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Abstract

Fault-tolerant systems are often modeled using (homogeneous) continuous time Markov chains (CTMCs).
Computation of the distribution of the interval availability, i.e. of the distribution of the fraction of time in
a time interval in which the system is operational, of a fault-tolerant system modeled by a CTMC is an
important problem which has received attention recently. However, currently available methods to perform
that computation are very expensive for large models and large time intervals. In this paper, we develop a new
method to compute the distribution of the interval availability which, for large enough models and large enough
time intervals, is significantly faster than previous methods. In the method, a truncated transformed model,
which has with some arbitrarily small error the same interval availability distribution as the original model, is
obtained from the original model and the truncated transformed model is solved using a previous state-of-the-art
method. The method requires the selection of a “regenerative” state and its performance depends on that
selection. For a class of models, including typical failure/repair models of coherent fault-tolerant systems with
exponential failure and repair time distributions and repair in every state with failed components, a natural
selection for the regenerative state exists and theoretical results are available assessing the performance of
the method for that natural selection in terms of “visible” model characteristics. Those results can be used
to anticipate when the method can be expected to be competitive for models in that class. Numerical results
are presented showing that the new method can indeed be significantly faster than a previous state-of-the-art
method and is able to deal with some large models and large time intervals in reasonable CPU times.
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1. Introduction

Fault-tolerant systems are often modeled using (homogeneous) continuous time Markov chains
(CTMCs). Many fault-tolerant systems can be seen as operational, i.e. performing properly, or down,
i.e. not performing at all, and dependability measures are appropriate to quantify those systems. The
distribution of the interval availability, i.e. the distribution of the fraction of time in a time interval in
which the system is operational, is a dependability measure of both practical and theoretical interest.
This is mainly because that distribution tends to achieve its asymptotic shape (interval availability
equal to the steady-state availability with probability one) very slowly and, then, the steady-state
availability may be a poor measure of the behavior of the system over a finite time interval. Com-
puting the interval availability distribution of a fault-tolerant system modeled by a CTMC is a
challenging problem for which methods have been developed quite recently [1-9]. The first effort is
reported in [1], where a closed form integral expression is obtained for a two-state model. In [3],
randomization is used to obtain the distribution of the operational time in a time interval of the same
two-state model. The first method able to deal with general finite CTMC models was developed by
de Souza e Silva and Gail using randomization [9]. Goyal and Tantawi [2] developed a numerical
approximate method, but they did not obtain bounds for the approximation error. Sericola [7] devel-
oped a closed form solution in terms of growing size matrices. Rubino and Sericola [4] developed
an efficient algorithm to compute the distribution of the interval availability for the particular case
in which operational and down periods are independent one by one and of each other, which is
based on the analysis of the distributions of the durations of consecutive operational periods. In
[5], Rubino and Sericola developed two algorithms which reduce the computational requirements
of the randomization-based method developed in [9]. The first of such algorithms reduces the time
requirements; the second one reduces the storage requirements. This second algorithm was reviewed
in [6] as algorithm A, where it was taken as starting point to develop another algorithm (algorithm
B), which is competitive when the number of operational states of the model is small and, fur-
thermore, can deal with some class of CTMC models with denumerable infinite state spaces. In [8]
closed-form expressions for the distribution of the occupation time in a subset of a CTMC were
reviewed and those expressions were generalized to the joint distribution of the occupation times
in different subsets. All currently available general methods for the computation of the distribution
of the interval availability using CTMCs are computationally very expensive for large models and
large time intervals, making of great interest the development of more efficient methods able to deal
with large models and large time intervals in reasonable CPU times.

In this paper, we will consider a particular but quite wide class of CTMC models and will develop
a new method for the computation of the interval availability distribution for models of that class.
As we shall illustrate, the method will be able to deal in reasonable CPU times with some large
models of that class and large time intervals. Formally, we will consider CTMCs with finite state
space Q=S or Q=S U {f}, |S| =2, where f is an absorbing state, and will assume that (Cl)
either all states in S are transient or X has a single trapping component C C S' and (C2) all states

"'Two states of a CTMC i,/ are strongly connected if there are paths in the state transition diagram of the CTMC from
i to j and from j to i; a state is strongly connected with itself; a component is a maximal subset of strongly connected
states; a component is trapping if no state of the component has transition rates to states outside the component. States
in non-trapping components are transient.
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are reachable (from some state with nonnull initial probability). The method requires the selection
of a regenerative state r € S. It will also be assumed that (C3) if X has a single trapping component
C C S, reC.? The set of states Q is assumed partitioned into two subsets: the set of operational
(up) states U and the set of down states D. It will be assumed U # () and D # (). The interval
availability at time ¢, TAV(¢), is defined as the fraction of time in the time interval [0,¢] in which
the system is operational (up), i.e.

1 t
IAV(Z) = ; / IX(r)EU d‘L’,
0

where /. denotes the indicator function returning the value 1 if condition c¢ is satisfied and the value
0 otherwise. Then, the problem is to compute the interval availability complementary distribution

IAVCD(t, p) = P[IAV(¢t) > p],

where 0 < p < 1. We will use the notation S'=8 — {r}, Us=UUS, Dy=DUS, U;=Us — {r},
and D§=Dgs — {r}. In addition, we will let o;=P[X(0)=i] and, being B C Q, o= >, %.
Technically, to simplify the discussion, we will also assume that, being A; the output rate of X
from state i, (C4) max;ey 4; > 0 and maxep4; > 0, (C5) if U{ # 0, X has some transition
rate from r to U, and (C6) if Ug # 0, ap;, >0 and ay; =0, X has some transition rate from
some state i€ D with o; >0 to U,. When max;ep4; = 0, all down states are absorbing and
IAVCD(t, p) = P[X(pt) € U]. Similarly, in the case max;cy 4; = 0, we have IAVCD(¢, p) =
P[X((1 — p)t) € U]. Therefore, when condition C4 is not satisfied, computation of IAVCD(¢, p)
can be reduced to a simpler problem. Condition C5 can be easily circumvented in practice by
adding, in case U{ # () and X does not have any transition from r to U, a tiny transition rate
2 < 1070%/(2tpmax) from r to some state in Ui, where ¢ is the allowed computation error and
tmax 1S the largest time ¢ at which IAVCD(¢, p) has to be computed, with a negligible impact on
IAVCD(t, p) no greater than 10~ '% for ¢ < #,,.x (see Lemma Al in Appendix A) and small impact
on the performance of the method. Condition C6 can be circumvented in practice in a similar way.
The option Q =SU{ f} is allowed to cover bounding models [10], which are useful when an “exact”
model has unmanageable size. In a lower bounding model, S would be a subset of the states of the
exact, complete model, X will enter f when the exact model exits S, the initial probability of f
would be the probability that initially the exact model is outside S, the subset of up states of
the lower bounding model will include the up states in S of the exact model, and IAVCD(t, p)
would lower bound the interval availability complementary distribution of the exact model. In an
upper bounding model, S would be a subset of the states of the exact model, X will enter f when

2 Given a CTMC with finite state space © and a potential regenerative state » € Q, determination of whether conditions
C1 and C3 hold with either S=Q or S=Q — {f}, f being an absorbing state, and » €S can be done as follows. If X
has no absorbing state, then S must be € and it is enough to check that X has a single trapping component C and r € C;
if X has a single absorbing state @ and r # a, then conditions C1 and C3 can only be satisfied with §=Q — {a}, and
it is enough to check that either all states in Q — {a} are transient or X has a single trapping component C C Q — {a}
and r € C; if X has a single absorbing state ¢ and r=a, S must be Q and it is enough to check that {a} is the only
trapping component of X; if X has two absorbing states @, b and r is one of them, say a, then S must be Q — {b} and
it is enough to check that {a} is the only trapping component of X in S; finally, if X has two absorbing states none
of which is » or X has more than two absorbing states, then conditions C1 and C3 cannot be satisfied for any selection
of S.
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the exact model exits S, the initial probability of f would be the probability that initially the
exact model is outside S, the subset of up states of the upper bounding model will include the up
states in S of the exact model and f, and IAVCD(¢, p) would upper bound the interval availability
complementary distribution of the exact model.

The new method requires the selection of a regenerative state » € S and its performance depends
on that selection. The basic idea of the new method is to obtain a truncated transformed model, of
potentially smaller size than the original model, by characterizing with enough accuracy the behavior
of the original model from S’ up to state  or, if existent, the absorbing state /', and from r until next
hit of r or, if existent, the absorbing state f, while keeping track of the amount of time spent in Uk,
and solve the truncated transformed model using a state-of-the-art method (algorithm A of [6]). The
rest of the paper is organized as follows. Section 2 briefly reviews algorithm A of [6]. In Section 3
we develop and describe the new method. Section 4 proves the so-called benign behavior of the new
method, which implies that, for large enough models and large enough time intervals, the method
will be significantly faster than previous methods. Also, for a class of models, class C;, including
typical failure/repair models of coherent fault-tolerant systems with exponential failure and repair
time distributions and repair in every state with failed components, for which a natural selection for
the regenerative state exists, we will obtain stronger theoretical results assessing the performance of
the new method for that natural selection in terms of “visible” model characteristics. Those results can
be used to anticipate when the new method can be expected to be competitive for class C; models.
Section 5 analyzes the performance of the method using a large class C; model, showing that the
method can indeed be significantly faster than algorithm A of [6] and is able to deal with some large
models and large time intervals in reasonable CPU times. Appendix A includes some proofs. In the
following, given a (homogeneous) discrete-time Markov chain (DTMC) ¥ ={Y;; k=0,1,2,...}, we
will denote by Y,.,c the predicate which is true when Y; satisfies condition ¢ for all k, m < k <n
(by convention Y,,.,c will be true for m > n), and by #(Y,,.,c) the number of indices k&, m < k < n,
for which Y; satisfies condition c¢. Also, given a matrix A, Ap ¢ will denote the submatrix of A
including the elements with subindices in B x C, i.e. A c=(a;)icp jec, and, given a vector X, x?
will denote the subvector of x including the elements with subindices in B.

2. Review of Algorithm A of [6]

Algorithm A of [6], as most of the currently proposed methods to compute the interval availability
distribution, is based on the randomization result. The method is applicable to any CTMC model X
with finite state space, Q. Let 4, ;, i,j € ©, j # i denote the transition rate of X from state i to state j,
and let ;= ) jeo—{i} /ij, 1 €€ denote the output rate of X of state i. Consider any A > maX;eo 4;

and define the DTMC X = {)? ks k=0,1,2,...} with same state space and initial probability distribu-
tion as X and transition probability matrix P = (P, ;); jco, Where P; ; = 4; /A, j # i and P;; = 1—/A;/A.
Let 0=1{Q(t); t = 0} be a Poisson process with arrival rate A (P[Q(t)=k]=e Y (At)"/k!) inde-
pendent of X. Then, X ={X(¢); t >0} is probabilistically identical to {X ow); t =0} (see, for
instance, [11, Theorem 4.19]). The DTMC X is said to be the randomized DTMC of X with ran-
domization rate A; the CTMC X is said to be the derandomized CTMC of X with randomization
rate A. Using that result, we can interpret X as the composition of the Poisson process O and the
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DTMC X, in the sense that X(¢) is the state of X at the step given by the state in which Q is
at time 7. Said in another way, we can see X as the result of associating with the state visiting
process X visits durations independent among them and independent of the path followed by X with
exponential distributions with parameter A.

Let U and D denote, respectively, the sets of up and down states, and let ¥, 4 :P[#()? on €U > k).
Algorithm A of [6] is based on the following formulation for IAVCD(¢, p):

_ - A k n—k
IAVCD(1, p)= > e o > L P e (1)
n=0 k=0

where ¢ =1 — p. In the method, three truncations are performed on the summations of (1). Being
& an error control parameter, the truncations are defined by the parameters:

o SN (A e
N—mm{nZO. Ze E <§ R

k=n+1

< A e ;
max c:0<c<N/\z:e_A’q@<i ife_/“q<i
" k! 4 4
' = k=0
&
—1 if —Atq > —
if e T
[ee]
Atg)
min {N,min {c >0: Z e~ ( k?) < Z}} if C"#—1
; k=c+1
“- > (Atg) ¢
min {c}O:kZ e~ k? 2} if ¢"=—1
=c+1
This gives the approximated value for IAVCD(z, p):
N min{n,N—C"—1}
(A2 AN
IAVCD?V,C/,C”(Z" p) — Z c At T Z k pkq kY”sk’
n=0 ) k =max{0,n—C"}

which satisfies
IAVCD(t, p) =IAVCDY, ¢ cn(t, p) + en.cr.c (2, p),

with 0 < eN,C’,C”(t, p) <e.

Let Y,f’ . 1 €8 be the probability that a version of X, X', with initial state i has performed more
than k visits to U up to its nth transition, i.e. Y,{, ‘ =P[#X b, €U) > k], let Y, x be the column vector
(Y,;" 1 )ico, and let a be the initial probability distribution row vector of X (a = (%;)icq, o = P[X(0)=1]).
We clearly have Y, ; =aY, ;. Denoting by 0 and 1 column vectors of appropriate dimensions with all
elements equal to, respectively, 0 and 1, the vectors Y, ; in the domain of (n,k) pairs for which Y, x
have to be obtained to compute IAVCDY, o ¢ (¢, p) (illustrated in Fig. 1 for the case 0 < C” < C')
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c’ N n

Fig. 1. Domain of (n,k) pairs for which Y, has to be computed in Algorithm A of [6] for the case 0 < C” < C’ (the
domain includes the points in the frontier).
can be computed column-wise using the recurrences

Yr[z{k =PuoYp-14-1, n>0, 0<k<n,
Y,Z() = 1, n > 0,
Y. =PpoY,_ 14, n>0, 0<k<n,

D
Y,,=0, n>0
with initial conditions

Yio=1,

YOD,O - 0.

The computational cost of the method is mainly determined by the truncation parameters N and
C’, which increase with A, implying that the computational cost of the method will roughly increase
with A and, therefore, that A should be taken equal to max;co 4;. For N>1, C’/,C” <N and not too
small models, the flop count of the method is approximately equal to 2NC'T, where T is the number
of transitions of X. Using the well-known result [3, Theorem 3.3.5] that O(¢) has for At — oo an
asymptotic normal distribution with mean and variance At, it is easy to realize that for large A¢
and ¢<1 the required N will be ~ A¢ and, then, the method will be very costly for large models
and large time intervals. The other proposed methods able to deal with general finite CTMCs [2,5,9]
have similar problems.

3. The method
3.1. Preliminaries

As in the previous section, we will denote by /;; the transition rates of X and by 4; the output
rates of X. Also, being B C Q — {i}, we will denote by 4, g the transition rate from state i to subset

B, ie. i,-,B: ZjEB /li,j-
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We will consider a DTMC X obtained from X by randomizing X with rate Ay > maX;cy 4; in
the states i € U and with rate Ap > max;cp /; in the states i € D, where Ay and Ap can, in general,
be different. The DTMC X has the same state space and initial probability distribution as X and
transition probabilities P; ; =4, ;/Ay, i€ U, j #i, Pi;=1-/ /Ay, i€ U, P;;=/A;;/Ap, i€D, j#1i,
and P;;=1—/4;/Ap, i € D. Being B C Q, we will use the notation P; 5 = Z]EB Pi;. Let P=(P;;)ijco
denote the transition probability matrix of X. We can interpret X as the result of associating with
the state visiting process X visit durations independent among them and independent of the path
followed by X with exponential distributions with parameter A, in the states i € U and parameter
Ap in the states i € D. The correctness of that interpretation can be easily shown by noting that
states in X are absorbing if and only if they are absorbing in X and, for non-absorbing states i,
computing, using the interpretation, the Markov kernel [12] of the resulting semi-Markov process
and checking that the kernel probabilities have values Q; () = 4; j/2i(1 — e %), which coincide with
the kernel probabilities of X, seen as a semi-Markov process. We will say that X is the randomized
DTMC of X with randomization rate Ay in U and Ap in D; X will be said to be the derandomized
CTMC of X with randomization rate Ay in U and Ap in D.

