-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by UPCommons. Portal del coneixement obert de la UPC

RESIDUAL IDEALS OF MACLANE VALUATIONS

JULIO FERNANDEZ, JORDI GUARDIA, JESUS MONTES, AND ENRIC NART

ABSTRACT. Let K be a field equipped with a discrete valuation v. In a pioneering work,
MacLane determined all valuations on K (x) extending v. His work was recently reviewed
and generalized by Vaquié, by using the graded algebra of a valuation. We extend Vaquié’s
approach by studying residual ideals of the graded algebra as an abstract counterpart of
certain residual polynomials which play a key role in the computational applications of
the theory. As a consequence, we determine the structure of the graded algebra of the
discrete valuations on K (z) and we show how these valuations may be used to parameterize
irreducible polynomials over local fields up to Okutsu equivalence.

INTRODUCTION

In a pioneering work, MacLane linked in 1936 the theory of discrete valuations on a field
of rational functions in one variable with the study of irreducible polynomials over local
fields. Several authors have proposed since then different approaches to either of these
questions. In this paper, we show that MacLane’s original approach, combined with some
ideas of Montes and Vaquié, provides a unified insight for the main developments of these
topics. Before describing the contents of the paper in more detail, let us briefly recall some
milestones in these developments.

MacLane’s solution to a problem raised by Ore. In the 1920’s, Ore developed a
method to construct the prime ideals of a number field, dividing a given prime number p, in
terms of a defining polynomial f € Z[z| satisfying a certain p-regularity condition [15, 16].
The idea was to detect a p-adic factorization of f according to the different irreducible
factors of certain residual polynomials over finite fields, attached to the sides of a Newton
polygon of f. He raised then the question of the existence of a procedure to compute the
prime ideals in the p-irregular case, based on the consideration of similar Newton polygons
and residual polynomials of higher order.

MacLane solved this problem in 1936 in a more general context [10, 11]. For an arbitrary
discrete valued field (K, v), he described the valuations extending v to the rational function
field K (z). Then, given an irreducible polynomial f € K|z], he characterized all extensions
of v to the field L = KJz]/(f) as limits of infinite families of valuations on K (x) whose
value at f grows to infinity. Finally, he gave a criterion to decide when a valuation on K (x)
is sufficiently close to a valuation on L to uniquely represent it.

There is a natural extension ug of v to K(x) satisfying uop(z) = 0. Starting from o,
MacLane constructed inductive valuations p on K(z) extending v, by the concatenation of
augmentation steps
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based on the choice of certain key polynomials ¢; € K[z] and arbitrary positive rational
numbers v;. In the case K = Q, Ore’s p-regularity condition is satisfied when all valuations
on L extending the p-adic valuation v are sufficiently close to valuations on K (x) that may
be obtained from g by a single augmentation step.

After MacLane’s work, inductive valuations were rediscovered and extensively studied
as residually transcendental extensions of v to K(z) [1, 17, 19]. In this approach, the
valuations are first analyzed for algebraically closed fields, where they may be constructed
as an augmentation of g with respect to a key polynomial of degree one. The general case
is then deduced by descent.

Okutsu equivalence of prime polynomials. Let K, be the completion of the field K
at the discrete valuation v and let O, be the valuation ring of K,. We refer to monic
irreducible polynomials in O,[z] as prime polynomials (with respect to v).

For a global field K and a prime polynomial F', Okutsu constructed in 1982 an explicit
integral basis of the local field Kr = K,[z]/(F), in terms of a finite sequence of prime
polynomials [¢1,. .., ¢,] which are a kind of optimal approximations to F' with respect to
their degree [14]. Such a family is called an Okutsu frame of F. The polynomials ¢; sup-
port certain numerical data, the so-called Okutsu invariants of F', containing considerable
information about F' and the field K.

An equivalence relation ~ on the set P of prime polynomials can be defined as follows:
given F' € P with Okutsu frame [¢1,...,¢;], a polynomial G € P of the same degree as F’
is said to be Okutsu equivalent to F' if their resultant satisfies

v(Res(G, F))/ deg G > v(Res(¢y, F'))/ deg ¢y.

In this case, F' and G have the same Okutsu invariants, and the fields K, Kg have
isomorphic maximal tamely ramified subextensions [3].

In 1999, Montes carried out Ore’s program in its original formulation [12, 5]. Given
a finite extension L/K of number fields defined by an irreducible polynomial f € KJz],
and given a prime ideal p of K, Montes constructed the prime ideals of L lying over p
by finding polynomials in K[z] which are Okutsu equivalent to the irreducible factors of
[ in K,[z], where v is the p-adic valuation. The method computes as well Okutsu frames
and the Okutsu invariants of each prime factor. In this setting, the use of MacLane’s
valuations p; and Newton polygon operators is complemented with the introduction of
residual polynomial operators R;: K|[x] — FF;[y], where F; is a certain finite field, making
the whole theory constructive and well suited to computational applications. These ideas
led to the design of several fast algorithms to perform arithmetic tasks in global fields
2, 4,6,7,09, 13].

Contents of this paper. In 2007, Vaquié reviewed and generalized MacLane’s work
[20, 21]. For an arbitrary valued field (K, v), not necessarily discrete, he determined all
valuations p on K(z) extending v. The use of the graded algebras Gr(u) attached to these
valuations led Vaquié to a more elegant presentation of the theory.

In this paper, which only deals with discrete valuations, we carry out a double purpose.
First, we extend Vaquié’s approach by including a treatment of the residual polynomial
operators attached to an inductive valuation p on K(x). The residual polynomials are
then interpreted as generators of residual ideals in the degree-zero subring A(u) of the
graded algebra Gr(u). The residual ideal of a polynomial g € K[z] is defined as R,(g) =
H,(9)Gr(n)NA(p), where H,(g) is the image of g in the piece of degree pi(g) of the algebra.
In sections 1 to 5, we review the properties of MacLane’s inductive valuations, while making
apparent the key role of the residual ideals in the whole theory. As an application of this
point of view, in Theorem 4.7 we determine the structure of Gr(u) as a graded algebra.
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Our second aim is to show that this approach leads to a natural generalization of the
results of Okutsu and Montes to arbitrary discrete valued fields. A prime polynomial F'
with respect to v induces a pseudo-valuation

foo,r: Kz] = Ky[z] — Kp 5 QU {0},

by composition of the quotient map defined by F' with the unique extension of v to the field
Kp. According to MacLane’s insight, approximating F' by polynomials in K [z] is equivalent
to approximating i p by valuations on K(z). In section 6 we introduce a canonical
inductive valuation pp which is a threshold valuation in this approximation process, and
we generalize most of the fundamental results of [3, 5, 12, 14, 18] with much shorter proofs.
An Okutsu frame of F' is seen to be just a family of key polynomials of an optimal chain of
inductive valuations linking pg with pp, and the Okutsu invariants of F' are essentially the
MacLane invariants of these valuations, introduced in section 3.

Finally, in section 7 we briefly recall MacLane’s results on limits of inductive valuations
and analyze in detail the interval [pg, ftoo, ) oOf all valuations p on K (z) such that p9(g) <
1(9) < too,r(g) for all g € K[x]. We prove that this interval is totally ordered and give an
explicit description of the valuations therein.

The main result of the paper is Theorem 6.13, which establishes a canonical bijection
between the set P/~ of Okutsu equivalence classes of prime polynomials and the MacLane
space M of the valued field (K, v), defined as the set of all pairs (i, £), where p is an inductive
valuation on K (z) and L is a strong maximal ideal of A(u). The bijection sends the class
of F' to the pair (1tp, Ry, (F)). This result reveals that MacLane’s original approach is best
suited for computational applications, because the elements in the set M may be described
in terms of discrete parameters which are easily handled by a computer. As a consequence,
all computational developments based on the Montes algorithm [4, 6, 7, 9, 13] admit a more
elegant description and a natural extension to arbitrary discrete valued fields. The paper
[8] is devoted to the discussion of these computational applications.

1. AUGMENTATION OF VALUATIONS

Let K be a field equipped with a discrete valuation v: K* — 7Z, normalized so that
v(K*) = Z. Let O be the valuation ring of K, m the maximal ideal, 7 € m a generator of
m and F = O/m the residue class field.

Let K, be the completion of K and let v: K, — QU {oo} still denote the canonical
extension of the valuation to a fixed algebraic closure of K,. Let O, be the valuation ring
of K, m, its maximal ideal and F,, = O,,/m,, the residue class field. The canonical inclusion
K C K, restricts to inclusions O C O,, m C m,, which determine a canonical isomorphism
F ~ F,. We consider this isomorphism as an identity, F = F,,, and indicate simply with a
bar, ~ : O,[z] — Flx], the canonical homomorphism of reduction of polynomials modulo
m,.

Our aim is to describe all extensions of v to discrete valuations on the field K (x), where
z is an indeterminate.

Definition 1.1. Let V be the set of discrete valuations, p: K(x)* — Q, such that jux = v
and p(z) > 0. For any pu € V, we use the following notation:

e I'(n) = p(K(x)*) C Q for the cyclic group of finite values of u. The ramification
index of u is the positive integer e(u) such that e(u)I'(pn) = Z.
e x(u) for the residue class field of .

From now on, the elements of V will be called simply valuations.

Since we are only interested in (rank one) discrete valuations, we can assume that all
valuations are Q-valued. Furthermore, the assumption pu(z) > 0 is not essential; it gives a
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more compact form to the presentation of the results. For the determination of the discrete
valuations p with p(z) < 0 one may simply replace x with 1/x as a generator of the field
K(x) over K.

In the set V there is a natural partial ordering:

p<p it plg) <pl(g), Vg e Kla.

Consider the valuation pg € V acting on polynomials as follows:

s\ .
po (D2, ase”) = min {v(as)}.
Clearly, po < p for all p € V; in other words, pg is the minimum element in V.

1.1. Graded algebra of a valuation. Let u € V be a valuation. For any o € I'(u) we
consider the following O-submodules in K [x]:

Pa = Palp) = {g € K[z] | u(g) > o} D P =P (n) = {g € K[z] | u(g) > a}.

Clearly, Py is a subring of K[z], and P,, P} are Py-submodules of K|z] for all a.
The graded algebra of p is the integral domain:

Grip) == €D,y Pol P

Let A(u) =Po/ PJ be the subring determined by the piece of degree zero of this algebra.
Clearly, O C Py and m = P;" N O; thus, there is a canonical homomorphism F — A(u),
equipping A(u) (and Gr(u)) with a canonical structure of F-algebra.

Let O, C K(x) be the valuation ring of y and let m, be its maximal ideal. Since
Py = K[z]N O, and Py = K[r] N'm,,, we have an embedding A(u) < k(u). As we see in
section 3, this embedding identifies x(u) with the field of fractions of A(wu).

There is a natural map H,: K[z] — Gr(u), given by H,(0) = 0, and

_ + +
Hulg) =9+ Putg) € 73“(9)/?#(9)’
for g # 0. Note that H,(g) = 0 if and only if g = 0. For all g, h € K[z] we have:

(1) Hu(gh) = HM(Q)HM(h)a
H, (g +h) = H,(g9) + Hu(h), if u(g) = pu(h) = u(g + h).

For a valuation p/ with p <y, a canonical homomorphism of graded algebras Gr(u) —
Gr(y') is determined by g + P (u) — g + P (1) for all g, with u(g) > . The image of
H,(g) is Hy(g) if u(g) = 1'(g), and zero otherwise.

Definition 1.2.

We say that g, h € K|x] are p-equivalent, and we write g ~,, h, if H,(g) = H,(h). Thus,
g ~u hif and only if u(g — h) > pu(g) = u(h) or g =h =0.

We say that g is p-divisible by h, and we write h |, g, if H,(g) is divisible by H,(h) in
Gr(p). Thus, h |, g if and only if g ~, hf for some f € Klx].

We say that ¢ € K|x] is p-irreducible if H, (¢)Gr(u) is a non-zero prime ideal.

We say that ¢ € K[x] is p-minimal if ¢ {, g for any non-zero g € K[| with deg g < deg ¢.

Lemma 1.3. Let ¢ € K|z] be a non-constant polynomial and let g =3 -, as¢®, degas <
deg ¢, be the canonical ¢-expansion of g € K[z]. The following conditions are equivalent:
(1) ¢ is u-minimal
(2) For any g € K[z, p(g) = min{u(ao), (g — ao)}.
(3) For any g € Klz], u(g) = mino<s{p(as¢®)}.
(4) For any non-zero g € K[x|, ¢ 1, g if and only if u(g) = p(ao).
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Proof. Write g—ay = ¢g with ¢ € K([z]. If u(g) > p(ao), which is equivalent to pu(g) > u(¢q),
then ag ~, —¢q and ¢ |, ap. Hence, (1) implies (2).

An inductive argument shows that (2) implies (3). Let us now deduce (4) from (3). For
any non-zero g € K[z], (3) implies pu(g) < p(ag). If pu(g) < p(ao), then g ~, > o, asp®, so
¢ |u g. Conversely, if g ~, ¢g for some g € K[z, then u(g) < pu(g — ¢q) < p(aop) again by
(3), since ay is still the 0-th coefficient of the ¢-expansion of g — ¢g. Finally, (4) implies (1)
because g = ag if deg g < deg ¢. O

The property of p-minimality is not stable under p-equivalence. For instance, if g is
p-minimal and p(g) > 0, then g + g*> ~, g and g + ¢° is not p-minimal. However, for
p-equivalent polynomials of the same degree, y-minimality is clearly preserved.

For the minimal valuation pg there is a canonical isomorphism A(pg) — F[z] sending
H,y(g) to g; thus, Gr(uo) ~ @,cz Huo(m)“Flz]. Also, g € K[z] is pio-minimal if and only
if po(g) is the value of v at the leading coefficient of g. Thus, in the set of monic polynomials
of K[x], the po-minimal ones are those lying in O[z].

1.2. Key polynomials and augmented valuations. A key polynomial for the valuation
4 is a monic polynomial in K[z| which is g-minimal and p-irreducible.

Let KP(u) be the set of key polynomials for p. For instance, KP(ug) is the set of all
monic polynomials g € O[z] such that g is irreducible in F[z].

Since p-minimality is not stable under p-equivalence, the property of being a key poly-
nomial is not stable under p-equivalence. However, for polynomials of the same degree this
stability is clear.

