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ABSTRACT. We show that the conformally invariant fractional powers of the sub-Laplacian
on the Heisenberg group are given in terms of the scattering operator for an extension
problem to the Siegel upper halfspace. Remarkably, this extension problem is different
from the one studied, among others, by Caffarelli and Silvestre.

1. INTRODUCTION AND STATEMENT OF RESULTS

There has been a lot of recent interest in the study of CR manifolds, on one hand because of
their puzzling geometry and, on the other hand, because they serve as abstract models of real
submanifolds of complex manifolds. In particular, orientable CR manifolds of hypersurface
type which are strictly pseudoconvex have been the subject of many flourishing studies, due
also to the many parallels between their geometry and conformal geometry of Riemannian
manifolds. In this context, the Heisenberg group plays the same réle as R™ in conformal
geometry. Indeed, Folland and Stein [24] constructed normal coordinates which show how the
Heisenberg group closely approximates the pseudohermitian structure of a general orientable
strictly pseudoconvex CR manifold.

The Heisenberg group H™ arises also in the description of n—dimensional quantum me-
chanical systems. Moreover there is a rich and fruitful interplay between sub-Riemannian
geometry on Carnot groups (of which H" is one of the most interesting examples) and con-
trol theory in engineering, and there are many works devoted to understanding harmonic
analysis on Lie groups.

In this paper we take a closer look at the construction of CR covariant operators of
fractional order on H' and on orientable CR manifolds of hypersurface type which are strictly
pseudoconvex, and how they may be constructed as the Dirichlet-to-Neumann operator of a
degenerate elliptic equation in the spirit of Caffarelli and Silvestre [10].

Fractional CR covariant operators of order 2y, v € R, may be defined from scattering
theory on a Kédhler-Einstein manifold X' [21],[45] 40}, 33], they are pseudodifferential operators
whose principal symbol agrees with the pure fractional powers of the CR sub-Laplacian
(—Ap)? on the boundary M = 90X In the particular case of the Heisenberg group H", they
are simply the intertwining operators on the CR sphere calculated in [8, [51), [9] using classical
representation theory tools. It is precisely the article by Branson, Fontana and Morpurgo
[8] that underlined the importance and nice PDE properties of these operators.

There is a rich theory of pseudodifferential operators on the Heisenberg group (see, for
instance, [62]). In particular, the fractional sub-Laplacian is the infinitesimal generators of
a Levy process [2], although with some particularities because of the extra direction.

Using functional analysis tools, one may formulate an extension problem to construct
the pure fractional powers of the sub-Laplacian on Carnot groups (see the related work

of [25] and [57]). An interesting feature of our point of view is that one needs to use the
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underlying complex hyperbolic geometry instead of the abstract functional analysis theory
for the construction of the CR covariant version of these operators.

We try to make this paper self-contained in order to make it accessible to analysts and
do not assume any prerequisites on CR or complex geometry. In this regard, Sections [2] and
are a summary of standard concepts that are included here for convenience of the reader.
We emphasize, however, that the reader does not need these concepts for our main results,
Theorems 1.1 and 1.2, which only concern the case of the Heisenberg group.

The n-dimensional Heisenberg group H” is the set R"™ x R™ x R endowed with the group
law

éof: (f+$aﬁ+y7£+t+2(<$aﬁ>w _<i‘ay>R")>v

where & = (z,y,t), £ = (&,9,1) and (-, )gn is the standard inner product in R™. H" can be
regarded as a smooth sub—Riemannian manifold; an orthonormal frame is given by the Lie
left—invariant vector fields

0 0 0 0 0

1.1 Xi=—+4+2yi—, Yi=——-2z;,— forj=1,... To = —.

(1-1) I, T Mg T gy g NI T e 0T
Given a smooth function on H", we define the sub—Laplacian of u as:

1 n
(1.2) Apu = 5 Z [XJ2 + YJQ] u.
j=1

Note that we have replaced the usual factor 1/4 in front by a 1/2, which will be more
convenient for our purposes.

Introducing complex coordinates z = x +iy € C", the Heisenberg group may be identified
with the boundary of the Siegel domain 2,41 C C**!, which is defined as

Q1 ={C=(21,- -+, 2ns Znt1) = (2, 2n41) € C" x C|q(¢) > 0}

with
(1.3) 9(Q) =Imzpir — Y _ |2
j=1

through the map (z,t) € H” v (2,t+i|z|?) € 9Qp41. Introducing the coordinates (z,t,q) €
C" xR x (0,00) on 2,41, the Siegel domain is a Kéhler-Einstein manifold with Kéhler form

. S (12 1 p2 02 A OB
- i [ 3dg” + 0 (501/39 NGO
1.4 = —-001 =_ (4
(14) wi = o9 logg 2( ),
where 0% = dz,, 08 = dzg for a, 8 =1,...,n and where 6 is given by
(1.5) 0=3[dt+2) (Taldla — Yadra)] = 5[dt+1>  (20dZa — Zadza)].
a=1 a=1

If, instead, one writes the Kihler metric for the defining function p with ¢ = p?/2, we have

2 25 008 2
(16) +_1<dp aﬁ_i_49>

g =
2\ 02 2 o
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In particular, €2, 11 may be identified with the complex hyperbolic space H¢'. Here, and for
the rest of the paper, we set

m=n+ 1.

The boundary manifold M = 09,1 = {¢ = 0} inherits a natural CR structure from
the complex structure of the ambient manifold given by the 1-form , that is precisely
the contact form that characterizes the Heisenberg group H" as a sub—Riemannian (CR)
manifold, in which the CR structure is given by the bundle H(H") = spanc(Z1,..., Zy),
with Z; = X; +14Y; and X;,Y; defined in for 5 = 1,...,n. Consequently the Levi
distribution on H" is given by H(H") = spanp(Xi,... Xy, Y1,...,Y,) and the associated
characteristic direction is

0
T=2T = 2&.
In particular, the associated Laplace-Beltrami operator with this choice of 6 is ; this is
the reason for our normalization constant 1/2.

More generally, one could consider X™*! a complex manifold with strictly pseudoconvex
boundary M carrying an approximate Ké&hler-Einstein metric. Then M inherits a CR
structure as explained in Section An even more general setting would be to take an
asymptotically complex hyperbolic (ACH) manifold X™*! with boundary M. An ACH
manifold is endowed with a metric g™ that behaves asymptotical like near M.

In the first setting, scattering theory tells us that, fixed a defining function ¢, for s € C,
R(s) > 2,
equation

and except for a set of exceptional values, given f smooth on M, the eigenvalue

—Agru—s(m—s)u=0 in X,
has a solution u with the expansion
u=qm™F +¢G, forsome F,GE€ C>®(X),
Flp= /.
The scattering operator is defined as
S(s) : C¥(M) — CZ(M)
by
S(s)f = Glm-
It can be shown that S(s) is a meromorphic family of pseudodifferential operators in the
©-calculus of [21] on M of order 2(2s — m), and it is self-adjoint when s is real.
For v € (0,m)\N, we set s = ™. We define the CR fractional sub-Laplacian on (M, [0])
by
17) PUf = e,S(3)f,
for a constant

I'(v)
I'(=y)
Note that ¢y < 0 for 0 <y < 1. It is proven then that Pg is a pseudodifferential operator
of order 2v, whose principal symbol is given by (1.12) below. The main property of the

(1.8) ¢, =27
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~ 2
operator is its CR covariance. Indeed, given another conformal representative § = wm—6
which identifies the CR structure of M, the corresponding operator is given by

0 ==
(1.9) Py(:) =w ™ Pj(w-).
Then one may define the fractional ()-curvature as
0 0

which has interesting covariant properties.

For integer powers 7 € N, one may still define the operators by taking residues of the
scattering operator. In particular, for v = 1, one obtains the CR Yamabe operator of
Jerison-Lee [48]

Pf:—Ab+2 R97

n
(n+1)
where Ay is the sub—Laplacian on (M, ) and Ry the Webster curvature. In the Heisenberg
group case, with the 1-form 6 introduced in , we can write explicitly
k
Py =-nA, PJ=(2)?+71% P!=]](-2+i(k+1-2)T).
=1
These are precisely the GIMS [37] operators in the CR case from [33].

Our first theorem is the precise statement of the extension problem on the Heisenberg
group (H™,[0]) for 6 given by . This relation allows to treat the CR fractional sub—
Laplacian as a boundary operator and, in particular, one recovers the formula for CR co-
variant operators on the Heisenberg group from [§].