To simplify the discussion, we will assume that Ay and Ap are taken slightly larger than, re-
spectively, max;cy 4; and max;ep 4;, i.e. Ay =(1+0)max;cy 4; > 0 and Ap =(1460)max;cp 4; > 0,
where 0 is a small positive quantity, say 0= 10"%. This implies P;; > 0, i € Q.

3.2. The transformation

In this section we will transform X into a (homogeneous) CTMC V with same interval avail-
ability distribution as X. The CTMC V has, in most cases, an infinite state space; however, it will
be shown in the next section how its state space can be truncated to obtain a CTMC with finite
state space which has with some arbitrarily small error the same interval availability distribution as
X. The transformation follows ideas similar to those used in the regenerative randomization method
[13,14]. The basic idea to perform the transformation is to characterize the behavior of X from S’
up to state r or, if existent, the absorbing state f, and from r until next hit of r or, if existent,
the absorbing state f, while keeping track of the amount of time spent in Us. To avoid exces-
sive discussion, we will only consider explicitly the case 2=S U {f}. The developments carry
out immediately to the case =S by eliminating the state f from definitions and sets. To con-
struct the transformed model V', two (homogeneous) DTMCs Z, Z' will have to be analyzed, in
general.

The DTMC Z={Z,; n=0,1,2,...} follows X from r till re-entry in r. Formally, considering a

version of X, X /, with initial probability distribution concentrated in state r,

Z():I",

n—

ieS' U if X1, #rAX =i,
{ {/} In 7 . @)

a if #(X1., =r)>0,

The DTMC Z has state space SU{ f,a}, where f and a are absorbing states and, given the assumed
properties for X, all states in § are transient, and its (possibly) non-null transition probabilities
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are

P(Zy=j|Z,=il=P;;, i€S,jeS U{f},
P[Z,,H:a\Zn:i]:Pi,,, ies,

P(Zyi1=[|Z,= f1=PlZy1=a|Z,=a]=1.

The second DTMC, Z'={Z!; n=0,1,2,...}, follows X until its first visit to state ». Formally, Z’
is defined as
ieS'U{f} if Xo, #rAX,=i,
Z,= W N (3)
a if #Xg,=r)>0.

The DTMC Z’ has state space S’ U {f,a}, where f and a are absorbing states and, given the
assumed properties for X, all states in S’ are transient. The initial probability distribution of Z’ is
P[Zyj=il=uw;, i€S U{f}, P[Z|=a]=u,, and its (possibly) non-null transition probabilities are

P(Z,,,=jlZ,=il=P;;, icS,jeSU{f},
P(Z,.,=al|Z,=i]=P;,, ic€S,

P[Zr/Hrl:f’Zrlz:f]:P[ZingI:a’Zr/z:a]:1'

Let n(n, k)= P[Z, = iN(Zp., € Us)=k], i € S and let n/(n, k)= P[Z, =i N#(Z|,, € U{)=k], i€ S’
Denoting by 0 and 1 row vectors of appropriate dimensions with all its elements equal to, respec-
tively, 0 and 1, the row vectors m(n, k)= (m(n,k))ics, n =0, 0 <k <n+1 can be obtained using
the recurrences

(k)5 =n(n—1L,k—DPsy, n>1,1<k<n+]1, (4)

n(nk)” =n(n— 1L,k)Psp, n>1,0<k<n (5)
and

n(nk)=0, n=21,0<k<n+1, (6)

7(0,0) = Leps, (7)

TC}’(O’ 1):IFEU53 (8)

n(0,)%5 =0, 0<k<]l, %)

a(n,0)% =0, n=>1, (10)
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n(0,k)s =0, 0<k

N

L (1)

n(mn+ 1)’ =0, n>1. (12)

Similarly, the row vectors 7'(n,k) = (7}(n,k))ics’, n >0, 0 <k <n-+1 can be obtained using the
recurrences

n'(nk)S=a'(n—Lk—DPs .y, n=>L1<k<n+l, (13)
o' (n k) =n'(n— 1,k)Ps p;, n>1,0<k<n (14)
and
7'(0,0)% =0, (15)
7'(0, I)US/ =al, (16)
7 (n,0)%5 =0, n>1, (17)
7'(0,0)Ps = aPs, (18)
7'(0, 1) =0, (19)
m(nn+1)’=0, n>1. (20)

_To derive the transformed CTMC V, we will consider the discrete-time stochastic process
V={V,, n=0,1,2,...} defined from X as follows:

sty F0<I<nAX,oy=r AX,_jo10 €S NHX 1 € Us)=k A X, € Us,
Sl({k if o< nAXn_lzr /\Xvn_1+];n€S//\#(Xn_l;,,€ Us):k /\)2,1€D5,

Vo= s if Xow €S A#(X o, € U=k NX, € U, 21
st if Xo, €8 A# KXo € U=k AKX, €D5,
it X,=7.

In words, 7, =" if, by step n, X has not left S, has made some visit to 7, the last visit to » was
[ steps before, k£ of the visits since then have been to states in Uy, and the current state is in Usg;
v, :ka if, by step n, X has not left S, has made some visit to r, the last visit to » was [ steps

before, k of the visits since then have been to states in Us, and the current state is in Dg; V, =5
if, by step n, X has not left S’, k visits have been to states in U{ (Us) and the current state is in
Ul (Us); v, :sfk if, by step n, X has not left S’, & visits have been to states in U! (Us) and the
current state is in D§ (Ds); and V,= f if, by step n, X has been absorbed into state f. Note that,
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if reUs, V, —so1 if and only if X,=r and, if € Ds, 17,1:s6’,0 if and only if X, =r. To sim-
plify the notation, let s, . denote state sj, if € Us and state s§, if r € Ds. Since X is a DTMC
and: (1) I7n:sb if and only if X,=r, (2) V¥, only depends on X¢,X1,...,X,, and (3) assum-
ing X, = r, Vm+n does not depend on Xo,..., X1 and depends on Xm+1, .X,,H,, as,
assuming X, = r, V, depends on X,...,X,, the steps at which ¥ hits state S, are regenera-
tion points of 7. It follows from its deﬁnmon that the state space of V' is Q= {s! :m(n, k)5 #
0} U {s?, :m(n, k)P # 0} U {s)', :n'(n, k)% # 0} U {sfk:7':’(11,1’()13g # 0} U {f}* and its initial
probability distribution is

PV o=s, 1=,
P[Vo=sy1=ayy,
PV ZS/o(fo] =apy,
PlVo=fl=uy,

P[Vo—l]— ¢{s0 »Sopsoo,f}

Itis also clear that: (1) ¥, € {s},,0 </ <n, 1 <k <n+1}U{s,,0 <1 <n0<k <npU{sy, 1<k

<n+1 U{sh,0 <k <ntU{f}, (2) V,= f implies 7,1 = f, (3) both ¥, =s{, and 7, =s, im-
ply Vst e{SO,~9SI+1,k+19SId+1,k’f}’ and (4) both Vn:s;f’k and Z:sﬁfk imply 7,41 € {80, St k10
n+1 k> f} R

The discrete-time stochastic process V' is not, in ~general, a DTMC. It satisfies, however, an
important property: that all non-null probabilities P[V,. = v | Vy=x] which are well-defined, i.e.
such that P[V,, =x] > 0, only depend on x and y and are independent of n. This is established by
the following proposition.

Proposition 1. Let v}, = Xy, ™l KPiy) /| Y iy, mi(l, k), v‘,{k = (Dieny ™l K)Piy)/
ZtEDs (L k), 91 = (ZIEUS (L, k)P;y)/ ZlEUs (1, k), ‘ﬁlk = (ZIGDS (1, k)Piy)/ ZIGDS (1, k),
Witk = ieus TLKPLu) Y iy, millk), WZk = Qicvs MLKPip)/ Y ey, mill k), W?”;i =
Cieps Tl Piu) [ Diepy Tl k), wit = (Ciepy mlls BPiny) | Yicp, Ml k), vy =

3We only include in "Q reachable states. That f is reachable follows from f being reachable in X and V,= f
if and only if X,= f That so,. is reachable follows from r being reachable in X and V, =s,. if and only if X, =r.
Both 7, =5, and Vi —sn . imply V,_, =50,.- Using the V(n, k) and W/ (n, k) defined in the proof of Proposition 2,
P[V, =Sy 1] =W (n,k)P[Viu—n=5.] and P[V}, —sZk] (n k)P[Vi—n=s0.]. This implies that are reachable exactly the
states s, ; with Ww“(n,k) # 0 and the states s,LA with w9(n,k) # 0. But, it is shown in the proof of Proposition 2
that Ww"(n, k)= ZiEUS mi(n, k) and W (n, k)= Z[.EDS mi(n, k) and, therefore, are reachable exactly the states s, with
n(n, k)Y # 0 and the states sffk with 7(n, k)P # 0. Finally, ¥ can only be at a state Si or sﬁf_lk at step n. Using the
W(n,k) and w"(n,k) defined in the proof of Proposition 2, P[ V= sl =Ww"(n,k) and P[V, —sﬁfk] Ww(n, k). But, it
is shown in the proof of Proposition 2 that Ww'“(n, k)= ZIGUé ml(n,k) and W(n, k)= ZzeDg n/(n,k) and, therefore, are

reachable exactly the states sj,; with 7' (n, k)% # 0 and the states sﬁfk with 7'(n, k)5 £ 0.
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(ZiEUS’ m(l, k)P z) / ZieUS' m(l, k), U/lc,lk = (ZfeDg (1, k)Pir) / ZieDg (1, k), q/luk =
(ZieUS’ m(l, k)Pi) / ZieUg m(l, k), qlzdk = (zieDg m(l, K)Pi) / ZieDg m(l, k), wiy =
(ZiEUS’ TE;(Z, k)Pi,US’) / ZiEUS’ nll'(la k), W/lulccl = (ZiEUS/ nll‘(lak)Pi,Dg) / EiEUS’ 7'51/-(1,/(), W/l(,]l? =
ey TLIVPLu) S iep, m(LK), and Wi =3, m(LIP: b)) Sy W(1K). Then, the values
of the well-defined, non-null probabilities P[V,.1 = y|V, = x] are: P[V,41 = f| Va=s/1=11,
P[Vnﬂ = Sp.. ’ Ve = =8] =47 s P[I}nH = S ke ’ V, = Siw] = Wik PU}"H - SldJrl,k | Vo= sl = Wﬂ,
PV =1 Vo=sli)=vl Pnet = 55 | Vo = sii] = qle Pt = sfypon | T = sl = wilf,
P[P = Sl+1,k |V, = Sl,k] = W?{i, PV = f | V = skl = Ve PVps1 = so,. | Ve = ikl = i
PV =511 1 | Vﬂ_sluk]_ wit, PVn = 51+1,k | Vn—slzuk = /luli PV =11V, —Szk]_vldka
P[P fsb, ‘ 7, _S/ldk —‘11k, P[P 25/111,“1 | 8 :S,l,dk] —W,zd;:a PV :S,zil,k | 8 _Sldk —W,zd/fs
and PV = f | V= f1=1.

Proof. See the Appendix A. [

Consider now the (homogeneous) DTMC ¥ with same state space and initial probability distribu-
tion as ¥ and (assuming P[V, =x] > 0) non-null transition probabilities P[V,,, = y | V, =x] identical
to the non-null, well-defined transition probabilities P[V,,, = y | ¥, =x] given by Proposition 1. Note
that the definition is correct because the well-defined transition probabilities P[V,,; =y |V, =x] do
not depend on n (did they depend on n, ¥ would not be homogeneous). Fig. 2 depicts a feasible
state transition diagram for ¥ for the case r € Us. Let the state space V' Q of ¥ and V be partitioned

s "U U'D, where "U includes the states s&,, ), and the state f if /€ U, and "D includes

the states s ,, s;dk, and the state f if f € D. Note that ¥, € "U if and only if X, € U. Let ”'S be
the subset of Q including all states in "' Q except state f. Let "S'="S — {s; }, "Us="UnN"S,
"'Ds="DN"S, "U;="Us — {s;.}, and "Dg="Ds — {s;.}. We have the following result:

Proposition 2. P[#(Vy, € 'U)=k NV, € "Ul=P#V o, € "U)=k ANV, €"UL, 1 <k <n+1 and
P[#(Vop€"U)=k AV, €"D]=P[#(Vo,€"U)=k NV,€"D], 0 <k <n.

Proof. See the Appendix A. [

The transformed CTMC V is the derandomized CTMC of ¥ with randomization rate Ay in "U
and Ap in VD. The state space and initial probability distribution of ¥ are the same as those of V.
Fig. 3 depicts a feasible state transition diagram of V' for the case » € Us. The following theorem
establishes the main result of this section.

Theorem 1. The interval availability complementary distribution of V with subset of up states "U
is equal to the interval availability complementary distribution of X.

Proof. Consider the interpretation of X as the derandomized CTMC of X with randomization rate
Ay in U and Ap in D. Under that interpretation, let X,-U be the random variable “duration of the
ith visit of X to a state in U” and let X” be the random variable “duration of the ith visit of X to
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Fig. 2. A feasible state transition diagram of the DTMC ¥ for the case r € Us.
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Fig. 3. A feasible state transition diagram of the CTMC V' for the case r € Us.
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a state in D”. We can formulate IAVCD(¢, p) as

e’} n+1
IAVCD(t, p) = ) _ (ZP

n=0 \k=1

k—1 n+l1—k
#Xowe )=k "X, eUNY XY+ Y XP <4

i=1 i=1

n+1—k n+1—k

AZXU+ SN xPzint— Y xP>pt

i=1 i=1 i=1

+ZP

k=1

n—k
#XoneU)=k N X, ED/\ZXU+ZXD<t

i=1 i=1

n+1—k

AZXUJr > xP = Ek:X,.U > ptD :

i=1 i=1 i=1

The random variables X and X are independent among them and independent of X. Then, we
can formulate IAVCD(¢, p) as

o] n+1 n

IAVCD(t, p) = (Z Fy(kon+ 1=kt pOWS + > Fplkn+1 -k, pz)W,fk) . (22)
n=0 \k=1 k=1

where WU, =P[#Xo, € U)=k AX, € U], WP, =P[#Xo, € U)=k A X, €D] and

[k—1 k m
Fy(km.ts)=P | Y X'+ Zm:XiD <IAY XU XP=int - Zm:XiD > s] ,

Li=1 i=1 i=1 i=1 i=1

k
Fp(k,m,t,s) =P ZXU+ZXD<H\ZXU+ZXD (A xY >s].

