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Abstract—This paper deals with the sufficient condi-
tions for controllability and observability characters of finite-
dimensional linear continuous-time-invariant systems of serial
and parallel concatenated systems. The obtained conditions
depend on the controllability and observability of the systems
and in some cases, the functional output-controllability of the
first one.
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I. INTRODUCTION

It is well known that many physical problems as
for example electrical networks, multibody systems,
chemical engineering, convolutional codes among
others (see [4] [15] [8] for example), the most
popular and the most frequently used mathematical
model for its description is the state space represen-
tation in the form

o(t) = Ax(t) + Bu(t)}
y(t) = Cx(t) + Du(t)

where A € M,(R), B € M,,xm(R), C € My, (R)
and D € My, (R)

These linear systems can be described with an
input-output relation called transfer function ob-
tained by applying Laplace transformation at z = 0,
to equation 1

6]

sX =AX+BU
Y =CX+DU[’

obtaining the following relation

H(s)=C(sl,—A)™'B+ D, 2)
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In engineering problems, a system is sometimes
built by interconnecting some other systems, this
kind of systems are called concatenated (or com-
posite) systems.

Let I’Z = AZ.Z'Z + Biui, Y; = CZZL'Z -+ Dluz for
1 = 1,2, be two systems that can be connected in
different ways. The most common are the following:
a) Serialized one after the other, so that the input
information uy = ¥ (t). Consequently

. (A0 crry | B,

v B, Cy Ay T2 BoD,y “ 3)

y = (D:Cy ) (i;)+D2D1u.

Another model of serial concatenation is the
systematic serial concatenation. In this case we

consider the same kind of systems than the case
of serial concatenation systems.

. A1 0 T Bl
g ByCy Ag) \ 12 i Ble) N 4
. 01 0 T Dl ( )
v DyCy Cy) \g * D2D1) "

b) The second concatenated model that we will
study is the parallel concatenation. So that the input
information is us(t) = uy(t) = u(t) and the output
is y(t) = y1(t) + ya(t). Consequently

(3 ) ()= (7))

)
x

y = (01 Cz) (x;) + (D1 + Ds)u.

Obviously, both in the case of serial concatenation
as parallel the sizes of the systems must be adequate
to make sense the concatenation.

The transfer functions for concatenated systems
are
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i) serial concatenated case:
H(s) = Hy(s) - Hi(s),
1) systematic serial concatenated case:

H(s) = (Hg(gl'(;}l(s)) |

iii) parallel concatenated case:
H(s) = Hy(s) + Ha(s).

Controllability and observability are of important
and fundamental properties of control systems.

The controllability concept of a dynamical stan-
dard system is largely studied by several authors and
under many different points of view (see [2], [4],
[7], [15], [16] for example). Nevertheless, control-
lability for the output vector of a system has been
less treated (see [5], [8], [13] for example).

The functional output-controllability generally
means, that the system can steer output of dynamical
system along the arbitrary given curve over any
interval of time, independently of its state vector.
A similar but least essentially restrictive condition
is the pointwise output-controllability ([8]).

It is well known the importance of observable
systems because it is possible to use observers for
to track and reconstruct states of a model ([3]).

Roughly speaking observability means the possi-
bility of identifying the internal state of a system
from measurements of the outputs.

In this paper controllability and observability for
serial and parallel composite systems are analyzed
and a sufficient conditions are presented.

II. PRELIMINARIES

In this paper, it is considered the state space
system introduced in equation 1

i(t) = Az(t) + Bu(t)}
y(t) = Cx(t)+ Du(t)[’

where x is the state vector, y is the output vector, u

is the input (or control) vector, A € M, (R) is the

state matrix, B € M,,«,,(R) is the input matrix, C' €

M,n(R) is the output matrix and D € M, (R).

For simplicity we will write the systems by a

triple of matrices (A, B,C, D).
ISSN: 1998-4464
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A. Controllability

The most frequently used fundamental definition
of controllability for linear control systems with
constant coefficients is the following.

