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Abstract. In this paper, the model of a two-degree-of-freedom (2-DOF) spring resonator with end stopper

for an energy harvesting application is presented. Then we characterize its nonlinear dynamical behavior by

numerical simulations when some suitable parameters are varied. The system is formed by two resonators subject

to external vibrational excitation and with an end stopper. We present the continuous time dynamical model of

the system in the form of a switched fourth order differential equation. Harmonic vibrations are considered as

the main ambient energy source for the system and its frequency response representing the RMS value of the

displacement is first computed. The dynamical behavior is unveiled by computing state-space trajectories, time-

domain series and FFT spectra and frequency response as the excitation amplitude is varied.

1 Introduction

Vibration-based energy harvesting is a process in which
mechanical energy is transformed into electricity. This pro-
cess allows the conversion of the kinetic energy from a
moving body due to ambient vibrations into electrical en-
ergy through a certain electromechanical mechanism. There
are different types of vibration energy harvesters. The most
widely used are those based on electromagnetic, piezoelec-
tric or electrostatic transducers. However, they all have the
same key element, a mechanical resonator that effectively
exploits the ambient vibrations. This topic is considered
one of the key points in the development of autonomous
sensors with extended lifetime [1] and the ralted growing
area of research is driven by the capability of harvesters to
act as an independent power supply for wireless microsys-
tems and sensor networks, or, alternatively, to prolong the
life time of batteries used in such systems.

In most of the reported studies on this topic, the energy
harvesters are designed as linear single degree of freedom
(SDOF) resonators by matching the resonant frequency of
the harvester with that of the external excitation to ex-
tract maximum power. This maximum power extraction
depends on the quality factor (Q factor) of the linear res-
onator. In [2], [3] the authors improved piezoelectric vi-
bration energy harvester efficiency by introducing addi-
tional masses, which make use of multiple resonant fre-
quencies. Recently, multi-degree of freedom (MDOF) de-
sign has been also demonstrated to have the potential ad-
vantage of displacement amplification and therefore en-
hancing the power efficiency over a broader frequency spec-
trum as shown in [4] and [5]. Numerical examples are pre-
sented to illustrate that with proper selection of the design
parameters of the 2-DOF resonator, the harvested power
can be amplified by a factor of 20 as compared to the
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conventional SDOF resonator and the effective bandwidth
of the harvester can be widened 25% in [6]. An electro-
magnetic 2-DOF vibration energy harvester (VEH) was re-
ported in [7] achieving a greater efficiency both below and
above the main natural frequency compared to the SDOF
VEHs.

In this work we investigate the nonlinear dynamical be-
havior and bifurcation phenomena of a 2-DOF mechani-
cal resonator with an end-stopper for ambient energy har-
vesting applications. The system is very simple but it ex-
hibits very complex bifurcation structures leading to sub-
harmonic oscillations, irregular and chaotic motions. It may
also have coexisting attractors within a certain range of pa-
rameter values. The rest of this paper is organized as fol-
lows. Section 2 deals with the system description and pro-
vides the mathematical model of the system in the form
of a set of switched differential equations. A dimension-
less formulation of the problem is presented in Section 3
where a dimensionless switched model and its correspond-
ing boundary conditions are given. The frequency response
of the system is presented in Section 4. Bifurcation phe-
nomena are reported in Section 5. Finally concluding re-
marks are provided in the last section.

2 System description

Fig. 1 shows the schematic diagram of the 2-DOF mechan-
ical resonator considered in this study. Two masses m1 and
m2 are connected vertically in series to a frame through
two springs with stiffness k1 and k2. x1, x2 and x0 are the
absolute displacement of the base, mass 1 and mass 2 re-
spectively. �1 and �2 are the length of the two springs plus
the thickness of the two masses respectively. d is the gap
between mass 2 and the end-stopper. The connection be-
tween these 2 masses is not solid, and this means that the
spring with stiffness k2 cannot be stretched. In Fig. 1, it can
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Fig. 1. Schematic diagram the two DOF spring-mass-damper sys-

tem. (a) attached mass vibration, (b) detached mass vibration.

be observed that the two masses are attached and detached
to and from each other through k2. Mechanical damping in
Fig. 1 consists of two parts: spring damping and air damp-
ing. In this case, a viscous damping factor is used to re-
produce both types of damping: b1 and b2 are of spring
damping, ba

1
and ba

2
are of air damping.