Theorem 1.1. Let v € (0,1), a = 1 —2v. For each f € C°(H"), there exists a unique
solution U := &, f for the extension problem

1.10) OppU + ap 10U + p*0uU + AU =0, in Qi ~ H" x RT,

' U=f, ondQui1 ={p=0}~H"
Moreover,
(1.11) P/f = —1lim p"8,U.

’}/21*7 p—0
As a consequence, one recovers the symbol of the operator
1+ —A
~ r (T7 + 2|Tl|7)
1—y —A '
JE=
Uniqueness is understood in the natural corresponding Sobolev space, see (1.13]) below.
The extension problem ([1.10)) is similar to the extension considered by Caffarelli and
Silvestre [10] for the construction of the fractional Laplacian in the Euclidean case, but sur-
prisingly with the additional term in the t-direction p?d;U that appears when one considers
the CR sub—Laplacian.
Although here we have concentrated on the Heisenberg group as the boundary of the

Siegel domain, on more general ACH manifolds we have the same type of results, although
lower order terms appear in the extension problem ((1.10). This is exactly what happens

(1.12) P = (2|T))
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in the real case (see [14]), and precisely those lower order terms carry a lot of geometric
information.

The main idea in the proof of Theorem is to use the group Fourier transform on the
Heisenberg group in order to follow the arguments used in the real case by [10]. Their idea
of reducing the equation to an ODE in p still holds, although we need to take care of the
extra direction 0y;. Moreover, the Plancherel identity for the Heisenberg Fourier transform
allows to prove an energy identity that yields a sharp trace Sobolev embedding.

Before we state our second theorem precisely, we need to introduce the following notions.
Set

n
(1.13) A U] = / p? [|8PU|2 + 20U + 3 (1XGUP + [Y;UP) | dady dt dp
Qn+1 ]:1
for functions U on Q,, 41 ~ H" x [0, o0); this is the weighted Dirichlet energy in the extension.
We define the space H7(Q,41) as the completion of C§°(Q,,+1) with respect to .A%/ 2,

Similarly, we denote by S7(H™) the closure of C{°(H™) with respect to the quadratic form
a~ associated to the symbol (1.12)) through Fourier transform, which is defined by

(1.14) alf] = 2% /H PP dedyit

see also Section[6] These are the fractional analogues of the Sobolev spaces on H" introduced
by Folland and Stein [24].

Theorem 1.2. Let v € (0,1). Then there exists a unique linear bounded operator T :
HYY(Qpy1) = SY(H™) such that TU(-) = U(+,0) for all U € C§°(Qnt1). Moreover, for any
U e H"Y(Quy1) one has
— T =7)
Ul >t 7y—= U].
Equality is attained if and only if U = E,f for some f € S7(H").

One may use the Cayley transform to translate Theorem to the CR sphere S?"~1
as the boundary of the complex Poincaré ball H@. Indeed, the Cayley transform W. is
a biholomorphism between the unit ball in C"*! and the Siegel domain; when restricted
to the respective boundaries it gives a CR equivalence between S?”~! minus a point and
H" ~ 9,41 (which is the CR equivalent of the stereographic projection of the unit sphere
on the Euclidean space), see also section [3[ and [48]. Combining Theorem with the
fractional Sobolev embedding on the Heisenberg group from [26] we obtain the following
energy inequality:

Corollary 1.3. There exists a sharp constant S(n,~y) such that for every U € HI’V(’H%@),
f=(T(WUo¥ 1Y) oW, defined on S*™1,

(1.15) 117 2e gonsry < S(n, M)A U 0 T
for 2% = % We have equality in (1.15) if and only if and U o W1 = Ey(fo vt and

foU ! comes from a CR transformation of the CR sphere (3.15)), i.e. fo ¥ ! :H" - R
with

m—y

_ 1 2
P (1) = <(1+|z|2)2+tz)
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up to left translations, dilations and multiplication by a constant.

The importance of this Corollary is that it constitutes the first step in the resolution of
the fractional CR Yamabe problem (see [32] and Section (7| for a short discussion).

In the last part of this paper (Section , we explore the quaternionic setting and show
that both Theorems [I.1] and can be proven in a similar manner when one considers the
quaternionic Heisenberg group Q™ as the boundary of the quaternionic hyperbolic space Hgy.
In particular, the extension problem is the same one provided one replaces d; by the
Laplacian in the extra three t-directions. This happens because of the underlying Lie group
structure and, in general, this general construction is possible in symmetric spaces of rank
one, which are the real, complex, quaternionic hyperbolic spaces Hp', H, Hys respectively,
and the octonionic hyperbolic plane 7—[(%).

There are still many open questions in this field. From the PDE point of view, an extremely
interesting problem is to establish a good elliptic theory for , which is fourth order
because of the term 9;;. Indeed the vector field Ty = % is a second order differential operator
in the CR structure of H", as it is obtained from first order commutators of the vector fields
{X;,Y}}j=1,.n See also sections 2| and

From the complex geometry point of view, observe that two defining functions ¢ and
generate the same Kéhler metric in X if and only if ¢ = e'1 for a pluriharmonic function F,
ie. 0OF =0. If 0, and 6, are the corresponding pseudohermitian structures on M = o0&
then 6, = el 6y, where f = F|p. In this case, Branson’s Q-curvature (that corresponds
to our case v = m, see (4.1])), vanishes identically and thus it is not an interesting object
when restricting to pluriharmonics. Recently, [44] (see also [12]) has constructed new GJMS
operators P}, using the original [37] ambient metric construction. It would be interesting to
see those from the scattering and extension point of view.

Fractional order CR. operators on the Heisenberg group were introduced in R. Graham’s
thesis [34] B5] as obstructions to the resolution of an eigenvalue problem. His construction
works also for more general operators

n
Lo = Z[XJQ + YJQ] +iaT, for a € R,
=1

N |

which up to multiplication by a constant are the only linear differential operators on H"
which are second order with respect to the natural dilation structure of the Heisenberg
group, that are invariant with respect to left translations and that are invariant under the
action of unitary transformations of z = z + iy € C". One could try to understand what
type of new problems appear.

2. PRELIMINARIES

Most of this section is taken from the well written introduction in [45], but we recall it
here for convenience of the reader. Two good survey references on Heisenberg groups and
CR manifolds are [5], [20]. We also point out the book on complex hyperbolic geometry [31].

2.1. CR geometry. A CR-manifold is a smooth manifold M equipped with a distinguished
subbundle #H of the complexified tangent bundle CTM = TM®C such that [H,H] C H, i.e.
H is closed with respect to the Lie bracket and hence is formally integrable, and HNH = {0},
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i.e. H is almost Lagrangian. The subbundle H is called a CR structure on the manifold
M. An abstract CR manifold will be called of hypersurface type if dimgM = 2n + 1 and
dimcH = n.

The maximal complex (or Levi) distribution on the CR manifold M is the real subbundle
H(M) C TM given by H(M) = Re{H @ H}; it carries a natural complex structure Jj :
H(M) — H(M) defined by

J(V+V)=4i(V-V) forany V € H.
If the CR manifold M is of hypersurface type and oriented, as we will always assume

throughout the paper, it is possible to associate to its CR structure H a one—form 6 which
is globally defined on M such that

(2.1) Ker(0) = H(M).

This form is unique up to multiplication by a non-vanishing function in C*°(M). More
precisely, any two globally defined one—forms 6, 6 on M such that Ker(0) = Ker(6) = H(M)
are related by

(2.2) 0= f0,

for some nowhere zero smooth function f on M. Any one—form 6 satisfying (2.1) is called
a pseudohermitian structure on M.
The Levi form Ly associated to a pseudohermitian structure 8 on M is given by

(2.3) Lg(Vl, Vg) = —i(d&)(VI,Vg), VV1, Vs € H,

where the form df is extended to complex vector fields by C—linearity. The Levi form changes
under a change of the pseudohermitian structure given by (2.2)) as follows

Ly = fLs.

We say that an orientable CR manifold of hypersurface type endowed with a pseudoher-
mitian structure is strictly pseudoconvex if its corresponding Levi form is strictly positive
definite, while we say that it is nondegenerate if the corresponding Levi form is nondegen-
erate (i.e. if V) € H satisfies Lg(V1, V2) = 0 for all Vo € H, then V; = 0).