Li=1 i=1 i=1 i=1 i=1

Since ¥ can be interpreted as the derandomized CTMC of V' with randomization rate A, in "U
and Ap in "D, a formulation similar to (22) can be derived for the interval availability complementary
distribution of V. Given the definition of ¥ (21), ¥, € "U if and only if X, € U and V, € VD if and
only if X, € D. This implies #(V ., € "U)=k AV, € "U if and only if #(X,, € U)=k AX, € U and
#(Von€"U)=k AV, "D if and only if #(X(., € U)=k A X, €D and, then, using Proposition 2,

Pl#(Von€"U) =k AV, e"Ul=P[#V o, "U)=k AV, c"U]
= P#(Xon €U)=k A X, € U],

P#(Von€"U) =k AV, e€"D1=P[#(Vo,c"U)=k AV, c"D]
= P[#(X o€ U)=k AX, €D],

which implies the theorem. [
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3.3. Truncation of the transformed model

The transformed CTMC 7 can have an infinite state space and, then, solving it exactly does not
seem feasible. In this section, we will show how the state space of V' can be pruned to obtain
a truncated transformed model with always finite state space having the same interval availability
complementary distribution as ¥ with error upper bounded by ¢/2, where ¢ is an arbitrarily small error
control parameter. The method will then compute the interval availability complementary distribution
of the truncated transformed model with error upper bounded by ¢/2 using Algorithm A of [6],
yielding a total error in the computation of the interval availability complementary distribution of X
upper bounded by &. The fact that ¥ (and therefore 7) has an infinite state space in the frequent case
Ug # (b (which implies by condition C5 4,.y; > 0 and P,.y; > 0) can be shown from P;; > 0, i € Ug
as follows. If r € Us, then state 50.1 will belong to V and P.y; >0, Pi; >0, i€ U! implies the
existence in V of the path 561 — 1, — 853 — s34 — -+, which has infinitely many different states.
If r € Dg, then state sg,O will belong to V and P.y; >0, Pi; >0, i€ U{ implies the existence in v
of the path s, — s{ | — s4, — s4; — ---, which also has infinitely many different states. It is also

easy to show that, if og: > 0 and U/ # @ V' has infinitely many different states s’ & fk, for, if
ay; >0, Pi; >0, i € Ug implies the existence in V' of the path si'; — s}, — 553 — 554 — -+ and,
if oy, =0, which implies op, > 0 and, by condition C6, }”i,Us’ >0, Pyy; >0 for some i € Dg with
o >0, Pi; >0, i€ U} implies the existence in ¥ of the path 5§, — s}, — 55, — 555 —

We will perform two truncations, in general. The first truncation yields a CTMC V¢ which is
obtained from V' by deleting the states s, ,, si 4> Swx> and sfk with k <n— C, where C > 1 is the
truncation parameter, and directing to an absorbing state a the transition rates to states S k> Z o S
and s/ k with £ <n — C. The state space of V¢ is Qc U {a}, where Qc = {s! s, si't.s nke 'Q:
k>n—C+1}U{f} and its initial probability distribution is the same as that of V.* Formally,
Ve can be defined from V as

Vet~ { V(t) if V(t)€Qc for all 1€]0,1],

a otherwise.

Note that, being C > 1, none of the states in the paths shown up in the previous paragraph will
be deleted, showing that, for U # 0, Ve will have infinitely many different states s, ,, fl , and,

if ag: > 0, infinitely many different states s, s, . Let IAVCDZ(t, p) be the interval availability
complementary distribution of V¢ with subset of up states, U, including the states S k> sﬁf,’k and
state f if £ €U, and let g=1 — p. Let D¢ denote the subset of down states of V¢ ("Dc¢ includes

the states s¢ ,, s;‘fk, the state f if f €D, and state a). Then, being A =max{Ay,Ap},

Theorem 2. IAVCD(t, p) =IAVCDE(4, p) + el (t, p) with |el(t, p)| < Yo i e~ 14 (Atg)'/n!.

Yy may not have transition rates to state a, and, then, state a would be unreachable in V¢. A situation in which this
would happen is when Dg = (). However, this is not a problem.
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Proof. Consider the randomized DTMCs ¥’ and I}’C of, respectively, V' and V¢ with randomization

rate A in all states. The state transition diagram of 7' is similar to the state transition diagram of
V' (illustrated in Fig. 2), with the difference that all states s% , and all states s/, will have non-null

transition probabilities to themselves if Ap > Ay and all states si . and all states s’n’ilk will have
non-null transition probabilities to themselves if Ay > Ap. Fig. 4 sketches a feasible state transition
diagram of 7' for the case r € Us and Ay > Ap. The state transition diagram of 17 can be obtained
from the state transition diagram of ' by deleting the states s, ,, si i S, ”k and s’ k with k <n—-C,
and directing to an absorbing state a the transitions to states s%,, s%,, s, and sn, « With & <n—C.

V. can be defined from 7' as

Vi v, € Qc,
(Ve = . (23)
a  otherwise.

Using the formulation (1) for the interval availability complementary distribution on which Algorithm
A of [6] is based, we have

IAVCD(t, p) = Z o (At) Z( > "V

n=0

oo 0O B Aty n .
— Z Ze At ( n') (k) kq kYn,k> (24)
k=0n=k )

TAVCD (1, p)_zz — (Af) <k> Pl Y, (25)

k=0n=k

with Y, , =P[#(V},€"U) > k] and Y¢ ' = P[#((V!-)o.n € "Uc) > k]. But, given the state transition
diagram of 7" and the fact that its initial probability distribution is concentrated in states sj ;,
sg 0 5015 s0 0> and f, the fact that 7' has entered by step n a state s;';, a state s,“fk, a state 7
or a state s} implies #(V,, €'D)>1+ 1 — k and, therefore, #(V}, € "U) <n — [ + k. Then,
#(Vh, €"U) > k implies that 7’ has not entered by step n a state sj';,, a state s, a state s7%,, or
a state s’,dk, with n — [+ k' <k, and #(V)), € "U)=k > n — C implies that, by step n, ¥’ has not
entered a state s,k,, a state slk,, a state s/, or a state s,k, withn—I4+k'<n—C,ie k' <I-C

that, by step n, 7' has not left Q¢ and (23) that #((V Yo € "Uc) =k. It can be 51r11}1ar1y shown that
#((V e )om € VUC) =k >n — C implies #(V)., €"U)=k. Then, for k >n — C, #(V})on € "Uc) =k
if and only if #(V{,, € "U)=k, which implies Y=Y, for k 2n—C (n<C+k). Then, using
(24), (25),

A
A=Y 3 enU 2 (k)pkq"—k(n,k—m),

k=0 n=C+k+1
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Fig. 4. Sketch of a feasible state transition diagram of the DTMC V' for the case € Us and Ay > Ap.



824 J.A. Carrascol Computers & Operations Research 31 (2004) 807—-861

and, using 0 < Y, 4, ¥,';, <1, which implies | Yok — Yy o <

,(Az) o (Arp)" g (A1)
lec(t, p)| < Z Z - (k) Z e eAqm

k=0n=C+k+1 = n=C+k+1
e ) e
_ Z oA (Atp) Z e (Aq)" Z —r (Atq)" .
k! n! n
k=0 n=C+1 n=C+1
In the particular case U{=1(), besides f, Q¢ only includes states s’o‘fo,s’ldo, . ,s’Cd,l,0 if o5 > 0,
state s | if r € Us, states s{,s9,...,5¢, if r€Us and ,p, > 0, state 5§, if »€Ds, and states
59 0,5‘2”0,...,5%_1 o if €Dy and 4, p; > 0. Therefore, in the case Ul=10, V¢ has always a finite

state space and, in that case, we do not perform a second truncation.
Assuming U§ # (), the second truncation is performed over the CTMC V¢ and yields a CTMC

Vekie, K=2, L>=2,if Q¢ includes states sn o fk (which happens if ag > 0) and a CTMC
Vek, K =2, if ag =0 and Q¢ does not include any state s}, ;dk The CTMC V¢, is obtained
from V¢ by deletlng the states s, ;, s, ¢, with k > K and the states s/, ;dk with k > L and directing
to an absorbing state b the transition rates from states s%,, s%,, s, and sn ;- The CTMC V¢
is obtained from V¢ by deleting the states s¥ ., sZ & wi‘éh k > K and directing to an absorbing
state b the transition rates from states s, x, s Z K, The state space of Ve is Qck U {a,b}, where
Qcxr={s"4s! €"Qik=n—C+1Nk<K}U{s)sih €/ Qik=n—C+1ANk<LYU{f}
and its initial probability distribution is the same as that of V. Formally, V¢, can be defined
from V¢ as

. . . d
Ve(t) if, by time #, Ve has not exited a state s, s ., s, or sy,

Vero(t)= { ' ' (26)

b otherwise.

The state space of Ve g is Qcx U{a,b}, where Qcx ={s4,,s¢, €"Q:k >n—C+ 1Nk <K}U{f}
and its initial probability distribution is the same as that of V. Formally, V¢ g can be defined from
Ve as
Ve () Ve(t) if, by time ¢, V¢ has not exited a state SZ’ x or sf’ K>
ck(l)=
b otherwise.

For the case ag > 0, let IAVCDg ¢, (¢, p) be the interval availability complementary distribution
of Ve with subset of up states, "Uc k1, including the states Su > Sy and state fif f €U, and
let VDC,K,L denote the subset of down states of Ve x (VDC,K,L includes the states sn’k, sn,k, state f
if f €D, and states a and b). For the case ag =0, let IAVCDg (¢ p) be the interval availability
complementary distribution of V¢ g with subset of up states, VUC, k, including the states Spk and
state f if £ € U, and let "D g denote the subset of down states of Ve (VDC, x includes the states
si > state fif f €D, and states a and b). We have
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Proposition 3. Assume Ug # (. For the case og >0, IAVCD¢(t, p) =IAVCD¢ ¢ (%, p) +
eZC,K’L(t,p) with ]ezc’K’L(t,p)| < P[Vek(t)=b]. For the case ag =0, IAVCD‘é(t,p):
IAVCDE (1, p) + e (8, p) with |eg (¢, p)| < P[Vek(t) =Db).

Proof. Consider the case o > 0, let A(¢) be the proposition “by time ¢, V¢ has not exited a state

S ks SO, sy, or s; ,” and let A(z) denote the negated proposition of A(¢). Conditioning on V¢ (t)

and whether or not 4(¢) holds, and using the fact that A(¢) implies Vc(¢) € Qe U{a}:

IAVCDA(t, p) = Y P[Ve(t)=i AA(1)IP [ / IIVC(T)GVU(, dr > pt| Vc(t):i/\A(t)]
0

IEQC,KLU{G}

+ Z P[Ve(t) =i ANA(1)]P [ / [VC(T)GVUCdﬂVc(t):i/\A(t)].
0

chu{a}

Similarly, conditioning on Ve x (¢):

t
IAVCD%‘,K,L(L p) = Z P[VC,K,L(t):i] P |:/ [VC,K,L(T)EVUC.K,L dr > p[’ VC,K,L(t):i:|
0

iEQcK,LU{a}
t
+P[VC,K,L(I):b] P |:/ [VC.K.L(T)EVUC,K,L d’L' > pt‘ VC,K’L(Z):Z):| .
0

But, according to (26), Ve x.1(t) € Qc k. U{a} if and only if A(¢) holds and, in that case, Ve g ()=
Ve(t), t€[0,7]. This together with "Uc g ="Uc N Qc k. implies P[Vcx (1) =i]=P[Vc(t)=iA

A)], i€Qckr U {a} and P[ [y, cerver, 9t > pt| Vexi(t)=il=P[ [, Iyoerve dT > pt |
Ve(t)=iNA(1)], i € QC,K,L @] {a}, and, then,

e¢.x1(t p) = IAVCDY(t, p) — IAVCD{ (1, p)

= X PO=in AP | [ et > prl Ve = 177D

i€QcU{a}
t
—P[Vcxi(t)=b] P [/ Iy tyeUex, 4T > pt | VC,K,L(t):b} .
0

But, since Ve r(t)="b if and only if A(7) holds, P[Vekr(t)=b]l= Y cq.i(ay PIVe(t) =i N A(1)]
and, using 0 < P[ [, Iyoyerve dt > pt | Ve(t) =i NAWDLPL [y I g sorerver, 4T > pt| Ve (t) = b]
<1, it is easy to show |€%’K’L(t,p)‘ < P[Vek(t)=>b]. The fact that |€%’K(l,p)’ < P[Vek(t)
=b] for the case ag: =0 can be proved similarly. [

According to Proposition 3, the absolute error in the interval availability complementary distribu-
tion introduced by the second truncation can be upper bounded by upper bounding P[V¢ k1 (¢) =b], if
osr >0, and P[V¢, K(t) b], if ags =0. We will derive next upper bounds for those probabilities. For
the case a5 > 0, let VC .z be the randomized DTMC of V¢ g ; with randomization rate Ay in VUC K.L
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and Ap in VDC, k... For the case oy =0, let VC’K be the randomized DTMC of V¢ g with random-
ization rate Ay in "Ucg and Ap in "Dcg. Consider first the case ag > 0 and let ¢c g (m) be
the probability that VC,K,L enters b after m visits to states s, ,, s’n‘fk. Note that ¢ (m)=0 for
m < min{K,L}. Using the interpretation of V¢ g, as randomized CTMC of VC,K,L with randomiza-
tion rate Ay in VUC, k.. and Ap in VDC, k.. and taking into account that the probability that the sum
of k independent exponential random variables with parameter Ay is < is > oo, e W!(Ayt)"/n!,
it is clear that

Prerin=bl< 3 quKL(k)Z o (L00Y, 27)

k=min{K,L}

Let b (k) be the probability that I7C k. has entered b through a state s/, or a state s dL after no
more than k visits to states Sp 1> Sn. ™,. Let cc k.. (k) be the probability that VC k.. has entered b through

a state s, , or a state sn x after no more than k visits to states sy ,, s,,. Note that bc(k)=0 for
k <L and cegr(k)=0 for k <K. Also, pcir(k)=bcr(k)—ber(k—1)+ccxrtk) —ccxrlk—1),
k > 0. Then, using (27),

P[Veg (t) = b]

o . A )
< Y (eath) — btk — 1)+ ceruth) — ccralh — 1Y et AU
k=min{K,L} yt n!
- Z be,i(k) Z At (AUt) Z be (k) Z At (AUt)
k=L - n=k+1
00 0o ) o )
T Z cck.1(k) Z e ! % N Z ce,r(k) Z —aps LAvt) Ut)
=R n=k ' k=K n=k+1
Z ) —Aut (AUZ) + Z cex L(k) —Aut (AUt) ' (28)

For the case ag =0, V¢ x does not include states Sk Sh k In that case, it can be proved similarly

that
PWex(t)=b] < Z cextirer Lo (29)

where cc (k) is the probability that VC,K has entered b after no more than & visits to states s, ;.

At this point, it is useful to clarify the domain of (n, k) pairs for which some state s, , or s‘f , may
belong to Qc k.. (2cx) and the domain of (n,k) pairs for which some state s/ k or s dk may belong
to Qc k... The first domain is obtained by imposing n —C+ 1<k <n+1, n>0and 0 <k <K
and is shown in Fig. 5. The second domain is obtained by imposing n —C+ 1<k <n+1, n >0
and 0 < k < L and is identical to the first one with K replaced by L.
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kd k=n+1 E=n-C+1

K—-1 C—-1 K+C-1 n

Fig. 5. Domain of (n,k) pairs for which some state s, , or sik may belong to Qc k. (2ck) (the domain includes the
points in the frontier).