Lemma 1.4. Let ¢ be a key polynomial for u, and g € K[x] a monic polynomial such that
¢ |p g and degg = deg . Then, ¢ ~, g and g is a key polynomial for p.

Proof. The ¢-expansion of g is of the form g = ag + ¢, with degag < deg ¢. By item (4) of
Lemma 1.3, we have u(g) < p(ao), so that H,(g) = H,(¢). In particular, g is p-irreducible
and, since deg g = deg ¢, it is y-minimal too. (Il

Definition 1.5. For ¢ € KP(u) and a non-zero g € Klx], we let ord, 4(g) denote the
largest integer s such that ¢* |, g, namely the order with which the prime H,(¢) divides
H,(g) in Gr(p). Accordingly, we set ord, 4(0) := oo, and we have

(2) ord, ¢(gh) = ord, ¢(g) + ord, ¢(h), for all g,h € K|x].

The map ord,, 4 induces a group homomorphism K(x)* — Z, but it is not a valuation.
For instance, if n > p(¢), then ord, 4(¢) = 1 = ord,, 4(¢+7") but ord, 4(7") = 0. However,
as a consequence of (1),

(3) ord, 4(g + h) > min{ord, 4(g),ord, 4(h)}
whenever y(g) = pu(h) = u(g + h), and equality holds if ord, 4(g) # ord,, 4(h).

Definition 1.6. Take ¢ € KP(u) and v € Qsqg. The augmented valuation of u with respect
to these data is the valuation u' determined by the following action on K|z]:

o p'(a) = p(a), if dega < deg ¢.

o 1(0) = (o) +v.

o If g =17 <, as0° is the p-expansion of g, then p'(g) = ming<s{p'(as¢®)}.
Equivalently, 1'(g) = ming<s{p(as®®) + sv}. We use the notation p' = [u; (¢, v)].

Proposition 1.7. [10, Thms. 4.2,5.1], [11, Lem. 4.3], [20, Thm. 1.2, Props. 1.3,1.5]

(1) The natural extension of p' to K(z) is a valuation on this field and p < u'.
(2) For a non-zero g € K|x], u(g) = /(g9) if and only if ¢ 1, g. That is, the kernel of
the canonical map Gr(pw) — Gr(y') is the principal prime ideal H,(¢) Gr(p).
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(3) The wvalue group T'(u') is the subgroup of Q generated by p'(¢) and the subset

Ty(p) = {p(a) | a € K[z], a #0, dega < degg} C I'(y).
(4) The polynomial ¢ is a key polynomial for 1. O

The group I'(/) does not necessarily contain I'(x). For instance, for the valuations

po=lpos (z,1/2)], 4" =[m; (2,1/2)] = [no; (=, 1)),
we have I'(u) = (1/2)Z, which is larger than T'(1/) = Z.

Lemma 1.8. Every ¢ € KP(u) is irreducible in K,[z].

Proof. Suppose ¢ = gh for two monic polynomials g,h € K,[z]. Then, for any positive
integer n, there exist polynomials gy, h,, € K[z] such that ¢ = g,h, (mod m") and deg g, =
degg, degh, = degh. By taking n large enough, we get ¢ ~, g,h, and, by the u-
irreducibility of ¢, then ¢ |, gn or ¢ |, hy. By the p-minimality of ¢, this implies deg ¢ <
deg g, or deg ¢ < deg h,,. Thus, necessarily ¢ = g or ¢ = h. (I

Let ¢ be a key polynomial for . Choose a root § € K, of ¢ and let K; = K,(6) stand
for the finite extension of K, generated by 6. Also, let O4 C Ky be the valuation ring of
K4, my its maximal ideal and Fy = Oy/my the residue class field.

The ramification index e(¢) and the residual degree f(¢) of the extension K4/K, do not
depend on the choice of § and satisfy deg¢ = [Ky4: K| = e(¢) f(9).

Let 10,4 be the pseudo-valuation on K[z] obtained as the composition:

Poo,s: Klz] = Kylr] — Ky QU {0},

the second mapping being determined by x — 6. This pseudo-valuation does not depend
on the choice of 8 as a root of ¢.

We recall that a pseudo-valuation has the same properties than a valuation, except for
the fact that the pre-image of oo is a prime ideal which is not necessarily zero. For pie ¢
this prime ideal is the principal ideal ¢ K|x].

Consider now the pseudo-valuation p*: K[z] — QU{oo}, where u* = [u; (¢, 00)] is given
as in Definition 1.6 but taking v = co. The preimage of co under p* is also the maximal
ideal ¢ K|[z].

Both pis,s and p* induce a valuation on the quotient field K[z]/¢ K[z]. These two
induced valuations coincide because the valuation v on K admits a unique extension to
that field, by Lemma 1.8. This implies jio0,¢ = p*, and we have the following analogue of
Proposition 1.7.

Proposition 1.9. If ¢ is a key polynomial for u, then
(1) p < foo,g and, for a non-zero g € Kx], u(9) = pioo,6(g) if and only if ¢ 1, g.
(2) v(Kg) =T4(p) ={nla) | a € Kz], a #0, dega < deg¢} C I'(n). O

Every element in K} can be expressed as h(0) for some non-zero h € Ky[z] with degh <
deg¢. Then, if g € K[z] has degg = degh and is sufficiently close to h in the v-adic
topology, we have v(h(0)) = v(g(d)) = u(g) € T'y(n). This justifies the second item of
Proposition 1.9.

Corollary 1.10. KP(u) C Olz].

Proof. Take ¢ € KP(u) and a root § € K, of ¢. Since 0 < p(z) < peoo(x) = v(6),
the root 6 belongs to Oy and its minimal polynomial ¢ over K, must have coefficients in
O,NK=0. O

The next result is a kind of partial converse to Propositions 1.7 and 1.9.
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Lemma 1.11. [20, Thm. 1.15] Let u be a valuation and let p* be a pseudo-valuation on
K|[x] extending v such that p < p*. Let ¢ € K[z] be a monic polynomial with minimal
degree satisfying u(¢) < p*(¢). Then, ¢ is a key polynomial for p and, for any non-zero
g € K|z], the equality pu(g) = p*(g) is equivalent to ¢ {,, g. Moreover, for v = p*(¢)—pu(¢) €
Q0 U {oo}, we have p < [p; (¢,v)] < p*. O

1.3. Residual ideals of polynomials. Let x be a valuation. Put A = A(u), and let I(A)
be the set of ideals in A. Consider the residual ideal operator:

R=R,: Klz] — I(A), g—=ANHL(g)Gr(u).

In sections 4 and 5 we shall study in more detail this operator R, which translates questions
about K [z] and p into ideal-theoretic considerations in the ring A. Let us now see that R
attaches a maximal ideal of A to any key polynomial for u.

Proposition 1.12. If ¢ is a key polynomial for u, then

(1) R(¢) is the kernel of the onto ring homomorphism A — Fy determined by g(x) +
Py — g(0) +my. In particular, R(¢) is a mazimal ideal of A.

(2) R(9) is the kernel of the homomorphism A — A(y) attached to any augmented val-
uation p' = [w; (p,v)]. In particular, the image of A — A(y) is a field, canonically
1somorphic to Fg.

Proof. If g € Py, we have v(g(f)) > p(g) > 0, and g(f) € Op. Thus, we get a well-
defined ring homomorphism Py — Fy. This map is onto, because every element in F
can be represented as h(f) + my for some h € K[z]|, with degh < deg¢ and v(h(6)) > 0.
Proposition 1.9 shows that u(h) = v(h(6)) > 0, so that h belongs to Py. Finally, if g € Py,
then v(g(#)) > p(g) > 0; thus, the above homomorphism vanishes on P~ and it induces an
onto map A — [y, whose kernel is R(¢) by Proposition 1.9. Item (2) is a consequence of
Proposition 1.7 and item (1). O

2. NEWTON POLYGONS

The choice of a key polynomial ¢ for a valuation u determines a Newton polygon operator
R2
N,u,qi): K[a;] — 2 s

where 28” is the set of subsets of the euclidean plane R?. The Newton polygon of the zero
polynomial is the empty set. If g = >, as¢° is the canonical ¢-expansion of a non-zero
g € K[z], then N, 4(g) is the lower convex hull of the cloud of points (s, u(as¢*)) for all
0 < s (see Fig.1). Note that the rational number p(g) is the lowest ordinate of all points in
the polygon, by Lemma 1.3.

The length ¢(N) of a Newton polygon N is the abscissa of its right end point. If N is not
a single point, we formally write N = S1 - - - F Sk, where S; are the sides of N ordered by
their (different) increasing slopes. The left and right end points of NV and the points joining
two sides are the vertices of N.

We are mostly interested in the principal Newton polygon Nl; ¢(g) formed by the sides of

N, 4(g) with negative slope. If there are no sides of negative slope, then Nl;qb(g) is the left

end point of Ny, 4(g). The length of N ;(g) codifies the power of the prime H),(¢) dividing
H,(g) in the graded algebra Gr(u).

Lemma 2.1. For every non-zero polynomial g € Klz], £{(N ,(g)) = ord,¢(g)-

Proof. If ord, 4(g) = 0, then the equality holds by item (4) of Lemma 1.3. Otherwise,

take h € Klz] with g ~, ¢h. Since (N, ,(g)) = UN, ,(oh)) = (N, 4(h)) + 1 and

ord, 4(g) = ord, ¢(¢h) = ord, 4(h) + 1, the result follows by induction. O
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FIGURE 1. Newton polygon of g € K|[x]
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FIGURE 2. v-component of N, 4(g) for a polynomial g € K|x].
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For the rest of the section we fix an augmented valuation u' = [u; (¢, )] with respect

to the key polynomial ¢ and a positive rational number v. By Proposition 1.7, ¢ is a key
polynomial for 4. So it makes sense to consider the Newton polygon N,/ 4(g), which is
related to N, 4(g) as follows, due to the formula p'(as¢®) = p(as¢®) + sv.

Lemma 2.2. Let H: R? — R? be the affine transformation H(x,y) = (z,y + vz). Then,
Ny o(9) = H(Nuo(9))- O

The affinity H acts as a translation on every vertical line, so a side S of N, 4(g) is mapped
to a side of N,y 4(g) whose end points have the same abscissas as those of S. Moreover, H
maps a line of slope p to a line of slope p+ v and keeps the vertical axis pointwise invariant.
This leads to the next result, which allows to read the value p'(g) on the Newton polygon

N, 6(g) (see Fig.2).

Corollary 2.3. For any non-zero g € K|z], the line of slope —v which first touches the
polygon N, 4(g) from below has ordinate pi'(g) at the vertical awis.

Proof. The statement follows from Lemma 2.2 taking into account that p’(g) is the ordinate
of the intersection point of the vertical axis with the line of slope zero which first touches
the polygon N, 4(g) from below (see Fig.1). O

Definition 2.4. For a non-zero g € K|x], the v-component of N, 4(g) is the intersection
of this polygon with the line of slope —v which first touches it from below:

Su(g) == Su(g) = {(z,y) € Nug(9) | y+ v is minimal}.  (see Fig.2)
Let s(g) = s,u(9) < 5'(9) = s,,(9) be the abscissas of the end points of Sy(g), and u(g) =
u, (g) be the integer such that (s(g),u(g)/e(p)) is the left end point of S,(g).

According to MacLane’s terminology, s'(g) is the effective degree of g and s'(g) — s(g) is
the projection of g, with respect to the augmented valuation p' [11, Secs. 3,4].
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FiGURE 3. Addition of two plane segments

S1+ 52

St S,

If N, 4(g) has a side S of slope —v, then S,(g) = S. Otherwise, S,(g) is a vertex and
s(g) = $'(g). Since the affinity H in Lemma 2.2 maps S,(g) to the side of slope zero of

N,y 4(g), the v-component is an invariant of the p/-equivalence class of g:

Lemma 2.5. For non-zero g, h € K|z], we have S,(g) = S, (h) whenever g ~, h. O

The vertex abscissas s(g) and s'(g) have also an algebraic meaning, in an analogous way
to the length of the principal polygon N/:d)(g).

Lemma 2.6. For a non-zero g € K[z|, the following holds:

(1) s(g) = ordu ¢(9)-
(2) §'(g) = ord,r ¢(g), where p" = [w; (¢, v — €)] for a sufficiently small € € Qsg.

Proof. The first item is obtained from Lemma 2.1, since s(g) = (N, ,(g)) by the above
remark on H(S,(g)). Now, the right end point of S, (g) equals the left end point of S, _¢(g)
if € € Qs is small enough, so the second item comes from the first. Il

There is a natural addition of segments in the plane. We admit that a point is a segment
whose right and left end points coincide. The sum S7 + S2 of two plane segments is the
ordinary vector sum if at least one of the segments is a single point. Otherwise, S1 + So
is the Newton polygon whose left end point is the vector sum of the two left end points of
S1, 59 and whose sides are the join of 57 and S considered with increasing slopes from left
to right (see Fig.3).

Corollary 2.7. For non-zero g,h € Klz]|, we have S,(gh) = S,(g) + Su(h).

Proof. Since the involved segments have either the same slope or length zero, the statement
is equivalent to the equalities

s(gh) = s(g) +s(h), s'(gh) = 5'(g) +s'(h) and  u(gh) = u(g) + u(h).
The first two equalities follow from equation (2) and Lemma 2.6. In order to prove the third,
let g =3 gcsas9® h =73 0 bi¢! be the ¢-expansions of g, h and set so = s(g), to = s(h),
gt = Zsogs asd®, h* = Ztogt bi¢t. Since g* ~u g, h* ~, h, we may suppose g = g%,
h = h*. The left end point of S, (gh) has abscissa s(gh) = sg + to and the (sg + to)-th term
of the ¢-expansion of gh is the remainder c of the division as,by, = ¢q+c. Since ¢ {,, as,by,
Lemma 1.3 shows that u(as,by,) = p(c). Thus, u(cd®0t) = plas,d*0) + p(by, '), which
amounts to u(gh) = u(g) + u(h). O

The addition of segments may be extended to an addition law for Newton polygons.
Given two polygons N = Sy b --- = S, N' =S| F ...+ 5}, the left end point of the sum
N + N’ is the vector sum of the left end points of N and N’, whereas the sides of N + N’ are
obtained by joining all sides in the multiset {Sl, ooy Sy ST, ,S,Q,} ordered by increasing



10 FERNANDEZ, GUARDIA, MONTES, AND NART

slopes [5, Sec. 1]. As an immediate consequence of Corollary 2.7, we get the theorem of the
product for Newton polygons.