2.1 Dynamical model

Assuming that the air damping force is proportional to the
relative velocity of the mass and taking the gravity into ac-
count, the governing equation of the system working on
attached-mode as illustrated in Fig. 1 can be written as fol-
lows

ẍ1 = − k1
m1

(x1 − x0 − �1) − b1

m1

(ẋ1 − ẋ0) +
k2
m1

(x2 − x1 − �2)

− b2

m1

(ẋ1 − ẋ2) −
ba
1

m1

(ẋ1 − ẋ0) − g (1)

ẍ2 = − k2
m2

(x2 − x1 − �2) − b2

m2

(ẋ2 − ẋ1) −
ba
2

m2

(ẋ2 − ẋ0) − g
(2)

Let us define the following new state variables

y1 = x1 − x0 − �1, y2 = x2 − x0 − �2 − �1 (3)

By substituting these new variables in (1)-(2), the follow-
ing differential equations are obtained for the motion of the
resonator

(ÿ1 + ÿ0) = − k1
m1

y1 − b1ẏ1 +
k2
m1

(y2 − y1) − b2

m2

(ẏ1 − ẏ2)

− ba
1

m1

ẏ1 − g (4)

(ÿ2 + ÿ0) = − k2
m2

(y2 − y1) − b2

m2

(ẏ2 − ẏ1) −
ba
2

m2

ẏ2 − g (5)

where ÿ0 is the external acceleration which can be repre-
sented by ÿ0 = Aext cos(ωextt + φ0). If it is considered that
the air damping force is proportional to the absolute veloc-
ity of mass, then one has for mass 1

Fair = −ba
1ẏ1 − ba

1(ẏ1 − ẏ0) − ba
1ẏ0 = ba

1ẏ1 − ba
1ẏ0 (6)

When the mass m2 is in contact with with the end stopper,
the stopper force Fim can be written as follows

Fim = kim(y2 − ymax) + bimẏ2 (7)

where kim is the stiffness and bim is the damping factor of
the stopper. Finally the system governing equations for the
attached vibration can be written as follows

ÿ1 +
b1 + ba

1

m1

ẏ1 +
k1
m1

y1 +
k2
m1

(y1 − y2) + b2

m1

(ẏ1 − ẏ2) =
−Aext cos(ωextt + φ0) − g (8)

ÿ2 +
ba
2

m2

ẏ2 +
k2
m2

(y2 − y1) + b2

m2

(ẏ2 − ẏ1) + Fim

m2

=

−Aext cos(ωextt + φ0) − g (9)

and for the detached vibration mode one has

ÿ1 +
b1 + ba

1

m1

ẏ1 +
k1
m1

y1 = −Aext cos(ωextt + φ0) − g(10)

ÿ2 +
ba
2

m2

ẏ2 +
Fim

m2

= −Aext cos(ωextt + φ0) − g(11)

2.2 Boundary conditions

According to the system description illustrated in Fig. 1,
the two masses are attached to each other under the condi-
tion

x2 − x1 < �2 (12)

and mass 2 is not in contact with the end stopper under the
condition

x2 − x0 < �1 + �2 + d (13)

In terms of the new variables y1 and y2, the previous bound-
ary conditions become

y2 − y1 < �2 (14)

y2 < d (15)

and the stopper force Fim is given by

Fim =

⎧⎪⎨⎪⎩0 if y2 − d < 0

kim(y2 − d) + bim ẋ2 if y2 − d > 0.
(16)

The previous boundary conditions define in the state space
the so called switching surfaces which when crossed by a
system trajectory, its dynamics change non-smoothly from
one form of linear behavior to another. The state space
is divided into different subspaces by these switching sur-
faces. Although the system is linear in each subspace, the
global behavior is highly nonlinear. The system can be in-
tegrated in closed form within each subspace and only the
switching instants have to be computed using numerical
methods such as the Newton-Raphson algorithm.
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3 Dimensionless Formulation