Given the structure of the state transition diagram of VC, k.. and its initial probability distribution,
Ve can only enter b through a state s)', or a state sﬁf,lL following L visits to states s ., s,
and this will happen with the probability that ¥, ever visits a state s/, or a state s, equal
to the probability thatV ever visits a state s, or a state st, equal to the probability, P, that
V ever visits a state s, or a state sﬁZZL, n—CH+1<L<n+1l,ie. L-1<n<L+C-—1.
Since V can only be at a state Shp or a state sfk at step n, using the definition of ¥ (21)
and the definition of Z’ (3), P < Y. X1 7! PXy, €8 A #( X, € U =L]1= S5 P[Z/eS' A
2y, €U =L1= S 47 3 s m(n,L). Then,

bei(k) < Iispap(L), (30)

with al.(L)= > 277 s M(n,L). The following proposition gives simple upper bounds for
cek (k) and cc g (k).

Proposition 4. Assume U} # (. Let ac(K)= Zf:zill ies mi(n,K). Then, for the case og > 0,
cokr(k) < Lisk—105(k—K+2)ac(K) and, for the case o =0, cox(k) < I=kx—105(k—K+2)ac(K).

Proof. See the Appendix A. [

Proposition 3, (28)—(30) and the upper bounds for cck .(k) and cc (k) given by Proposition 4
yield simple upper bounds for the error introduced by the second truncation:

Theorem 3. Assume ULA). Let ac(K)=3 A1 ies Ti(n,K)and ap(L)= S iesr T(n,L).
Then, for the case as >0, |t (t, p)| < ap(L) Y77 ;e Wi (Ayt) k! + asac(K) D77 p (k — K +
2)e~ " (Ayt)¥/k! and, for the case a5 =0, |e. (1, p)| < asac(K) ;7 x (k—K+2)e W (Ayt)/k!.

Using Theorems 2 and 3, the truncation parameters C, K and L can be selected as follows, guar-
anteeing that the truncated transformed model will have the same interval availability complementary
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distribution as X with error upper bounded by ¢/2. For C, we can take

o0
Ag) e
C:min{c)l: Z eA"f(k?)éz} if Ui=10
k=c+1 ’

and

C =min {021: Z e 4 (A]j) Z} if Ug # 0.

k=c+1

Then, assuming U{ # (), for the case os: > 0, we can take

k!

~

K =min {n 22:ocsac(n)Z(k—n+2)e

k=n

ool ™
—

o0
. Apt)F e
L= 2 2- / —Ayt (L < _
min {n ac(n)kgne A ([

and, for the case «g =0, we can take

_ Ayt ;
K= mm{n 2: otsac(n)kZ:(knJrz) ALt( ll{J‘) <

-lk\%
—

3.4. Algorithmic description and implementation details

Figs. 6-8 give an algorithmic description of the method for the computation of the interval avail-
ability complementary distribution developed in this paper. The algorithm has as inputs the CTMC
X, an absorb variable which has the value true when the state space of X has to be seen as
Q=S U {f} and the value false when has to be seen as Q=S, the subset of up states U, the
initial probability distribution row vector a, the regenerative state » €S, the allowed computation
error &, the number n of pairs (¢, p) at which [AVCD(t, p) has to be computed, and the (z, p) pairs,
(t1, p1),(t2, p2),-- > (tws Pn)- The outputs of the algorithm are the computed values of IAVCD(¢, p),
IA%D(tl, p1)s IAVCD(tz, p2),-- IAVCD([,,, pn), at the given (¢, p) pairs. It is assumed that, if
Q=SU{f}, state f has been 1dent1ﬁed and that X satisfies the required conditions with the given
selection for the regenerative state . The truncated transformed model, called V' in the algorithmic
description, is generated by adding states and transition rates to the initially empty CTMC V' using
the functions add _state(s,x) and add _transition(s,s’, 2). The first function adds a state s with initial
probability x to V; the second function adds to V' a transition rate A from state s to state s’. The
required truncation parameter C increases with tg =¢(1 — p) and, therefore, that parameter is selected
using the largest value of #g for which IAVCD(¢, p) has to be computed. Once the required C has
been determined and for the case U§ # (), the CTMC V is constructed by adding first states s% ,, s,
max{0,k — 1} <n <k + C—1 (see Fig. 5), for increasing k, controlling the error associated with
the truncation parameter K for ¢ = f,x = max; <; <, ¢;, since the model truncation error upper bounds
associated with that parameter given by Theorem 3 increase with ¢. After that, if ag > 0, states
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Inputs: X, absorb, U, @, 7, €, n, (t1,p1), (t2,P2), - - » (tn, Pn)
Outputs: IAVCD(¢1, p1), IAVCD (2, p2), . . . , IAVCD(tn, Pn)
D=Q-U;Us=UNS; Ds=DNS; U; =Us—{r}; D5 =Ds —{r};
tmax = MaX1<i<n i; max = Maxi<i<n ti(1 — pi);
Ay = (1 +107*) max;ev Ai; Ap = (1+ 10~%) max;ep Ai; A = max{Ay,Ap}; Obtain P;
for (i € S){ Piu, = 2jeus Pigs Pipt = Ljepr Pigs }
oy = Eaer]' i3 0Dy = Y iepr @43 Qst = ayl +apr; as = as+ o
it (Ug = 0)} :
C=min{c>1: Y32 . e Mmox(Atq,, )F/k! < €/2};
Let V be an empty CTMC; if (absorb) add_state(f, ay); add_state(a, 0);
if (r € Us){
add_state(sf |, ar); if (P,pr, > 0) for (n = 1; n < C; nt++) add- state(sg 1,0);
(0, 1) (% _r)1€5; w§d = Pr pr; if (absorb) v§ 1= Pry;
if (wgd > 0) add_ transztzon(so 1,sf L Wi A);
if (absorb && vg 1 > 0) add_ trans1tzon(so 1, [ 98 1A0);
if (Pr,p, > 0)
for (n =11 < C;nt+){
Obtain n(n, l) using (5), (6);
Compute probabilities w;‘f 1 qn 1, if (absorb) Compute probability vg ;
if (n < C) add_ transmtzon(sg 1 n+1 1 WE4 Ap); else add_transition(sd 1, a, wih Ap);
if (¢4, > 0) add transition(s ‘,‘L 1,88 1,48, 1AD),
if (absorb && vn 1> 0) add_ tmnsztzon(sn Ll v 1AD);
}

if (r € Ds){
add_state(sd o, a); if (P, »ps > 0) for (n=1; n < C —1; n++) add_state(sg ,,0);
«(0, 0) ( ,—T),Es, wih = P,. pL; if (absorb) vo=Pry;
if (wd¢ ©>0)
if (C >1) add transition(s§ o, 5§ o, wi OAD) else add_transition(sd 5, a, wi%bAp);
if (absorb && vf o > 0) add_ transztzon(so 0, 1598 oAD);
if (P,,pr, > 0)
for (n =1n<C—- L n++){
Obtain 7(n,0) using (5), (6);
Compute probabilities wn b, qd o5 if (absorb) Compute probability vn 0
if (n <C-1) add- transztwn(si 03 ﬂ+1 0s Wh OAD) else add_ transztzon(sﬁ 0, @ W OAD);
if (¢4 5 > 0) add transition(sg o, s o, g8 OAD),
if (absorb && vd o > 0) add_ transztzon(sn 01 v3 oAD);

}

if (asr > 0){
add_state(s{y, as:); for (n = 1; n < C' — 1; nt++) add_state(s), 0);
7(0,0) = (Ch):eS'

Compute probabilities w{,"g, q0 o5 if (absorb) Compute probability Uo 05
if (C > 1) add_ transztzon(sodo,sldoywo dAp); else add_ transztzon(sodo,a we, 94N p);
if (¢id) > 0 && 7 € Us) add- t‘ransztzon(50"!0,s0 15 q0 0AD)
if (qoao >0 && r € Dg) add_ tmnsztwn(sodo, 56,00 95%0AD);
if (absorb && vity > 0) add_ transition(sgly, f, vi AD);
for (n=1; n<C'—1 n++){

Obtain #’(n,0) using (14);

Compute probabilities w{,"‘é, qn 05 if (absorb) Compute probability vn 0
if (n <C'—1) add- tmnsztzon(sn‘io, Syt 0o W AD) else add_ transztzon(s;{io, a, wMAp);

(q,., 0> 0&& r € Us) add_ tmnsztzon(s,, 0 so L8 0AD);
(qﬂ 0> 0&& r € Ds) add_ tmnsztzon(sn 0558, O,qndOAD),
(absorb && vidy > 0) add- transztwn(s:ldo,f, 7:‘0 D),

Fig. 6. Algorithmic description of the method.
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else{

C=minfe> 1 T, e~ Mar(Atg ) /K < e/4);
Let V be an empty CTMC; if (absorb) add_stale(f, oy); add_state(a,0); add_state(b,0);
if (st > 0) tol K = ¢/8; else tol K = ¢/4;if (r € Us) add_state(s} ,, ar); else add_state(sd o, ar);

s

Obtain 7(n,0), 0 <n < C —1 using (7), (9), (11) and (5), (6), (10);
for (each n, 0 < n < C'—1 : m(n,0)Ps # 0) add_state(ss ;,0);
for (each n, 0 < n < C'—1 : @(n,0)Ps £ 0){

}

Compute probabilities wﬁ:‘o, wﬂ‘fo, quo; if (absorb) Compute probability 1)5‘0;
if (wﬁ'fg > 0){ add_state(s, 11 1,0); add_tmnsz'tion(sﬁyo, Spt11s wﬁ‘,‘kAD); }
if (widy > 0)
if (n+ 1 < C — 1) add_transition(s& o, 52 1 o, wi%Ap);
else add_transition(sg,o, a, wi‘foAD ;
if (g2 , > 0 && r € Us) add_transition(s? o, s4 1,92 oAp);
if (g2 o > 0 && r € Ds && n # 0) add_transition(s2 o, 53 o, 92 oAp);
if (absorb && vi , > 0) add_transition(sg ,, f,v2 oAp);

Obtain m(n,1), 0 <n < C using (8), (9), (11) and (4)-(6); K = 1;

do{

for (each n, K —1<n<K+C—1:a(n K)Vs #0) {
Compute probabilities w,’i:‘K, w:“flK, quK; if (absorb) Compute probability ”Z,K§
if (wpt > 0){ add_state(sh 1 k11,0); add_transition(s} x, 81 41, WhixAv); }
if (wﬁfiK > 0)
f(n+1<K+C-1){
if (s2, g mot in V) add_state(s? ., ,0); add_transition(s? i, 54, g, wi%Av);

else add_transition(s} k-, a, wi%Av);
if (g5 x > 0) Y
if (r e Us){
if (n# 0 || K # 1) add_transition(s}, k., st 1, ¢ xkAv);

else add_transition(s;, g, 580, 4" kAv);
if (absorb && v¥ g > 0) add_transition(s¥ ., [,v* Av);

}
for (each n, K —1<n< K+ C—1: m(n,K)Ps £0) {
Compute probabilities wﬁ‘fK, wﬁi‘K, qz, K if (absorb) Compute probability v:, e
if (w‘:lfK > 0) {
if (sp41, k41 DOt in V) add_state(s), 1 x41,0); add_transition(sg,x, Syl K+1s wg”‘KAD);
if (wid, > 0)
if (n+1<K+C—1){
if (s2,, g not in V) add_state(s? , x,0); add_transition(s? x,s2 | o, Wi Ap);
else add_transition(s3 ,a, wi%Ap);
if (g2 5 > 0)
if (r € Us) add_transition(s i, 81,95 kAD);
else add_transition(sd 58 o, 9% xAD);
if (absorb && ”g,K > 0) a’dd_transit’ion(sgyK, ,vgyKAD);
}

K++; Obtain n(n, K), K —1<n < K + C — 1 using (4)—(6), (12);
ac = Ef:zg—_: ies mi(n, K);

until (asac Y pe i (k — K +2) e Avtmex(Aptyax)* /k! < tol_K);
for (each n, K —1<n < K+ C—1: sp i in V) add_transition(s}, x,b, Av);
for (each n, K —1<n < K+C—1: s ¢ in V) add_transition(s4 g, b, Ap);

Fig. 7. Algorithmic description of the method (continuation).
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if (asr > 0){
Obtain 7/(n,0), 0 <n < C — 1 using (15), (18) and (14), (17);
for (each n,0 < n < C —1 : #/(n,0)Ps #0)
if (n == 0) add_state(sy O,apg) else add_state (s}, 0);
for (each n,0<n<C—1: (nO)DS;éO){
Compute probabilities w;fh(‘) wjdd, qidy; if (absorb) Compute proba.blhty vdo;
if (wid > 0){ adetate(an 1,0) add_ transition(sio, sy q 1, wiBAp); }
if (widd > 0)
1f (n +1<C—1)add- tmnsztzon(sn 03 S 1 0, WS AD);
else add_ transztwn(sndo,a w4 Ap);
if ()2 > 0 && r € Us) add._ transztwn(sn 0,50 l,qn 4 Ap);
if (¢4 > 0 && r € Ds) add_transition(s!% s 0158 0, 23 0AD);
if (absorb && vidy > 0) add_transition(si? 0,f, ud oA D);
}
Obtain 7/(n,1), 0 < n < C using (16), (19) and (13), (14);
if (ayy > 0) add_state(s()}l,ayl) L=1;
do{
for (each n,L—1<n<L+C—1: (n L)Us #0) {
Compute probabilities wj*¥, wid, g ; if (absorb) Compute probablhty v
if (wpty > 0){ add-state(sn+1 L_H,O) add_transition(sy', S 1 1415 Wn LAU) }
if (w]? ”‘d > 0)
1f(n+1<L+C'—l){
if (58,1, not in V) add_state(s}t,; 1,0); add_transition(siy, sj0, 1, witd Av);

else add_transition(s’ 1, a, w4 Av);
if (qn,L > 0)

if (r € Us) add_transition(s* 1, s§ 1, 4 L Av); else add_transition (s, s§ o, 41 Av);
if (absorb && v!y > 0) add_tmnsztzon(sn’L,f, vy Av);

}
for (each n,L—1<n<L+C-1: (n L)DIS¢0){

Compute probabilities w)%, w/d4, ¢4 ; if (absorb) Compute probability v} ;

if (w > 0){

if (s,H_1 41 DOt in V) add_state(s}, 1 ,,0); add_transition(s)d p, sy 1oy, Wi Ap);

if (w)d4 > 0)
1f(n+1<L+C'—l){
if (sjd,; 1 not in V) add_state(s}t,; 1,0); add_transition(sid;, 8181 1, widd Ap);

else add_transition(st 1 , a, wi4 Ap);
if (¢ > 0)

if (r € Us) add_transition(sé 1, s§, 1,qn LAD) else add_transition(s) 1, s§ o, ¢/¢ xAp);
if (absorb && v} > 0) add_ tmnsztzon(sﬂ o fy v L AD);

¥
L++ OEta.m n'(n,L), L—1<n<L+C—1using (13), (14), (20);
C - En =L-1 zzes’ (n L)

until (al; Y pey e~ Avtmax (Autmax)"/k! 5 €/8);

for (each n,L—1<n < L+C—1 : sp'; in V) add_transition(sy';, b, Av);

for (each n,L—1<n< L+C—1: s inV) add_transition(s)¢ b, Ap);

}

} N N S
Compute IAVCD(¢1, p1),IAVCD(¢2, p2), . . . , IAVCD(tn, pn) as the interval availability
complementary distribution of V' with subset of up states including the states s; ., sg‘, B>
and state f, if absorb and f € U, using Algorithm A of [14] with error < ¢/2;

Fig. 8. Algorithmic description of the method (continuation).
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Sk Sffk are added in a similar way, with the truncation error associated with the parameter L being
controlled for ¢ =, since the model error truncation upper bound associated with L also increases
with 7. The particular case U= receives a special treatment. In that case, besides state a and
state f, if Q=S U{f}, the truncated transformed model includes the state sfj |, if € Us, the state

sg,o, if r€ Dyg, the states sf’l,...,sél, if € Us and )%Dg > 0, the states s‘l{o,...,s’éfl’o, if » € Dg

and 4, p; > 0, and the states s’o‘fo,s’fo, .. ,s’Cd,I’O, if agr > 0. Besides the storage required to hold the

transition probability matrix P of the randomized DTMC, the storage requirements of Algorithm A
of [6] are basically C’ 4 2 vectors of size |2, necessary to compute recurrently the vectors Y, .
Regarding our method, in the case U§ # (), vectors n(n, k) and n’(n,k) can be computed over C + 3
vectors of size |S| and C will have a value typically identical to the value of the truncation parameter
C’ of Algorithm A of [6]. Then, in the case U # (), the storage overhead of our method, during its
first phase, with respect to Algorithm A of [6] includes approximately three vectors of size |S| (our
method needs two vectors of size |S| to hold P;, v, and P;p., i €S) and the storage required to hold
the truncated transformed model. In the case U( =, the required vectors n(n,k) and n'(n, k) can be
computed over two vectors of size |S| and the storage requirements of our method in its first phase
will tend to be smaller than the storage requirements of Algorithm A of [6]. In the second phase, the
storage consumption of our method can be smaller or greater than the storage consumption of Algo-
rithm A of [6], depending basically on the relative sizes of the truncated transformed model and X.