Theorem 2.8. Let ¢ be a key polynomial for the valuation p. Then, for any non-zero
g9,h € K[z] we have N, ;(gh) = N, ,(g9) + N, ,(h). O

The analogous statement for entire Newton polygons is false. For instance, consider
g,h € K|z] such that degg, degh < deg¢ and deggh > deg¢; then, both N, 4(g) and
N, 4(h) are a single point, while N,, 4(gh) has a side of length one.

We now apply these Newton polygon techniques to obtain a characterization of the units
in Gr(y') and a criterion for p/-minimality in terms of ¢-expansions.

Lemma 2.9. For any non-zero g € K[x], the following conditions are equivalent:
(1) Hy(g) is a unit in Gr(y').
(2) S,(g) is a single point of abscissa zero, that is, s(g) = s'(g) = 0.
(3) g ~w a for some a € K[z] with dega < deg ¢.

These conditions hold if ¢ 1, g, namely if p(g) = 1/'(g).

Proof. Item (2) can be deduced from (1) by using Lemma 2.5 and Corollary 2.7. Indeed,
if gh ~, 1 for some h € K[z], then S,(g) + S,(h) = S,(gh) = S,(1) = {(0,0)}, so S,(g)
must be a single point of abscissa zero.

Clearly, (2) implies (3). Lastly, let us deduce (1) from (3). Suppose g ~,/ a for some
a € K[z] with dega < deg¢. By Lemma 1.8, a is coprime to ¢, so we have a Bézout identity
ab =1+ ¢q, with b,q € K[z] and degb < deg ¢. Hence,

(' (ab—1) = p/(¢q) > p(dq) = p(ad) = 1/ (ab),
by the definition of y'. Therefore, ab ~,/ 1 and H,/(g9) = Hy/(a) is a unit in Gr(y').
As for the condition ¢ {, g, it amounts to saying, by Lemma 2.1, that N, 4(g) touches
the vertical axis and has no sides of negative slope, which implies (2). O

Lemma 2.10. For any g € K|z| with ¢-expansion g = Zﬁ:o as®®, ag # 0, the following
conditions are equivalent:

(1) g is p'-minimal.

(2) degag =0 and (/' (g) = 1’ (arg?).

(3) degg = s'(g) deg ¢.

Proof. Since degg = degay + ¢ deg ¢, item (3) turns into degay, = 0 and s'(g) = ¢. By
Corollary 2.3 applied to both g and a;¢’, the last equality amounts to p/(g) = ' (agqﬁe).
Thus, (2) and (3) are equivalent.

Let us now deduce (2) from (1). If g is g/-minimal, then g — ay¢’ cannot be y/-equivalent
to g, so the equality 1/(g) = i’ (ar$") must hold. Moreover, Lemma 2.9 applied to a, yields
cay ~y 1 for some ¢ € K[z]. Then, for each 0 < s < £ such that a, # 0, Lemma 2.9 applied
to the unit H,/(cas) shows that ca, ~,/ ¢ for some ¢y € K[z] with degc, < deg¢. Thus,
g~ o + Zﬁ;é cs¢® and this implies degg < £deg ¢ by the p/-minimality of g. Hence,
degay = 0.

Conversely, suppose that (3) holds and consider f € K|xz] such that f ~, gh for a non-
zero h € K[z]. By Lemma 2.5 and Corollary 2.7, s'(f) = s'(gh) = s'(g) + s'(h), so that
degg = s'(g)degd < s'(f)deg o < deg f. Thus, g is p/-minimal. O

As a consequence of the criterion for p/-minimality given in Lemma 2.10, we may intro-
duce an important numerical invariant of an augmented valuation.

Lemma 2.11. Let g € K[x] be a monic non-constant p'-minimal polynomial. Then, the
rational number C (') := 1/ (g)/ degg is positive and does not depend on g.
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Proof. Lemma 2.10 shows that the ¢-expansion of g is of the form
g=0"+) ., 00" with p/(g) =4 (¢").

Since degg = fdeg ¢, we get u/'(g)/degg = p/'(¢)/ degp. This value is positive due to
Corollary 1.10 and the inequality p'(¢) > uo(¢). O

Lemma 2.11 holds for the minimal valuation pg too, though the corresponding constant is
no longer positive. Indeed, a monic non-constant pg-minimal polynomial g has coefficients
in O, and then C(up) := po(g)/ degg = 0 is independent of g.

3. MACLANE’S INDUCTIVE VALUATIONS

A valuation p € V is called inductive if it is attained after a finite number of augmentation

steps starting with pg. For such a chain of augmented valuations p; = [ui—1; (di, v4)],
1 <i < r, we write

(¢1,11) (¢2,v2) (fr—1,¥p—1) (¢rsvr)
(4) po == == TR T =

Let Vind .= Vind(K) C V denote the subset of all inductive valuations. We agree that
po € Vind by admitting empty chains of augmentations of length r = 0.
By Lemma 2.10, in every chain of augmented valuations as in (4) we have

deg¢1 | deg @y | --- | deg¢r—1 | deg .
Moreover, the constants C(pu;) introduced in Lemma 2.11 grow strictly:
0=C(po) < C(p) <+ <Clpr) =C(n).
In fact, ¢j+1 € KP(u;) N KP(ui41) for any 0 < i < r, by Proposition 1.7. Hence,
i i i(Qit1) + Vi Vi
Clpiny) = © 11(Piv1) _ pilPita) + vigr Cli) + -2

deg ¢it1 deg it deg gi+1
Lemma 3.1. For a chain of augmented valuations as in (4), consider g € K|zx] such that
Gifu—y g for some 1 < i <r. Then, pi—1(g) = pi(g) = = pr(9).

Proof. By Proposition 1.7, u;—1(g9) = pi(g). By Lemma 2.9, H,,(g) is a unit, so it is not
divisible by the prime H,, (¢;+1) and the argument can be iterated. O

3.1. MacLane chains of valuations. A chain of augmented valuations as in (4) is called
a MacLane chain (of length ) if ¢ip1 o, ¢ for all 1 <i <r. We say that it is an optimal
MacLane chain if deg ¢ < --- < deg ¢y.

The condition ¢;11 %, ¢; in a MacLane chain amounts to the apparently stronger
condition ¢ii1 1y, ¢i. Indeed, ¢ip1 |, ¢i implies deg ;1 = deg ¢; by the p-minimality of
@it1; thus, @11 ~y, ¢; by Lemma 1.4. This shows, in particular, that an optimal MacLane
chain is certainly a MacLane chain.

Lemma 3.2. In a MacLane chain as in (4), the value group T'(p;), for 1 < i < r, is the
subgroup of Q generated by T'(p;—1) and v;. In particular,

Z =T(po) C (1) C -+ CT(pp—1) C T(py) = T(p).
Moreover, T'(pi—1) = Ty, (ti—1) = {pi—1(a) | a € K[z], a # 0, dega < deg ¢;}.
Proof. By Propositions 1.7 and 1.9, the group I'(u;) is generated by u;—1(¢:) + v; and the
subgroup I'y, := T'g,(pi—1). Thus, it suffices to show that I'(;—1) C I'y,. Since I'(uo) =

Z C Ty, , we can assume i > 1. Let g = Eogs as(¢pi—1)° be the ¢;_1-expansion of a non-zero
polynomial. By definition, there exists s > 0 such that

pi—1(9) = pi—1(as(pi—1)%) = pi—1(as) + s pri—1(Pi—1).
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We have p;—1(as) € I'y, because dega, < degp;—1 < deg¢;. Since ¢; {4, ¢i—1, Lemma
2.9 shows the existence of a € K[z| with dega < deg¢; such that ¢;_; ~,, a. Hence,

pi-1(¢i-1) = pi(@i-1) = pi(a) = pi—1(a) € L'y, so that p;—1(g) € ', O

In the next three auxiliary results, u stands for an arbitrary valuation in V. The first
one comes right away from item (3) of Lemma 2.10.

Lemma 3.3. For an augmented valuation p' = [u; (¢, V)], any monic p'-minimal polynomial
g € K[z] with degg = deg ¢ satisfies g ~,, ¢. O

Lemma 3.4. Consider a chain of two augmented valuations

((b?l/) /

n 2 (¢_7V>) NH

with deg ¢’ = degd. Then, ¢’ is a key polynomial for p, and p" = [u; (¢, v+ V')].
Proof. By Lemmas 3.3 and 1.4, ¢’ is a key polynomial for p. It is clear from the definitions

that ¢ and [u; (¢, v + 1/')] coincide with p on all polynomials of degree less than deg ¢. It
suffices to check that they also coincide on ¢'. Indeed, we have

W) = i(@) + v = () +V = u(g) + v+ = p(¢) + v+,

where the equality p/(¢') = p/(¢) is deduced from item (4) of Proposition 1.7 and Lemma
2.11, while the equality u(¢') = u(¢) is a consequence of Lemma 3.3. O

Lemma 3.4 shows that every inductive valuation admits an optimal MacLane chain. Let
us now discuss the unicity of such a chain.

Lemma 3.5. Let n = [u; (¢,v)] and n. = [; (¢x, vi)] be two augmented valuations. Then,
N = n if and only if deg ¢ = deg o, n(¢d«) = n(¢) and v, = v. In this case, we also have

¢* ~u <Z>
Proof. Suppose 1. = 1. By the definition of an augmented valuation,

(5) deg ¢ = min{degg | g € K[z], uu(g) <n(g)}

and analogously for ¢, (and 7,), so that deg ¢, = deg ¢. By Proposition 1.7, ¢ and ¢, are
n-minimal; hence, ¢, ~, ¢ by Lemma 3.3, and 7(¢«) = 1(¢) by Lemma 2.11. This implies

(¢+) = p(9) and vy = v.
Conversely, suppose deg ¢, = deg ¢, n(¢.) = n(¢) and v, = v. The first two assumptions
imply the n-minimality of ¢, by item (2) of Lemma 2.10, and then

Ne(fx) = p(ds) + i = (@) +v = n(d) = nle«)

is a consequence of Lemma 3.3. Now, since ¢, is n-minimal and 7,-minimal, item (3) of
Lemma 1.3 shows that n = n,. (I

Proposition 3.6. Consider an optimal MacLane chain as in (4) and any other optimal
MacLane chain

(@7 v) %

(¢*7V*) * (¢*7V*) * *
A LT A T R A THE Sy Ti

1o = 15
Then, p= p* if and only if r =t and
degp; = deg ¢y, pi(¢i) = pi(¢;), vi=v; forall 1<i<r.

In this case, we also have p; = p; and ¢; ~,,_, ¢7 for all1 <@ <.
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Proof. The sufficiency of the conditions is a consequence of Lemma 3.5. Conversely, suppose
@ = p* and, for instance, r < t. Let us prove the following for any 1 < ¢ < r:
pi-1 = pi_y = deg¢; =deg¢;, wi(di) = pi(¢;), vi=v;, pi= ;.

Indeed, the degree equality comes from

deg ¢; = min{degg | g € K[z], pi-1(g) < u(g)},

which is deduced from (5) and Lemma 3.1. The optimality of both chains and the minimality
of the key polynomials imply ¢;11 1, ¢} and ¢, 1,: ¢i. Hence,

i (@i) = (i) = pi(¢i)  and  pi(@y) = pu(dy) = pi (07),
again by Lemma 3.1. Now, u;(¢}) < pi(¢;) and pf(¢;) < pi(¢7), by the very definition
of the valuations p;, p; on monic polynomials with the same degree as ¢;, ¢;. Therefore,
pi(¢i) = pi(¢7) and the equality v; = v} follows straightforwardly. Lemma 3.5 asserts then
p; = pi and ¢; ~,, , ¢;. This leads by induction to u, = uy. The inequality r < ¢ would

imply p < p*, against our assumption. Thus, r = ¢. (I
Hence, in an optimal MacLane chain for p, the intermediate valuations ug, ..., uy—1, the
positive rational numbers v1, ..., v, and the integers deg ¢1, ..., deg ¢, are intrinsic data of

1, whereas the key polynomials ¢1, ..., ¢, admit different choices.

Definition 3.7. The MacLane depth of an inductive valuation p is the length r of any
optimal MacLane chain for .

We end this section with several applications of the existence of MacLane chains.

Proposition 3.8. Let u be an inductive valuation on K,(x). The restriction of u to K(x) is
an inductive valuation with graded algebra isomorphic to Gr(u). The mapping V(K,) —
Vind(K) obtained in this way is bijective.

Proof. Proposition 3.6 shows that every p € V"d(K,) admits an optimal MacLane chain
whose key polynomials have coefficients in K; clearly, the inductive valuation on K (zx)
determined by this optimal MacLane chain is the restriction of p to K(z). Thus, the
restriction of valuations induces a well-defined map V"4 (kK,) — V"d(K). The statement
about the graded algebras is obvious.

Conversely, an optimal MacLane chain of any u € V" (K) may be considered as an
optimal MacLane chain of an inductive valuation u® g K, on K,(x), obtained by extending
to polynomials in K,[z] the definition of the successive augmentations. This valuation
does not depend on the chosen optimal MacLane chain, by Proposition 3.6 applied to both
valuations p and p ®x K,. Hence, we get a map V" (K) — V" (K, ) which is the inverse
of the restriction map. O

Proposition 3.9. For any inductive valuation u, the canonical embedding A(pu) < K(w)
induces an isomorphism between the field of fractions of A(u) and k().

Proof. We must show that the induced morphism Frac(A(u)) — k(p) is onto. An element
in k(p)* is the class modulo m, of a fraction g/h of polynomials with p(g/h) = 0. Set
a = pu(g) = p(h) € T'(p). If there exists f € K[z] with pu(f) = —c, then H,(fg), H.(fh)
belong to A(u) and the fraction H,(fg)/Hu(fh) is sent to the class of g/h by the above
morphism.