Given a nondegenerate pseudohermitian structure 6 on an oriented CR manifold M of
hypersurface type, 1) = 0 A(df)™ is a volume form on M. Moreover there is a unique globally
defined nowhere zero vector field T' tangent to M such that

(2.4) o(T) =1, T|do = 0.

T is called characteristic direction of (M, €) and one can easily show that
TM=H(M)®RT.

Moreover, the relations

(2.5) go(V1,V2) = d0(V1, JyVa),  go(V1,T) =0,  go(T.T) =1

for every Vi,Va € H(M), where T is the characteristic vector field associated to 6, define
the Webster metric on M. If the Levi form Ly is strictly positive definite, then gy is a
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Riemannian metric on M, but gy is not a CR invariant. Next, for any smooth function u
on M we define V4, u through the relation

(2.6) 90(Vg,u, V) = du(V)

for any vector field V on M. If m, is the canonical projection of the real tangent bundle
T M on the Levi distribution H (M), the horizontal gradient of a smooth function v on M
is given by
(2.7) Viu = mpVg,u.
Moreover the sub—Laplacian operator is defined by setting
(2.8) Abu = diV(Vbu)
for any smooth function v on M, where div(V') is defined by
(2.9) Ly =div(V),
or equivalently by
d(V]4p) = div(V)e,

for any vector field V on M, where ¢ = 0 A (df)™ and L denotes the Lie derivative.

In coordinate notation, let {W,}"_, be a local frame for H# and let W5 = W,. Then the
vector fields {W,, W5, T} form a local frame for CT M, whose dual coframe {6%,0%, 0} is

admissible if §%(T") = 0 for all . The integrability condition is equivalent to the condition
that df = d0® mod {6,0%}. Thus the Levi form is written as

Lo = ho30° A 67,

for a Hermitian matrix—valued function h, 3. Its inverse will be denoted by hoP . We will use

h,s and hoP to lower and raise indexes in the usual way. The horizontal gradient and the
sub—Laplacian on M may be calculated as

(2.10) Vou = uWo +u? W5, Ayu =, +uz’,

respectively, where u® = R*Wsu, u® = FFIW,u.

We recall that any real hypersurface M in a complex manifold X of complex dimension
m = n—+1 can be seen as a CR manifold of hypersurface type of dimension 2n + 1, with the
CR structure naturally induced by the complex structure of the ambient manifold

H=T""Xx)NCTM,
where T1°(X) denotes the bundle of holomorphic vector fields on X

2.2. Complex manifolds with CR boundary. Now suppose that X is a compact com-
plex manifold of dimension m = n + 1 with boundary 0X = M. As we have just mentioned,
the boundary manifold inherits a natural CR-structure from the ambient manifold. We re-
call the following facts from [38] [55], where they give a precise description of the asymptotic
behavior near the boundary.

Let ¢ be a negative smooth function on X'. We say that ¢ is a defining function for M if
¢ < 0 in the interior of X, ¢ =0 on M, |dp(p)| # 0 for all p € M. We further suppose that
¢ has no critical points in a collar neighborhood U of M so that the level sets M® = =1 (—¢)
are smooth manifolds for all € sufficiently small.
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Associated to the defining function ¢ we define the Kéhler form
00p  Op A 8(,0)
+ 3 .
—¢ 2
The manifold M?® inherits a natural CR structure from the complex structure of the

ambient manifold with H® = CT M N TH%. For a defining function ¢, we define a one—
form

(- 1
(2.11) wy = —§0alog(—cp) =5 <

(2.12) 0= é(é—a)w

and using the natural embedding map i, : M® — U, set 0. = if©. The contact form 6, is a
pseudohermitian structure for M¢. Note that

(2.13) dO = 00y,
and the Levi form on M€ is given by
(2.14) Ly, = —idb..

We will assume that Ly_ is positive definite for all ¢ > 0 sufficiently small, so that M*® is
strictly pseudoconvex. Moreover, in order to simplify the notation we will write 6 for 6.,
suppressing the ¢.

It is known that there exists a unique (1, 0)-vector field £ on U such that

dp(&) =1 and £|00p = rdyp

for some r € C*°(U). The function r is called the transverse curvature. We decompose

1 .
g = §(N - ZT)7

where N, T are real vector fields on /. Then
dp(N)=2, O(N)=0; 0(T)=1, T|dd=0.

Thus T is the characteristic vector field for each M¢ and N is normal to MF¢.
Let {W,}"_, be a frame for H. Then, setting W5 = W, the vector fields {W,, W, T}"

a=1

form a local frame for CT M?#, while {W,, W@}Zii form a local frame for CTU by setting
W = Wi = £ If {62}7_, is a dual coframe for {W,}"_, then, setting 05 = 0, the
one—forms {#%,60% 6} form a dual coframe for CT M, while {6%, 0 Zii is a dual coframe

for CTU if we denote 8™ = dip, ™ = dp. The Levi form on each MF is given by
Ly = ho56 A 67

for a n x n Hermitian matrix valued function h,g3.
Recalling (2.13)), we can divide d© into tangential and transverse components as follows:

00p = hagd® A 05 + rdp A O,
which gives the following expression for the Kahler form from formula (2.11])

i (hag®® NO®  (1—ry) _
Wy = — + Op N\ O .
+ 2 ( —p @2 @ @

(2.15)
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For a complex manifold with a Hermitian metric ¢ = h—iw, the Kéhler form w combines the
metric and the complex structure by h(V1,Va) = w(Vy, JVa). Here the Hermitian-Bergman
metric may be written as

(1—ry)
2

1 3 _
g = _—(pha/;ea ®0° + Op @ 0.

It is easy to see that
1—
gty =4l
2
and the outward unit normal to M° is
__—¥Y N
2v1 —rp
fw= % gkl-wk Aw! is the expression of a Kéhler form on a complex manifold in terms of
a coframe {w*} for T'0, we define the trace of a (1,1)-form by

Tr (inkiwk A wl_) = "y
The Laplace operator on the Kéhler manifold (X, w.y) is calculated as

Ay u = Tr(i00u);

vV =

note that we are using a different normalization constant.
We recall the following formula from [38], that decomposes the Laplacian into tangential
and normal components relative to the level sets of ¢:

(2.16) A+=%p 1_“0 (N2 + T2+ 2rN + 2X,) + 20, + 20N | |
s

where Ay is given by (2.10) and r is the transverse curvature. For any real function f, we
have defined the real vector field X, analogous to the gradient of f in Riemannian geometry,
by )

Xy = f"Wa+ fPW;.
The proof in [38] also shows that 1 — r¢ > 0.

2.3. Approximate Kahler-Einstein and asymptotically complex hyperbolic mani-
folds. Let Q2 be a bounded strictly pseudoconvex domain in C™. Fefferman [22] showed the
existence of a defining function ¢ for 92 which is an approximate solution of the complex

Jlel =1,
§0|8Q = 07
where J[p| is the Monge-Ampere operator
¥ ¥
J@z—lmdet< 7).
)= (=1 Vi P55
The Kahler metric gt defined from the Kéhler form (2.15)) associated to such an approx-

imate solution ¢ is an approximate Kihler-Einstein metric on Q, i.e. g™ obeys

(2.17) Ric(¢") = —(m + Dwy + O(p™ 1),

Monge-Ampere equation

where Ric is the Ricci form.
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Under certain conditions (see [15] [55] [45]), Fefferman’s local approximate solution of the
Monge-Ampére equation can be globalized to an approximate solution of the Monge-Ampere
equation near the boundary of a complex manifold X with strictly pseudoconvex boundary
M. Tt follows that X carries an approximate Kéahler-Einstein metric in the sense of .
This ¢ is called a globally defined approximate solution of the Monge-Ampeére equation in
X.

More precisely, such a solution exists if and only if M admits a pseudohermitian structure
6 which is volume-normalized with respect to some locally defined, closed (n + 1,0)-form in
a neighborhood of any point p € M. If dim(M) > 5, this condition is equivalent to the
existence of a pseudo-Einstein, pseudohermitian structure § on M (see [54]). Recall that
a CR manifold is pseudo-Einstein if there is a pseudohermitian structure 6 for which the
Webster-Ricci curvature is a multiple of the Levi form. Note that dim(M) = 3 is special.
Finally, in the particular case that X is a pseudoconvex domain in C™, this condition is
trivially satisfied.