The method requires the computation of Poisson probabilities e ~*/%/k!. Our implementation uses
the method described in [15, pp. 1028—1029], which has good numerical stability. Finally, the method
requires the computation of summations of the form S;(m)= Y_p° | e *A/k! and S/ (m)= Y"7° ,
(k — m 4 2)e™*J¥/k! for increasing values of m. An efficient and numerically stable procedure to
compute S,(m) for increasing values of m which can be embedded in the method is described
in [13]. Tt is also described in [13] an efficient and numerically stable procedure to compute
Simy= %72, L (k= m)e~*¥/k! for increasing values of m; that procedure can easily be adapted
to obtain an efficient and numerically stable procedure to compute S7’(m) for increasing values of
m which can be embedded in the method.

4. Theoretical properties

A salient feature of the method proposed in this paper is that, for the case U # (), the truncation
parameters K and L are smooth functions of #:

Theorem 4. Assume Ui # 0. For the case og >0, the truncation parameters K and L are
O(log(Ayt/e)). For the case og=0, the truncation parameter K is O(log(Ayt/e)).

Proof. See the Appendix A. [

Consider the case Ug # (). Then, the fact that, as asserted by Theorem 4, the truncation parameters
K and L are smooth functions of ¢ is called benign behavior and implies that for large enough models
and large enough ¢, the proposed method will be significantly faster than Algorithm A of [6] (and
all other previously proposed general methods). To see this, note that, for not too small models, the
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computational cost (number of floating point operations) of the first phase of the proposed method
is, for the case ag > 0, roughly the sum of a component proportional to K and C and a component
proportional to L and C, and is, for the case o =0, roughly proportional to K and C, while the
computational cost of Algorithm A of [6] is roughly proportional to the truncation parameters N and
C’ of that method, where N is approximately proportional to ¢ for large ¢ and C’ ~ C. This fact,
with Theorem 4, implies that, for not too small models and large enough ¢, the computational cost
of the first phase of the proposed method will be significantly smaller than the computational cost
of Algorithm A of [6]. Since the maximum output rate of the truncated transformed model is 1 + 6
times the maximum output rate of X, where 6 is very small, the truncation parameters of Algorithm
A of [6] applied to the solution of the truncated transformed model will be approximately equal
to the truncation parameters of that method applied to the solution of the original model X and,
then, the ratio between the computational cost of the second phase of the proposed method and the
computational cost of Algorithm A of [6] will be roughly equal to the ratio between the number
of transitions of the randomized DTMC of the truncated transformed model with randomization rate
max{ Ay, Ap} and the number of transitions of the randomized DTMC of X with randomization rate
max;cs4;, implying that the computational cost of the second phase of the proposed method will be
significantly smaller than the computational cost of Algorithm A of [6] for large enough X.

For the case Ug =), the truncated transformed model has at most 2C + 3 states, and it is clear
that for large enough models and large enough ¢, the proposed method will be significantly faster
than Algorithm A of [6] (and all other previously proposed general methods).

The performance of the proposed method depends on the selection of the regenerative state r,
since that selection influences the behavior of ac(n) and al.(n). Ideally, state r should be selected
so that ac(n) and ai.(n) decrease as fast as possible. For as wide class of models as covered by the
method, automatic selection of » does not seem to be easy in general, and, then, the method relies
on the user’s intuition to make an appropriate selection. We will consider next a class of models
C, for which a natural selection for the regenerative state exists, and, for models in that class and
that natural selection, will obtain stronger theoretical results than the benign behavior asserted by
Theorem 4 assessing the performance of the method in terms of “visible” model characteristics.

The model class C; includes all CTMCs X with the properties described in Section 1 and
|Ug| = 2° for which a partition Uy U Uy U --- U Uy, for Us exists satisfying the following two
properties:

Pl1. Uy= {O} (1e ‘Uo‘ = 1)
P2. maxo<i<n. MaxX;ey, 4; Us—{iFUUk1U-+UUN, UDs is significantly smaller than
ming < x <ne Miley, }“i,UOU-nUUk,lU{f} > 0.

Class C; includes failure/repair models of coherent fault-tolerant systems with exponential failure
and repair time distributions and repair in every state with failed components when failure rates are
significantly smaller than repair rates (the typical case). For those models, a partition for which prop-
erties P1 and P2 are satisfied is Uy = {up states with & failed components}. Models of non-coherent

>In the case |Us| = 1, the selection » =0 makes U§ =), and the number of states of the truncated transformed model
would be 2 plus 1, if Q=S U {f}, plus C, if /l,l_D; > 0, plus C, if agr > 0, and the performance of the method is also
easy to predict.
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systems may not belong to class C;, because in those models there may be fast “repair” transitions
taking the system down and, thus, going from Us to Ds. Repair times with acyclic phase-type dis-
tributions [16] (which can be used to fit distributions of non-exponential positive random variables
[17]) can, however, be allowed.

Since, for class C; models, X moves “fast” to state o or, if existent, to state f, a natural selection
for the regenerative state for those models is » =o0. Consider a class C; model and a partition
UpU---U Uy, for Us satistfying properties P1 and P2, and let

maxo <k <Ne MaAX;ey, ;°i, U —{i}UU;s1U-+-UUN,UDs

ming < x <N Minjey, 4; UoU-+-UUr—1U{f}

The parameter 0 can be seen as a “rarity” parameter measuring how strongly property P2 is satisfied.
In terms of the rarity parameter J, we can model the transition rates from i€ Uy to j€ Uy — {i} U
U1 U---UUy. UDs, 0<k <N¢ as 4;;=4;;0, where A;; are constants, and the remaining
transition rates as constants, and study the behavior of the method with the selection r =0 as 6 — 0.
Let P; ;(0) denote the transition probabilities of X as a function of the rarity parameter 5. Note that,
for i e Uy, jE U, — {l} U Uk+1 U---u UNC U Dy, 0<k < Ne, limgaoP,;j(é):O and that

)"i,UoU'~-UUk,1U{f}
A
(1 + 0)maxo <k <ne MAXicu; 4i,UoU-UU;U{f}

;II’%PM(é)Zl 5 leUk,O<k<NC

Let P(d) denote the transition probability matrix of X as a function of J, let P 1 (0) be the
matrix obtained from Py y5(d) by making null the entries (i,7), i € Us and let Py(6) =Py ;. (6) +
PUS,Ds(é)PBSI,DSPDs,Us: P2(0) =Py u;(0) + PU§,DS(5)PBSI,DSPDS,U§- Note that the submatrices Py p,,
Pp,us and Ppy; of P(6) do not depend on ¢ and that, being Pp,p; a diagonal submatrix of the
restriction to S of the transition probability matrix of Z and being all states in S transient in Z, PBSI, Ds
exists. Then, denoting by p(A) the spectral radius of matrix A, we have the following result: ¢

Theorem 5. For class C, models and the selection r=o, ac(n) <(C + 1)h(n) and ap(n) <

as(C + 1)h'(n), where, for n — oo, h(n) ~ B(5)(p("5_)ll)p(P1(5)T)”, B(0) > 0, p(0) integer =1

and h'(n) ~ B/(é)(p,’zg)ll)p(Pz(é)T)”, B'(6) >0, p'(d) integer =1, with lims_op(P1(5)")
=lims o p (P2(0)") = p,

ming < <N MIN;cyy; ii, UoU--UU . U{f}

(1 + 0)maxg<x <ne MaXiey, 4, UpU--UUg 1 U{f}

Proof. Let b(k) be the probability that Z has made & or more visits to Us. We have, for n > 0 and
0<k<n+l1,

> mi(n,k)=>_ PlZy=i AN#(Zow € Us) =k] < P[#(Zon € Us) = k] < b(k)
IS\ IS\

S x(k) ~ p(k) for k — oo denotes limy_. oo x(k)/y(k)=1.
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and
k+C—1 k+C—1
ac(k)y=">_ > m(nk)< > b(k)=(C+ )b(k).
n=k—1 ieS n=k—1

Let g;(n), i € Us be the probability that Z has made » or more visits to Us and that the nth of such
visits has been to state i. Trivially, b(n)= ), us 9i(n). Let q(n) be the row vector (gi(n))icu,- Tak-
ing into account Zy =r € Us, we have q(1)=(I;—,)icu, and ||q(1)||; =1. Also, from the definition
of Py(9), q(n)" =(P1(6)" )" 'q(1)". Then,

b(m)=lq(m)" [+ < [I(P1(&)")" [l la(D) [l = I(P1()" )"~ |1 = h(n).

We have [18, Theorem 3.1] that, for n— oo, ||[(P1(6)T)" ||} ~ B(5)(p(5) DpP()TY", B() >0,
p(0) integer > 1. Also, since the eigenvalues of a matrix are continuous functions of the elements
of the matrix [19, Theorem 3.13], lims_q p(P1(6)") = p(P1(0)"). But Py, p,(0)=0, where 0 is a
matrix of zeroes, and, then, P;(0)" = P’US US(O)T Also, with the ordering of states Uy, Uy, ..., Uy, the
elements in the lower triangular portion of Py, (0)T are 0 and the diagonal elements have values
0 and values 1 — 4; you...uu,_,ufr}/((1 + 9)m3X0<kchmaXieykii,Uou---uuk_]u{f})a i€U, 0 <k <Nc
and, then, p(P,(0)") = p(P}, s (0)1) = p.

Let b'(k) be the probablllty that Z’ has made & or more visits to U}{. We have, for n > 0 and
0<k<n+1,

> mi(nk)=>_P[Zy=iN#(Z, € Ug)=k] < P[#(Z}, € U§) =k] < b (k)

ies’ ies’
and
k+C—1 k+C—1
dp(y="Y_ > mink)< Y Hk)=(C+ k).
n=k—1iesS’ n=k—1

Let ¢i(n), i € U§ be the probability that Z’ has made n or more visits to U{ and that the nth of such
visits has been to state i. Trivially, &'(n) = > e g;(n). Let ¢'(n) be the row vector (¢j(n));ev;. Tak-

ing into account P[Z} € S’] = o, and that the states in S’ are transient in Z’, we have ||q'(1)"||; < o
Also, from the definition of P»(5), q'(n)" = (P2(8)T)"~'q'(1)". Then,

B'(m)=|lq'(m) |y < [Pl lld' (D'l < as|[(P2(8)" )1 = s (m),

with /(1) = [[(P2(8)")""[|1. As before, for n — oo, [|(Pa(6)")" i ~ B'(®) 15" )p(Pa(d)" )",
B'(6) >0, p/(d) integer > 1, and lims_.o p(P2(0)") = p(P2(0)"). Since Py p(0)=0, P»(0)" =
PUS/,US/(O)T. But, with the ordering of states Uj,U,,...,Uy,., the elements in the lower triangular
portion of PUS/,US/(O)T are 0 and the diagonal elements have values 1 — 4; you...uu,_,u{s3/((1 + 0)
MaXo <k <Ne MaX;c, A gyu--uv, Ul s})> | € Uk, 0 <k < Ne and, then, p(P2(0)") = p(Pyyu;(0)") = p.

U

According to Theorem 5, both ac(n) and a(n) decay asymptotically by a factor p. For class
C; models and the selection r =o, because of property P2, ming < x <. Miney, 4 yyu--u,_ uf ) ~
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minieUS/ A; and, taking into account 0 < 1, (14 0)maxo<i <. MaX;ey, ;Li,U0U~--UUk,1U{f} A max;eys A
Then, letting R = max;ec; ii/minieU§ Ai, we have pa 1—1/R, and the values of the truncation param-
eters K and L will be mainly determined by R: the smaller R, the smaller K and L. In fact, we
can roughly approximate /4(n) and A'(n) by (1 — 1/R)" and roughly approximate ac(n) by h(n) and
dp(n) by h'(n) and, then, it is easy to show that, for R>1, K and L would be proportional to R.
As a rule of thumb (see [13]), K and L can be roughly upper bounded by 30R. We note that R is
a “visible” characteristic of the model (one that can be easily computed/estimated). Then, since the
truncation parameter C of our method and the truncation parameters of Algorithm A of [6] can be
easily computed, the previous rule of thumb can be used in practice to anticipate when our method
can be expected to be significantly faster than Algorithm A of [6] for class C; models with the
selection r =o.

