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Abstract— Recent research in wireless power transfer (WPT) using resonant inductive coupling
has demonstrated very high efficiencies (above 40%) at large distances compared to the antenna
dimensions, which has exponentially increased the number of potential applications of WPT.
Since resonant inductive coupling is a very multidisciplinary field, different approaches have been
proposed to predict the behaviour of these systems from physical theory of resonators, reflected
load theory and the circuit point of view. However, the relation between these methods is
still obscure. In this article, we compare the results of these models to find the efficiency of
a Resonant Inductive Coupling WPT system under Steady-State sonditions and to analyze the
relation between the optimal load values obtained from this perspectives and the ones obtained
using impedance matching techniques.

1. INTRODUCTION

In this paper, three different Resonant Inductive Coupling Theories are revisited in terms of Power
Transfer Efficiency, namely: Coupled Mode Theory, Reflected Load Theory and Lumped Circuit
Theory (Sections 2, 3 and 4 respectively). The results are then described and compared in Section 5.
In Section 6, the optimal load values have been derived from the efficiency formulas previously
obtained and compared to optimal load values resulting from the application of Impedance Matching
Techniques.

2. COUPLED MODE THEORY

Resonant Inductive Coupling (hereafter referred to as RIC) was presented using Coupled Mode
Theory Form [1,2]. This model, which is based on the physical theory behind resonators, provides
a framework to analyze a wireless power transfer system in strong coupling regime as a first order
differential equation. Although it is an approximate method, it does predict very accurately the
steady-state response of a Resonant Inductive Coupling link.

In this case, the two coils forming a WPT system with low losses are approximated by two
resonators where their time-domain field amplitudes can be described as [3]:

a1 = —(jwi +T1)ax(t) + jKizaa(t) + Fs(t)
ay = —(jwy + Ta +T'p)as(t) + jKi2a1 ()

oft)s = Sott) £y ity e

w1 2 are the eigenfrequencies (frequencies at which the coils resonate), I' » are the rates of intrinsic
decay due to the coils losses (absorption and radiative), Fg(t) is the excitation applied to the first
coil and K9 is the coupling rate between both resonant objects:

Ri9 Vwiwokiz  jy/wiwa Mg
o= K= = (3)
’ 2L1,2 2 2\/L1L2

where w is the resonant frequency of the system (w; = we = w), and kj2 is the mutual coupling
between the coils.

In steady state, being Fis(¢) a sinusoidal function described as Fg(t) = Ase /*%, the field ampli-
tudes in first and secondary coils are a;(t) = Aje %! and as(t) = Ase . Tt can be shown that
the amplitudes A; and As verify:

(1)

where a4 is the mode amplitude:

Ay jKio

e _Jrls 4
Ay To+Tg @



690 PIERS Proceedings, Moscow, Russia, August 19-23, 2012

Vs

St |

EQUIVALENT
CIRCUIT

K122 L1 Cref —— Rref

[e]

_______________.________________‘

Figure 1: Reflected load theory schematic [3].

and therefore the power at the first coil, second coil and load is, respectively:
Py =204 Ay|% Py =2T9|As|%  Pp =20 |Asf (5)

Finally, the efficiency can be described as the ratio between the power delivered to the load Py,
and the total power delivered to the system:

SR < SR 1 Lk ©)
Pr |A1]PTy + |A2|2(Te + 1)  Ti(To+Tp)2+ (Te+ ) K3

3. REFLECTED LOAD THEORY

Reflected Load Theory has been widely used by electrical engineers to analyze transformers and
it is now also used to predict RIC behaviour in the near-field [3,4]. Reflected Load Theory states
that the amount of current that flows through the primary coil is affected by the load present in
the secondary coil. This load does not appear to the primary coil with the same actual value of
the load, but instead as a function of the load value and the mutual impedance between primary
and secondary coils.

In reflected load theory, the inductive link is described using the mutual coupling between coils

k1o = L]\141L22 and their quality factors (Q1, Q2):

wly
R’

Ry
wly,

Qs,ac - Qp,a: = (7)
where Qs and @, represent the quality factors of an element placed in series and in parallel
respectively.

At resonance frequency, the secondary coil is reflected onto the primary and the value that this

coil sees is represented by R,cs [3]:
Ry = K22t — 2,01 8
ref = Fiap = Nigw 1Q2L (8)

where k19 is the coupling between the coils and Q)of, is the loaded quality factor of the load Qof =
Q2Q1/(Q2+ QL)

Because at resonance the impedance of the two coils is purely resistive, the power provided by
the source V; is divided between Ry and R, (which also divides between Ry and Ry). This leads
to the definition of the WPT RIC efficiency in Reflected Load Theory:

R,y Q3R; _ k2,Q1Q21 Qa1
Ro+ Ryef Q3Ro+ R, 1+ k2,Q1Q21 Q1

9)
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Figure 2: Lumped circuit theory schematic. Figure 3: Lumped circuit theory — block diagram.
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4. LUMPED CIRCUIT THEORY

The resonant inductive coupling between two electromagnetic resonators can also be described by
Lumped circuit theory using a coupled RLC representation system. In this circuit, the capacitances
and inductances model the resonant nature of the loops while the resistors model the radiative and
ohmic losses.

In Resonant Inductive Coupling, the effect of the first coil to the second (mutual inductance)
can be represented by a compensation source Zsjs on the coil. Similarly, the effect of the second
coil to the first one (back EMF) can be represented also by a compensation source Zy.