Definition 2.1: Dynamical system 1 is said to be
controllable if for every initial condition z(0) and
every vector x; € R", there exist a finite time ¢; and
control u(t) € R™, t € [0,t], such that z(t) = .
This definition requires only that any initial state
x(0) can be steered to any final state x; at time
1. However, the trajectory of the dynamical system
between 0 and ¢; is not specified. Furthermore, there
is no constraints posed on the control vector w(t)
and the state vector x(t).

In order to formulate easily computable algebraic
controllability criteria let us introduce the so-called
controllability matrix C, which is known as control-
lability matrix and defined as follows.

C=(B AB A’B AIBY.(6)

Theorem 2.1: Dynamical system 1 is controllable
if and only if rank C = n.

Or equivalently (test de Hautus [14]), if and only
if

rank (sI, —A B)=n, forallseC, (7)

(Observe that s € C the algebraic closure of R).

B. Observability

The observability character deals with the ques-
tion of if it is possible to determine the state from
the input and output, does not knowing the initial
state.

Definition 2.2: Dynamical system 1 is said to
be observable on [0,¢,] if for all inputs, u(t), and
outputs y(t), t € [0,t], the state x(0) = x¢ can be
uniquely determined.

There is a duality between controllability and ob-
servability.

Definition 2.3: Given the system (A, B,C, D),
we call adjoint system to the system (A, C*, B, D)

Theorem 2.2 (Duality): 1) The system

(A,B,C,D) is controllable if and only
if (A", C*, B*, D') is observable,

ii) The system (A, B,C, D) is observable if and
only if (A?,C*, B*, D') is controllable

As a consequence we can formulate an easily
computable algebraic observability criteria introduc-
ing the so-called observability matrix O, which
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is known as observability matrix and defined as

follows.

C
CA
o=| CA (8)

CA1
Theorem 2.3: Dynamical system 1 is observable
if and only if rank O = n.
or equivalently (test de Hautus [14]), if and only if

rank (SI L, A) =n, for all € C, 9

C

C. Functional output-controllability

The functional output-controllability generally
means, that the system can steer output of dynamical
system independently of its state vector. Concretely

Definition 2.4: A system is functional output-
controllable if and only if its output can be steered
along the arbitrary given curve over any interval of
time. It means that if it is given any output y,(t),
t > 0, there exists t; and a control u;, t > 0, such
that for any ¢ > t1, y(t) = ya(t).

Proposition 2.1 ([4]): A system 1is functional
output-controllable if and only

rank C(sl,, — A)"'B+ D =p

in the field of rational functions.
A necessary and sufficient condition for functional
output-controllability is

Proposition 2.2 ([4], [6]):

K sl —A —B\ _ n
ran _p)=ntp

—C
1) Test for functional output-controllability: The
functional output-controllability can be computed
by means of the rank of a constant matrix in the
following manner
Theorem 2.4 ([8]): The system (A, B,C,D) is
functional output-controllable if and only if

rank oC¢(A, B,C, D) =

C D
CA CB D
2
rank CA CAB CB D
CA™ CA"" 1B CAB CB D
= (n+Lp.
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The null terms are not written in the matrix.
Remark 2.1: We call oC;(A, B,C, D) or simply
oC; if confusion is not possible, the following
matrix
c D

CA CB D
A2 AB  CB
oC, = [ © c c 7
CAi  CAI-'B CAB CB D
Vi > 1.

i) If the system (A, B, C, D) is functional output-
controllable, then the matrices oC; have full
row rank for all 0 <37 < n.

i1) If the matrix oC,_; has full row rank, it is not
necessary that the matrix oC), has full row rank.

Example 2.1: Let (A, B,C,D) a system with
01 0
A= (0 0),3: <O>,O: (1 0)and D =0.

cC D 10 00
rank (CA OB D)—rank( 10 0)22,

C
rank | CA CB =
CA%2 CAB CB D
1
rank | O O
0 0

III. CONTROLLABILITY OF COMPOSITE SYSTEMS

S = O
o O O
o O O

A. Controllability of serial composite systems

We will try to characterize the controllability of
serial concatenated systems in terms of the original
systems.

Let (A, B,C, D) the serial concatenated system
of the systems (A;, B;,C;, D;), i = 1,2, defined in
3.

The controllability character for serial concate-
nated systems can be described in terms of the
both systems using the Hautus test in the following
manner.