If 4 = po, then o € Z and we can take f = 7~%. Otherwise, consider a MacLane chain for
was in (4). By Lemma 3.2, —a = 8+ sv, for some 8 € I'(,—1) and some integer s which
can be assumed non-negative by taking, if necessary, the remainder of its euclidean division
by (I'(u): I'(pr—1)). Also, Lemma 3.2 shows the existence of a € K[z] with dega < deg ¢,
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such that p,—1(a) = 8 — spr—1(¢r) € I'(ptr—1). Thus, pr—1(a¢) = B, and so we can take
f = ag;. O
Theorem 3.10. For an inductive valuation p, every monic non-constant g € K [x] satisfies
u(g)/ degg < C(u). Equality holds if and only if g is pu-minimal.

Proof. By induction on the length r of a MacLane chain of pu. For r = 0, a monic g € K|z]
satisfies po(g) < 0 = C(uo), with equality if and only if it has coefficients in O, which is
equivalent to g being pg-minimal.

Take a MacLane chain of p of length » > 0 as in (4) and let g = Zﬁ:o as¢y be the
¢r-expansion of a monic non-constant polynomial in K[z]. Denote m, := deg ¢,.

If ap = 1, then pu(g) < pu(¢t) = £m, C(u) = C(u) deg g, and equality holds if and only if
g is p-minimal, by Lemma 2.10. Otherwise, ay is monic and g is not g-minimal, again by
Lemma 2.10. Moreover,

ulg) < nlaedr) = pr-1(ag) +Lmy C(p) < C(u) (degag + €my) = C(u) degyg,
since C(pr—1) < C(p) and pr—1(ag) < degap C(pr—1) by the induction hypothesis. O

3.2. Discrete data attached to a MacLane chain. Let us fix an inductive valuation p
equipped with a Maclane chain of length r as in (4). In this and the next two sections, we
attach to this chain several data and operators.

From now on we use the following notation:

Ui=T(w) = e(u)7'Z,  Ai = D), 0<i<m,
FO = Im(}F — Ao), Fz = Im(Ai,l — Al), 1< <r.

By Proposition 1.12, F; is a field isomorphic to the residue class field Fg, of the extension of
K, determined by ¢;; thus, F; is a finite extension of F. We abuse of language and identify F
with Fo and each field F; C A; with its image under the canonical map A; — A for j > 4. In
other words, we consider as inclusions the canonical embeddings: F=F,CF, C--- CF,.

To these objects we attach several numerical data. Set ¢g = z, vy = 0, p—1 = po and
F_1 =Fy. For all 0 <i < r, we define:

e = e(i)/e(fi—1), m; := deg ¢;,
fic1 = [Fi: Fiq], w; = pi—1(0q), Vi = e(pi—1)w;,
hi = e(pi)vi, Ci == C(pi) = pi(ei)/ deg ¢,

Note that eg = 1, fo = mq, hg = 0. Also, the relation I'; = I';_1 + v; Z proved in Lemma
3.2 implies ged(e;, h;) = 1. All these data may be derived from the integers

(6) €0y, Ep, fo,...,fr_l, hl,...,hr.
In fact, the following relations can be easily checked to hold for 1 < i < r:

e(¢:i) = e(pi-1) = e - €i-1,

f(di) = [Fi: Fo] = fo--- fi-1,
(7) mi = e;i—1 fi—imi—1 = (eg---ei—1)(fo- - fi=1),

w; = €1 fi—1(Wi—1 +vic1) = 31 <ji(€f5 - eim1 fim)v,

Ci = (w; + v3)/m;.
The first equality comes from the last assertion of Lemma 3.2 and Proposition 1.9. The
recurrence on wj; is deduced from Lemma 2.11 applied to ¢;—; and ¢; as key polynomials
for pu;—1. Note that wyg = wy = 0.

If the MacLane chain is optimal, Proposition 3.6 shows that all these rational numbers are
intrinsic data of p. In this case, we refer to them as e; (i), fi(p), hi(p), vi(p), mi(p), wi(w),
Vi(p), Ci(p), respectively. The positive integers in (6) are then called the basic MacLane
invariants of .
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3.3. Rational functions attached to a MacLane chain. For every 0 < i < r, we
consider integers ¢;, ¢; uniquely determined by

Lih; —i—féez‘ =1, 0<Y; <e;.

We consider several rational functions in K (z) defined in a recursive way. We take mg =
m =7, o= Po =0 = z, and
—V - _h ol .
Q; = ¢;m; Vil = i, M min = q’flm’, 1<i<r.
For ¢ > 1, it is easy to deduce from the definition that:

(8) Oy =70 (P1)™ - (Pi)V By, = (1) (o) 2 (Bimr)

for certain integer exponents. By Lemma 3.1, 11,(¢;) = p(¢;) for all i < j; hence,

(9) i (®i) = pu(®@s),  pi(vi) = p(i),  pj(miza) = plmigr), 1<i<j<r
Let us compute these stable values.

Lemma 3.11. For every index 0 <t < r, we have

(1) pi(mi) = 1/e(pi-1), pi(mip1) = 1/e(ps)-
(2) pi—1(Pi) =0, pi(Pi) = v;.
(3) wi(vi) =0.

Proof. We prove (1) and (2) by induction on i. For ¢ = 0 the statements are obvious.
Suppose @ > 0 and (1), (2) hold for a lower index. The identity p;(m) = pi—1(m) =
1/e(pi—1) is a consequence of (9). We have then,

pi-1(®i) = pi-1(p:) — Vi/e(pi-1) = wi — w; = 0.
pi(®i) = pi(ds) — Vife(pi—1) = w; + vy —w; = v;.
pi(miv1) = Livi + £ fe(pi1) = 1/e(p).

The third item follows from the first two items. O

By Lemma 2.9, the element H,,,(¢;) is a unit in Gr(yu;) for all j < ¢ < r. Hence, by using
(8), it makes sense to define for all 0 < ¢ < r:

Ti = HMi((I)i) = HM (W)TiOHM(él)le T Hui((bi—l)rii_lHM((lsi) € gr(ﬂi)y
pi = Hp, (mi) := Hp,, (7)"0 Hpy, (61)™ -+ Hp, (i) =2 Hp, (¢i-1)"1 € Gr(pa)*,
yi == Hy, (vi) = (@)% (pi) ™" € Ay

Clearly, z; is associate to the prime H,, (¢;) in Gr(u;). For i > 0, ¢41 1y, ¢i implies that
H,,(¢i) has a non-zero image in Gr(u;4+1), by Proposition 1.7. Thus, x;, and hence y;, have
non-zero images in Gr(u;1+1) too. For 0 <14 < r we may define:

z; € Fiy1, the image of y; under A; — A4,
¥; € Fi[y], the minimal polynomial of z; over F;.

As remarked above, z; # 0 (and ; # y) for i > 0. We have zg = 0 (and ¢y = y) if and only
if ¢1 ~u, T, or equivalently, ¢; =7 in F[z].

We shall see in Corollary 4.4 that F, 1 = F;[z;] = Folzo, ..., 2i], so that deg; = f;.

In optimal MacLane chains, the elements x;, p;, y;, z; € Gr(u) are “almost” independent
of the chain. Their precise variation is analyzed in Lemma 4.13.
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3.4. Operators attached to a MacLane chain. We consider Newton polygon operators
Ni:=Ny, ¢ Klz] — o® o<i<r,
and residual polynomial operators:

Rio:  Palpi) — Filyl, 0<i<r, aely,
R;: Klz] — Fyly], 0<i<r.

The operators R; o, R; are attached to the MacLane chain of ji; obtained by truncation of
the given MacLane chain of p. Thus, it suffices to describe R, , and R,.
Let us first define certain constants involved in the recursive definition of R, ,.

Definition 3.12. For0 <i <r anda € I';, let s;(c), ui(a) be the unique integers satisfying
ui(a)e; + si(a)h; = e(pi)a and 0 < s;(a) < e;. For 0 <i<r, define

(o) = (z2) )l € 7
We agree that eg(a) = (20)° = 1 for all « € Ty = Z, even in the case zp = 0.

Definition 3.13. For o € I'(1) and g = Yy, as®; the ¢p-expansion of g € Pol(u), we
define: B

> 0<j €r—1(0) Rr—1,a,(as;) (2r-1) v/, ifr >0,

where sj 1= sp(a) + je; and o = a — sju(pr) € Iy

Let us explain the meaning of the data sj, a; involved in the computation of the j-th
coefficient of R, ,(g) for r > 0 (see Fig.4).

Let C = (Z>0) x';,—1 C R? be the set of points of the plane that may be vertices of N,.(g).
Let L, be the line of slope —v, cutting the vertical axis at the point (0, «). The monomials
of R, o(g) are in 1-1 correspondence with the points of C N L. In fact, the points on CN L,
may be parameterized as:

Py = (sr(a) + jer, (urp(@) = jhr)/e(pr—1)),  J € Zxo.
We may write P; = (sj,uj/e(pr—1)), with s; = s.(a) + je,, uj = up(a) — jh, € Z. Also,
since u;/e(py—1) and w, (by definition) belong to I',_1, we may consider
aj =a—sju(or) = a—sj(w, + 1) = uj/e(pr—1) — sjw, € Tr_y.

Denote Qs := (s, pr—1(as¢?)) € C, so that {Qs | 0 < s} is the cloud of points whose lower
convex hull is N, (g). By Corollary 2.3, all Q; lie on or above the line L, and Q; lies on
L, if and only if p(as¢?) = a. Hence,

(10) Qs - B] S La = S = Sj and :U'T‘fl(asJ‘) = a]

We shall see in Corollary 4.9 that the j-th coefficient of R, ,(g) is non-zero if and only if
Qs ; = Pj. Let us now check that this coeflicient vanishes if Qsj lies above L.

Lemma 3.14. For all o € T'(u) the operator R, . vanishes on Py (p).

Proof. We proceed by induction on r. For r = 0 the statement is clear. Assume r > 0
and consider the ¢,-expansion g = >, as¢ of a polynomial g with x(g) > «. By (10),
pr—1(as;) > aj for all j > 0. By the induction hypothesis, all R _1,4;(as;) vanish (as
polynomials in F,_1[y]) and all coefficients of R, ,(g) vanish too. O
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FIGURE 4. Newton polygon N, (g) for g € Kz]| with u(g) =

\ 0
ur(@)fe(pis) PR 0
°

We may now describe the residual polynomial operator R, : K[z] — F,[y].

Take g as above with p(g) = a, and let s(g) = s,(g) < s'(g) = s),(g) be the abscissas of
the end points of the v,-component of N, (g) (Definition 2.4). These end points belong to
C N Lq, so that s(g) = s;, for jo = (s(g9) — sy(a))/er = [s(g)/er], and §'(g) = Sjy+d, where
d = (s'(g9) — s(g))/er is the degree of the segment S, (g).

By Lemma 3.14, the non-zero coefficients of R, ,(g) correspond to abscissas s; with
Jo < j < jo+d (see Fig.4).

Definition 3.15. For a nonzero g € K|[z|, let o = u(g). We define
Ro(g) := Ro.a(g) = g(y) /7,

R.(g) = Rr,a(g)/yjo = Zogkgd fr—l(ajo+k) Rr—l,aj0+k (a8j0+k)(z’f'—1) ykv
if r >0, where jo = |s(g)/er|. We take R,(0) =0 for all r.

For r > 0 and any integer s > 0, the Newton polygon N, (¢?) is the single point (s, sw;).
Take a := p(¢}) = s(wy+vy,) and let j = |s/er| = (s—s,())/e,. With the above notation,
s =s;j and a;; = 0. Since ¢,_1(0) =1 = R,_1 (1), we have

(11) Rra(07) =y, Ri(6]) = 1.
Corollary 4.9 below shows that R,(g) has always degree d and R,(g)(0) # 0.

4. STRUCTURE OF THE GRADED ALGEBRA OF AN INDUCTIVE VALUATION

In this section, we fix an inductive valuation p equipped with a MacLane chain of length
r, and we denote A = A(u). We shall freely use all data and operators of the MacLane
chain described in section 3.

The essential property of the residual polynomials is revealed in Theorem 4.1. We shall
derive from this result the structure of the graded algebra of 1 and some more properties
of the residual polynomials, including their link with the residual ideals. Also, at the end
of the section we use Theorem 4.1 to find the precise relationship between the data and
operators attached to two optimal MacLane chains of u.

For 0 <i <r and «a € I';, consider the integers s;(a), u;(a) given in Definition 3.12. By
Lemma 3.11, the following homogeneous element of Gr(u) has degree a:

pila) == a7 p ) € Py ().

For a non-zero g € K|x], we recall that (s(g),u(g)/e(pr—1)) is the left end point of S,, (g),
if r > 0 (see Fig.4). We agree that s(g) := 0, u(g) := uo(g) if r = 0.
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Theorem 4.1. Let g € K[z] be a non-zero polynomial and let o = p(g). Then,

H/L(g) = @r(a)Rr,a(g)(yr) = :Uf*(g)pg(g)Rr(g)(yr)'
In particular, Pa(p) /P (1) = or(@)A is a free A-module of rank one.