We describe now a more general class of manifolds than the ones considered so far. In
particular, we consider the O-structures introduced by Epstein-Melrose-Mendoza [21]. We
will only give brief description and we refer the interested reader to the detailed description
in [40].

Let X be a non-compact manifold of (real) dimension 2n + 2 with a Riemannian metric
gT that compactifies into a smooth X, with boundary 0X. We assume that the boundary
admits a contact form 6 and an almost complex structure J : Ker(#) — Ker(#) such that
df(-, J-) is symmetric and positive definite on Ker(#). The associated characteristic direction
T is characterized by

0(T)=1, dO(T,JZ)=0 for any Z € Ker(h),
seo @1), @3,

We say that (X,g") is an asymptotically complex hyperbolic manifold if there exists a
diffeomorphism ¢ : [0,¢) x OX — X such that ¢({0} x X) = X and such that the metric
splits as a product of the form

Adp? + do(-,J) 62 4dp? + h
p p p

¢*gt

for some smooth symmetric tensors @), on OX, where p is a defining function for X
Note that if p is any boundary defining function, then p*g* |55 = e*6? for some smooth
function w on X. Thus it is natural to define the pair ([f], J) a conformal pseudohermitian
structure on OX.
We say that g is even at order 2k if h=!(p) has only even powers in its Taylor expansion

at p = 0 at order 2k, where h~1(p) is the metric dual to h(p).

3. MODEL CASE: THE HEISENBERG GROUP

The real n-dimensional Heisenberg group H"” is defined as the set R™ x R™ x R endowed
with the group law

(iagai) o (:E,y,t) = (‘% —|—LL’,@+ y7£+t+ 2(<$7:g>]R" - <§:7y>R”))
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for (&,9,1), (x,y,t) € H*, where (-, -)gn is the standard inner product in R™. Alternatively,
we can use complex coordinates z = x + iy to denote elements of R™ x R ~ C™, so that the
group action in H™ can be written as

(2,8) o (2,t) = (2 + 2,1 + t + 2Im(2, 2)cn)
for (2,1), (2,t) € H*, where and (-, -)cn is the standard inner product in C™.
For any fixed (2,%) € H", we will denote Tz, o H" — H" the left translation on H™ by
(2,1) defined by
T (2, t) = (2,1) o (2,1), V(z,t) € H".
For any A > 0 the dilation dy : H" — H" is
Sa(z,t) = (A2, %) = (Aw, Ay, \%t), YV (z,t) = (z,y,t) € H".

Notice that
53((2,0) 0 (2,1)) = 62 (5,0) 0 6 (2 1)
for every A > 0 and (2,1), (2,t) € H".

As we will see, the n-dimensional Heisenberg group can be regarded as a smooth sub—
Riemannian manifold. An orthonormal frame on the manifold is given by the Lie vector
fields

0 0 0 0 0
3.1 Xi=—+4+2yi—, YVi=———-22;— forj=1,... To=—
(8-1) I o, Tige T gy T Mg NI T e 0T gy
which form a base of the Lie algebra of vector fields on the Heisenberg group which are left
invariant with respect to the group action o. Notice that

(X, Yi] = —4To6, (X5, Xi] = [Y;,Yi] =0 forjk=1,...,n,
where 0, is the Kronecker symbol. We also set
0 0 = 0 0
3.2) I oy e T 8z Mo
where
0 1/ 0 0 0 1/ 0 0
33 e - - - y
(3.3) 8Zj 2 <8$J l@yj> ’ afj 2 (6$j +26yj> ’

forj=1,...,n.

3.1. The Heisenberg group as a CR manifold. The CR structure on the Heisenberg
group H" is given by the n-dimensional complex bundle

(3.4) H(H") = spanc(Z1, ..., Zy)

with Z1,...,Z, given by (3.2). We immediately observe that the associated maximal com-
plex distribution H(H") = Re{H (H") & H(H")} is simply

H(H") = spang (X1, ..., Xpn, Y1,...,Y,),
and that it carries the complex structure Jy, : H(H") — H(H") defined by
S X; =Y}, KY; = -X; forj=1,...,n.
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The associated one—form 6y satisfying (2.1)), which is globally defined on H", is precisely

n n
(3.5) O = dt+1 Z (Zdej — Zdej) = dt+2 Z (:L'jdyj — yjd$j) .
Jj=1 Jj=1
From here one immediately calculates

n n
dfy = 2i Zde Ndz; = 4Zd£€j A dy;.
j=1 j=1
Then, the characteristic direction defined through ([2.4)) is simply the vector field T previ-
ously defined. The real tangent bundle of H" satisfies
TH" = H(H") ® RTj.

The Levi form Lg, associated to the pseudohermitian structure ¢y on H" constructed from

(2.3) is given by
Lgo(Zj,Zk) :25]'19 for j,kzl,...,n

which is a positive definite matrix. This tells us that (H™,6p) is strictly pseudoconvex.
Moreover, one can define the Webster metric gg, on H" by the relations (2.5)); in particular,

96, (Xja Xk) = 3goy (}/}7 Yk) = 45_]k’7 90, (T()a TO) = 1>
900 (X5, Yir) = 900 (X5, To) = g6, (Yj,To) = 0.

A volume form on H" is given by

Yo = 6o A (dbo)"

nl(20)"dzy Ndzy A ... Ndzy NdZ, Adt
n122%dxy Adyi A ... Aday A dy, A dt.

Now, since X1,...X,,Y1,...,Y,, Tp is a basis of TH" = H(H") ® RTy, we have from (2.6])
that

Vgoy v = To(u)Tp + ~ ZX )X+ Y;(u)Y;

for any smooth function v on H". We observe that

du = Tou 0y + ZXjudmj + Yjudyj,
j=1
o) .
dpu = Z Xjudrj + Yudy;.
j=1
The horizontal gradient is calculated from ([2.7))

Viu = ZX )X+ Yj(u)Y;,

and the sub—Laplacian associated to 90 from

- 1
Abu::4;[X2+Y2

n

1
~3 4]

j=1
the differential operator is linear, second order, degenerate elliptic, and it is hypoelliptic

being the sum of squares of (smooth) vector fields satisfying the Hormander condition [46].
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Assume that u,v are smooth functions on H™ and at least one of them is compactly
supported, then we see that

_/nvau¢ = /ngeo(va,Vbu)z/;.

The sub—Laplacian on the Heisenberg group or on a orientable, strictly pseudoconvex CR
manifold of hypersurface type is the Laplace-Beltrami operator on the manifold, which plays
an important role in harmonic analysis and partial differential equations.

For the rest of the paper, we will be working with the new contact form 6 = 6y/2 on the
Heisenberg group, since 6 is the CR structure inherited from the complex hyperbolic space
(see ) Therefore, our sub—Laplacian on the Heisenberg group, by definition will be

n

1
(3.6) Apu := 3 Z [ij + Yf] u
j=1
and the characteristic direction will be T" = 27j. This explains the choice of constants in

2.

3.2. The Heisenberg group as the boundary of the Siegel domain. The Heisenberg
group may be identified with the boundary of a domain in C"*!. Indeed, let Q,,; be the
Siegel domain, defined by

Qn+1 = {C = (217 .. ‘7Zn7zn+1) = (Z7Zn+1) eC"xC | Q(C) > 0} .

where
n

0(Q) =Tmzni1 — > |z
j=1
Its boundary 09,41 = {C e C"q(¢) = 0} is an oriented CR manifold of hypersurface
type with the CR structure induced by C"*!'. Now define G : H" — 08,41,

(3.7) G(z,t) = (z,t+il2]?), (2,t) € H",
(3.8) GO =(21,...,2n,Rezpy1), € € OVpy1.
One may check that G is a CR isomorphism between H™ and 0€),,41, i.e. it preserves the

CR structures.