Theorem 3.1: A serial concatenated system is
controllable if and only if

— A 0
rank < BQCl S]nz — A2
Vs € C.

Corollary 3.1: A necessary condition for control-
lability of serial concatenated system is that the pair
(A1, B1) be controllable.

BiY_. .
B2D1 =n na
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Corollary 3.2: A necessary condition for con-
trollability of serial concatenated system is that
the pair (Ay, B) where B = (—B201 Bng) be
controllable.

Corollary 3.3: A necessary condition for control-
lability of serial concatenated system is that the pair
(As, B2) be controllable.

Proof:
rank (S[n2 - AQ BQOl BQ.Dl) =
I
rank (SIn2 — AQ BQ Bz) Cl S
D,
I,
min|rank (s[n2 — Ay BQ) ,rank (Oh
D,

So,

rank 8[n2 — A2 BQCl Bng) S
rank (sl,, — Ay Bs ) < ng.

|
Example 3.1: Let (A,B,C,D) be a serial
concatenated system of (A, By,Cy, D), and

(A9, Bs, Cs, D), where

(1 =3),

Ci=@4), Dy=(1 -2)

0 -1 1
AQZ(l 0>;BQZ(0)7

Cy=(1 0), Dy=(1),

and

the concatenated serial system (A, B, C, D) of both
is:

(e D)= (10 ).
2=l 2 01 0
1 -3
By
B= — (1 -2
(p) = |1 2]

C=(DCy Co)=(4 1 0),
D = (DyDy) = (1 —2)

In this case is it easy to observe that all systems are
controllable, this can be easily observed from the

ISSN: 1998-4464
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Hautus representation of our serial controllability
matrix,

rank (sI,, — A, Bi) =
rank (s 1 —3) =1, VseC
rank (sl, — Ay Bs) =

s 11
rank (_1 < O) =2, VseC
SInl - Al 0 Bl o
rank —Bgcl SIn2 — AQ BQDl) o
s 0 01 -3
rank [ -4 s 1 1 —-2] =3, VseC

0 -1 s 0 0

Nevertheless the corollary only gives us a necessary

* condition, but not sufficient, as we can see in the

following example.

Example 3.2: Let (A, B,C,D) a  serial
concatenated system of (A, B;,C1, D) and
(A27B2,027D2) where Al = (1), Bl = (1),
Cl = (1), D1 = (].), and AQ = (0), BQ = (].),
CQ - (1), D2 - (1)

Both systems are controllable because of

rank (s — 1 l)zl‘v’seC
rank (s 1):1V86(C,

but the serial concatenated system (A, B,C, D)

where A:G @73:<D,
C=(1 1), D=(1).

is not controllable because of

rank (sl —A B) = (3_—11 g }) —

2 for all s #0,
1 for s =0.

Remark 3.1: Obviously, if the matrix

By
By Dy

has full row rank, then the concatenated serial
system (A, B,C, D) is controllable.

A sufficient condition is obtained in the case
where Spec(A;) N Spec(Ay) = 0. (Spectrum of A;,
Spec(A;), is the set of eigenvalues of matrix A; for
i=1,2).

Proposition 3.1: Let (Ay, By, C1, D)
and (As, By, Uy, Dy) be the systems with
Spec(Ay) N Spec(As) = 0. If the pairs (A, By)
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and (A, B;) are controllable and the system
(A1, By, C1, Dy) is functional output controllable,
then the serial concatenated system is controllable.

Proof: For all s ¢ Spec(A;) U Spec(Az), we
have that

SInl — Al o
rank ( sl,, — A2) = N1 + No,

—ByCy
SO
anl — Al Bl i
rank ( “ByCy sl — A BQD1> = ny + no.

If so € Spec(A;), taking into account that
Spec(A1)NSpec(As) = 0 we have that rank (s 7, —
Ag) = N, then

soln, — A1 By \
rank —3201 Sofn2 - A2 By D, a
30[n1 -4 B,
rank — B, (Y By Dy Sofm — Ay

rank (solm — A Bl) + no.

But, taking into account that (A, B;) is con-
trollable we have rank ( soln, — A1 By ) = n.
Then,

SOInl - Al
rank ( _B,C,

By \ n
Bng = Ni1T1TNa.