Proof. Let g =} 4., as¢; be the ¢,-expansion of g. Let I = {s > 0| pu(as¢;) = a}. Since

9 ~u Y seras®y, we have H,(g) = > .7 Hy(as9;) by equation (1).
If r = 0, we have ¢9 = x, s(a) = 0 and po(a) = H,(m)* = pf. For all s € I, we have
to(as) = po(asz®) = «; thus, by := asm™ has uo(bs) = 0, and

Hyo(asz®) = po(a) Hyy (bs) yg = wo(@)bs ¥,
by the identification of F with Fg C Ag. This proves the theorem in this case.
For » > 0 let us prove by induction on r the identity

Hu(g9) = ¢r(a)Rralg)(yr),
which, after (10), is equivalent to
Hu(asﬁbf‘j) = Spr(a)erfl(aj)erl,aj (as])(zrfl) ygv
for all j > 0 such that . 1(as;) = a;. Since

(12) or() yi — $8r(a)pgr(a) Z/i — zST(a)""jeipgr(a)_jhi = zlip,

T T

our aim is equivalent to showing that ji,.—1(as;) = a; implies:

(13) Hy(as, 07 ) = 27 py er—1(0j) Rr_1,0, (as,) (zr—1)-

By the induction hypothesis, if y,_1(as;) = a; we have
(14) Hurq(asj-) = ‘Pr—l(aj)RT—Lozj (as]-)(yr—l)-

Since degas;, < deg¢,, we have u(as;) = pr—1(as;). Also, (9) implies that pu(®,_1) =
tr—1(®r-1), p(mr—1) = pr—1(m—1). Hence, if we apply the canonical homomorphism
Gr(pr—1) — Gr(u) to the identity (14), we get
(15) Hu(asj') = HM((pTil)ST—l(aj)H‘u(ﬂ-Til)urfl(aj)RT_il,aj (GSj)(zrfl)-

Therefore, (13) is equivalent to
H# (((I,T_I)ST—MQJ-)(WT_1>ur_1(ozj) i;) _ H,u ((I)f«ngj) fr—l(aj)a
and this is a consequence of an identity between the involved rational functions which is
proved in Lemma 4.2 below.
Finally, equality (12) applied to j = jo = [s(g)/er] yields () yi® = 25 @pt9  Hence,
#r(0) Rra(9) () = &7 Ry (9) (r)- 0

Lemma 4.2. With the above notation, for any j > 0 we have

((I)r—l)sril(aj)(Wr—l)uril(aj) ¢7S"J = (I)ijﬂﬁj ('Yr—l)e;_lsril(aj)igrflurfl(aj).
Proof. Denote for simplicity s = s;, u = uj, 5§ = s,_1(aj), @ = up—1(aj), L = b1, ' =0, _,
e =¢ér—1, f = fr—1. The following identities are derived from the definitions of v,_1, m,., @,
and the Bézout identity ¢h + e = 1.

((I)T—1>§<7Tr—l)ﬂ (,yr_l)za—f’g _ ((I)T_l)@re(za—f’g) (m_l)a—h(éa—z’g)
_ ((I)r_l)f(hEJreﬂ) (WT—l)Z/(h§+eﬁ) — ﬂ_;ngreﬂ — ﬂ_;ffsVr — (‘Pr/d)r)sﬂf'
In the last but one equality we used the identity u — sV,. = ue + sh, which is derived from
u/e(:U’T—l) - SWr = & = ﬂ/e(MT—Q) + Svp—1 by multiplying by e(lu’r—l)' O
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Theorem 4.3. The map F,[y] — A determined by y — y, is an isomorphism of F,.-algebras.

Proof. A non-zero element in A is of the form H,(g) for some g € Kz] with u(g) = 0.
Since ¢,(0) = 1, Theorem 4.1 shows that H,(g) = R,0(g)(yr) is a polynomial in y,, so that
the map F,.[y] — A is onto. On the other hand, A is a domain which is not a field, because
yr € A is not a unit. Thus, the map is 1-1 because the kernel vanishes, being a prime ideal
of I, [y] which is not maximal. O

Corollary 4.4. For all 0 <i <7, Fiy1 = Fi[z] = Folzo, ..., 2] and degp; = f;. O

By Proposition 3.9 and Theorem 4.3, we get an isomorphism (u) ~ F,(y). In particular,
k()™ ~ T, where k(1) is the algebraic closure of F in ().

Corollary 4.5. For an inductive valuation p, the subfield k(p)™9 C k(u) is a finite exten-
sion of F and k(p) ~ k()™ (y), where y is an indeterminate. O

Corollary 4.6. The operator R, . induces a bijective map Ry.o: Po/Ps — Frlyl.
Proof. By Lemma 3.14, R, is well defined. Consider the map
Folyl — Pa/Pd, ©(y) = or(a)i(yy).

Theorems 4.1 and 4.3 show that these maps are one inverse to each other. O
Note that R, is the inverse of the isomorphism F,[y] — A of Theorem 4.3.
Theorem 4.7. The graded algebra of i admits the following description:

Gr(n) =D, cr, Pr(@A = Frlyr, propy ] = Alprpy e )

The elements y,, p, are algebraically independent over F,. and x, is algebraic over Alp,, p; ']

I
with minimal equation x&r = pf}*yr-

Proof. Theorem 4.1 shows that @, 4, pr, p, ! generate Gr(u) as an F,-algebra. The algebraic
independence of y,, p, translates into the F,-linear independence of the family ¥ = {y/"p!" |
m € Z>p, n € Z}. We may group these elements by its degree:

_ — (pr—1)
X = UaEF(M) Yo, o= {y"ppY | m € Lo}

Each family ¥, is F,-linearly independent because y, is transcendental over F,. Therefore,
3 is F,-linearly independent because a linear combination of its elements vanishes if and
only if each homogeneous component vanishes.

The minimality of the equation z¢ = p/y, is a consequence of ged(h,, e,) = 1. O

Corollary 4.8. Consider a polynomial v € F,[y] with ¥(0) # 0. Then, ¥(y,) € A is a
prime element in Gr(u) if and only if ¢ is irreducible in F,[y].

Proof. If ¥(y,) is a prime element in Gr(u), then it is a prime element in A and Theorem
4.3 shows that v is irreducible.

Conversely, if 1 is irreducible, consider F' = F,.[y] /(1)) and denote by z € F’ the class of
y. By Theorem 4.7, Gr(u)/v(y,)Gr(pn) ~ F'[p, p~t][x], where p is an indeterminate and
satisfies ¢ = p"rz. Since ¥(0) # 0, we have z # 0 and F'[p,p~!][z] is an integral domain.
Hence, 9 (y,)Gr(p) is a prime ideal. O

We may now use Theorems 4.1 and 4.3 to derive some more properties of the residual
polynomials.

Corollary 4.9. Let r > 0 and consider a nonzero g € Py (1).
(1) The j-th coefficient of Ry (g) is non-zero if and only if ji,—1(as;) = a.
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(2) deg Rr.a(g) = [5'(g9)/er] and ordy(Rra(9)) = L ( )/er].
(3) deg Rr(g) = (s'(9) — s(9))/ex and R, ( )(0) #

Proof. By Lemma 3.14, the j-th coefficient of R, o (g) vanishes if y1,_1(as;) > a;. Otherwise,
Ry _1,a;(as;)(2-—1) # 0 by equation (15). This proves (1), and the other two items are an
easy consequence. O

The next result is an immediate consequence of Theorem 4.1 and Corollary 4.9.

Corollary 4.10. For non-zero g,h € K|z], the following conditions are equivalent:

(1) g ~pu h.
(2) u(g) = pu(h) and R.o(9) = Rya(h) for o = p(g).
(3) Su.(9) = Sy, (h) and R.(g) = Ry(h). O

Corollary 4.11. For any non-zero g € Klx|, let « = u(g). Then,
R(g) =yl @R, 0 (9) () A = y[* @/ R, (9) (yr) A

Proof. By Theorem 4.1, H,(g) = wﬁr(a)pg’"(a)Rna(g)(yr). If s,(a) = 0, then R(g)
H,(9)Gr(1n) N A = R, o(9)(yr)A, because p, is a unit. If s,(a) > 0, then [s,(a)/e,| =
and the defining equation of s,(«) given in Definition 3.12 shows that

L

sp(—a) = ep — sp(), up(—a) = —hy — up ().
A polynomial h € K[x| satisfies H,(gh) € A if and only if u(h) = —a; in this case,
H,(h) = mﬁ’”_sT(a)p;hT_u’“(a)Rn,a(h)( Yr), by Theorem 4.1. Hence,

R(9) = {yr Rra(9) (Yr) Br—a(h)(yr) | p(h) = —a} C yr Ry a(g)(yr)A.

Since g Rra(9) (ur) = Hulg)aw ™" “p; " € R(g), we have R(g) =y Rra(g) (ur) .
Finally, y for (O‘)/&]R a(9)(yr) = (8 g)/eJRr(g)(yr), by (2) of Corollary 4.9. O

(
Corollary 4.12. Let a € T'(u).
(1) Rra(g+h)=Rya(g) + Rra(h) for all g,h € Po(p).

(2) If B € Iy, then Ryaip(gh) = Rra(g)Ryp(h) for all g € Pa(p), h € Pa(p).
(3) Rr(gh) = Rr(g)Ry(h) for all g,h € K[z].

Proof. For r = 0 the identities are easy to check. If » > 0, then equation (1) and Theorems
4.1, 4.3 show that:

¢r(a)Bralg+h) = pr(@)Rralg) + ¢r(a)Rra(h),  for g,h € Pa()
¢r(a+ B)Rrat5(gh) = or(@)Rralg ) r(B)Ryrp(h),  for g € Pa(pn), h & Ps(n)
:Ci(gh)p:f(gh)Rr(gh) _ xﬁ(g)“( ) ( e g (g )R (h), for g,h € K|x]

The first equality proves (1). The second equality proves (2) because s,(/3) = 0, and this
leads to sy(a + 8) = sp(a), ur(a + B) = ur(a) + u,(B). The third equality proves (3) by
Corollary 2.7. O

Data comparison of optimal MacLane chains. Suppose that the given MacLane chain
of p as in (4) is optimal. By Proposition 3.6, any other optimal MacLane chain of  is
obtained by replacing the key polynomials ¢y, ..., ¢, with another family ¢7,..., ¢} such
that

¢f = ¢ +a;, dega; <my, pi(a;) > pild).
Take ng := 0 € F. For every 1 <4 < r consider the following element 7; € FF;:

S {0, if pi(a;) > pi(ei) (e @f ~u, ¢i),

(16) Rifa) €FY, if palar) = ps(dn) (L. & o 60).
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Since deg a; < deg ¢;, we have u;(a;) = pi—1(a;) € Ti—1. If e; > 1, then u;(¢;) = pi—1(ds) +
v; & I';_1, so that p;(a;) cannot be equal to p;(¢;). In other words,

(17) ei>1 = ¢j ~y, ¢ — n;=0.
By Proposition 3.6, the data m;, h;, e;, fi, Vi, £;, £ coincide for both MacLane chains. The

1
next result describes the relationship between the data x;, p;, v:, zi,¥; and the operators
R; o, attached to the optimal MacLane chain (4) with the analogous data z},p!, y}, 2, ¢F
and operators R}, attached to the optimal MacLane chain determined by the choice of

@1,..., 0y as key polynomials.
Lemma 4.13. With the above notation,

pr=pi, af=x+plm, yi=yi+m, 0<i<r,
R} (9)(y) = Ria(9)(y —m), 0<i<r, g€Palp)

Proof. Let us first prove that p; = p; and =} = x; + pg”m by induction on . Clearly,
py = Hyuo(m) = po and z; = Hyy(z) = x0. Suppose that the two identities hold for an
index i < r, and let us deduce them for the index i + 1. If ¢; = 1, then ¢; = 0, ¢} = 1,
and w1 = m;, mr = m;; thus, pj.; = p; = pi = piy1- fe; > 1, then n; = 0 and
Piy1 = (=) ()% = (2)" (p1)" = pis1-

If ¢ ~, ¢i, we have @7, | = d)f(ﬂ;‘)*vi ~ qﬁmfvi = ®;41, so that z7,; = z44q. If
&F %u; ¢i, we have necessarily e; = 1 by (17), and

pi—1(a;) = pia;) = pi(¢i) = pi—1(¢i) + vi = w; + e(/;-) =w; + 6(/1;_1)'

Hence, N;(a;) is the point (0, (V; + h;)/e(pi—1)) and R;(a;) = n; € F} is a constant polyno-
mial. By Theorem 4.1, H,, (a;) = pz/ﬁhiRi(ai) = pz‘-/#h"

* * 0 k\—Vi\ \—V; _ h;
zipr = Hy, (®71) = Hy, (67 (7)) = Hy, (¢ + @) (p7) = Zit1 +P; i
The identity y = y; + n; follows immediately from the two previous identities, and it
trivially implies 2z = z; +; for all i < r. Since ¢;, 9} € F;[y] are the minimal polynomials
over F; of z;, 2} € Fiyq, respectively, we deduce that ¢} (y) = ¢i(y — ;).
Finally, for any nonzero g € P,(ui), Theorem 4.1 shows that

()" ()" R; o (9) (i) = Hy, (¢5) = (7)) (p})"““ RY ,(9) ().
We have seen that p; = pf. If ¢; > 1, then z; = z}, and if ¢;, = 1 we have s;(a) = 0. 1

both cases we get Ria(9)(y:) = R, (9)(y}) = B} ,(9)(yi + mi), which implies R; (g)(y)
R%k,a(g)(y + n;) by Theorem 4.3.

7n;. Therefore,

=

Ol

5. CANONICAL DECOMPOSITION OF THE SET OF KEY POLYNOMIALS

Let u be an inductive valuation and denote A = A(u). In this section we want to study
the fiber of any £ € Max(A) under the mapping:

R: KP(u) — Max(A), ¢ = R(¢) = Ker(A = Fy).

It is hard to analyze these subsets from a purely abstract perspective. Thus, we suppose
that p is equipped with a fixed MacLane chain of length r. We shall freely use all data and
operators of the MacLane chain described in section 3.

For a non-zero g € K[x] we recall that s(g) < s'(g) are the abscissas of the end points of
the v,-component of N,(g), if r > 0. We agree that s(g) =0 if r = 0.
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5.1. Further properties of key polynomials. Let us first obtain a criterion for a poly-
nomial g € K[z] to be a key polynomial for u in terms of ¢,-expansions.

Lemma 5.1. A polynomial g € K|x| is p-irreducible if and only if either:

e s(g)=5(9) =1, or
e s(g) =0 and R,(g) is irreducible in F,[y].

Proof. By Theorem 4.1, H,(g) = xf(g)pg(Q)Rr(g)(yr). Since p, is a unit and z, is a prime
(section 3.3), H,(g) is a prime if and only if either:

(i) s(g) =1 and R,(g)(yr) is a unit, or

(ii) s(g) =0 and R,(g)(yr) is a prime in Gr(u).
By Theorem 4.3, (i) is equivalent to s(g) = 1 and deg R,(g) = 0, which is equivalent to
s(g) = §'(g) = 1 by Corollary 4.9. By Corollary 4.8, (ii) is equivalent to s(g) = 0 and R,(g)
irreducible in F,[y]. O

Lemma 5.2. If r > 0, a monic ¢ € K|x| is a key polynomial for p if and only if one of
the two following conditions is satisfied:

(1) deg® = my and ¢ ~u Or-
(2) s(¢) =0, degp = s'(¢)m, and R-(p) is irreducible in F,[y].