Dot = wM12Vaa _ meVad : (10)
21 R+ jwli + ¢
The power at the first coil, second coil and load is:
V2
p, = —ad
L4 2 2
Zam wM12Vaa )
Po=13Zy= ") Zo=——">"%_) Z 11
LT <ZQ+ZL>22 <Zl(z2+ZL) - 1)
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where Mjs is the mutual inductance between coils.
Defining the efficiency as the ratio between the power dissipated in the load (Pr) and the total

power (P + P> + Pp):
(leg)QZL

Z1\(Za + Z1)? + (wM12)%(Z2 + Z1)

The Lumped Circuit system can also be analyzed expressing each subsystem’s power transfer func-
tions as gains. Figure 3 shows the interrelations between them.
Using this model, the current that flows at first and second coils can be written as:

I = (Vag + 12Gp)G1; Iz = (11G,Ga) (13)

NRLC = (12)

where G, is the transfer function from intensity in coil 1 to voltage in coil 2 (G, = wMi2), G is
the transfer function from Voltage to current in first coil and G5 is the equivalent at second coil:

S s
; Go=
82L1 +sRy + 1/01 2 82L2 + S(R2 + RL) + 1/C2
where s is the complex frequency s = jw.

The efficiency of the system can be found by dividing the power transferred to the load by the
total power available (power on the source coil plus power dissipated on Re and Ry).

2Ry, B RLG?,
I%Rl + Izz(RQ + Rp) a Ri(Ry + RL)2 + G%,L(Rz + Rp)

Finally, knowing that the gain functions G1,G9 are the inverse of the impedances in coils 1 and 2:
G =1/7Z1, Gy = 1/Z,, the efficiency can be found equivalent to the one obtained in Equation (12):

_ (wM2)?Z], - Grz, (16)
NRLC = Z\(Zy + Z1)? 4+ (wM12)2(Zy + Z1) - ﬁG%"’ngé = TRLC,2

Gy =
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NRLC,2 = (15)
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5. COMPARISON

The Power Transfer Efficiency of Coupled Mode Theory (6) can be found equivalent to the efficiency
of Reflected Load Theory (9) using the relationships:

wkis wl; w R, w
12 2 ) Qs,x Rx 21—\8@ ) Qp,a: wLm 2Fp,x ( )
'K 122 k‘%2
noMT = = = NRLT 18
Di(Te+Tr)2+ (Te+TL)KZ, Qo <Q2+QL)2 4 k2, QtQu (18)
1 Q:QL 12 Q.

Similarly, it can be demonstrated that the efficiencies obtained using Lumped Circuit Theory
are also equivalent to the ones obtained by CMT and RLT:

NRLC = (wh2)°Z, = Ky 2L =nrer  (19)
Z\(Zo+ Z1)* 4+ (wMi2)2(Z2 + Z1)  wiy (Q:4Qu )2 9 T Qa4Qr
=)+ wk12L2

Q1 \ Q0L Q2Q1L
6. OPTIMAL LOAD

Once the efficiencies of the different theoretical models have been found, it is interesting to analyze
the optimal values of load that maximize them.

To find the optimal load in Coupled Mode Theory, we can differentiate the efficiency expres-
sion (6) with respect to I'z, obtaining:

r
Pl =\ T3 + 5 K (20)

Similarly, we can set the derivative of (9) with respect to Qr, to 0:

Q1 _ L
T+ R Q1Qa

Using the relationships defined in (7), it can be demonstrated that resistor needed to match
the optimal load @ factor to maximize the efficiency is the same as the one obtained using CMT

(21)

theory [3].
A4K2, w w K2 Ty
r =Ta4/1 12— — —T2+—32 =T 22
L,RLT 2\/ + W2 20 2T \/ 5+ T, LCMT (22)
We could also differentiate the efficiency obtained using Lumped Circuit Theory (16)

R
RL,RLC = R% + szRfQ (23)

1

and using the Equation (17) it can be demonstrated that the equivalent optimal load found in CMT
and RLT is equal to the load found in (23):

RQ )2 ka%2 R2L1

Ry
2 = R} + w2k, Ly Ly 2 = 24
oL \/R2 + w2ki, Ly le Rp rrC (24)

Rrcvr = R rir = 2L2\/( I Rily

To compare the load values obtained from optimizing the efficiency function to the ones from
applying impedance matching techniques, we must first find the output impedance seen by the
load. From the circuit model:

j wMy5)?
Zout = jwlay — —— + Ry + . ( 1.2)
wCo ijl — %Cl + Ry

(25)

To maximize the efficiency using impedance matching techniques, it can be seen that the system
must be totally matched, this is, the load should be conjugately matched to the output resistance:
Zout = Zz

. | I
ZL.RLC = (chz - JWL2> + \/R§ + (WM12)2R*j (26)
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In resonance, Zj;, = Zy,* becomes purely real:

R
Ry = \/Rg + WMH)Q}T? = Rrcvur = Rr,rir = R RiC (27)

Therefore, we have demonstrated that using impedance matching techniques (conjugately matching
the load to the output resistance) leads to the same optimal values than the ones obtained by setting
the derivative of the efficiencies obtained using Coupled Mode Theory, Reflected Load Theory and
Lumped Circuit Theory with respect to the load equal to zero.

7. CONCLUSIONS

We have successfully demonstrated that Coupled Mode Theory, Reflected Load Theory and Lumped
Circuit theory are equivalent when calculating the Power Transfer Efficiency of a Resonant Induc-
tive Coupled link in Steady-State. Also, the optimal values of load have been found for each theory,
showing complete accordance. Finally, it has been demonstrated that applying impedance match-
ing techniques (this is, conjugately matching the load to the output resistance of the system) is
equivalent to optimizing the PTE efficiency by setting its derivative with respect to the load equal
to zero.
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