The boundary manifold inherits a natural CR structure from the complex structure of the
ambient manifold, using ¢ = —q as a defining function. The pseudohermitian structure on
H"™ is then given (via pullback) by the contact form

7 =

1 . n
(3.9) 0= 5(0—0)p = 3(dzm +dZn) + % Y zadza — Zadza = 6o/2
a=1

where 6y was defined in (3.5)).
We now set up the orthonormal frame we will be using for the rest of the paper. The
subindexes a, 8 will run from 1 to n. As in formula (3.2)) let

o .9 . B
o= gom Titagp Za= gy iR a=len
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In order to complete a basis for T2, 1, define the two real vector fields

0 0
T=2— and N =-2—.
ot dq
Note that T differs from the 7Ty from the previous section by a factor of 2 in order to match

with the contact form (3.9). Define also

1 - 1
Em = 5(]\7 —iT) and &, = §(N+ iT).
Then a frame in 2,41 is given by
(310) {Zonzéng'nugm}-

The dual coframe in CTH" of {Z,, Z5,T} is given by {0%,6% 0}, while the dual coframe of
the basis in Q,,41 is simply {6%,6%,6,dq}, where dg = ¢+ 0q. In particular, T]0 = 1
and Z,|0% = 1.

Finally, one may calculate the corresponding Levi form from

(3.11) Lo = 00p(2) = Y _ dza A dZa,
a=1

which may be rewritten as

_ 8290
— 1 -po B _ 5
L9 = h‘aﬁe A H fOl" haﬁ = m = 604/3

Now one may calculate the sub—Laplacian with respect to the contact form 6. Indeed,
n n
Apu = Z hobh [Uop + U] = %Z [X]Q + Yf] u,
a,B=1 j=1
which differs from the sub—Laplacian associated to 8y by a factor of 2.

On the other hand, let us look at the complex structure of €2,,41. The functions ¢ =
Rez, € R, 21,...,2, € C" and p = (2¢(2))"/? € (0,00) give coordinates in the Siegel
domain €, 1 ~ H" x (0, 00). For the defining function —¢p, one can construct a Kéahler form
in Q,41 as

U an i (00p O A Dy
(3.12) wy = —500log(p) = < St )
The first term 09y is calculated in (3.11]), while for the second we observe that

o _ _ 1

O NOp = [(0p +0p)* — (0 — 09)’] =  [dp® + 46°]
where we have used (2.12)) in the last step. Then the Kéhler form is simply
i (haﬂea N . 1dp? + 92>

3.13 w. =

After the change ¢ = p?/2, the Hermitian-Bergman metric is given by

1(dp? 20,50°20° 492
(3.14) gt == <P ZLap? 27 ) '

T2\ p? 2 o

Then (25,41, w4 ) is a Kéhler manifold with constant holomorphic curvature.
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3.3. Cayley transform. The Heisenberg group is also CR isomorphic to the sphere S?**+1
C"*! minus a point. The CR equivalence between the two manifolds is given by the map
. : §F {(0,...,0,—1)} — H", defined by

Cl Cn .1_Cn+1 >
U.(() = e ,Re ,
© <1+Cn+1 L+ Gntr ( 1+Cn+1)
for ¢ € §?"*1\ {(0,...,0,—1)} € C**. Notice that
. _ . _ 2
U et) = (e
t+i(1+12%2)" t+i(1+|z]?)

The Jacobian determinant of this transformation is
92n+1

@+ PP+ )+

/ de:/ (f o U N J,| dzdt.
SQn+1 Hn»

The CR unitary sphere S?**! is the boundary of the ball model for the complex hyperbolic
space of complex dimension n + 1, which is the unit ball B! = {¢ € C"*! : [¢| < 1}
equipped with the Kéhler metric gg = —40d1logr, where » = 1 — |¢|?. The holomorphic
curvature is constant (and negative) and this metric is called the Bergman metric.

~

), (2,1) € H".

(3.15) Jo(2,t) =

so that

4. SCATTERING THEORY AND THE CONFORMAL FRACTIONAL SUB—LAPLACIAN

Now we go back to the general setting described in section Let X be a m-dimensional
complex manifold with compact, strictly pseudoconvex boundary X = M. Let g™ be a
Kahler metric on X such that there exists a globally defined approximate solution ¢ of the
Monge-Ampere equation that makes g™ an approximate Kahler-Einstein metric in the sense
of and X = {p < 0}. In particular, the metric g* belongs to the class of ©-metrics
considered by [21].

The spectrum of the Laplacian —A in the metric g consists of an absolutely continuous
part

Oac(—A4) = [mTQ, oo) ,

and the pure point spectrum satisfying
2
UPP(_A+) C (07 mT) )
and moreover it consists of a finite set of L2-eigenvalues. The main result in [21] is the study
of the modified resolvent
R(s) = (A —s(m—s))™"
considered in L?(X), which allows to define the Poisson map. More precisely, let

Yi={seC: R(s) >m/2, s(m—s) € opp(—AL1)};

the resolvent operator is meromorphic for R(s) > % — %, havilng at most finitely many,

finite-rank poles at s € ¥.. Moreover, for s ¢ ¥ and R(s) > 5 — 3,
R(s) : C*(X) = ¢°C(X),

where C°(X) is the set of C> functions on X vanishing up to infinite order at OX.



AN EXTENSION PROBLEM FOR THE CR FRACTIONAL LAPLACIAN 17

The Poisson operator is constructed as follows (see [45]). Let s € C such that R(s) > 7,
s ¢ Zand 2s—m ¢ Z. Let ¢ = —p. Then, given f € C>(9X), there exists a unique solution
ug of the eigenvalue problem

—Ajus —s(m — s)us =0,
with the expansion
us = ¢ F + ¢°G, for some F,G e C®(X),
{ Flpm = f.

Then the Poisson map is defined as Ps : C°(M) — C*°(X) by f — us, and the scattering
operator
S(s) : C¥(M) — CZ(M)
by
S(s)f = Glm-
Note that S(s) is a meromorphic family of pseudodifferential operators in the ©-calculus of
[21] of order 2(2s —m), and self-adjoint when s is real.

The scattering operator has infinite-rank poles when R(s) > % and 2s —m € Z due to the
crossing of indicial roots for the normal operator. At those exceptional points s = % + %,
k €N, sx € %, the CR operators may be recovered by calculating the corresponding residue

Res S(s) = px,
S=S}

where pj is a CR~covariant differential operator of order 2k, with principal symbol
k

(—1)* -
[[(-2+i(k+1-20T) + Lot

P gk -l

These correspond precisely to the GJMS operators [37] as constructed by Gover-Graham in
[33].
For v € (0,m)\N, set s = ™3 We define the CR fractional sub-Laplacian on (M, ) by

Pif =c,S(s)f,

for a constant

I'(y)

I'(=y)

P,(Y’ is a pseudodifferential operator of order 2y with principal symbol given be (1.12]).

—_ 97
Cy =2

The main property of the operator is its CR covariance. Indeed, if p = vm=7p is another
defining function for M and v|x¢ = w, which gives a relation between the contact forms as

~ 2
0 = wm—76, then the corresponding operator is given by
i _mty g
PI() =w ™ Py(w-).

In particular, for v = 1, we obtain the CR Yamabe operator of Jerison-Lee [48]
n

2(n+1)

where Ay is the sub-Laplacian on (M, #) and Ry is the associated Webster curvature.

Ple = —-Ap+ Ry,
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The Heisenberg group (H, ), for 6 given by (3.9), is the model case for M, when it
is understood as the boundary at infinity of the complex Poincaré ball through the Cay-
ley transform. In particular, Pg agrees with the intertwining operators on the CR sphere
calculated in [9} 36 8]. Moreover, we can write explicitly

k
Py =-nA,, PJ=(0)?+T% P!=]](-2+i(k+1-2)T).
=1

In the case that X is an asymptotically hyperbolic manifold as described in [40], not
necessarily coming from an approximate solution of the Monge-Ampere equation, one can
still construct the scattering operator and the CR fractional sub—Laplacian, except possibly
for additional poles at the values v = %, k € N. In [40], a careful study of those additional
values is obtained with the assumption that the metric is even up to a high enough order.

One may define also the Branson’s fractional CR curvature as

Qg:Pg(l)a VE(O,m),

with a constant in front that we assume to be 1.

In the critical case ¥ = m, the operator P? was first introduced in [36] (see also [34], [35])
as a compatibility operator for the Dirichlet problem for the Bergman Laplacian for the ball
in C™. This construction was later generalized to the boundary of a strictly pseudoconvex
domain in C™ in [38]. The CR @Q = @, curvature may be calculated as

(4.1) cm@ = lim S(s)1.
S—m
It is a conformal invariant in the sense that, for a change of contact form 6= e2vg,
e2mwQé — QG + me’

as it was shown in [23]. The Q-curvature also appears in the calculation of renormalized
volume (see [61]).

