by their spectrum
and their automorphism group? in the sense that if we have these two in-
formations (the spectrum and the automorphism group), we wonder if we
could associate one and only one graph (up to isomorphism).
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