In case (2), deg ¢ = e,(deg Ry(¢p))my, Nyp(¢) = Sy, (¢) and R-(¢p) € F,[y] is monic.
Proof. The characterization of key polynomials follows immediately from Lemma 1.4 and
the criteria of Lemmas 2.10 and 5.1.

In case (2), clearly N,(¢) = S,,.(¢). By Corollary 4.9, s'(¢) = e, deg R,(¢), and the
polynomial R,(¢) is monic by equation (11) and item (1) of Corollary 4.12. O

The next result is a consequence of Theorem 4.1, Corollary 4.11 and Lemma 5.2.
Corollary 5.3. For any ¢ € KP(u), we have:

Hu(¢) = Hu(¢r> = l‘rp,‘,/"", R(¢) =y, if ¢ ~u Or,
H,(¢) = pi= Vs B @R (4)(y,), R($) = Re(@)(wr)D, i ¢ b O

Definition 5.4. For a non-zero g € K|xz], we say that N, 4(g) is one-sided of slope —v if
Npuo(9) = Su(9), s(g) = 0 and s'(g) > 0.

Corollary 5.5.

(1) Ni(¢it1) is one-sided of slope —v;, for all 1 <i <.

(2) Ri(pit1) = 14, the minimal polynomial of z; over Fy;, for all 0 < i <.
Proof. The polynomial ¢;;1 is a key polynomial for p; and ¢;41 74, ¢;. Hence, it satifies
(2) of Lemma 5.2. This proves (1).

By Corollary 5.3, H,,(¢i+1) is associate to R;(¢i+1)(yi) in Gr(u;). By Proposition 1.7,

these elements belong to the kernel of Gr(u;) — Gr(uit1). Thus, Ri(¢i+1)(z) = 0, and
since R;(¢i+1) is monic and irreducible, we have R;(¢i+1) = ;. O

5.2. Analysis of the map KP(u) — Max(A).

Proposition 5.6. Let ¢, ¢’ € KP(u). The following conditions are equivalent:
(1) R(¢) = R(¢).
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Proof. If ¢ ~,, ¢, then R.(¢) =y (for r = 0) and R,(¢) = 1 (for r > 0), by equation (11).
Otherwise, Lemma 5.2 shows that R,(¢) is monic, irreducible and different from y, because
R, (¢)(0) # 0. Therefore, Corollary 5.3 and Theorem 4.3 show that (1), (2) and (3) are
equivalent. Clearly, (3) implies (4), and (4) implies (5). Finally, (5) implies R(¢') C R(¢),
and this implies (1), because R(¢’) is a maximal ideal. O

The analysis of the key polynomials provided by the use of a MacLane chain yields an
intrinsic description of the mapping R: KP(u) — Max(A).

Theorem 5.7. Let p be an inductive valuation. The map R: KP(u) — Max(A) induces a
bijection between KP(u)/~, and Max(A).

Proof. By Proposition 5.6, R induces an injective mapping KP(u)/~, — Max(A).

Let us show that R is onto. A maximal ideal £ in A corresponds to a monic irreducible
polynomial ¢ € F,[y], under the isomorphism A ~ F,[y] of Theorem 4.3. If ¢ = y, then
L = R(¢,), by Corollary 5.3. If ¢ # y, then it suffices to show the existence of a key
polynomial ¢ such that R,(¢) = 1, again by Corollary 5.3.

If r = 0, then any monic lifting ¢ € O[x] of 9 is a key polynomial with Ry(¢) = .
Assume r > 0 and take f = degv and o = e, f(w, + 1) € T'(u). By Corollary 4.6,
there exists g € K[z] with u(g) = a and R,(g) = ¥ —y/. By dropping all terms with
abscissa s > e, f from the ¢.-expansion of g, we may assume that degg < e,fm,. Then,
¢ = ¢?Tf + ¢ is monic of degree e,fm,, and R, ,(¢) = Ry ?’f) + Rya(g) = ¢, by
the first item of Corollary 4.12 and equation (11). Since R, o(¢)(0) = ¢(0) # 0, we have
R, (¢) = R, o(¢) = . By Corollary 4.9, s'(¢) — s(¢) = e, f; thus:

deg¢ > 5/(¢)mr > (5/(¢) - 5(¢))mr = erfmr = deg ¢

Hence, s(¢) = 0 and deg¢ = s'(¢)m,. Therefore, ¢ satisfies condition (2) of Lemma 5.2
and it is a key polynomial for pu. ([l

Corollary 5.8. Let P C KP(u) be a set of representatives of key polynomials under -
equivalence. Then, the set HP = {H,(¢) | ¢ € P} is a system of representatives of homo-
geneous prime elements of Gr(p) up to associates in the algebra. Moreover, up to units in
Gr(u), for any non-zero g € K|z|, there is a unique factorization:

(18) g [T, 0 a6 =orduglg).

Proof. By the definition of p-irreducibility, all elements in HP are homogeneous prime
elements, and they are pairwise non-associate by Proposition 5.6. As we saw in the proof
of Lemma 5.1, every homogeneous prime element is associate either to H,(¢,) or to ¥ (y,)
for some irreducible polynomial ¢ € F,[y]. Corollary 5.3 and the proof of Theorem 5.7
show that 1 (y,) is associate to an element in HP. Finally, every homogeneous element
in Gr(u) is a product of homogeneous prime elements, by Theorem 4.1 and Corollary 4.8.
This implies the unique factorization (18). O

5.3. Proper and strong key polynomials. In this section, we assume that the given
MacLane chain of p is optimal. Thus, all numerical data e., m,, etc. attached to the
chain in section 3.2 are intrinsic. We may formulate two intrinsic distinctions between key
polynomials, according to their degree.

Definition 5.9. Let u be an inductive valuation of depth r, and let ¢ € KP(u).
We say that ¢ is a strong key polynomial for u if r =0 or deg¢ > m,..
We say that ¢ is a proper key polynomial for u if deg ¢ is a multiple of e,m,..
We say that g € K[z] is p-proper if ¢ 1, g for all improper key polynomials ¢.



24 FERNANDEZ, GUARDIA, MONTES, AND NART

In any MacLane chain, each ¢; is a proper key polynomial for p;—1 by Lemma 5.2.

Let KP(u)**, KP(u)P* denote the sets of strong and proper key polynomials for yu, re-
spectively. Clearly, KP(p0)" = KP(uo)P" = KP(uo), wheras for 7 > 0 Lemma 5.2 shows
that

KP(u)" ¢ KP(u)”" = KP(n), if e, =1,
KP(u)*" = KP(u)? C KP(), ifer > 1.

Theorems 5.7 and 4.3 yield bijections
KP(u)/~y— Max(A) — P(F,),

where P(IF,) is the set of monic irreducible polynomials with coefficients in [F,.. The first
bijection is canonical but the second one may depend on the choice of the optimal MacLane
chain of pu.

Let [¢] denote the p-equivalence class of the key polynomial ¢. By Corollary 5.3, the
composition of the above bijections maps:

v, if [¢] = [¢T]7
(19 MH{&@@,ﬁm¢my

If e, > 1, Theorem 4.3, Lemma 4.13, and equation (17) show that this map does not
depend on the choice of the optimal MacLane chain. The distinguished “bad” class [¢;]
is intrinsic and it has special properties reflecting the fact that the prime ideal z,Gr(u) is
ramified over the subalgebra Alp,,p; '] (Theorem 4.7). It is the only improper class; in
other words, KP(u) = KP(u)P* U [¢,].

If e, = 1, Lemma 4.13 shows that for different choices of the optimal MacLane chains,
the images of the map (19) replace y by y 4+ n for certain n € F*. Thus, the class [¢,] is not
intrinsic. Actually, for any given ¢ € KP(u), we may find an optimal MacLane chain for u

such that ¢ %, ¢r.

Corollary 5.10. A key polynomial ¢ for w is proper if and only if there exists a MacLane
chain of p such that ¢ o, ¢, where r is the length of the chain. (Il

Lemma 5.11. For non-zero g,h € K[x] with g p-proper, we have R(gh) = R(g)R(h).

Proof. By Corollary 4.11 and Theorem 4.3, R(gh) = R(g)R(h) is equivalent to the following
equality, up to factors in IF}:

y(s(gh)/eﬂ R,(gh) = y[s(g)/er] Rr(g)y[s(h)/”] R.(h).

By Lemma 2.6, s(gh) = s(g) + s(h), and by Corollary 4.12, R,(gh) = R,(g)R,(h). Thus,
we want to show that

(20) [(s(g) + s(h))/ex] = [s(g)/er] + [s(h)/er].
If e, = 1 this equality is obvious. If e, > 1, we have z, { H,(g), because g is p-proper

and z, is associate to H,,(¢,). By Theorem 4.1, 259 | H,(g), so that s(g) = 0 and (20) is
obvious too. g

Proposition 5.12. Let ¢ € KP(u) and £ = R(¢). For any non-zero g € K|z|:

_ Jordue(9), if ¢ is proper,
orde(R(9) = {(Ordu«b(g)/eﬂ, if ¢ is improper.

where ordz(R(g)) is the largest non-negative integer n such that L™ | R(g).
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Proof. Denote ag = ord, 4(g). If we apply R to both terms of the factorization (18), Lemma

5.11 shows that:
Rig) =R (H¢€P QS%) - HfbeP R(@").

For all proper ¢ € P we have R(¢%) = R(¢)* by Lemma 5.11. For the unique improper

¢ € P (if e, > 1), we have R(¢%) = R(¢)[%/1 by Corollary 4.11, equation (11) and

Corollary 5.3. O
The next result follows from Proposition 5.12 and Corollary 5.3.

Corollary 5.13. Let ¢ be a proper key polynomial for u and denote ¥ = R.(¢). Then,
ordy(R,(g)) = ord, ¢(g) for any non-zero g € Klx]. O

6. MACLANE-OKUTSU INVARIANTS OF PRIME POLYNOMIALS

Let P =P(0O,) C Oy[z] be the set of all monic irreducible polynomials in O,[z]. We say
that an element in P is a prime polynomial with respect to v.

Let F € P be a prime polynomial and fix § € K, a root of F. Let Kp = K,(f) be
the finite extension of K, generated by 6, Op the ring of integers of K, mp the maximal
ideal and Fp the residue class field. We have deg F' = e(F) f(F'), where e(F'), f(F') are the
ramification index and residual degree of Kr/K,, respectively.

Lemma 6.1. Let F, F' € P be two prime polynomials, and let 0,0 € K, be roots of F, F’,
respectively. Then, v(F(0'))/ deg(F) = v(F'(0))/ deg(F").

Proof. The value v(F(6')) does not depend on the choice of the root #’; hence,
deg(F')o(F(#')) = v(Res(F, F)) = deg(F)o(F(6)),
because Res(F, ') = [lpezm) £7(0) = £]lpeye F(0), where Z(F) is the multiset of
roots of F' in K, with due count of multiplicities if F' is inseparable. O
In this section we look for properties of prime polynomials leading to a certain compre-

hension of the structure of the set P. An inductive valuation p admitting a key polynomial
¢ such that ¢ |, F' reveals many properties of F'.

6.1. Prime polynomials and inductive valuations. We apply inductive valuations u
on K (x) to polynomials in K, [z], without any explicit mention to the natural extension of
u to K, (x) described in Proposition 3.8.

Theorem 6.2. Let F € P be a prime polynomial and 0 € K, a root of F. Let ¢ be a
key polynomial for the inductive valuation p. Then, ¢ |, F if and only if v($(0)) > p(o).
Moreover, if this condition holds, then:

(1) FEither F = ¢, or the Newton polygon N, 4(F) is one-sided of slope —v, where

v = 0(6(8)) — (@) € Q0.
(2) Let £ = (N, 4(F)). Then, F ~, ¢* and deg F' = deg ¢‘. In particular, R(F) is a
power of the mazimal ideal R(¢).

Proof. If F = ¢ the theorem is trivial. Assume F # ¢ and let 04 € K,, be a root of ¢.
If ¢ 1, F, then u(F) = v(F(0y)) by Proposition 1.9. Thus, Theorem 3.10 and Lemma
6.1 show that

(@) = p(F) deg ¢/ deg F' = v(F(03)) deg ¢/ deg F' = v(¢(0)).
If ¢ |, F,let g(x) = Z?:o bjz? € Oy[z] be the minimal polynomial of ¢(f) over K,. All
roots of g(z) in K, have v-value equal to ¢ := v(¢(6)) > 0; hence,
(21) v(bo) = ko, wv(bj) > (k—j)d, 1<j<k, wv(bg)=0.
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FIGURE 5. Newton polygon N, 4(F)

p(ao) = p(aed’) + v o

W(F) = p(aed’)

Consider G = Z?:o bj¢’ and denote N := N, 4. The conditions in (21) imply that N(G) is
one-sided of slope pu(¢)—d = —v. Since G(#) = 0, the polynomial F' divides G and Theorem
2.8 shows that

(22) N™(G) = N~ (F)+ N~ (G/F).

By Lemma 2.1, (N~ (F)) = ord, 4(F) > 0; hence, N~ (G) has positive length too and v
must be positive. Since N~ (G) is one-sided of slope —v, (22) shows that N(F') is one-sided
of slope —v too.

This proves that ¢ |, F' if and only if v > 0, and also that (1) holds in this case.

Take F = Zi:o as®® the ¢-expansion of F. By Lemma 6.1, v(ag(6s)) = v(F(0y)) =
v(¢(0)) deg F'/ deg ¢. On the other hand, since degag < deg ¢, Proposition 1.9 shows that
p(ao) = v(ao(fg)). Therefore, a look at Fig.5 shows that

deg F deg F
plac) + L(u(6) +v) = plao) = vlao(B)) = 3> 0(9(6) = G (u(6) +)
_ degay + £dego deg ay

B ) +1) - < e

If degay > 0, then a, would be a monic polynomial contradicting Theorem 3.10:

pla)/ degae = (u(¢) +v) /deg d > u(¢)/ deg ¢.

Hence, ay = 1 and deg F' = £deg é. By (1), u(F) = p(¢*) < u(as¢®) for all s < £, so that
F ~, ¢*. The statement about R(F) follows from Proposition 5.12. O

T f) (1) + v).

Actually, if ¢ is proper the condition ¢ |, F' implies analogous properties of F' with
respect to the intermediate valuations of u.