5. THE EXTENSION PROBLEM FOR THE HEISENBERG GROUP

In this section we give the proof of Theorem Here (X, g") is the Siegel domain €2,
with the complex hyperbolic metric, and with boundary M = {¢ = 0} the Heisenberg group.
Throughout, we assume that s > m/2 and we parametrize s = (m + v)/2 with v > 0. (At
the end we will also assume that v < 1, but this is not needed for most of the discussion.)

First recall the formula for the calculation of the Laplacian A, from . Denote
qg=—p, N =-20, and T = 20;. Then we may write

A.,. =q [q(f)qq + 8tt) + %Ab — naq] ,
with Ay the sub—Laplacian ([1.2)).
Now consider the scattering equation
(5.1) —Aju—s(m—s)u=0.

We are looking for solutions which are small (in a certain sense) as ¢ — oo and which behave
for ¢ — 0 like

uw=q" °F+¢°G.
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We are interested in the map F|,—9 +— G|q=0. To extract the leading term we substitute
u = ¢ *U into (5.1]) and obtain the new equation

1
(5.2) <q8qq + (1 =)0y + qOu + 2Ab> U=0.

One additional change of variables ¢ = p?/2 transforms into the more familiar exten-
sion problem (L.10). This is the analogue to the Caffarelli-Silvestre extension [I0] on the
Euclidean space, with the additional term in the ¢-direction that appears in the Heisenberg
group case.

In addition, one may recover the scattering operator as in [14] by

ng =8 <m2—|—’7) f= %éﬁ% ql—’YBqU - 7201777 })13[1) p*9,U.

5.1. The group Fourier transform. Let us recall the Fourier transform on the Heisen-
berg group H", defined by using the irreducible representation of H” from the Stone—Von
Neumann theorem (see [3, B0, [63] for the necessary background). For a holomorphic function
¥ on C" let

7_[_/\ \I/(f) — \I’(f o E)Gi)\t+2/\(§-z7|z\2/2)7 A>0,
TFAt\I’(f) _ ‘I’(f + Z)ei)\t+2)\(§-2—|z\2/2)’ A <0,
where £ - z = Z?Zl &z for £,z € C™. Tt is easy to check that the unitary family {7‘1’2’1«/}, A€
R\ {0} satisfies TotTs i = Tz yo(2,4)- Moreover, it gives all irreducible representations of H"
(except those trivial on the center).

Consider also the Bargmann spaces

G := {¥ holomorphic in C", ||¥||g, < oo}

AN\ 2
i, = (22) [ jwepe e ag

The space Gy is a Hilbert space with orthogonal basis

(v2[A9)
Va!
Here we adopt the usual multi-index conventions £* := £ 652 - - €97, |a| = a1+ag+- -+ ap,
al = aglas! - ap! for a = (aq, a9, -+ , ), and Ng = {0,1,2,--- }. For ¢ = Z b &% € Gy

aeNgy

where

\Ija,/\(‘s) =

for o € Nj.

we have that

lellgy = Y o227 fba .

a€eNy
It is clear that the derivative J¢; ¢ and the multiplication §;¢ still belong to G.
The Fourier transform of a function h(z,t) in L' (H") is defined by

(5.3) F(h)(\) = / ) h(z, t)m), dzdt.

Note that F(h)(\) takes its values in the space of bounded operators on Gy, for every A.
We recall two important properties of the Fourier transform:

(5:4) 3 F(Bph)(\) o = = (2]al + n)AIF(h)(X) Ta,
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and
(5.5) F(Oh)(N)W = —iAF(h)(A\)W.
The Plancherel formula is
2n—1 "
(5.6) ey = 2oz 3 [ IF GO Farl A" 0
aeNg

where Heisenberg group is endowed with a smooth left invariant measure, the Haar measure,
which in the coordinate system (x,y,t) is simply the Lebesgue measure dz dydt. And the

inversion formula,
2n—1 N

— |t *FR)Y(A) [AMdA
it [ @0 FEm W

)* is the adjoint operator of wi‘,t.

h(z,t) =

A

where (72,
b

Remark 5.1. In view of (5.4) one may then define the (pure) fractional powers of the
sub—Laplacian by

(5.7) F((=8p)Th) (A Wax = (22al + n)[A)TF(h)(A) Wax.

However, it does not agree with the operator P,? we are interested in since it does not have
the CR covariance property ((1.9).

For simplicity, in the following we will denote
ha(N) == F(h)(A\)Wqn and  k:=ky = 2|a| +n,
and the dependence on each level o € Nj will be sometimes made implicit.

5.2. Solution of the ODE. We now perform a Fourier transform of ([5.2]), which, in view
of (5.5) and (5.4), amounts to replacing 9y by —A? and %Ab by —|Alk. The new equation,
written in the basis ¥, x, reduces to

(@0qq + (1 — )8y — Mg — Alk) ¢ =0.

Here )\ and k are parameters and ¢ is a function of the single variable ¢q. We are looking for

a solution of this equation which satisfies ¢(q) — 0 as ¢ — oo and ¢(0) = 1. We make the

ansatz ¢(q) = e Mg(2|)\|q) and find that the equation for ¢ is equivalent to the following

equation for g(z),

, 1=v+Ek
-

This is already Kummer’s equation, but it is convenient to transform it into another equation

zg" +(1—y—x)g g=0.
of the same type. To do so, we set g(z) = z7h(x), which leads to

l+v+k

2 h=0.

zh’ + (1 +~—z)h —
The boundary conditions become
lim 27h(z) =1 and lim e */227h(z) = 0.
z—0 T—00

To proceed, we recall the following facts about special functions.
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Lemma 5.2 (Kummer’s equation). Leta > 0 andb > 1. The equation zw"+(b—x)w'—aw =
0 on (0,00) has two linearly independent solutions M (a,b,-) and V(a,b,-). They satisfy, as
T — 00,

M(a,b,x) = %exwa_b (1 + 0(33_1))

and
Via,b,z) =27 (1+0(x"))

and, as x — 0,

roe-1
M(a,b,z) =1+ O(x) and 71V (a,b,2) = (FW)) +o(1)
The function M(a,b,-) is real analytic. Moreover, for all x > 0
s M(a,b,x) 1y M1 +a—0,2—-b,2)
V(a,b,x) = —
(a.5,2) = 5o <F(1 ta-0r0) T(a)T(2—b)

These facts are contained in [I, Chp. 13]. The assumptions ¢ > 0 and b > 1 can
be significantly relaxed, but this is not important for us. Instead of referring to the known
results of this lemma, one can directly deduce all the properties that we need in the following
from the integral representation

1

V(a,b,x) = ')

o0
/ e ol (1 )bt gt
0

For this formula, see again [I, Chp. 13].
Let us return to our scattering problem ([5.2). Lemma implies that

h(z) = g <;2)+k> 1% (l+g+k,1 —i—’y,x) .

Because of the representation of the V-functions in terms of the M-functions we learn that
forz — 0

r <71+7+k> Ltv+k 1—y+k ¢

T(y)  sinw(l+9) \ <1—gi+’“> T(1+7) D(HFHHT(1 - )

- ()
'1+9) 1 (k;jﬂc)

— 7 —

+ 0@z,

Undoing the substitutions we made we find that

- O R I R G ) P
#a) = 2N Th(2Alg) = e | 1 - Fin F(17+,€>(2|A|61) +0(q)
r-y) T (*5)

2
I'(l+79) 1 (#)

(5.8)

:1—

(2[A[9)” +O(q) as ¢ — 0.
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This proves that for 0 < v < 1, the scattering operator which maps F|,—9 — G|s=0 is
diagonal with respect to the Fourier transform and its symbol is

oy T k
S H

Thus, recalling that T' = 20, and using again the properties (|5.4)-(5.5)),

1+ —A
ra -y (4 + 3 L_mty
(1 1— Ay’ 2 7
(L+7) F(TVJF Q\TT)

Taking into account ([1.7)) and (1.8, we have shown (1.12]).

5.3. The extension problem. For any 0 < 7 < 1 we may define an extension operator
&, which maps functions f on the Heisenberg group H" to functions &£,f on the Siegel
domain Q11 ~ H" x (0,00). For every ¢ > 0 we can consider &, f(-,¢) as a function on the
Heisenberg group, which is defined through the Fourier multiplier ¢, (2|)|q), where

S(s) = =[T]" v € (0,1).

