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Abstract

In this paper we present a methodology for the automaticrgéna of quasi—periodic libration point trajectories
(Lissajous and quasi—halo) of the Spatial, Circular Retstd Three—Body Problem. This methodology is based
on the computation of a mesh of orbits which, using interfiafastrategies, gives an accurate quantitative repre-
sentation of the full set of libration point orbits. This repentation, when combined with the one obtained using
Poincaré maps, provides a useful tool for the design ofionisgo libration points fulfilling specific requirements.
The same methodology applies to stable and unstable masiésl well. This paper extends and improves results

presented in [10].

| INTRODUCTION

Libration point orbits (LPO) have unique character-
istics suitable for different kinds of spacecraft mis-
sions. Among their most relevant characteristics, one
can mention:

(&) In the Earth—Sun system, they are easy and in-
expensive to reach from Earth [4].

(b) Inthe Earth—Sun system, they provide good ob-
servation sites, mainly solar observatoried at
and astronomy observatories Bt. Near Lo
more than half of the entire celestial sphere is
available at all times.

(c) Since the libration orbits around ttig and L
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(d)

(e)

points of the Sun—Earth system always remain
close to the Earth, at a distance of roughly 1.5
million km, and have a near-constant geometry
as seen from the Earth, the communications sys-
tem is simple.

The Ly environment of the Sun—Earth system
is highly favourable for non-cryogenic missions
requiring great thermal stability, suitable for
highly precise visible light telescopes.

The libration orbits around the, point of the
Earth—-Moon system can be used to establish
a permanent communications link between the
Earth and the hidden part of the Moon, as was
suggested by A.C. Clark in 1950 [3].
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(f) LPO can provide ballistic planetary captures,
such as for the one used by the Hiten spacecraft

[8].

(g) Heteroclinic connections between LPO provide
Earth transfer and return trajectories, such as the
one used for the Genesis mission [9] or by the
Artemis-P1 spacecraft.

(h) LPO provide interplanetary transport which can
be exploited in the Jovian and Saturn systems to
design a low energy cost mission to tour several
of their moons (Petit Grand Tour mission) [5].

(i) Formation flight, with a rigid shape, is possible
using LPO [1].

The unstable character of LPO provides them with
stable and unstable manifolds, that enable transfers
from the small primary (as in (a) above), heteroclinic
transfers (asin (g)) or transfers inside the same family
[4].

Within the last twenty years new analytical tools
have been developed that provide approximations for
many different solutions around the libration points
in a number of dynamical models, and that include
various types of periodic and quasi-periodic motions
in their vicinity. The structure of the phase space
in the vicinity of the collinear points has been stud-
ied and the fundamental motions determined, includ-
ing the periodic halo orbits, as well as Lissajous tra-
jectories and quasi-halos. The capability to numer-
ically and analytically produce these types of mo-
tion, for different dynamical models, in a fast and
efficient way is an ongoing development. The local
behaviour near these orbits is also of critical impor-
tance in any effort to develop general methodologies
for mission analysis and has been the focus of several
studies. These studies have been directly responsible
for the application of invariant manifolds to ultimate
produce viable nominal and transfer trajectories for
several missions.

Unique to upcoming missions are the designs of con-
strained transfer trajectories and mission orbits. They
are designed to meet orbit goals for small Lissajous
orbits, to minimise fuel and operational requirements
and to provide formation or constellation options.
Traditionally, libration orbit design has been anal-
ysed with a baseline trajectory concept set in place
by project requirements or analytical boundary meth-
ods. That is, a trajectory had been base-lined so that
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science requirements are met. Future mission design
requires a more generalised approach as operational
considerations require the launch window, gravity as-
sist, transfer trajectories, final orbits and the num-
ber of spacecraft to be as flexible as possible to opti-
mise science return while minimising operational and
launch requirements.