Corollary 6.3. With the above notation, suppose that ¢ |, F and p admits a MacLane
chain of length v as in (4) such that ¢ o, ¢r. Then, for any 1 < i < r, the Newton polygon
N;(F) is one-sided of slope —v;, we have v(¢;(0)) = p(¢;) and

(23) Fopy ¢, degF=deggy,  Ria(F)= ()",
where £; :== L(N;(F)). In particular, {; = e;fili+1 for all 1 <i <r.

Proof. Since F ~, ¢, we have R,.(F) = R,(¢)’ by Corollaries 4.10 and 4.12. Hence,
UN(F)) > LSy, (F)) = e deg R.(F) > 0, because deg R.(¢) > 0 by Lemma 5.2. This
implies that ¢, |,,_, F' by Lemma 2.1. Therefore, ¢; |,, , F for all 1 <i <r, and (23) is a
consequence of Theorem 6.2 and Corollaries 4.10, 4.12 and 5.5.

We have F # ¢; and N;(F') one-sided of slope —v; because otherwise R;(F) would be
a constant, contradicting (23). Finally, pu;(¢:) — pi—1(¢i) = vi = v($(0)) — pi—1(¢:) by
Theorem 6.2. By Lemma 3.1, u(¢:) = pi(¢i) = v(¢i(9)). O
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If F' # ¢, we may extend the given MacLane chain to a MacLane chain of length r + 1 of

the valuation p' = [u; (¢, v)] just by taking ¢,41 = @, vpy1 = V.
1o (¢1_,V>1) " (¢2_,>V2) (M) - (¢r+1_,v>r+1) —

Since s,/ (F) = 0 and s, (F) = ¢, Corollary 4.9 shows that deg R,y1(F) = {/e,11 > 0.
Let 9 be a monic irreducible factor of Ry41(F) in F,41[y]. By Theorem 5.7, there exists
¢ € KP(1/) such that deg¢’ = e,11degipdeged and R.11(¢') = 1. Since R,11(¢) = 1,
Corollaries 4.10 and 5.10 show that ¢’ »,, ¢ and ¢’ is proper. By Corollary 5.13, ¢’ | F;
hence, Theorem 6.2 yields

/

Frp ()Y, degF =deg(¢)", Rea(F) = )",

for ¢/ = deg F/ deg ¢’ = {deg ¢/ deg ¢’ = £/(ey11 deg)).

The iteration of this procedure leads to a sequence of key polynomials with limit F in
the v-adic topology.

We now deduce from Theorem 6.2 the fundamental result concerning factorization of
polynomials over K,. It has to be considered as a generalization of Hensel’s lemma.

The degree of a maximal ideal £ € Max(A) is defined as deg £ := dimp,(A/L). If a
MacLane chain of y is given, then deg £ = deg ¢ for the unique monic irreducible polynomial
¥ € F,[y] such that £ = ¢(y,)A, where r is the length of the chain.

Theorem 6.4. Let ¢ be a proper key polynomial for the inductive valuation p. Then, every
monic g € Oylz] factorizes into a product of monic polynomials in O,x]:

9=000"%9]]

where —v runs on the slopes of N ,(g). For each v, let p, = [1; (¢, v)]; then, L runs on
the mazimal ideals of A(u,) dividing R, (g). If e, is the least denominator of e(p)v, then

deggo = degg — {(N, ,(g9))deg ¢, deggy,c = e, orde(Ry, (9)) deg L deg ¢.
Moreover, if ordg (R, (9)) =1, then g, 1 is irreducible in Oylx].

(v,L) 9v.C,

Proof. Let g = Fy--- F; be the factorization of g into a product of prime polynomials in
Oy[z]. Denote ¢; :== ¢ (N;;qb(Fj)) = ord, ¢(F;) (Lemma 2.1). The factor go is the product

of all Fj satisfying ¢ 1, F;j. The factors F; with ¢ |, F; have deg F; = ¢; deg ¢, by Theorem
6.2. By Theorem 2.8, N ,(g) = >_; N, ,(F}); hence,

degg—deggo= Y degFj= Y f;degp = (;degs =L (N ,(g)) dego.
Bk Bu Ly J
The factor ¢°"4¢(9) is the product of all F}; equal to ¢. By Theorem 6.2, for the factors
F; # ¢ such that ¢ |, Fj, the Newton polygon N, 4(F}) is one-sided of slope —v, where —v
is one of the slopes of N . ¢(g), by Theorem 2.8. Along the discussion following Corollary
6.3, we saw that these F} are ji,-proper and

Ry, (Fj) = L%, deg F; = lje, deg L deg ¢

for a certain maximal ideal £ in A(p,). Since s, (Fj) = 0, Lemma 2.6 shows that ¢ 1, Fj,
so that £ # R, (¢). Now, for a given pair (v, L) we take g, £ to be the product of all F}
such that N, 4(F}) is one-sided of slope —v and R, (F}) is a power of L. Let J, » be the
set of all indices j of the irreducible factors Fj of g, .

We claim that £ 1R, (F}) for all j € J, ». In fact, if ¢ 1, Fj or N, 4(F}) is one-sided of
a slope larger than —v, then S, (F}) is a single point of abscissa zero (see Fig.6); by Lemma
2.9, H,,(F;) is a unit and R, (F;) = 1. If F; = ¢ or N, 4(F}) is one-sided of a slope
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FIGURE 6. v-component of N, 4(F}) if ¢ |, Fj and j & J, .

S Nu,qﬁ(Fj)

0

lower than —v, then Fj ~,, #% (see Fig.6); by Proposition 5.12, R, (F;) = R, (¢)% is not
divided by L, because £ # R, (¢).
Therefore, from the equality Ry, (9) = [[; Ry, (F}) of Lemma 5.11, we deduce

ordg Ry, (9) = Zj ordg Ry, (Fj) = ZjeJug ordg Ry, (Fy)

- ZjeJ i deg Fj/(e, deg L deg ¢) = deg g,/ (e, deg L deg ).

Finally, if ordz R, (9) = 1, there is only one irreducible factor F; dividing gy, . (I

Theorem 6.5. Let F' € P be a prime polynomial and let jioo r be the pseudo-valuation
on K[z] defined by poo,r(g) = v(g(8)) for all g € K[z]. An inductive valuation p satisfies
i < oo, if and only if there exists ¢ € KP(u) such that ¢ |, F. In this case, for a non-zero
polynomial g € K[x], we have

(24) 1(9) = poo,r(g) if and only if ¢ 1, g.

Proof. If 11 < fioo,r, we may consider ¢ € K[z] monic with minimal degree among all
polynomials satisfying p(¢) < pioo,r(¢). By Lemma 1.11, ¢ is a key polynomial for y, and
condition (24) is satisfied. In particular, ¢ |, F.

Conversely, suppose that ¢ |, F for some ¢ € KP(u). Let us prove the inequality
i < oo p and (24) by induction on the depth 7 of . The case r = 0 being trivial, suppose
r > 0 and the statement holds for all valuations with lower depth.

Take a MacLane chain of p. If ¢ ~, ¢, then ¢, |, F' and v(¢,(0)) > p(¢,) by Theorem
6.2. If ¢ #, ¢, then v(¢,(0)) = pu(¢,) by Corollary 6.3. In any case, p(dr) < floo,F(¢r).
Now, for any g € K[z] with ¢,-expansion g = ) ., as¢;, we have u(as) = pr—1(as) =
fioo,(as) by the induction hypothesis, since ¢, {,, , as. Thus,

foo,F(9) = %2? {NW,F(a8¢i)} > %2? {masei)} = u(g)-

The initial argument shows then the existence of ¢’ € KP(p) such that ¢’ |, F and (24)
holds for ¢/. By Theorem 6.2, F' ~, @t for some ¢ > 0, so that ¢’ |p ¢ and this implies
¢ ~, ¢ by Proposition 5.6. Hence, ¢ satisfies (24) as well. O

Theorem 6.5 provides a device for the computation of jio . Given g € K[z], one finds
a pair (u,¢) such that ¢ |, F and ¢ {, g, leading to v(g(6)) = p(g). This yields a very
efficient routine for the computation of the p-adic valuations attached to prime ideals p in
number fields [6, 8].

Corollary 6.6. With the above notation, let 6, € K, be a root of ¢.

(1) For any polynomial g € K|x] with degg < deg¢, we have v(g(0y)) = v(g(8)). In
particular, e(¢) | e(F).

(2) There is a canonical embedding Fy — Fr, given by g(04) +my — g(0) +mp for any
g € K[z] with deg g < deg ¢ such that v(g(6y)) > 0.
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Proof. If a polynomial g € K|z] has degg < deg¢, then ¢ {, g and v(g9(0y)) = p(g) =
v(g(#)), by Proposition 1.9 and Theorem 6.5, respectively. This proves (1).
Let us prove (2). Let L be the kernel of the canonical ring homomorphism

Alp) —Fp,  g+Pg (1) — g(0) +mp.
Since L is a non-zero prime ideal of the PID A(u), it is a maximal ideal. By Theorem 6.2,
R(¢)* = R(F) C L for a certain positive integer a. Since R(¢) and L are maximal ideals,

they coincide. By Proposition 1.12, the homomorphism A(p) — Fy given by g + 775“ (1) —
g(0) + my is onto and it has the same kernel. ]

6.2. Okutsu invariants of prime polynomials. We keep dealing with a prime polyno-
mial F' € P and a fixed root § € K, of F. Let F, ..., F, € Olx] be monic polynomials such
that 0 < deg F1 < --- < degF < degF.

Denote F,11 := F and consider the following sequence of constants:

Co:= 0; C; = v(Fz(G))/deg F, 1<i<r+1.
Note that Cr41 = co. We say that [F1,..., F,] is an Okutsu frame of F if
(25) degg < deg F11 = v(g(0))/degg < C; < Cit1,

for any monic polynomial g(x) € O[z] and any 0 < i < r.

Since v is discrete, every prime polynomial admits a finite Okutsu frame. The length r
of the frame is called the Okutsu depth of F. Clearly, the depth r, the degrees deg F; and
the constants C; attached to any Okutsu frame are intrinsic data of F' and we may denote
Ci(F):=C; for all 0 <i <r+1. It is easy to deduce from (25) that F1,..., F, are prime
polynomials.

Theorem 6.7. Consider an optimal MacLane chain of an inductive valuation p as in
(4). Then, [p1,...,¢.] is an Okutsu frame of every strong key polynomial ¢ for u, and
Ci(¢) = Ci(u) forall1 <i<r.

Proof. Let ¢ € KP(u)*", and let 6, € K, be a root of ¢. By the optimality of the MacLane

chain, m; < --- < m, < my41 :=deg¢. For any 0 <7 < r and every monic polynomial g
with deg g < m;41, Proposition 1.9 and Lemma 3.1 show that
pi(g) = pivi(g) = = p(9) = too,(9)-

These equalities hold in particular for ¢;. Hence, by Theorem 3.10:

v(g(0g))/ degg = pig)/ deg g < Clui) = pi(¢i)/mi = v(¢i(0g)) /mi.
The inequality C;(u) < Cit1(p) was proved at the beginning of section 3.1. O
Definition 6.8. The Okutsu bound of F' € P is defined as do(F') := deg(F)C,(F), where
r s the Okutsu depth of F.

We may attach to F a valuation up: K(x)* — Q, determined by the following action on
polynomials g =Y o, asF?® in terms of their F-expansion:

pp(g) = min{ oo, p(as) + s00(F)} = min{pr (asF7)}-

The next result (a converse of Theorem 6.7) shows that pp is indeed a valuation.

Theorem 6.9. Let [Fy,...,F,.] be an Okutsu frame of a prime polynomial F € P. Then,
wr is an inductive valuation admitting an optimal MacLane chain

(Fi,v1) (F2,v2) (Frovr)
Bo=Hpr — M= HE, T o T -1 = BE 7 B,

with v; = v(F;(0)) — do(F;) for 1 <i<r, being § € K, a root of F.
Moreover, F is a strong key polynomial for ur as a valuation on K,(z).
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Proof. Denote F,1 := F. Since Fj is a monic polynomial with minimal degree among all
polynomials ¢ satisfying po(g9) < poo,7(g), Lemma 1.11 shows that Fj is a (strong) key
polynomial for pg and Fy |,, F. As a key polynomial for g, F1 € F[y] is irreducible. This
implies that F} has Okutsu depth zero, so that do(F1) = deg(F1)Co(F1) =0 and pup, = po.
This proves the theorem in the case r = 0.

If » > 0, we have proved the following conditions for the index i = 1:

(a) wpr is a valuation admitting an optimal MacLane chain

(Fl,l/1) (F27V2)
Mo = pp — M1 =Wpp, — T i1 = UF,

with v; = v(F;(0)) — do(Fj) for 1 < j < i.
(b) F; is a strong key polynomial for up, and Fj [, F.

We want to see that (a) and (b) hold for ¢ = r + 1. It suffices to show that if these
conditions hold for an index 1 <4 < r, then they hold for the index i + 1.

Since F; |y, F', Theorem 6.2 shows that do(F;) = pr, (F;) < v(F3(0)), and Corollary 6.6
shows that pp, (a) = fteo,F, (@) = fieo r(a) for all a € K[z] with dega < deg F;. This implies
1= [t (Fiy )] < fiow, s where v; — v(Fi(6)) — do(F).

Let ¢ be a monic polynomial with minimal degree among all polynomials g satisfying
1(9) < too,r(g9). By Lemma 1.11, ¢ is a key polynomial for u and ¢ |, F. By Proposition
1.7, F; is a key polynomial for u; hence, Lemma 2.11 shows that

v(9(0) _ n(9) —O() = p(F) _ pr(F) +vi  v(F(0))

= = = = = Ci(F).
deg ¢ deg ¢ deg F; deg F; deg F; (F)

By (25), we have necessarily deg¢ > deg F;11. On the other hand, by (25), (26) and
Theorem 3.10, we have

v(Fi41(0))/ deg Fiyr > Ci(F) = C(p) = p(Fiy1)/ deg Fipa.

Hence, v(F;+1(0)) > wu(Fi1+1) and the minimality of deg¢ implies deg¢ = deg F41. By
Lemma 1.11, Fj44 is a key polynomial for u and Fi41 |, F. The inequality deg F; 11 > deg F;
shows that Fj,1 is a strong key polynomial for p.