T <1+’72+ka>
dalT) ) e x V( 5, —i—'y,a:) .
(We do not indicate the dependence of ¢, on v in the notation). In other words,
(5.9) Ef(0) 0 (V) = da(20A]9) fa(N)

for every ¢ > 0, @ € Njj and A € R. The fact that ¢,(0) = 1 from the previous section
implies that for ¢ = 0 one has, indeed,

EF(10),(N) = fa(¥)
for every a € Nj and A € R, that is £, f(-,0) = f, which justifies the name ‘extension’.

Moreover, the ODE facts that we established in the previous section imply that for every

—

a € Njj and A € R, the function ¢ — &, f(-,q),,(A) solves the equation
(qaqq + (1 - ’Y)aq - )‘297 - |>‘|k3a) E'Yf('v Q)a()‘) =0,
and therefore, the function &, f on €, 1 satisfies
1
(qaqq + (1 =)0 + g0 + QAb) Ef=0.

This completes the proof of Theorem

6. SHARP SOBOLEV TRACE INEQUALITIES

Consider the quadratic form a- associated to the operator Pg as defined in ((1.14)). Using
Fourier transform it may be rewritten as

ne1 T 1+y+ka
(61) wlfl= 2y ()

ot [CAPIEOIE, Arax.
a€ENp r (1_72—%&) R




AN EXTENSION PROBLEM FOR THE CR FRACTIONAL LAPLACIAN 23

We now consider the energy functional in the extension introduced in (|1.13)), where we recall
that ¢ = p?/2,

_ _ _ 1O
a1 =27 [ 0P + g R + 1 Y (XUR + UP) | de
n+1 ]21

for functions U on Q,4+1. Here d( = dxi---dx,dy; - - dy,dtdg. We define the space
1

HY(Q11) as the completion of Cg(Q,,41) with respect to .A2. Here 9,1 = H" x [0, 00),
including the boundary. One can show (and it also follows essentially from our arguments
below) that this completion is a space of functions.

Similarly, we denote by S7(H™) the closure of Cg°(H") with respect to the quadratic form
a~. (These are the fractional analogues of the Sobolev spaces introduced by Folland and
Stein [24]). The dual space of S7(H"), with respect to the inner product of L*(H"), is the
space S~7V(H"), which is defined through a_.,.

The following result contains an energy equality for the fractional norm S’V(Hn) using the
extension problem from Theorem [1.1| This idea of using the extension has been successfully
employed in several other settings ([27, 28, 4], for instance).

Proposition 6.1. Let 0 <y < 1 and f € SY(H"). Then &,f € H" (Qpr1) and

I'(1—7)

A Ef] = 21— T+ )

ay[f]-

Proof. We use the shorthand (7@()\, q) for m o(A). In this notation, Plancherel’s identity
(5:8) gives

Av [U] =

2n 1 3 3 R "
R 0, 0 W) 10001, da P

We apply this to U = £, f and plug the explicit expression for Ua()\, q) from (5.9)) into the
above formula. After changing variables z = 2|\|q we arrive at

2n1

(6.2) Al =27 3G / @A Fa(N)]13, [APdA

with the constant

caz/ <x”l¢’al2+ (i - T+3 ek ) |¢al2> dx .
0

Its precise value will be calculated in the next few lines. According to the previous subsection,
1

<378m + (1 =7)0 — ix - 2k7a> $a =0 in (0,00)

and ¢, (0) = 1. Moreover, ¢, decays exponentially. Thus, we can multiply the equation for
¢ by 277¢, and integrate over the interval (e, 00) to get

Co=tiy [ (w16 (o174 o) onl? ) de = — iyl 0640



24 R. L. FRANK, M.D.M. GONZALEZ, D. D. MONTICELLI, AND J. TAN

We know from the previous subsection that, as € — 0,

and that this expansion may be differentiated. Thus,

- q) T (%)

Cazvr(1+7) F(%)

Substituting back into (6.2]) and recalling (6.1) we conclude that

14+y+ko
et r ()

_ 1— F(l r 2 n
Al = 27 Frgy e - F(—Lyka) /R(2’)\|)7||fa()\)”g)\ A ax
_ ol— I'(1—~y
2 PY/}/ F(]_ +’Y a’Y[f]a

as claimed.

0

Proof of Theorem[T.3 Let U € C(Qny1) and g € S™Y(H"), the dual of S7(H"). Then
h = (Pg)_lg = wag € S7(H"). As we observed before, its extension H = Eyh from (5.9)
satisfies

1

Using dominated convergence and (5.8)), see also (1.11)), one can show that

1 0H

s C n — P(l_FY) 01 : O— n
H(',G) — h in S’Y(H ) and 87q(76)—>_72 v NTP’Y}L mS ’Y(H )

)

Thus,

2 [ Ui o a2 [ PEUE. 0

_ IT(+4) . o [ OH |
— e [ S oute o
_ 1 T0+9)

lim // <q178 HO,U + ¢" 70, HoU
Y P(l - 7) =0 " % (€,00) I I ¢ ¢

I -
+ 4 7; (X;HX;U +Y,;HY;U) )dg dq.
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By the Schwarz inequality,

277

— 1 T(1+9)
/H S@U(E0) d&‘ <

I

e—0

1 n
 lim sup //H Lo o 4 G S (P ) | s dg
"X (€,00 J=1

2

1 n
x lim sup //H - @' NOUP +a TNOU P + a7 Y (1IXGUP + [V;UP) | dédg
"X (€,00 j=1

e—0

Next, by Proposition [6.1

n

. _ _ T
lim sup // - ¢ N0 H + ¢ OH + Ja7 Y (1XGHI + |VHI) | dédg
™ X (€,00

e—0

j=1
— 2L A [H] = wm ay[h] = vTVM (9, P2, 9) -

Thus, we have shown that

S 1/2
/ 9(QU(&,0) ds' < (2‘1*”,&“@%) a_,[g]"2 A, [UTY2.

By duality, this means that U(-,0) € S7(H") with

I'(1+7)

ay[U(+,0)] < Qflﬂm

AL U]
This inequality, together with the density of C§°(£2,,+1) in HY (Q41), implies the Theorem.
O

It was conjectured by [8] that on the CR sphere we have the following conformally invariant
sharp Sobolev inequality
63) I/ <Cnf P for ¢ =2 Q=2(n+1)

. Lq* (SQnJrl) —= 7’7 g2n+1 ydJ o q - Q . 277 - I
where P, are the CR fractional powers of the Laplacian on the sphere. The fact that this
inequality is valid with some constant follows from the work of Folland and Stein [24]. In

the remarkable work [49] Jerison and Lee found the optimal constant in the case v = 1. The
problem of determining the sharp constant for general v was solved in [26]. It is also shown
that in the equivalent H" version of all optimizers are translates, dilates or constant
multiples of the function

Q—2y

Putting together (6.3)) and Theorem we complete the proof of Corollary .
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7. THE YAMABE PROBLEM FOR THE CONFORMAL FRACTIONAL SUB—LAPLACIAN

Let X be a m-dimensional complex manifold with strictly pseudoconvex boundary M. Let
g+ be a Kiahler metric on X such that there exists a globally defined approximate solution
of the Monge-Ampere equation that makes g™ an approximate Kéhler-Einstein metric, with
0 as contact form on M, as described in Section [2.3

Fix v € (0,1). The fractional Yamabe problem asks to find a contact form 6 = f mi—WG for
some f > 0 on M such that the fractional CR curvature Q,éy is constant. In PDE language,
we need to find a positive solution f of the nonlocal problem

m+y

P,f(f) =cfm™, on M.

From the variational point of view, we are looking for minimizers of the functional
1) mt Pg fONdO™
2
(f/\/t ]f\2*6’/\d9")2*

for 2* = % Motivated by the Riemannian case from [32], one may find instead minimizers

of the extension functional
I qm_1|Vu|§+ dvoly+ — s(m — s) [ g™ u? dvol .+
(02 0 A dom)

In particular, in the Heisenberg group case we may rewrite the functional as

Iv[f] =

Jon, (710,01 + ¢ 10U 2 + a7 S5 (IX,U1 + [;UP) ) d¢
(Jyn (U1 6 1 o) |

Tw [U] =

for u = g™ %U.
We define the CR ~-Yamabe constant as

Ay(M, [0]) = inf I, [U].
It is easy to show that
(7.1) Ay (M, [0]) < Ay (H"),

where the Heisenberg group is understood with its canonical contact form.