The previous equations of motion include 12 physical pa-
rameters. In order to reduce this number, let us define the
following dimensionless parameters and variables

ω01 =

√
k1
m1

, ω02 =

√
k2
m2

, Ωext =
ωext

ω01

= 1 + σ,

Ω21 =
ω02

ω01

, α =
Aext

dω2
01

, γ =
g

dω2
01

, κ1 =
k2
k1
,

β1 =
b1 + b

′
1

2
√

k1m1

, β11 =
b2

2
√

k1m1

, β2 =
b
′
2

2m2ω01

,

β22 =
b2

m2ω01

, z1 = −y1d , z2 = − y2dω0

,

ż1 =
ẏ1

dω0

, ż2 =
ẏ2

dω0

, t′ = ω0t.

where z1 and z2 are the dimensionless displacements. Let
us also consider φ0 = 0 for simplicity. Therefore the dy-
namical model of the system can be written as follows. In
the attached mode z2 < z1

z̈1 + 2β1ż1 + z1 + b1ż1 + κ(z1 − z2) + β11(ż1 − ż2) =
−α cos((1 + σ)t) − γ

(17)

z̈2 + 2β2ż2 + Ω2
21(z2 − z1) + β22(ż2 − ż1) + F̃im =

−α cos((1 + σ)t) − γ
(18)

and for the detached-vibration mode z2 > z1 one has

z̈1 + 2β1ż1 + z1 = −α cos((1 + σ)t) − γ (19)

z̈2 + 2β2ż2 + F̃im = −α cos((1 + σ)t) − γ (20)

The derivation (overdot) is now taken with respect to the
normalized time t′. For convenience of notation, in the fol-
lowing we drop the use of prime in the definition of di-
mensionless time. Considering the normalization of z2, the
stopper force taking place when z2 > 1 can be written as
follows

F̃im = κim(z2 − 1) + βimż2 (21)

where κim is the normalized stiffness and βim is the nor-
malized damping factor of the stopper given respectively
by

κim =
kimm1

m2k1
and βim =

bim

m2

√
k1/m1

The switching surfaces in the normalized space where the
switching from one linear configuration to another takes
place are defined by

Σ1 = {z|z1 = z2} (22)

Σ2 = {z|z2 = 1} (23)

where z = (z1, ż1, z2, ż2) ∈ R
4 is the dimensionless vec-

tor of the state variables. Intersecting one of these two
surfaces, the system dynamics change non-smoothly from
one linear configuration to another in the normalized state-
space.
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Fig. 2. Frequency response of the system representing the RMS

value of the dimensionless displacement z2 for α = 0.004, 0.006,
0.01, and 0.014.

4 The frequency response

The dimensionless parameter values of the 2-DOF coupled
resonator considered in this study are listed in Table 1.
Long-time integration is used to obtain the frequency re-
sponse of the system. The system is simulated during a
total of 150 cycles. The first 100 cycles are considered as
transient regime and the last 50 cycles are used as steady-
state data to compute the RMS values of the state variables
then those corresponding to the displacement z2 are plotted
afterward. This procedure is repeated for different values
of the exciting force amplitude and the result is depicted
in Fig. 2. For low values of the excitation force amplitude
(α = 0.005 in this case), the frequency response is a typi-
cal response of a linear system. This is because in this case
the boundaries are not crossed and the system works in one
of the linear subspace without any switching. As the exci-
tation force amplitude α is increased, the boundary Σ1 is
crossed and the system switches between different config-
urations giving rise to nonlinear behavior. The frequency
responses shown in Fig. 2 for α = 0.006, 0.01 and 0.014
correspond to the nonlinear case. It can be observed that
the curve of the frequency response is characterized by a
double peak value.

5 Exploring the system dynamics

In order to explore the different dynamical behavior that
the system can exhibit, a bifurcation diagram has been ob-
tained by taking α as a bifurcation parameter which was
varied within a wide range from 0.004 to 0.014. The re-
sult is depicted in Fig. 3. This bifurcation diagram is ob-
tained by sampling the state trajectories stroboscopically
at the driving frequency. Long transient data are eliminated
and only 50 samples are used as steady state. Time-domain
waveforms, state-space trajectories and FFT spectra of the
state variables are also used to explain the observed dy-
namics. The results are shown in Fig. 4-Fig. 10 for differ-
ent values of the exciting amplitude α. For low values of
the excitation force amplitude, the system steady-state be-
havior is a T−periodic orbit in the linear regime. As men-
tioned before, this is because in this case the switching sur-
faces defined in (22)-(23) are not reached and the system
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Table 1. The used parameter values.