Finally, if sy € Spec(A;), we have that
rank (50[n1 — Al) = ni, then

SOITL1 - Al
rank ( _B,C,

— A

SOIng

B,

— Ay Bng) -

SUIng
ny +rank (sl — Ay Ba)-

. I, 0 _
01(50[ — Al)_lBl + D1 B

(),

for all sy € Spec(Asz), and knowing that (As, By)
is controllable and (A, By,C1, D) is functional
output-controllable we have that (a) = n; +n,. B

Remark 3.2: Example 3 shows that if C}(s¢/,,, —
A)7'B; + D; has not full rank for all s, €
Spec(Asz) the result 3.1 is not true.

For systematic serial concatenated systems the
controllability character can be described in terms
of the both systems using the Hautus test in the
following manner.

ISSN: 1998-4464
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Theorem 3.2: A systematic serial controllability
concatenated system of (A4;, B;, C;, D;), i = 1,2 is
controllable, if and only if.

sls, — Ay 0 By \ _
rank ( “ByCy sl — Ay BQ.Dl) = ny + no,

Vs e C

We observe that this result coincides with the
case of serial concatenation. Then all results about
controllability of serial concatenation are valid for
systematic serial concatenation and vice-versa.

B. Controllability of parallel composite systems

As in the serial concatenated case, we will try to
characterize the observability of serial concatenated
systems in terms of the original systems.

Theorem 3.3: The parallel concatenated system
(A,B,C,D) is controllable, if and only if the
following matrix

SInl — Al Bl .
rank ( nly, — Ay By) = n1 + no,

Vs e C.

Proposition 3.2: A necessary condition for con-
trollability of parallel concatenated system is that
the pairs (A, By) and (As, Bs) are controllable

Unfortunately, this condition is necessary, but not
sufficient. As we can see in this particular case:

Example 3.3: Let (A;, B;,C;,D;), i = 1,2 be
two systems with

10 1
Al_(l 1 7Bl_ 0/’
11 0
C(1:<1 0 7D1: 0/’
11 0
A2:<0 1 7B2: 1/
11 0
CZ_<1 0>7D2_ 0

The pair (A;, B;) is controllable because
rank (B1 AlBl) = rank L1 =2
0 1 ’
and (As, Bs) is also controllable because
rank(B AB):rank 01 =2
2 Aabo 11

However, the parallel concatenated model
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A:

1111 0
02(1 01 0>’D:<0)

1s not controllable because

o
cor o
oo o
Sy
I
— oo

rank (B AB A’B A3B) =
1 1 1 1
012 3

rank 01 2 3|7 2<4
1 1 1 1

A sufficient condition is obtained in the case
where Spec(A;) N Spec(Az) = 0.

Proposition 3.3: Let (A, B1,C1,D;)  and
(Ag, By, Cy,Dy) be two systems such that
Spec(Ay) N Spec(Ay) = (. If the pairs (Aq, By)
and (As, By) are controllable, then the parallel
concatenated system is controllable.

Proof: For all s ¢ Spec(A;) U Spec(As), we
have that

rank (Sfm — 4 ol Az) =ny + ng,

rank (S[m — A A gl) =ny + no.
2 B
If So

€ Spec(A;), taking into account that
Spec(A1)NSpec(Ay) = () we have that rank (s, —
AQ) = No, then

SO

sly, —

801711 - Al Bl _
rank soln, — Ay By) =

Sofm -A B .
rank By soly, —As) =
rank (solm — A Bl) + no.

But, taking into account that (A;, B;) is controllable
we have rank (solnl — A Bl) = n;. Then,

soln, — Ay B\
rank ( _ A, B2) = N1 + No.

Analogously, if sy € Spec(As), we have that
rank (sol,, — A1) = ny, then

80]712

SOInl - Al Bl —
rank ( soln, — Ay By) = ny + ne,
for all sy € Spec(As). u
Remark 3.3: Example 3.3 shows that if

Spec(A;) N Spec(As)
not true.