We conjecture that the fractional CR Yamabe problem is solvable if we have a strict
inequality in , and that this is so unless we are already at the model case. We hope to
return to this problem elsewhere.

8. FURTHER STUDIES

After all this discussion on the complex hyperbolic space, it is natural to look now at the
the quaternionic hyperbolic space 7—[8 It can be characterized as a Siegel domain whose
boundary is precisely the quaternionic Heisenberg group that, with some abuse of notation,
will be denoted by Q™. It will become clear that both Theorems[I.T]and are consequences
of the rigid underlying structure of hyperbolic space.
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8.1. The quaternionic case. A quaternion is an object of the form
g=x+yi+zj+wk, z,yzweR,

where the three imaginary units satisfy the multiplication rules

i2 =% =k*= -1,

i)=—ji=k, jk=—-kj=1i, ki=—ik=]j.
The set of quaternions, denoted by Q, is a division ring. In particular, multiplication is still
associative and every nonzero element has a unique inverse. The number z is called the real
part of ¢ while the three dimensional vector yi + zj + wk is its imaginary part. Conjugation
is the same as for complex numbers, indeed, ¢ = x — yi — zj — wk, and the modulus of ¢ is

calculated as |q|? = q7 = 2® + % + 22 + w?.
We define the quaternionic Heisenberg group by Q" := Q" x Im(Q), with the group law

(Ctyv1) 0 (G2, v2) = (€1 + G2, v1 +v2 4+ 2Im < (1,2 >>),

where < (1, (o >= (2(; is the standard positive definite Hermitian form on Q". If we choose
coordinates

(G =zi+iyi +jzi + kwi)isy and v =1vy + jvs + kvg
for the group Q", then the following 1-form is a quaternionic contact form:

dvy + 2> (xidy; — yidx; + zidw; — w;dz;)
n= d’U2 + 2 Z(mldz@ — Zidl’i — yidwi + wldyl)
dvs + 2 Z(xidwi — widx; + yidz; — zidyi)

Note that dn is non-degenerate and the vector fields

X = (;; + 2‘%88111 + 22Z-88v2 + 2wiai3,
Yi= 3?/1 - 2931‘681;1 - 2wia(32 + 221'5?}37
Zi= 8821 + 2wi881)1 - 2961’({;22 - 2%({;;7
W; = 8874)@ — 22i8(zl + 2yi8(22 — 2xi£)’.

generate the kernel of 7. Then {X;,Y;, Z;, W;}I"; generate a 4n-dimensional distribution
which is a contact structure on Q,,.

In the paper [52] the quaternionic hyperbolic space Hey of quaternionic dimension m is
characterized as a Siegel domain with boundary Q"; we give here the main details of this
construction. Consider Q™! the quaternionic vector space of quaternionic dimension m + 1
(so real dimension 4m + 4) with the quaternionic Hermitian form given by

(z,w) = W12Zm+1 + W22 + .. . + Wimzm + Wim+121,
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where z and w are the column vectors in Q™! with entries 21, ..., 2pm41 and wy, ..., Wi,
respectively. Consider the subspaces V_, Vg, V. of Q™! given by

Vo={zcQ™ : (z,2) <0},
Vo= {z € Q™\{0} : (z,2) = 0},
Vi={zeQ™ : (z,2) >0},
Define a right projection map P from the subspace of Q™! consisting of those z with
Zms1 70 t0 Q™ by
z1 le;ﬁrl
P: —
Zm+1 ZmZ;LEA

The quaternionic hyperbolic m space is defined as Hy = PV_ C Q™. This is a paraboloid
in Q™, called the Siegel domain. The metric on H is defined by

. —4 o (z,z) (dz,z)
9= (z,2)? d t< (z,dz) (dz,dz) )

The boundary of this Siegel domain consists of those points in PVj (defined for points z
in Vp with z,,41 # 0) together with a distinguished point at infinity, which we denote co.
The finite points on the boundary of H¢ naturally carry the structure of the generalized
Heisenberg group Q".

As in the complex case just studied, we define horospherical coordinates on quaternionic
hyperbolic space. To each point ((,v,u) € Q" x RT we associate a point (¢, v,u) € V_.
Similarly, oo and each point ({,v,0) € Q™ x {0} is associated to a point in Vp by ¢. The
map ) is given by

(=I¢P? —u+wv)/2 o
V(G v, u) = ¢ if 2 € Ho\{oo}, W(o0) =
1

With these coordinates, the metric on Hg may be written as

+ du? + 4u < d¢, d¢ > +n?
- 2
u

9

)

which maybe put into the more standard form (8.2 by means of the change u = p? modulo
factors of 2 depending on the normalization. Finally, the volume form is

1
d'UOl’H&l = W du d'UOlQn.

8.2. Asymptotically hyperbolic metrics - a general formulation. Here we follow the
notation of the book [6]. It is well known that the rank one symmetric spaces of non-
compact type are the real, complex and quaternionic hyperbolic spaces, and the Cayley
(octonionic) hyperbolic plane. We denote them by Hy', where K = R, C, Q (the quaternions)
or O (the octonions). As homogeneous spaces, we may write Hg' = Go/G, where Gy is a
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real semisimple Lie group and G a maximal compact subgroup, that is the stabilizer of a
particular point *; more specifically,

HE' = SO1,m/SO0m, HE = SUim/Un,
HG = Spim/Sp1Spm,  HE = Fy *°/Sping.

If we denote
d = dimp K,
then their real dimension is
dimg Hy' = md,

i.e., m, 2m, 4m and 16 for the real, complex, quaternionic and octonionic case, respectively.
Let r be the distance to * and denote by S, the sphere of radius r centered at x. The
metric k£ on the boundary sphere S of the hyperbolic space Hy' is defined as

k= lim e *gg .
r—00
The metric is infinite except on a distribution V' of codimension 1 (complex case), 3 (quater-
nionic case) or 7 (octonionic case). In the real case it is finite and V' = T'S. The brackets
of the vector fields in V' generate the whole tangent bundle TS, making x into a Carnot-
Carathéodory metric.
Moreover, there is a contact form 7 with values in Im K, such that the hyperbolic metric

on Hy' is exactly
(8.1) g" = dr? + sinh?(r)k + sinh?(2r)n2.

In the real case, the 72 term does not appear. To give a sense to the formula in the other
three cases, we have to choose a supplementary subspace to the distribution V' C T'S. This
is given here by the fibers of the fibration

st S

|

Kpmfl

All this depends on the choice of the base point *, but the conformal class [x] is well defined
and will be called the conformal infinity of g*. Note that g™ has sectional curvature pinched
between -4 and -1.

Note that if in we make the change of variables p = e™", then the metric becomes
the more familiar

dp* + K 2
gt=2 T8 T

(8.2) 02 A

pt

One could generalize these definitions to give a notion of asymptotically K-hyperbolic
manifolds, whose metric behaves asymptotically at infinity as (8.1)), but we will not pursue
this end further.
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8.3. Scattering theory on Hey- Scattering theory on asymptotically K-hyperbolic mani-
folds was developed in [7, [59] (see also [I], [60] for the generalization to differential forms).
Here we would like to show that in the case of hyperbolic space Hgy, the calculation of the
conformal fractional Laplacian Py from Theorem and the energy identity from Theorem
are analogous.

Denote mg = 2 + 4m. We calculate

Ay = p?0pp — (1+4m)pdp + p* Ay + p*A,).

It is well known that the bottom of the spectrum for —A . is (m/2)? = (1 + 2m)2. The
scattering equation

(8.3) —Aju—s(mg—s)u=0, inHy
has two indicial roots s and mg — s, and one seeks a solution
u=Fp™™° +Gp®, Fly=0=F.

Change variables U = p™°*u, and set s = %% + 7, a = 1 — 27. Then equation (8.3
becomes
a 2
0ppU + ;8,)U + AU+ p"AU =0,

U=/,

which is precisely . From here we can easily produce (quaternionic—conformal) frac-
tional powers for the sub—Laplacian A,,. We leave the details to the interested reader.

Some final references: on harmonic analysis on semisimple Lie groups and symmetric
spaces see [17, [16, 51] and the books by Helgason [43] 42 [41]. On the quaternionic Yam-
abe problem see [47]. However, the problem of finding extremals for fractional Sobolev
embeddings in this setting is still an open question.
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