5. Numerical analysis

In this section we will illustrate the application of the method developed in this paper and com-
pare it with algorithm A of [6] using a parametric example belonging to class C;. The exam-
ple is the fault-tolerant database system whose block diagram for the case 4 disk sets is given
in Fig. 9. The system is made up of two processing subsystems, each including one processor
P and two memories M, a set of controllers with two controllers, and D sets of disks, each
with four disks. The system is operational if at least one processor and one memory connected
to it are operational, one controller is operational, and three disks of each set are operational.
Processors fail with rate Ap=2 x 107> h™!; a processor failure is soft with probability Sp=0.8
and hard with probability 1 — Sp=0.2. Memories fail with rate Ay =2 x 10~ h~!. Controllers
fail with rate Ac =2 x 107*h~'. Disks fail with rates Ap=3 x 107*h~!. A failure of a con-
troller is propagated to two disks of one set with probability 1 — Cc=0.10. The disk set over
which the failure is propagated is taken at random. Components do not fail when the system is
down. There is an unlimited number of repairmen which perform restarts of processors in soft

M1 M2
P1 P2
M1 M2

2

Fig. 9. Block diagram of the example with 4 disk sets.
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Table 1
Number of states, number of transitions and steady-state unavailability for the example as a function of D

D States Transitions UAV

4 8096 36,109 448218 x 107°

8 211,456 1,364,173 493011 x 1073
1 T

0.8

0.6

0.4

0.5years ©—

Distribution of interval unavailability

0.2 lyear +— A
2years H—
5years >—

O 1
1e-06 1e-05 0.0001

q

Fig. 10. IAVCD(#,1 — q) as a function of ¢ for several ¢ for the example with D=4 and initial state the state with all
components unfailed.

failure with rate pps = 0.5 h™!. The other repair actions are performed by another repairman with first
priority given to disks, next to controllers, next to processors and next to memories. Components with
the same repair priority are chosen at random. The repair rates are upy = 0.2 h=! for processors in
hard failure mode, tiy = 0.2 h~! for memories, puc =0.5 h~! for controllers, and up =1 h~"! for disks.
Table 1 gives the number of states and transitions of the model and the steady-state unavailability
UAYV for D=4 and 8.

We start by analyzing the behavior of the interval availability complementary distribution. Fig. 10
plots IAVCD(t, 1 —¢q) as a function of ¢, around the steady-state unavailability UAV =4.48218 x 107>,
for several values of ¢ (0.5, 1, 2, and 5 years), for the example with D=4 and initial state the
state with all components unfailed. We can note how as ¢ increases IAVCD(z,1 — ¢g) tends to
its asymptotic shape (0 for ¢ < UAV and 1 for ¢ > UAV). However, the asymptotic behavior is
reached very slowly, which implies that the measure could be of interest for very large ¢. Since
the computational effort of the algorithms to compute the distribution of the interval availability
increases with ¢, this fact stresses the need for efficient algorithms.
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1000 T r
proposed (trans) -©— K
proposed (sol) —+—
proposed (total) H—
100 ¢ algorithm A of [6] >— 9

CPU time (8)
=

100 1000 10000
t(h)

Fig. 11. CPU times in seconds required by the proposed method and Algorithm A of [6] for the computation of the
distribution of the interval availability for the example with D=4 and p=0.99999 as a function of the mission time ¢
in hours.

We compare next, in terms of required CPU times, the method developed in this paper with
algorithm A of [6]. The example belongs to the class of models C; and, for our method, we will
take the natural selection for the state r, i.e. we will take as regenerative state » the state in which
all components are unfailed. We will also assume that state to be the initial state of the model. All
CPU times given here were obtained in a workstation with a Sun-Blade-1000 processor and 4 GB of
memory. All the CPU times given for our method were measured. However, since for large ¢ and the
large example (D =38), the CPU times required by algorithm A of [6] are enormous, we estimated
them using an approximate flop count for that method. All measurements or estimations were done
for e=107>. We give in Figs. 11-14 the CPU times of the first phase of our method (trans), the
CPU times of the second phase (sol), the total CPU times of our method, and the CPU times of
algorithm A of [6]. We take two values for p (p=0.99999 and p=10.9999) and vary ¢ from 100
to 20,000 h. Memory usage for the large example was about 65 MB. The required C in our method
increases as ¢ increases and p gets smaller. The required K is independent of p and, according to
Theorem 4, increases logarithmically with ¢. As an illustration of the dependence of C on ¢ and
p and the dependence of K on ¢, Table 2 gives the required values for C and K for the large
example as a function of ¢ and, for the truncation parameter C, as a function of p. Regarding the
values of K, we can note that the rule of thumb given in the previous section is rather pessimistic,
since that rule predicts values of K of 30R ~ (30)(7.5)=225, since R is approximately equal to
7.5 for the example. That pessimism can be attributed to the fact that the required error, ¢, is rather
large (¢ =1077). In all cases, our method is faster. The speedups are smaller for the small example
(D=4) and larger for the large example (D =28). For that large example and large ¢, the speedups
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1000 T T

proposed (trans) <©— h
proposed (sol) —+—
proposed (total) BH—
algorithm A of [6] >—

100

CPU time (s)
o

1

100 1000 10000
t (h)

Fig. 12. CPU times in seconds required by the proposed method and Algorithm A of [6] for the computation of the
distribution of the interval availability for the example with D=4 and p=0.9999 as a function of the mission time ¢ in

hours.

100000 T T
K

proposed (trans) ~—

proposed (sol) —+—

proposed (total) -B—
10000 | algorithm A of [6] >¢— 1

1000

CPU time (s)

10 .
100 1000 10000
t(h)

Fig. 13. CPU times in seconds required by the proposed method and Algorithm A of [6] for the computation of the
distribution of the interval availability for the example with D=8 and p=0.99999 as a function of the mission time ¢

in hours.
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le+06 T r
proposed (trans) -©—
proposed (sol) —+—
100000 F proposed (total) B— K

algorithm A of [6] >¢—

CPU time (s)
- o
= =
S S

100 1000 10000
t(h)

Fig. 14. CPU times in seconds required by the proposed method and Algorithm A of [6] for the computation of the
distribution of the interval availability for the example with D=8 and p=0.9999 as a function of the mission time ¢ in
hours.

Table 2
Required values of the truncation parameters C and K for the example with D=8 as a function of ¢ and p

C

t (h) K P =0.99999 p=0.9999
100 78 2 3
200 86 2 4
500 94 3 4
1000 100 3 5
2000 105 4 7
5000 112 4 10
10,000 117 5 13
20,000 123 7 16

are important (for £ =20,000 h, the speedup is 215 for p=10.99999 and 166 for p=0.9999). The
speedups have practical significance, since algorithm A of [6] takes for  =20,000 h more than 16 h
for p=0.99999 and more than 36 h for p=0.9999, whereas our method only takes about 4 min
for p=0.99999 and about 13 min for p=10.9999. It is also interesting to note that for small ¢ the
CPU time of our method is dominated by the CPU time of the first phase, whereas for larger ¢ the
second phase becomes also important and can even dominate the total CPU time when the model
is of moderate size (D =4).
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6. Conclusions

We have developed a new method for the computation of the distribution of the interval avail-
ability of fault-tolerant systems modeled by CTMCs which is based on a model transformation
approach. Like previously proposed randomization-based methods, the new method is numerically
stable and, apart from roundoff errors, which should be negligible due to the numerical stabil-
ity of the method, computes the measure with well controlled and specifiable-in-advance error.
The basic idea of the method is to obtain a truncated transformed model having, with some ar-
bitrarily small error, the same interval availability distribution as the original model and solve the
truncated transformed model using a state-of-the-art algorithm. The method requires the selection
of a regenerative state and its performance depends on that selection. Due to its “benign” be-
havior, for large enough models and long enough mission times the new method is guaranteed
to be significantly faster than previously proposed methods. For a class of models, class C;, in-
cluding typical failure/repair models of coherent fault-tolerant systems with exponential failure and
repair time distributions and repair in every state with failed components, a natural selection for
the regenerative state exists and theoretical results are available assessing the performance of the
method for that natural selection in terms of “visible” model characteristics. Those results can be
used to anticipate when the new method can be expected to be significantly faster than previous
methods.
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Appendix A.

Lemma Al. Let X ={X(¢);t = 0} be a CTMC with finite state space Q =UUD, where the states
in U are up states and the states in D are down states, and let X' be a CTMC differing from
X only in that the transition rate of X from some state i to some state j has been increased
by 4> 0. Let IAVCD(t, p) be the interval availability complementary distribution of X and let
IAVCD/(t, p) be the interval availability complementary distribution of X'. Then [IAVCD'(t, p) —
IAVCD(t, p)| < 24t

Proof. The proof is done using the formulation (1) for IAVCD(z, p) on which Algorithm A of [6]
i1s based. We will reuse the notation introduced in Section 2, where that method has been reviewed,
with A4 > max;co 4; + /4 so that both X and X’ can be randomized with rate A. In addition, we
will denote using a prime the quantities referred to the CTMC X', e.g. P’ will denote the transition
probability matrix of the randomized DTMC of X’ with randomization rate A.



842 J.A. Carrascol Computers & Operations Research 31 (2004) 807—-861

Using the recurrences for the vectors Y, ; given in Section 2, for n > 0 and 0 < k < n, we have
Y,n -Y,, = PUQYn 1i—1 — PuoYo-1k-1
vV i1 = Yaork—1) + (Ppo —Puo)Ya 141,
from which
U
1Yk = Yoilloo < IPolloollYnmi it = Yamra-illoo + [Py —
and using [Py ollcc =1, [Pyo — Pualleo <24/4 and [|Y,—14—1]foo < 1

n—1,k—1 ”OO,

2),
1Y = Y lloo < Yoo iaet — Yoo raeiloo + “on>0.0<k<n. (A.1)

For n >0, Y,, =YY =1, and
1Yo = Yolloo =0, n> 0. (A2)
Forn >0 and 0 <k <n,
Yo = Yo, =Pp oY, —PpoYa 1k
=Ppo(Y, 1 — Y1)+ Ppo—Ppo)Yu 14

from which

D
1Yk = Y2 illoo <IPhallooIYn1x = Yurilloo + IPho — Po.allool Y14l o
and, using HP,D,QHoo: 1, HPD’Q —Ppolloc <24/4 and ||Y,—14leo < 1,

2),
1Y = Y2, lloo < IIYhois — Yoorilloo + . n>0,0<k<n (A.3)

Finally, for n > 0, Y'", =Y? =0, and

nn

HY/n,Dn - YnD,nHOO =0, n>0. (A4)

Summarizing (A.1)~(A.4) and using ||Y, ,—Yuillco=max{| Y, — Yoo, Yok — Y2/ llsc}.
we can write
Y -Y < Y’ Y 2—A
omax [V, = Yorlloo < max 1Y,y 4 = Yo-ralloo + =
which with [|¥{ o — Yo,0l|cc =0 (because YOO—Y{)JO—I and Yoo—YoD,o:()) gives
22
< n_=
Olzll?‘x ||Y n,k”oo xn VE
and
22

A N
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But
!/ ! !
nk Yn’k = aYn,k - “Yﬂ,k = a(Yn,k - Yn,k)’

which, using ||a||s =1, implies
, , 2
‘Yn,k_Yn,k‘ < HYnjk_Yn,kHOOSnZs n>0) 0<k<n

and

At .
IAVCD'(t, p) — IAVCD(t, p)| < Z —A’( ) Z (k> q" Y = Yokl

n=0

= (Az)" - e 20 20N (A
< Z(>k =T e T

n=0

2%~ gy (AD 22 (A1) z)
= — - /1 —A =2/t O
A2 D Z

Proof of Proposition 1. We will take into account that: (1) V, € {s,’fk, 0</<n 1<k<n+1}U
{50 0<I<n 0<k<ntU{s),, 1<k<n+1}U{s, 0<k<n}U{f}, (2) V,=f implies
Vi1 = f, (3) both Vn =5 and V, =sf, 1mply Vier €{s0.» St'1ps1s Sy 4o/}, and (4) both 7, = s,
and 7, :sﬁzlk imply 17,,+~1 € {sb’,,s&” ks s’,,d_H’k, f}. From (2), it i~s clear that the only well-defined,
non-null probability P[V, .1 =y |V,=x] for x=f is P[V,.1 = f|V,= f]=1. We will consider next
the remaining cases for x: (a) x=s', 0<1I<n 1< k<n+1, (b) x:sfk, 0<I<n 0<k<n,
() x=si 1 <k <n+1,and (d) x=s/, 0 <k <n.

Case a (P[V,=s,]>0,0<[<n, 1 <k<n+1, which implies (21) P[X,_;=r] > 0): Using the
definition of ¥ (21), remembering that X " is a version of X with initial state r, using the definition
of Z (2), and that Z, # r for n > 0:

PVai1 =Sl 151 | Vi =%

PV =5 A Ve =5 1]
P[Vn :Sllfk]

_P[anl:r/\)?nfl—kl:n—t-l 6S//\#(‘X’\vnflrneZJ.S‘):k/\AXAYnElJS /\)?n—HEUS]
P[anl:r/\anl+l:n€S//\#(Xrnfl:n6US):k/\XVnGUS]

_ Pt €8 ANHX 1 € Us) =k A X, € Us A Xpi1 € Us | X,y =1]
P[X\vn—l+1:n SIA #()?n—l:n € US):k /\)?n € US ‘Xn—l:r]
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P €8 A#Ry, € Us)=k AX, € Us A X, € Us]
PIX|, €S A#(X,, € Us)=k AN X, € Us]

_ P#(Zy € Us)=k NZ €U N Z11q €U Y ieus mill k)P u; _
a P[#(Zy; € Us) =k N Z; € Us] O e mLky R

PV, :Sld+1,k | Vi :S;fk]

C PWa=siy AV =5t 4]

PV, =st]

_ P[anl:r/\)enfl-&-l:n-&-l ES, /\#(Xvnfl:n € US):k/\Xn € US /\)?n—kl El)S]
P[)Ern—l:r/\)?n—l+1:nES//\#()?n—l:nE US):k/\X;tGUS]

_P[Xrn71+1:n+l es’ /\#(anl:n € US):k /\X;G Us /\)2;1-&-1 € Ds ‘anl:r]
P[anl—kl:n ES//\#()?nfl:ne US):k /\)’(\vn € Us |)€n,]:}"]

PR, €S ARy, € Us)=k AX, € Us A X, €Dy]
PIX|, €S AN#(X,, €Us)=k NX, € Us]

_ Pi(Zys € Us) =k NZ1 € Us NZi €D5] _ Diews "lFPing
B P[#(Zo. € Us) =k A Z; € Us] > icus mi(lk) b

PVur =50 | Va=si4]

_ P[I;n:SZk A Vi1 =sy,.]
P[Vnzsllfk]

CPIXu i =r AX 1 €8 A#X 1y € Us) =k NX, € Us A Xy =71]
P[Xvnfl =r /\anl+lzn cs’ /\#(anl:n € US):k /\X;’l S US]

_})[)?n—H»l:nGSI/\#()?n—l:ne US):k /\)?ne US /\)?rH»l :l"’)?n_]:l"]
P[)?n—l«kl:nES,/\#()?n—l:ne US):k/\X;ze Us ‘Xn—l:r]

PR eSS A#Ry € Us)=k AX € Us ANX ), =7]
PIX|, €8 N#(X,, € Us)=k ANX, € Us]

_ P[#(Zo1€Us)=kNZj€Us NZio1=al ey Tl k)P;y _,
P[#(Zos € Us) =k NZ, € Us] Sieuy millk) P
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P[I7n:s]’fk/\ Vi1 = f1
P[l;n:sl”’k]

P[IZl+l:f|I7n: 1uk =

CPIX, = AX 1 €8 A#X 1 EUs) =k NX, € Us AXyy1 = £]
PX,1=r AX,—1i1m €S N#X _1n € Us) =k N X, € Us]

_})[)’(\rnfl+l:nG‘Sd/\#()?nfl:n6 US):k AX;’IE US /\Xvn+1 :f|AXAvnfl:r]
P[),(\v,,fl_*_l;,, cs’ /\#(Xvnf[;n S Us):k/\)?n € Ug ‘X,,,]:I’]

PR, eS A#Ry € Us)=k AX € Us AX ),y = f]
PIX,, €S A#(X,, €Us)=k NX) € Us]