# () the result 3.3 is
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IV. OBSERVABILITY OF COMPOSITE SYSTEMS
A. Observability of serial composite systems

The serial observability concatenated character is
obtained from the Hautus test:

Theorem 4.1:
Slnl — Al O
rank | —B2Cy s, —As | =ny+n, Vs € C
D,Ch Cy

Corollary 4.1: A necessary condition for observ-
ability of concatenated system is that the pair
(Az, C3) be observable.

Corollary 4.2: A necessary condition for observ-
ability of concatenated system is that the pair
(Al, Cl>, with Cl = DB;2C,C;1

Corollary 4.3: A necessary condition for observ-
ability of concatenated system is that the pair
(A1, Cy), be observable.

be observable.

Proof:
S]n1 — Al
rank —By(C} =
DyCY4
Inl SIn1 — Al
rank —B, Gy <
Dy Cy
Inl SITL1 - A1
min [rank -B, ,rank Ch
D, Ch
Then
SITll — Al
rank — By < rank (81"10_ Al) < n.
D,C, !
[ |

In this specific case, a sufficient condition is
obtained after observation of the spectrum of both
matrices A; and As.

Proposition 4.1: Let (Ay, By, C1, D)
and (Ay, By, Cy,Dy) be two systems with
Spec(Ay) N Spec(As) = 0. If the pairs (A;, Ch)
and (A, Cy) are observable, with By having full
column rank, then the serial concatenated system
is observable.

Proof: Let us suppose that we have: s ¢
Spec(Ar) U Spec(Ay); then,

rank (S[nl — Al 0

—-BCy  sly, — AQ) =n; +ny,Vs€C
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which means that

SInl — Al 0
rank —ByCy sly, —As | =nqg+ny,VseC
D,Cy Cs
Let us consider sy, € Spec(Ay); know-
ing that Spec(A;) N Spec(A;) = (), then
rank (solm — Al) =n,.
Then,
SOInl — Al 0
rank —ByCy soln, —As | =
D, Cy
ny + rank (SOI”QC_ A2> =Ny + no
2

since (Ay, Cy) is observable.

Let us consider sy € Spec(A;); know-
ing that Spec(A;) N Spec(4ds) = 0, then
rank (30]n2 — Ag) = No.

— A 0
80[n2 — AQ =
Cy

SOInl
—B>C
DyCh
80]n1 — Al
—By(C4
D,C}
If we suppose that B, has full column rank, we
can see that:

rank
Then,

N9 + rank

SOITL1 - Al
rank —By(C} =
DyCh
]nl SOInl - Al
rank — By Cy =
Do Ch
Soln, — Ay
C
rank 01 =ny
D,Ch
since (A, C}) is observable
Which means that:
SInl — Al 0
rank | —BCy  sl,, — A | =ny + no,
Dy, Cs
Vs € C when Spec(A;) N Spec(Az) = 0. u
In the systematic serial concatenated sys-
tem (A,B,C,D) obtained from the systems

(Al, Bl, 01, Dl) and (Ag, BQ, CQ, Dg), the observ-
ability concatenated character is obtained from the
Hautus test:
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Theorem 4.2: The systematic serial concatenated
system (A, B, C, D) is observable if and only if the
following relation holds.

SInl - A1 0

rank —BCy s, — Ay =n;+ng, VseC
C, 0
D,Cy Cy

After this theorem it is obvious the following suffi-
cient condition for observability of systematic serial
concatenated system.

Corollary 4.4: A sufficient condition for observ-
ability of systematic serial concatenated system is
that the serial concatenated system is.

Proof:
SInl — Al 0
ny + ng=rank| —BCy z[,, — Ay | <
D>, Cs
S]n1 — Al 0
—B201 S[n2 - AQ
rank C, 0 <ny + no.
D,Ch Cy

]
We have the following result.
Theorem 4.3: A necessary and sufficient condi-
tion for observability of systematic serial concate-
nated system is that both systems are observable.