Let 0,41 € K, be a root of F;;. Since Fj11 |, F, Corollary 6.6 shows that v(a(f;41)) =
v(a(f)) for any a € K[z| with dega < deg F;41. In particular, C;(Fi41) = C;(F) for all
j <14, and [Fi,..., F;] is an Okutsu frame of F;;;. By (26) we have:

(27) d0(Fi+1) = deg Fit1 Ci(Fiq1) = deg Fi1 Ci(F) = deg Fi1C(p).

(26)

Finally, let us show that u = pp,,,. Let g = > ., as(Fit1)® be the Fiii-expansion of a
polynomial g € K[z]. Since Fj11 € KP(u), we have:

o p(as) = poo,Fyyy (as) = pr,, (as), by Proposition 1.9.

o (Fiy1) =deg Fi1C(p) = 60(Fiy1) = pr,, (Fiy1), by Lemma 2.11 and (27).

d M(g) = minogs{u(as(ﬂ+1)s)} = minOSS{MFi+1(aS(Fi+1)S)} = UF; 14 (g) U
Corollary 6.10. The MacLane depth of an inductive valuation p is equal to the Okutsu

depth of any strong key polynomial for . The Okutsu depth of a prime polynomial F is
equal to the MacLane depth of the canonical valuation up. (I

Corollary 6.11. Let p be an inductive valuation and F' a prime polynomial. Then, p = pup
if and only if F' is a strong key polynomial for p Qg K,.

Proof. If p = pp, then F € KP(u)*™ by Theorem 6.9. Conversely, suppose that F €
KP(u)** and consider an optimal MacLane chain of u as in (4).
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By Corollary 6.3, v; = v(¢;(0)) — pi—1(¢i) for all 1 < i <r. By Theorem 6.7, [¢1, ..., ;]
is an Okutsu frame of I'. By Theorem 6.9, we get recursively p; 1 = g, for all 1 <i <,
and u = pp. ([l

Let F' be a prime polynomial of Okutsu depth r, and let f, := deg R, (F) = deg R,.(F)
with respect to any optimal MacLane chain of pup. An Okutsu invariant of F is a rational
number that depends only on the basic MacLane invariants of yr and the number f,.. That
is,on eqg,...,er, fo, s fryh1, .o, Py

As shown in (7), the ramification index, residual degree, and Okutsu bound of F' are
Okutsu invariants:

e(F) = €0 Cp, f(F) = fO"'fT7 50(F) = erfr(wr + Vr)a

The index, the exponent and the conductor of a prime polynomial are also Okutsu invariants
admitting explicit formulas in terms of the basic invariants e;, f;, h; [13].

Proposition 6.12. Let F,G € P be two prime polynomials of the same degree. The follow-
ing conditions are equivalent:

(1) v(G()) > 6o(F), where 0 € K, is a root of F.
(2) F ~y, G.
(3) ur = pg and R(F) = R(G), where R := Ry, = Ry -
If they hold we say that F' and G are Okutsu equivalent and we write F' =~ G.

Proof. Since deg(F — G) < deg F', we have up(F — G) = v((F — G)(0)) = v(G(0)), by the
definition of pp. Since §o(F) = pp(F), (1) and (2) are equivalent.
Also, (2) and (3) are equivalent by Proposition 5.6 and Corollary 6.11. O

The symmetry of condition (3) shows that ~ is an equivalence relation on the set P of
prime polynomials. Also, conditions (1) and (3) show that two polynomials in the same
class are close enough to share the same Okutsu invariants.

Let us obtain a parameterization of the quotient set P/~ by an adequate space. The
MacLane space of the valued field (K, v) is defined to be the set

M= {(,u, L) | pevnd £eMax(A(p), £ strong} ,

where £ strong means that £ = R, (¢) for a strong key polynomial ¢.
The next result is a consequence of Corollary 6.11 and Proposition 6.12.

Theorem 6.13. The following mapping is bijective:
M —P/~, (L) = {¢ e KP(uok Ky) | Ru(¢) = L}
The inverse map is determined by F — (pp, Ry, (F)). O

In this result we must consider u ®x K, because the set KP(u) = KP(u ®@x K,) N Olx]
is too small to give the whole Okutsu class attached to (u,L£). On the other hand, the
canonical map A(u) — A(p ®x K,) is an isomorphism and we do not need to distinguish
between maximal ideals of the two algebras.

The bijection M — P/~ has applications to the computational representation of prime
polynomials, because the elements in the MacLane space may be described by discrete
parameters which are easily handled by a computer. This provides an efficient manipulation
of approximations to the irreducible factors in K, [z] of a polynomial with coefficients in K

8].
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7. LIMITS OF INDUCTIVE VALUATIONS

MacLane showed that there are two kinds of valuations that may be obtained as limits
of inductive valuations: those of finite and infinite depth. In this section we briefly review
them. Let us first describe a canonical tree structure on V"4,

Definition 7.1. For u, i/ € V™ we say that p is the previous node of i/, and we write
w = if = [u; (¢, v)] for some strong key polynomial ¢ for p and some positive rational
number v.

We denote by (VI <) the oriented graph whose set of vertices is V®3, and there is an
edge from p to ' if and only if p < u

Proposition 3.6 shows that (Vind,—<) is a connected tree with root node pug, and any
optimal MacLane chain for p € V™ yields the unique path joining p with the root node.
In particular, the length of this path is the MacLane depth of p.

Since the tree structure is determined by the optimal MacLane chains, the bijective
mapping VI"4(K) — VI"d(K)) established in Proposition 3.8 is a tree isomorphism.

7.1. Limit valuations with infinite depth. A leaf of (VI"d, <) is an infinite path

Ho < fun = e < g <

A leaf has attached an infinite number of MacLane invariants e;, f;, h;, m;, which do not
depend on the choice of the strong key polynomials ¢; used to construct u; from p;_1. Since
the degrees m; of these polynomials grow strictly, for any g € K[z] we have degg < m;1
for a sufficiently advanced index i. Hence, by Lemma 3.1:

wi(g) = pj(g), forall j > .

Thus, any leaf determines a limit valuation po, = lim u,, defined by us(g) = pi(g) for a
sufficiently advanced index i such that the value p;(g) stabilizes.

Since m;+1 = e;fim;, we have e;f; > 1 for all ¢ > 1. Therefore, either lime(u,) = oo,
or lim f(uy,) = oo (not exclusively). If lime(u,) = oo, then the group of values of po has
accumulation points and the valuation is not discrete. If lime(u,) < oo, there exists an
index ng such that e, = 1 for all n > ng, or equivalently, I'(u,) = I'(un,) for all n > ng;
thus, I'(teo) = I'(1tn,) and the valuation e is discrete.

In the discrete case, we must have lim f(,) = 00, so that the inductive limit Fo, = J,, F,
is an infinite algebraic extension of F. It is easy to check that

KP(1o0) = 0, K (Hoo) = Atoo) = Feo, Gr(poo) ~ Feo[p, p—l]’

where p is an indeterminate.

Since the tree isomorphism (VI"d(K), <) ~ (Vi"d(K,), <) preserves the MacLane invari-
ants e;, f;, m; attached to each node, it induces a 1-1 correspondence between the valuations
with infinite depth on K (x) and the valuations with infinite depth on K, (x).

7.2. Limit valuations with finite depth. An infinite MacLane chain is an infinite se-
quence of augmented valuations:

(d)l_:’/)l) . (dnvn) (d’nJrl_aV;hLl) .

H0 — Mpn—1 —7 HUn

such that ¢pn11 {u, ¢n for all n. By Lemmas 2.10 and 3.2, my, | my41 and I'(pyn) C T'(pens1)
for all n.

If the degrees m,, of the key polynomials ¢,, are not bounded, there exists a limit valuation
of this sequence, which is one of the valuations with infinite depth already described in the
previous section.
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If the degrees m,, are bounded, there exists an index ¢ such that m,, = m; for all n > ¢.
Hence, e, = 1 = f,, for all n > ¢, and this implies
D) = T(ue—1), F, =F;, foralln>¢.
Theorem 7.2. [10, Thm 7.1] Every infinite MacLane chain with stable degrees determines
a limit pseudo-valuation on K[x], given by g ~— limy, yin(g). This pseudo-valuation is equal
to fioo,r for some prime polynomial ' € P. Let 8 € K, be a root of F'. If 0 is algebraic

over K, then i  is infinite on the ideal of K[| generated by the minimal polynomial of
0 over K. If 0 is transcendental over K, then pu r determines a valuation on K(x) with:

G(F) = e(uoo,F) = e(ﬂt—l)v Fr= H(,uoo,F) =~ A(/'LOO,F) = [y,
where my, = my for alln > t. Also, KP(uso,r) =0 and Gr(peo,r) = Frlp, p~t], where p is
an indeterminate. [l

Let us see that pp is a threshold valuation in the process of approximating fie r by
inductive valuations.

Proposition 7.3. Consider an infinite MacLane chain with limit 1o 7 and let t be the first
index such that deg ¢, = deg ¢y for allm >t. Then, pu—1 = pp. O

Proof. Clearly, deg F' = e(F)f(F) = e(¢)f(¢r) = deg¢y. By Lemma 1.11, F is a key
polynomial for p;—q. Since deg¢y—1 < degF, F is a strong key polynomial for ;1.
Corollary 6.11 shows that p;—1 = pp. O

By Lemma 3.4, all valuations p, with n > ¢ have the same depth, and by Theorem 6.7,
this depth coincides with the Okutsu depth of F. Thus, it makes sense to say that these
pseudo-valuations are limits with finite depth.

Theorem 7.4. [10, Thm. 8.1] The set V is the union of V", the limit valuations given by
the discrete leaves of (V", <), and the valuations Hoo,F determined by all prime polynomials
in P which do not divide any polynomial in O[z]. O

Note that limit valuations poo p € V of finite depth do not occur if K = K,. A posteriori,
it is easy to distinguish the inductive valuations among all valuations.

Corollary 7.5. For any p € V, the following conditions are equivalent:

(1) p is an inductive valuation.

(2) p is residually transcendental; that is, k(u)/k(v) is a transcendental extension.

(3) KP () £0.

(4) p(g)/ degg is bounded on all monic non-constant polynomials g € K|x].

(5) there erists a pseudo-valuation p' on K[z| such that pn < p'. O

7.3. Intervals of valuations. For u, p/ € V| the interval [u, 1] is defined as:

s ={neV|ip<n<yy
Theorem 7.6. For any pseudo-valuation p on K[z], the interval [po, ) C V™ is totally
ordered.

Proof. Consider two valuations 7,7" < u. Take a monic ¢ € K[x] of minimal degree
satisfying n(¢) < wu(¢); by Lemma 1.11, ¢ € KP(n) and for any non-zero g € K|[x] the
equality 7(g) = p(g) is equivalent to ¢ f, g. Let ¢/ € K[z] be a monic polynomial with
analogous properties with respect to n’. Suppose deg ¢ < deg ¢'.

By the minimality of deg¢ and deg¢’, for all a € Klz| with dega < deg¢, we have
n(a) = p(a) = n'(a). If degp < deg¢’, then n'(¢) = u(¢) > n(¢). Hence, ' > n, because
for any non-zero g € K|x] with ¢-expansion g = >, as¢°, we have:

(28) 1'(9) > ming<s{n'(as¢")} > ming<{n(asd®)} = n(g).
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If degp = deg¢’, then ¢/ = ¢ + a for some a € K[z] with dega < deg¢. Suppose
n(¢) < n'(¢’). Then, by the n-minimality of ¢ and the n’-minimality of ¢', we have

1(¢') = min{n(¢), n(a)} < n'(¢) = min{n'(¢'), n(a)} < 1'(¢') < u(¢).
Hence, ¢ |, ¢'. By Lemma 1.4, ¢ ~, ¢/, so that n(¢) = n(¢’) < 1/(¢). Therefore, (28) holds
and ' > n. O

Our aim is to find an explicit description of the valuations in such a totally ordered
interval. Let us start with the interval determined by an augmented valuation.

For any key polynomial ¢ for p, the pseudo-valuation pi 4 can be regarded as i,y =
[1; (¢, 00)] (cf. section 1.3). Also, it makes sense to regard u as a trivial augmentation of
itself, namely p = [p; (¢, 0)].

Lemma 7.7. Let ¢ be a key polynomial for an inductive valuation p, and consider the
augmented valuation u' = [u; (¢, v)] for some v € Q=g U {oo}. Then,

[, 1) = {15 (9, 0)] | p€Q, 0 < p<v}.

Proof. For every p € QN [0,v], denote p, := [u; (¢, p)]. Consider a valuation n € V such
that u <n < p/. For all a € K[z] with dega < deg ¢, we have pu(a) < n(a) < p/(a) = p(a),
leading to n(a) = p/(a) = u(a). Take p = n(¢) — pu(¢) € QN [0,v]. For any g € K|x], with
¢-expansion g = Y ., as¢°, we have

(29) n(g) > ming<s{n(as¢°)} = ming<s{u(asd®) + sp} = pp(9),

so that p, < n. If p = v, then ¢/ = p, < 7, against our assumption. Thus, p < v,
or equivalently n(¢) < p/(¢). By Lemma 1.11, ¢ is a key polynomial for n, so that the
inequality in (29) is an equality. O

Let ' € P be a prime polynomial with respect to v. By Theorem 6.9, F' is a key
polynomial for the inductive valuation pr € V" (K,). Consider an optimal MacLane chain
of its restriction up € V4(K):

1,V P2,V Or VU
o B B

By Theorem 7.6,

(1005 thoo,F) = [0, p11) U [p1, pr2) U -+ - U {1, pr) U [UF, foo,F),

and Lemma 7.7 gives an explicit description of each of these subintervals. If we consider
valuations on K, (x), then:

(r, pioo,F) = {lnrs (F,v)] | v € Qzo} € VIM(KL).

By Proposition 3.8, the interval [pr, fioo r) C VI2(K) consists of the restrictions of these
valuations to K(z). By Lemma 3.5, the restriction of [up;(F,v)] to K(z) is equal to
[ur; (¢, v)] for any ¢ € K|x] such that deg ¢ = deg F' and pp(F — ¢) > pp(F) + v.
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