As a consequence, and in order to satisfy the in-
creasingly demanding requirements of libration point
missions, it is desirable to have parametric descrip-
tions of the trajectories around the libration points,
together with their associated invariant manifolds, as
global as possible. Moreover, trajectories for specific
values of the parameters should be retrieved in a fast
and simple way. We think that this will make eas-
ier and faster the choice of the suitable nominal and
transfer trajectories for the mission designer. The de-
velopment of methodology to fulfil these objectives
is the main goal of the present paper.

The linear character of the flow around the collinear
libration points of the Restricted Three Body Prob-
lem is centrex centrex saddle, so they have a 4—
dimensional centre manifold in which lie all the nom-
inal trajectories interesting for libration point mis-
sions. This centre manifold has 5—-dimensional stable
and unstable manifolds, made by the stable and un-
stable manifolds of its individual trajectories, which
fill large neighbourhoods of the libration points in 6—
dimensional space.

From these considerations follows that, when deal-
ing with libration point orbits, we have to face with
objects inside a high dimensional space, very diffi-
cult to be represented, wherein a four dimensional
set of libration point orbits act as saddle points. To
overcome the technical difficulties due to these facts,
several mathematical tools have been developed up to
present, and are essentially based in normal forms or
in Lindstedt-Poincaré procedures. They pretend, in
some way, to decrease the number of degrees of free-
dom as well as to decouple the hyperbolic parts from
the elliptical ones, in order to simplify and study the
problem from a mathematical point of view. They
are one of the bases for the construction of new de-
vices that permit mission analysis in a systematic
way, avoiding trial and error strategies as much as
possible.

Both methodologies, normal form and Lindstedt-
Poincaré procedures, provide full descriptions of the
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orbits in selected energy levels. Nevertheless, the
have several weak points. For instance, the energy
level must be close to the one of the libration point,

some of the variables used for the description of the
flow do not have any physical meaning, the evalua-

tion of the expansions can be time consuming, the g
change of variables from the usual position and ve-||
locity to amplitudes and phases must be implementeq |

through iterative numerical procedures, etc.

methodologies can be overcome by using numerical
techniques for the computation of the families of pe-
riodic orbits and invariant tori of the centre manifold,
as well as their invariant manifolds. The methodol-
ogy for the computation of periodic orbits and their
invariant manifolds is a classical one in simulation
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their invariant manifolds is more recent and allows to
obtain new families of invariant tori, apart from the
well-known Lissajous orbits and quasi—halo orbits.
Numerical techniques have a drawback on its own,
which is that they produce individual trajectories but
not parametrisations of families of trajectories.

The combination of the best properties of each
methodology, with an effective implementation of the
numerical procedures, is the basis for obtaining very
efficient gadgets for mission design in the Solar Sys-
tem using libration points. A snapshot of a proto-
type of such a gadget, developed by our group in
Barcelona, is shown in Fig. 1. This gadget is now
based exclusively on a Poincaré map representation
(Section II.1I) and allows to chose trajectories and
manifolds of a single energy level. The use of an
energy—rotation number representation (Section Il.1)
would allow to browse trajectories of several ener-
gies.

The goal of this paper is to show how to get in a fast
and easy way the full set of orbits in a large energy
range, together with their invariant stable and unsta-
ble manifolds, using an interpolation procedure over
a sufficiently fine mesh of orbits. After this introduc-
tion, Section Il introduces the necessary representa-
tions of libration point trajectories in order to give
in Section Il the details of the computation of the
meshes, interpolation and some characteristics of the
families of trajectories described. Finally, Section IV
provides an overview of the numerical methodology
used in all the computations presented.
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Fig. 1: Snapshot of a prototype of a possible gadget for the
design of libration point trajectories.

With respect to reference [10], we have added the
quasi—halo family and improved the interpolation
procedure using finite elements.