Proof:
S]nl - A1 0
—BQC]. SIn2 — A2 .
rank C 0 =
D,Cy Cy
S]nl - A1 0
4 0
rank | _p o1 sl — A,
D,Ch Cy
]
Example 4.1: Let us consider the systems

(A1, B1,C4, D1), (Ag, By, Cy, Ds) two systems to
be concatenated in a serial systematic form, and
(AlthClaDl and (AQ,BQ,OQ,DQ) as follows:

131 0
Alz 024 731: 1 ,

3.0 2 2
Ci=(1 0 2), D;=(3)
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and
0
A2 = 2

Y

— N
O = W

0
2 y 82:
4 0

1 4 2 3
02:(1 0 4>’D2:(1>

Then, both systems are observable;

& 1 0 2
rank | C1A1 | = rank | 7 3 5| =3
O, A2 22 27 29

1 4 2
1 0 4
Cy
rank | CyA5 | = rank 716 = 3.
Cy A2 5 3 16
41 40 78
27 18 70

The concatenated system A, B,C, D is observ-
able, because:

1 31000 0
024000 1
302 000 2
A= 000130 , B= 01’
2 04 21 2 6
00010 4 0
1 02 000 3
C=13 06142, D=19
1 0210 4 3
C
CA
C A?
and rank o | =
C A*
C A5
1 0 2 0 0 0
3 0 6 1 4 2
1 0 2 1 0 4
7 3 5 0 0 0
29 9 31 11 7 16
7 3 5 5 3 16
22 27 29 0 0 O
136 105 155 41 40 78
rank 12089 12270 14818 207 108 700 = 0.
681 618 1026 199 163 392
187 138 290 133 99 316
673 567 965 0 0 0
4085 3279 5857 917 760 1894
1255 837 1715 647 498 1462
3568 3153 4871 0 0 0
23176 18813 31955 4331 3511 9096

7396 5439 10025 3105 2439 6844

Then, the systematic serial concatenated matrix
is observable.
(The example has been computed using Matlab).
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B. Observability of parallel composite systems

In parallel concatenated model (A, B,C,D)
obtained from the systems (A, By,Cy, D) and
(Ag, B2, Cy, Ds), the observability matrix is:

C 4 Cy
CA Ch A CrA,
C A2 C1 A2 Cy A2
CAn1+n2—1 CflA;Ll—‘—TLQ—l C2A£Ll+n2—1

(10)
So, we have the following theorem.

Theorem 4.4: The parallel concatenated system
C(A,B,C,D) is observable, if and only if, the
matrix (10), has full rank.

Using the Hautus test we have

Theorem 4.5: The parallel concatenated system
(A, B,C, D) is observable, if and only if the fol-
lowing matrix

— A 0

8[?12 — A2
Cs

51y,
rank 0
Cy

=n;+ny, VseC

which means that:

Proposition 4.2: A necessary condition for ob-
servability of parallel concatenated system is that
the pairs (A;,Cy) and (As, Cy) are observable.

Nevertheless, this condition is not sufficient as we
can see in the following example.

Example 4.2: Let (A, B,C,D) be the parallel
concatenated system of the following realizations.
The first system is (Aj, By, Ci, Dy) with A =
, O =

1
B = |0 (2 1 0) and
1

— = O

D1 - (1 1),

and the second one is the system (As, By, Co, Ds)
with

-1 -1 0 0 0

1 0 —1|,B=[-1 0],
1 0 0 0 -1

Ay =

Cy=(2 0 1), Dy=(1 0).

Both systems are observable:

4 210
rank | C1A; | =rank [0 2 1| =3,
Cy A2 10 2
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, 2 0 1
rank | CoA4s | =tank [ -1 -2 0] =3
Cy A2 3 1 2

However, the parallel concatenated model is not
observable:

21 0 2 0 1
021 -1 -2 0
1 0 2 3 1 2
rank 910 -2 -3 1|~ 5 < 6.
0 21 4 2 3
1 0 2 -3 —4 -2
Proposition 4.3: Let (Ay, By, Cy, D) and
(Ag, B2,C5,Ds)  be two  systems  where

Spec(Ay) N Spec(Ay) = 0. If the pairs (A1, Ch)
and (A, C5) are observable, then the parallel
concatenated system is observable.

Proof: Analogous to 3.3. [ ]

V. CONCLUSION

In this paper a sufficient condition for con-
trollability and observability characters of serial
and parallel concatenated finite-dimensional linear
continuous-time-invariant systems are obtained.
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