Ω21 Ω02 β1 β11 β2 β22 γ κ βim κim σ α

2.236 2.236 0.1 0.007 0.007 0.07 0.025 0.5 0.078 283 0.0 0.002
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Fig. 3. Bifurcation diagram taking α as a bifurcation parameter

and representing the dimensionless displacement of the second

resonator z2. To detect possible coexisting attractors, in the first

diagram the initial conditions are updated by the final values cor-

responding to the last parameter value, while in the second dia-

gram the initial conditions of the state variables are set zero for

each value of the bifurcation parameter.

works without switching between the different configura-
tions. This can be observed in the time domain waveforms
of Fig. 4 where the state variable z2 does not intersect the
state variable z1 neither it does with the critical value 1.

As the parameter α is increased, the boundary defined
by the first switching surface Σ1 defined by z1 = z2 is
crossed at a critical value α ≈ 0.00472 and the system
switches between the two different configurations defined
by (8)-(9) and (10)-(11). At values of α slightly larger than
this critical value, the system dynamical behavior is still a
stable T−periodic regime but the FFT spectra of the state
variables contains high harmonic contents in contrast to
the linear regime where a single tone spectrum can be ob-
served at the driving frequency. However, when α is further
increased, the system T− periodic orbit loses its stability
through a period doubling bifurcation leading to subhar-
monic oscillation occurrence manifested by a 2T−periodic
orbit as shown in Fig. 5. The FFT spectrum shows in this
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Fig. 4. Steady-state behavior of the system for α = 0.004.
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Fig. 5. Steady-state behavior of the system for α = 0.00487.

case a harmonic content at one half the driving frequency
and its multiple integer values.

When the bifurcation parameter is further increased be-
yond α ≈ 0.00486, the 2T−periodic orbit losses its stabil-
ity giving rise to sudden occurrence of chaotic regimes and
the spectrum is spread within a wide frequency range cov-
ering from zero to a certain bandwidth as it is depicted in
Fig. 6.

If α is increased, the system becomes T−periodic with
a remarkably large amplitude oscillation in the second res-
onator displacement z2 (Fig.7).

In some parameter range this orbit coexists with a larger
amplitude 4T−periodic orbit as it is illustrated in Fig. 8 for
α = 0.0074. It can be observed that in all the previous
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Fig. 6. Steady-state behavior of the system for α = 0.0052.
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Fig. 7. Steady-state behavior of the system for α = 0.006.

cases, only the boundary defined by the switching surface
Σ1 is crossed while the end stopper boundary condition is
not reached.

The T− periodic orbit in this region of the parame-
ter space can loose its stability giving rise to a chaotic
regime shown in Fig. 9 for α = 0.012. At this value of
the bifurcation parameter, the switching surface Σ2 is also
crossed and an expansion of the chaotic attractor can be ob-
served. By further increasing α, a stable a large amplitude
2T−periodic orbit emerges. This orbit hits both surfaces Σ1
and Σ2 as it is shown in Fig. 10.

6 Conclusions

In this work we have studied a periodically driven 2-DOF
spring resonator with end stopper for an energy harvest-
ing application from a nonlinear dynamics perspective. We
have shown that the system can present a rich variety of
nonlinear behavior such as bifurcation phenomena and chaotic
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Fig. 9. Steady-state behavior of the system for α = 0.012.
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Fig. 10. Steady-state behavior of the system for α = 0.014.
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behavior. Numerical simulations have been carried out us-
ing a nonlinear switched model to unveil the different dy-
namical behavior of the system. Time-domain waveforms,
FFT spectra, and bifurcation diagrams have been obtained.
Despite the system simplicity, it presents complex phe-
nomena and nonsmooth transitions to chaotic regimes. Lo-
cal and global stability analysis of periodic orbits is a sub-
ject of further study.
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