I REPRESENTATIONOF LIBRATION POINT
ORBITS

The reference model that will be used is the circu-
lar restricted three body problem (CRTBP). As it is
well known [11], this problem studies the behaviour
of a particle with infinitesimal mass moving under
the gravitational attraction of two primaries revolv-
ing around their centre of masses in circular orbits.

Using a suitable reference system and a dimension-
less set of units, the equations of motion can be writ-
ten as

.o (1—p) p
i-2 = o- ) - L1,
1 T
1
1 T2
1
PR 3#) B
1 T3

wherey = ma/(m1+ms), beingmy, mo the masses
of the primaries withn; > mo > 0, andr; = [(x —
P2y 4220 s = (@ 1= p)? +y? + 27
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are the distances from the infinitesimal mass particle
to the two primaries.

By introducing momenta gs, =& —y, py, =y +
andp. = Z, the equations of the CRTBP can be writ-
ten in hamiltonian form with Hamiltonian function

L—p
T1

1
7‘2.

1
H = 5(p; + P, + %) = 2py + yps =

The Hamiltonian is related to the well known Jacobi
first integral through

C=—-2H+ u(1 —p).

The above CRTBP equations have five equilibrium
points, the so called libration points. Three of them,
the collinear libration points, are in the line joining
the primaries and they are usually denoted.asL»

and Ls. The other two are the triangular ones, and
are in the plane of motion of the primaries forming
an equilateral triangle with them. iz, (i = 1,2, 3)
denotes the abscissa of the three collinear points, we
will assume that

Tr, <p—1<zp, <p<zr,,

and we will focus our attention ifi;.

The motion in the vicinity of the collinear equilib-
rium points can be seen as the composition of two
oscillators and some “hyperbolic” behaviour. This
means that the oscillations are not stable and that very
small deviations will be amplified as time increases.
One of the oscillations takes place in the plane of mo-
tion of the primaries and the other orthogonal to this
plane. These two periodic motions are known as the
planar and vertical Lyapunov periodic orbits. The fre-
guencies of the oscillations vary with the amplitudes
(since the problem is not linear), and for a suitable
amplitude both frequencies become equal. At this
point the well known halo—type periodic orbits ap-
pear. When the frequencies of the two oscillations
(vertical and planar) are not commensurable, the mo-
tion is not periodic and it reminds a Lissajous orbit.
Then we say that we have a quasi-periodic orbit. This
kind of motion can be found both around the vertical
periodic orbit and around the halo orbits.

A more synthetic way of displaying all this zoo of
orbits consists in representing only their intersection
with the z = 0 plane. This is what is usually called

IAC-12, C1, 6, 9, x14982

a Poincaré map representation. A planar orbit will
appear as a closed curve on the plane and a quasi-
periodic orbit as a set of points lying, more or less,
on a smooth closed curve. Fig. 2 shows one of these
representations. Near the centre of the figure one can
see a fixed point. It corresponds to a vertical periodic
orbit that crosses the = 0 plane just at this point.

It (and so, the corresponding orbit) is surrounded by
guasi-periodic motions that take place on invariant
tori. The external curve of the figure is the planar
Lyapunov orbit (corresponding to a given value of the
Jacobi constant). The two other fixed points are asso-
ciated to the two halo orbits, which are symmetrical
to one another with respect to= 0. They are, in
turn, surrounded by invariant 2D tori. Between the
2D tori around the vertical orbit and the ones around
the halo orbit there is the trace of the stable and un-
stable manifolds of the planar Lyapunov orbit, which
acts as a separatrix between two different kinds of
motion: the ones around the vertical periodic orbits
and the ones around the halo orbits.

CHAOTIC
REGION

HORIZONTAL

LYAPUNOV Orbit NORTHERN

QUASIHALO
Orbits

SOUTHER Orbits

NORTHERN
HALO Orbit

VERTICAL
LYAPUNOV Orbit

LISSAJOUS
Orbits

Fig. 2: Poincaré map representation of the orbits near
the libration point i for the value of the Jacobi constant
3.00078515837634. The CRTBP mass parameter corre-
sponds to the EarthMoon-Sun system. The coordinates
in this representation are not physical, but corresponieo t
normal form reduction mentioned in the text.