_ PUH(Z1 € Us) =k NZ1 € Us N2 = f1 _ ey TLEIPLy
P[#(Zy.; € Us) =k N Z; € Us] > e, mi(lk) b

Case b (P[V, :sl‘fk] >0, 0</<n 0<k<n) The developments are very similar to those for
case a. The results are:

ZiEDS ni(l’k)Pi’US/ :Wdu
> e, T 1K) b

ZiEDs n[(lsk)Pi,D"g _dd

5 5 d
PVas1 =Sl s | Va =58l =

P I;;'l = d I?n = d = = s
Ve =sfie Sl ZiEDS (L, k) Wik
% 5 D ps Tl )P,
P I/n =5 Vn _= d = i€Ds i d 5
[ +1 SO,. | Sl,k] Z[EDS ni(l,k) ql,k

ZiEDs (L, k)P; g o
ZiEDs 7-Ci(l:k) L

Case c (P[Vn:s;'fk] >0, 1 <k<n+ 1) Using the definition of ¥ (21) and the definition
of Z' (3):

P[I;;Hl =/ Vn:sl[,lk]:

nu

7 JU % g
PLTpr = | P = sty = L =t 2 Vit = S
n+l = SptLk+1 | Yn —Ppkl =

P[I}n :S;l:k

_ P[Xoui1 €S AN#( X0 € U=k N X, € U, A X4y € U]
P[Xo, €8 AN#(Xop €U =k NX, € UL

_ PIZy, €UD=kNZ € Us N2y,  €UG _ Ny Bm0Pury
- PH(Z,, €Ul =k A Z, € Ul T ey Mk
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> Ju % _d
PV, =58, AN Vi1 =1 4]

PV, =s"

> _d 5oy
P[Vn+1 _Sn+l,k | Vn_sn,k -

_ PlXoui1 €S AN#(Xo, € UL) =k AN X, € Ui A X4y € Df]
P[X 0., €S' N#(Xo, € U=k N X, € U}

_ PU(Z, € U=k NZ € Ug N2y  €D5) _ Diewy HOWRPing g
- P#(Z}, € U=k A Zl € U] T ey Mnk) R

PV =5 AV =53]

PI7n =5 17”:3'” = =
[ +1 0,.‘ n,k] P[V,,:SIank

_ PXou €S AN#(Xow €U =k NX, €UL N X1 =1]
P[X o, €S AN#(Xo, €U =k N X, € UL

| PIHZ, €U =kNZ €U ANZL, =a]l  iew; MmKPy,

P#(Z}, € U=k N Z,€ Ul T e k) e

P[I;n :S:ka A I7n+l :f]

PUvr = f| Py =s"] = 2
V=1 | V=5t s,

_ PXon €S AN#(X 0w €U =k NX, € U§ A X1 = f]
P[Xo, €S AN#(Xo, €U =k N X, € UL

 PZ, € UN=kNZ, €U, NZ) = f1  ieu; MmkPiy

n

= =0, ;.
P[#(Z}, € U=k N Z, € Ul Sicuy T k) ek

Case d (P[V, :sfk] >0, 0 <k <n): The developments are very similar to those of case c. The
results are:

ZiEDé n;(nak)Pi,US’ rdu
=W k
ZieDg TEl,-(l’l, k) e

S u > 1d
PV =Syippt | Va=584]=

2 ien; mi(n, k)P: _ . dd

> d > 1d
PlV,.1=s V,=s 1= =w
Wt =S P =snd == - iy
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/
PTpi1 =55 | Vo =51 = Zepy TR =4
n+1 =S80, | Vn =Syl = 7 =dnk
ZieDg m(n, k)
ZieDg mi(n, k)P s -
/ - Ynk*
ZieDg mi(n, k)

P[Vn+1 :f| IZ,ZSZZZk]:

0

Proof of Proposition 2. Assuming P[V,, =5p.] > 0, let (note that the definitions are correct because
the steps at which 7 hits state 5. are regeneration points)

(k) =P[Vin=f A Vosromin-1 €"S' N#Vpmsnr € "Us) =k | Vi =5;.], (A5)
G(n. k) =PV =5y N Vistamsn—1 €"S" N#Vmsn—1 € "Us) =k | V=53, ],

W, k) =P[Vpstimin €'S" N Vmin € "Us) =k N Vi € "Us | Vi =531, (A.6)
W (k) =PVsromin € 'S' AN#(Vsn € "Us) =k A Viyion € "Ds |V, =50..]s

and let

' (n,k)=PVy=f AVopn1€"S" N#V .01 €"U§) =k, (A7)
§(nk)=P[V,=sy.ANVon1 €"S N#V g0y €U =k,
1’T/u(nak) :P[I;O:n SN #(I?O:n € VU_;‘) =k A Vn € VU.;‘]: (A.8)

W, k)=P[Vo, €S N#(Vo,, € "UH =k NV, €"Dj].
Assuming P[V,, =s0.] >0, let
Gi(n,k) = P[Vin =5y A Virstmin—1 €S AN#(Vsmin—1 € "Us) =k
NP tmin—1 =85 ) =1 | V=15 1.

Using the fact that the steps at which V' hits state s. are regeneration points, the probabilities
@i(n,k), 0 <i<n—1 can be computed recursively using:

Po(n, k) = g(n, k),

n—1 min{k,m}

G k)=>" > GialmDgn—mk—1), i=1.

m=i [=0
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Let

QL k)=P[#(Von € " U=k N#(Von=s,.)=i NV, €"U],

¢l (k) =P#V ., € "U)=k N#(Von=s5,.)=i AV, €"D].

We clearly have

n+1
P#(Von € "UY=k AV, €"UI=)_ §¥(n. k),

i=0

n+1

P#(Von €"U)=k AT, €"D]=>" ¢ (n.k).
i=0

Furthermore, the probabilities qg?(n,k) and (;NS;’(n,k), 0<i<n+1 can be computed from (n, k),
G(n, k), w(n, k), wi(n,k), ¥'(n, k), §(n, k), w*(n,k), w(n,k), and ¢;(n,k), i >0 using:

N W(n, k) + > F(mk+m—n—1) if feU,

(b(l;(nv k)= m=max{0,n+1—k}

Ww(n, k) if feD,

W (n, k) if feU,

%d o n
PO Gy + S k) it reb,
\ m=k

min{k,m }

( n
> oo G W —mik 1)

my = 1]=max{0,k+m —n—1}
n—m
+ E 17(M2,k+M1+M2—n—Z—1)
~ my = max{l,n+I+1—k—mi }

bi(n, k)=

+ o | W(n k) + > S(mik+m —n—1)| if feU,
my =max{l,n+1—k}

n min{k,m }
> > G (my, D (n — myk — 1) + 0, (n, k) if f €D,

my = 1]=max{0,k+m —n—1}




Pl (n k)=

and, for i > 2,
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min{k,m }

S Y @D —mik — D)+ o (nk) if fEU,

mi = 1] =max{0,k+mi;—n}

min{k,m; }

Z Z G (my, D) | wi(n—m,k—1)

mi =1]=max{0,k+m—n}

n—mi

+ > dmk—1)

my =max{l,k—I}

n

‘o (W(nk)+ D dmnk)| if fe€D

my =max{1,k}

n min{k,ml} n—mj min{k—ll,mz}

)R 2 2

mi =11y =max{0,k+m;—n—1} my =i—1], =max{0,k+m+my—n—I1—1}
~/ ~ ~u
g (my, 1) @i—o(ma, L) | W'(n—my —may,k — 1) — 1)

n—m|—mniy

+ > B(mz, ke +my +my+my—n—1 —1,—1)
m3 =max{l,n+li+L+1—k—mi—my}
n min{k,m }
to Y > Gima(mr, 1) [ W' —my ke — 1)
my =i—1]=max{0,k+m;—n—1}
n—mi
+ > Smpk+my+my—n—1-1)] if feU,

my =max{Ln+I+1—k—m }

n min{k,ml} n—mj min{kfll,mz}

2. 2 2. 2

mi =11y =max{0,k+m;—n—1} ma =i—11, = max{0,k+mj+my—n—1,—1}

G (my, 1) Pi_a(ma, )W (n — my — ma,k — 1) — 1)

n min{k,m, }

+a D ST Gialm W — my k=) if fED,

my =i—1]=max{0,k+m—n—1}

849
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min{k,m } n—m min{k—1/;,m>}
my =11y =max{0,k+m—n} m>=i—11, =max{0,k+mi+my—n—1,}

G (mi, 1) @i—a(ma, LYWW (n — my — ma,k — 1y — I)

min{k,m }
Z Yo Gia(m, D —m k=) if f€U,
my =i—1]=max{0,k+m—n}
min{k,m } n—m min{k—1/;,m>}
my =11y =max{0,k+m—n} m>=i—11, =max{0,k+mi+my—n—1,}

¢ (n, k)= i A )
G (mi, 1) @i—a(ma, ) | W'(n — my —ma,k — 1y — 1)

n—mjp—my

+ > S(ma, ke — 1 — 1)

ms :max{l,k—h —lz}

min{k,m; }
Z Z Gi—a(my, 1) | W (n —my,k —1)
my =i—1]=max{0,k+m—n}
+ > #muk—1D| if feD.
. my =max{l,k—I}

The developments made so far formalize P[#(V ., € U)=k AV, €"U] and P[#(V, € "U)=k A
7,€"D] in terms of &(n, k), G(n,k), Wi(n, k), Wwi(n,k), &(n,k), §'(n,k), W(n k), and W(n, k).
Assuming P[V, =s0.] >0, let

6(”7 k) :P[I}m+n = f A I}m+l:m+n71 S S' A #(I}m:m+n71 € VUS) =k ’ I}m :Si],.]s (A9)
é(n:k):PU}m+n :Sb,. A I}m+1:m+n—l S #(I}m:ern—l € VUS):k | I;Ym :Sb,-]’
1”‘\’Yu(’/lak) :P[l}m+1:m+n € 'S A #( I}m:ern € VUS) =k A I}m+n € VUS ‘ I}m :Sb,-]a

Wd(n:k) :P[I}r;1+l:m+n S VS, A #(l}m:m+n S VUS) =k AN I}m-k—n S VDS | I}m :S('),.]a
and let

F(mk)=P[Vy=f AVou_1€"S' NV o1 € "UL) =K1, (A.10)

G (n,k)=P[V,=sy. AN Vou1 €"S N#V g0y €U =k,
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Wi k) =PV, €"S' N#(V o, € "UH =k NV, € UL,

We(n,k)=P[Von €S N#(V o€ U=k NV, €"D].

It is possible to formalize P[#(Vy,<€'U)=k A V,€"U] and P[#(Vo,<€'U)=k A V,€"D] in
terms of (n, k), ¢(n k), w'(n,k), wd(n k), ¢'(n,k), q(n k), Ww"(n,k), and w(n,k) in a sim-
ilar way. Therefore, to show that P[#(Vo,,e "Uy=k AV, GVU]—P[#(VOn U=k A V,e"U]
and P[#(Vo, € U)=k N V,e"D]=P[#(Vy,c"U)=k A V,€"D], is suffices to prove that: (1)
wh(n, k) =w"(nk), wi(n,k)=w'(nk), (2) 6(n,k)=0d(nk), 3) ¢(nk)=gn k), (4) w"(n k)=
W(n, k), Wi(n,k)=w(n,k), (5) ¢ (n,k)="0(nk), and (6) §'(n,k)=4q'(n,k). We will prove next
all those results. In the proofs we will use (assuming P[V,, =s0.] > 0):

vf/"(n, k) :P[l}ern :Sz,k | I}m :Sb,']’
Wd(n,k) :P[I}ern :Sz,k ‘ I}m :S&)’A],
W(n,k)=P[V, =5,

W (n k)= PV, =51,

which easily follow from the definitions of W*(n, k), w(n, k), w"(n, k), and w'?(n, k) and the state
transition diagram of J (illustrated in Fig. 2), taking into account that the up states of ¥ in V'S
(states in "Us) are the states s/, and s/ and the down states of V in 'S (states in "Dg) are the

states s¢, and s’,jik. Also, to avoid excessive discussion, we will conventionally assume that 0 by a
non-defined quantity is 0.

Proof of (1) (W"(n,k)=w"(n,k), w(n,k)=w(n,k)). The proof is by induction on n. For the base
case, n =0, we trivially have

WH4(0,0) = 1"(0,0) =0,

1 if reUs,
W40, 1) =150, 1) =
@ D=w0.D=1, if reDs,
p J 0 if reUs,
w9(0,0) =w"(0,0)= .
1 if r€Dg,

w9(0,1)=w"(0,1)=0.

Let us proceed with the induction step. First, using the definitions of Ww“(n,k) (A.6) and ¥V (21),

remembering that X' is a version ofA/\A’ with initial state 7, and using the definition of Z (2), assuming
P[Vny=15y.]1 > 0, which implies P[X,, =r] > 0:

W (1, k) = P[Xoitomsn €S N #Xopimsn € Us) =k A Xy € Us | Xy =1r]
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=P[X|, €S AN#X,, €Us)=k NX, € Us]

:P[#(Zo;,,éUS):k/\ZnGUS]:ZTC[(n,k),. (A.11)
i€eUs

Similarly, assuming P[I7m =s5,.] > 0, which implies P[)?m =r] > 0:
Wd(na k) :P[)?erl:ern € S/ A #(Xm:nH»n < US) =k A Xern S DS |Xm = I’]
=P[X, €S A#X,, €Us)=k AX, € Ds]

= P[#(Zon € Us)=k N Z, € Ds] =Y _mi(n, k). (A.12)

i€Dgs

On the other hand, considering the state trapsition diagram of ¥ and using the induction hypothesis,
(A.11), (A.12), and (4)—(6), assuming P[V,, =s;,.] > 0:

wu(n + 1,k) = P[Vm+n+l :SZ_H,]( ‘ Vi :Sb,.]
= P[Vinsn+1 :SZ_H,]{ ‘ Vinin :Sz,kfl]P[Vern :Sz,kfl | Vin :Sb,-]
5 5 d 5 d 5 :
+ P[Vinsns1 :S:+1,k | Vinen =Sy k=1 VPV min = S 41 | Vin =35,.]