Due to the unstable behaviour of the collinear libra-
tion points, this Poincaré map representation cannot
be obtained by direct numerical integration of the
CRTBP equations of motion. Fig. 2 was obtained af-
ter performing a normal form reduction of the Hamil-
tonian of the CRTBP and removing from the re-
duced Hamiltonian its unstable terms. Of course, this
2-dimensional figure corresponds to a fixed energy
level (fixed value of the Jacobi constant or, equiva-
lently, of the Hamiltonian). To get a global represen-
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tation of the 4-dimensional central manifold around
the libration point (recall that for the representation
we have fixed the value of thecoordinate equal to
zero, which reduces in one unit the total dimension)
we need to vary the value of the energy and for each
energy level get the associated Poincaré map repre-
sentation of the flow. This 3-dimensional picture can
also be obtained by a more direct method. For this
purpose we must compute the periodic orbits and in-
variant 2D tori of the centre manifolds of the libra-
tion points, using either Lindstedt-Poincaré or purely
numerical procedures, and once they have been de-
termined, represent their intersections with the 0
section for each energy level. To avoid the conver-
gence problems of the Lindstedt-Poincaré method,

we have selected the numerical procedures described

in Section IV.

Il.I Energy—rotation number representation of

libration pointorbits

The families of periodic orbits usually considered in
the libration point regime (planar Lyapunov, vertical
Lyapunov, halo) have normal behaviour with an el-
liptic component, that gives rise to families of 2D in-
variant tori surrounding them. The normal behaviour
around a periodic orbit is determined by the eigen-
values of its monodromy matrix. Namely, consider
xo € RS an initial condition of a p.o. with period
T,, and denote by, the time+ flow of the CRTBP
equations (Eg. 1). Since these equations are Hamilto-
nian, the monodromy matrix of the p.d¢r, (x0),

is symplectic. Its eigenvalues, denotedSaec, are
structured as

Spec Dopr, (xo) = {1,1, A1, 1/A1, A2, 1/ A2}
A pair of inverse eigenvalues, )\i_l is said to be of:
e hyperbolictype, ifA; € R, \; # +1,
e elliptic type, if \; = ¢™ for v € (0, 7),
e complex saddle, if; ¢ R.

In the elliptic case, if we denote hy, +iv, an eigen-
vector of Dgr, () of eigenvalue™ and define

@(&) = o +v(v1 cos€ + vasing),
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for v > 0, the propagation of the curve
{®(€) }ecjo,2+) through the linear flow gives an in-
variant torus around the p.o. withtation numbetw,
meaning that the phageadvances radians in every
revolution around the p.o. (see Fig. 3). This is due to
the equality

¢, (@) =B +v) + 0(),

that is obtained by a short calculation involving a
first-order Taylor expansion apr, aroundz, and
the use of the eigenvector—eigenvalue condition.

£

Fig. 3: Qualitative representation of the rotation nummer

For~ small,(&) will be an approximation of an in-
variant curve of the full non-linear flow (this is, the
flow of the CRTBP equations of Eqg. 1). The meth-
ods sketched in Section V.l and fully developed in
[6] allow to turn it into a parametrisatiog(£) of a
true invariant curve of the non-linear flow (up to a
prescribed tolerance), satisfying the equation

o1 (p(€)) = p(E+p).

Close to the periodic orbiff’ ~ T}, andp ~ v. As

the invariant curve moves away from the p.o., both
T and p vary. This makes the rotation numbger

a convenient parameter to identify a torus, together
with its energy, that can be computed for instance as
h = H(4(0)).