= Wy W(n,k — 1)+Wnk Wk — 1)

_ ZiGUS 7'Cl‘(}’l k — I)P’ Us ~u( k— 1) + ZiEDs Tci(n’k 1)Pl Us ~d( k— 1)
ZIEU mi(n,k — 1) ZiEDs mi(n,k — 1)
=Y milnk — DPy; + > mlnk — DPiyy=Y  mlnk — )Py,
i€eUs i€Dg ieS
=Y mn+ L= mn+ LE)=w"(n+1,k),
ieUs i€Us

W1+ 1L,k) = P = Siar | Vi = 55,.]
:P[I}m+n+l :SZJrl,k | I}m+n ZSZ,k]P[VmM :Sz,k | I}m :Sb,~]
+ PV minir =81 i | Vonen = S i JPWonin = S s | Vin =5 ]
=W, “a ot (n, k) + Wy 44309 (n, k)

_ ZieUS mi(n, )PzD
ZiGUS ni(n’k)

ZiEDS i( )PzD

s ~d k
>iepg mi(n, k) )

S ~u( k) _"_
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= m(n )Py + Y milnk)Pipy =Y mi(n,k)P;ip,

icUs i€Ds ieS

=) m(n+ Lk)=>_mn+ Lk)=w(n+ 1,k).

i€Dg i€Ds

Proof of (2) (¥(n, k)— #(n,k)). Using the definitions of #(n, k) (A.5) and V' (21), remembering that
X' is a version of X with initial state » and using the definition of Z (2), assuming P[V,, =s0.] >0,
which implies P[X,,=r] > 0:

#(n,k) = P[Xpin=f AXpirmin1 €S A # Xpimon_1 € Us) =k | X, =7]
= P[X;:f/\)ellzn—l GS/ /\#(X:):n—l € US):k]

= P[Zy=f N Zon1 €S N Zo1 €Us)=k]=_m(n— L,k)P, .
ies

On the other hand, using the definition of o(n,k) (A.9), considering the state transition diagram of
V and using result (1), (A.11) and (A.12), assuming P[V,, =s0.] > 0:

0(n, k) :P[Vm+n =fA I}n+1:m+n—1 e’s'A #(I}m:m-k—nfl S VUS) =k| I}m :S{),.]
=P[Vin=f | Voin1 =S4l JPWmin—1 =414 | Ve =5..]
+ PVin = | Vonin1 =41 s IPWmsn—1 =So_ 14| Ve =5;..]
=V oW (n = 1,k) 4+ vl W (n — 1,k)

A wi(n— 1,k)P; ¢ ; mi(n— 1,k)P; ¢
_ ZIGUS ( ) v \/T/u(l’l _ l,k) 4 Z €Dg ( ) S
ZiGUS mi(n — 1,k) ZiEDS mi(n — 1,k)

=Y mn—LkPiy+ Y mn—1LEPy=> m(n—1,k)P,;.

iceUs i€Dg ieS

win — 1,k)

Proof of (3) (q(n,k)=4q(n,k)). The developments are very similar to those of the proof of result (2).
Assuming P[V,, =5,..] > 0, which implies P[X,, =r] > 0:

(j(l’l,k) = P[Xern =r /\Xm+1:m+n—1 GSI A #(Xm:ern—l S US):k |Xm :I”]
= PX,=rAX,, €S AN#X,, , €Us)=k]

= P[Zy=a N Zon1 €S AN#(Zou1 € Us)=k]=>_m(n— 1,k)Py,,
ies
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and, assuming P[V,, =s0.]>0:

G(n,k) = P[Vpin=55. A Vistmmint € 'S N#Vpimin1 € "Us) =k | V=15, ]
= P[Vsn =sp,. | Virn—1 :SZ—I,k]PU}Wﬁn*l = Sy—1. | Vi =50,.]
+ PWin =50, | Vin1 =01 i JPWin—1 = So_1 4| Vo =5.]
= @y W' (n—1,k) + Qﬁf—l,kwd(” - 1Lk)

1 i _lakP[r . n,-n—l,kP,-,
_ EIEUS s (n ) R W“(ﬂ . 1,k) + ZIGDS ( ) R \X/d(n B l,k)
2icus miln — 1K) > iens Ti(n — 1,k)

=Y mn—LEP,+ Y mn— LOP, =Y mn—1,k)P,,.

i€Us i€Dg ieS

Proof of (4) (W"(n,k)=w"(n,k), W (n,k)=w"“(nk)). The proof is by induction on n. For the

base case, n =0, we trivially have

W"(0,0)=w"(0,0)=0,
W0, 1) =w"(0,1) =0y,
W'(0,0)=%w(0,0)=opy,

W0, 1) =1"(0,1)=0.

Let us proceed with the induction step. First, using the definitions of Ww™(n,k) (A.8), ¥V (21), and

Z' (3):
W, k) = P[Xo, €S AN#(Xo € US) =k N X, € U§]
= PI(Z},, € U) =k NZ, € Ugl= > mi(n.k).
€U}
Similarly:
W(n,k) = P[Xon €S AN#(X o € UL =k N X, € D]

= P[#(Z, € U) =k N Z, € D§] =Y _mi(n.k).
ieDy

(A.13)

(A.14)

On the other hand, considering the state transition diagram of ¥ and using the induction hypothesis,

(A.13), (A.14), (13), and (14):
Wn+ Lk) = PV =5y 4]

I u > u o u
= PV :S:Hrl,k | Vn:s;,k—l]P[Vn:S;,k—l
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It 1u 5 1d > 1d
+ PVt =Sy i | Vo =Skt JPLVi = 8 51 ]
= Wi Wk — 1)+ Wil Wk — 1)

. ZiGUS’ Tfl{(l’l,k - 1)f)i,Ué Zing TC?(I’l,k - l)Pi,US’

Wk — 1) +
Yicu; M(nk —1) > iep, m(nk—1)

Wik —1)

= wl(nk — VP + Y wnk— Py =Y mlnk — 1Py

i€} i€Dy i€s’

= mn+ Lk)=w"(n+ 1,k),

€Uy
W0+ 1,k) = P[Py =51 4]
= PV, :S/nd+1,k | V=5, PV, =5
+ P[Vy41 :S/n({i-l,k |V :ka]P[I}n :ka]
= WO (k) + Wit (n, k)

- ZieU§ nﬁ(n, k)Pi,Dg
> icuy mi(n,k)

Zie[)g nﬁ(n, k)Pi,Dg
> iepy mi(n,k)

Wn, k) + W' (n, k)

= m(nk)Pip, + Y mi(nk)Pip, =Y m(n.k)Pip
i€Us €Dy i€s’

= W+ L) =w(n+1,k).

i€D}
Proof of (5) (t/(n,k)=1"(n,k)). Using the definitions of &(n,k) (A.7), ¥V (21) and Z' (3):
7'(nk) = PX,=f AXop_1 €S N#(X g1 € U§) = k]

= P[Zy=f NZj, €S NZ), | €UH=k]=Y_ m(n— Lk)P,.
€S’

On the other hand, using the definition of #'(n,k) (A.10), considering the state transition diagram
of V' and using result (4), (A.13) and (A.14):

0'(nk) = PlVy=f AVon1€"S N#V n_r €U =k]

= PVu=f Vi1 =5y fJPIVuc1 =51 4]
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5 5 d 5 d
+PV=f Vi :S;fl,k]P[Vn—l =514
= VW (n = 1k) + vy LW (n = 1,k)

Zieug 7'51,(” - lak)Pi,f ZieDg 7'51/(” - lak)Pi’f

— ~“w'(n - 1,k) +
ZiEUS’ mi(n —1,k) ZieDg mi(n — 1,k)

Wi —1,k)
= "n—LEP s+ mn—1LKP =Y mn—1,k)Pi;.
€Uy i€D} i€s’

Proof of (6) (§'(n,k)=q (n,k)). The developments are very similar to those of the proof of result
(5). We have:

(k) = PX,=r AXon_1 €S N#Xop_1 € UL)=k]

= PlZy=aNZ, €S N(Zy,  €UH=K1=> mi(n— 1,k)Py,,
ies’

and:
§'(nk) = PV, =s5. ANVou1 €"S' N#V g1 € "UL) =k]
= P[V,, =5, | Vi :Sgil,k]P[Vn—l :S;L:l,k]
+ Py =5, | Va1 =8 JPIV i =570 4]
= @y V" (n — Lk) +qn LW (n—1,k)

Zieusl nl’(n - l,k)P,-’, ZiEDg 7'C,l(n — l,k)Pi’,,

= Wn — 1,k) +
Siees = 1.6) S oy 7= 10)

Wi —1,k)

= wn—LEP,+ Y mn—1L0P, =Y m(n—1LkP, O

i€V} i€D i€s’

Proof of Proposition 4. We will start by considering the case s > 0. Let c¢ ., (k) be the probability
that VCKL has entered state b through a state s, Or a state SZ’ x after no more than & visits to
states s, ;, S, ™, n> 0. Trivially, cc g (k) < CC,K,L(k)~

Consider the DTMC W g with the state transition diagram depicted in Fig. 15, initial probability
distribution P[(W¢ k.1)o=50]1= 0, P[(Wek)o=5"0l=0s, P[(Wckr)o=fl=0y, and P[(WckL)o
=i]=0, i € {s0,50,f}, and transition probabilities chosen so that (the selections are always
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Fig. 15. State transition diagram of the DTMC Wck ;.

possible):

(1) asqq is the probability that VC, k. will make its next visit to s, . without performing any visit
to a state s, n > 0.

(2) as 1524 wigh, 1 <k <L —1 is the probability that V¢ g, will make its next visit to s,. after
u

performing exactly & visits to states s, ;, n > 0.

(3) as /24 W, is the probability that ¢k, will enter a state s or st (after performing L — 2

or L — 1 visits to states s/, n > 0).

4) Hi:ll wiqr, 1 <k < K —1 is the probability that, starting at s, _, VC, k.. Will make its next visit
to s, . after performing exactly k visits to states s, ;, n > 0.

(3) Hf:_f w; is the probability that, starting at s , Ve will enter a state su g or s9 . (after
performing K — 2 or K — 1 visits to states s;,, n > 0) without performing any further visit to
state s ..

Let cg, x..(k) be the probability that Wc  will enter b through state sg after no more than &
visits to states s',, s,, n > 0. By definition of W, and since state sx is visited just once when
Wec ko enters b through sx and, in that case, s'; is not visited, we have cp x (k) < cf g (k4 1).
Let VT/C, k.. be the DTMC obtained from W k ;, by substituting states so, 5o by instantaneous switches,
in a way similar as to how vanishing markings are eliminated in GSPNs [20]. Fig. 16 depicts
the state transition diagram of WC, k.- The important point is that the transition probabilities of WC, KL
from s; to si4; are identical to the respective transition probabilities of W g 1. Also, P[( Wc, K.L)o €
{s1,81}1 S Pl(Wekp)o = S0l +P(Wek.p)o =50l = o + o = ats. It is clear that ¢, ;- ; (k) is the prob-
ability that W, will enter state b through state sx after no more than k visits to states s,
sp, n >0, and, therefore, cf. (k) is the probability that We k. will have entered state b through
state sy by step k. Then, using Proposition 2 of [13], with the DTMC VK,L of that proposition
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Fig. 16. State transition diagram of the DTMC Wekr.

being VT/C, KL

K—1
clx (k) <Ip» k—1P[(Wekr)o € {s1,5"1 }](k — K + 1) H w;.

i=1

But, being Hf:ll w; the probability that, starting at s _, Ve will enter a state Sy Of SZ’ x Without
performing any further visit to sy, [[+| wi= S h % | S5 m(n,K). Then, using P[(Wc k1 )o €
{s1,5"1}] < a5, we have

cexr(k) < ceg (k) < gk +1) < s 1as(k — K 4 2)ac(K),

with ac(K)= Y570 S g m(n,K).
The fact that, for the case ag: =0, cex(k) < r=x—105(k — K +2)ac(K) can be proved similarly.
1

Proof of Theorem 4. Let 7;(n)=P[Z,=i], i €S and 7/(n)=P[Z,=i], i€ S’. We have

n+C—1

ac(n)= > Y m(m,n) < (C+ 1)P(n),

m=n—1 i€S

where P(n) is the probability that Z will make »n or more visits to states in Us before entering the
absorbing state a, which is trivially not greater than the probability that Z will make »n or more
visits to states in S before entering state a, which is equal to a(n)= >, ¢ mi(n). Then, we have
ac(n) < (C + )a(n). It can be proved similarly, for the case og > 0, that ai.(n) < (C + 1)d’(n),
with @'(n)=3",c¢ m(n). The states i €S are transient in Z and the states i €S’ are transient in
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Z'. Then [21, Theorem 4.3], a(n) and d'(n) decrease geometrically fast, i.e. there exist B,B’ >0,
0 < b,b' <1 and ngy,ny = 0 such that

a(n) < Bb", n = ny, (A.15)

d(n) <BbY", n=n) (A.16)

The model truncation error upper bounds used to select K and L can be upper bounded, using
K,L =2, as follows:

Ayt (AUt)K—&-ku

(o) B UI(A Z)k >
wsac(K) > (k — K +2)e" Z!:ocsac(K)kzzke TENE

k=K

X0 e (Ayty? o (Aut)
< K Avt = K) Ayt vt
asac( )kzjze K+ k—3)l asac(K)Ay kz:ze K +k—3)
e (Aut)f
= OCSaC(K)AUt Z e v T < O(Sac(K)AUZ < Ots(c + l)a(K)AUt, (A17)
k=K—1 ’
/ — —A [(AUt)k / /
ag(L)Y e o <L) <(C+Dd(L). (A.18)
k=L ’

We will show next that C = O(Ayt/e). Since we are in the case Ug # (), the exact value of C is
o0
. Atg)F e
o . —Atq ( q e
C-mln{c}l.kgﬂe T <4}.

Let Q,(t) be a Poisson process with arrival rate Aq. Then, >~ et e~ Atq)* [k! = P[Q,(1) > c].
For ¢ > 1, using

E[Qy(1)] = Aqt =P[Qy(1) < c]E[Qy(1) | Qg(1) < c] + P[Qy(1) > c]E[Qy(1) | Qy(t) > ],
E[Q,(t)]| Q4(t) < c] > 0 and E[Q,(t)| O () > c] > ¢, we obtain

Atq

Pl[Oy(t) > c] < -

Then, C is upper bounded by |x]| + 1, where x satisfies

Ag_ &
x 4
_ 4A1q
=

Since, for a given CTMC, A and Ay are constants and, in our analysis, ¢ is a constant, this shows
that x and C are O(Ayt/e).
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Consider the case ag > 0. Using (A.17), the required K is upper bounded by the minimum integer
n satisfying o5(C+1)a(n)Ayt < /8. Using (A.15), that integer is not greater than max{ny, /}, where
[ is the minimum integer satisfying og(C + 1)Bb' Ayt < ¢/8. Then, to prove that the required K is
O(log(Ayt/e)), it suffices to prove that / is O(log(Ayt/e)). But [ is not greater than |x| + 1, where
x satisfies

25(C + 1)Bb Ayt = g
Taking logarithms:

logas +1log(C + 1) + log B + xlog b + log(Ayt) = log(g) ,

_ log(84yt/e) +log(C + 1) + log s + log B
T log(1/b) '
This together with log(1/h) > 0 (because 0 < b < 1) and C=O0(Ayt/e) shows that x, [ and the
required K are O(log(Ayt/e)). Using (A.18), the required L is upper bounded by the minimum
integer n satisfying (C 4 1)d’(n) < ¢/8. Using (A.16), that integer is not greater than max{nj, !},
where [ is the minimum integer satisfying (C + 1)B'b '< ¢/8. Then, to prove that the required L is
O(log(Ayt/e)), it suffices to prove that / is O(log(Ayt/e)). But [ is not greater than |x| + 1, where
x satisfies

(C + 1B = g

Taking logarithms:

log(C + 1) + log B’ + xlog v/’ zlog(§> ,

i log(8/¢) + log(C + 1) + log B’
B log(1/0") ‘

This together with log(1/b") > 0 (because 0 < b’ < 1) and C=0O(Ayt/e) shows that x, [ and the
required L are O(log(Ayt/e)).

The proof that, for the case ag: =0, the required K is O(log(Ayt/e)) follows the proof that, for the
case ag > 0, the required K is O(log(Ayt/e)) with ¢ replaced by 2¢ (because the allocated model
truncation error is ¢/4 instead of ¢/8). O
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