The previous considerations give rise to #rergy—
rotation numberrepresentation of families of invari-
ant tori around a family of periodic orbits with elliptic
normal behaviour. An example of such a represen-
tation is given in Fig. 4 for the quasi—halo trajecto-
ries around thd.; point corresponding to the Earth—
Moon mass parameter. In this figure, the points in
the red curve represent the halo family of p.o., with
h = H(x,) andp = v beinge™ an eigenvalue of the
monodromy matrix. Each point in the region delim-
ited by the previous curve, the horizontal axis and the
green curve corresponds to an invariant torus. The
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green curve enclosing the region is not a dynamical e The upper piece (from vertex 2 to 3) is related

boundary but computational one, and corresponds to to the vertical Lyapunov family of periodic or-
the highest energies reached by continuation of in- bits in the same way the red curve of Fig. 4 is
variant tori starting from the halo periodic orbits. related to the halo family.

Actually, for the interpolation strategy described in )
section Ill, we have computed a grid of 73939 invari- e The lower-left curves (from vertex 1 to 2) is re-
ant tori, with a regular spacing 60005 for energy lated to the planar Lyapunov family of periodic
and0.0025 for rotation number. orbits. The orbits of this family represented in

the curve are only those with an elliptic normal
component, which are the only ones surrounded
by tori. They are the “first” orbits of the family

, generated from the libration point. Each point
(h, p) of this curve is related to the correspond-
ing orbit in the planar family through the rela-

3+

25 |

2k

S 15

] tions
1r i
27)2
h=H(x = ( —2m

05 | i ( 0)7 P o0 — )

0 e . . . .,

e assuming thateg is an initial condition of the
-1.59 -158 -157 -156 -155 -1.54 -153 -152 -151 -15 s . B
energy p.o. ande* is an eigenvalue of its monodromy

matrix. This difference with respect to points in
the « curve is due to the fact that an invariant
curve computed starting from a vertical p.o. ap-
proaches the planar family not as an invariant
curve around a planar p.o. but as a planar p.o. it-
self. Full details can be found in [6].

Fig. 4: Energy—rotation number representation of the
quasi—halo family of invariant tori corresponding of the
point of the Earth—Moon mass parameter of the CRTBP.

0.6

sl « | e The bottom boundary (from vertex 3 to 1) that
corresponds t@ = 0, begins at the value of the
energy where the halo families are born. Itis re-
lated to a separatrix between the tori around the

04

03

rot. number

02l , \\ 1 vertical Lyapunov families and the halo ones.
ot 1’ “‘37 Il.Il Relationwith the Poincarénaprepresentation
Y
-0.1 . . . . .
L AsT o Ase s s e Next, we can see how this synthetic representation of

the 2-parameter family of Lissajous orbits is related
to their Poincaré map representation at different en-
ergy levels. This is shown in Fig. 6. If in the, p)
diagrams we fix a value of the energy and get a ver-
tical segment connecting the curve with thea or

~ curve (depending on the value bj. For values

of h lower than the one associated to the bifurcation
of the halo families of periodic orbits (for instance,
h = —1.59), the vertical segment connectisand

«, which are associated, respectively, to the vertical
and planar Lyapunov families of periodic orbits. This
means that there is a 1-parameter family of Lissajous
orbits (tori) connecting these two periodic orbits. The
1The true extent of this family of tori is an open question intersection of these Lissajous orbits with the= 0

Fig. 5: Synthetic representation of the 2-parametric famil
of Lissajous orbits around thie, point, using as parameters
the value of the Hamiltoniah and the rotation number.

Fig. 5 displays the energy-rotation number represen-
tation of the two-parametric family of tori born from
the vertical and planar Lyapunov families of peri-
odic orbits (Lissajous orbits). Unlike in the previous
case, the boundary of the region in ttte p) covered

by the computed tori is dynamical, and encloses the
whole family. This boundary is made by three differ-
ent curves:
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plane is displayed in the Poincaré map representation
as a set of “concentric circles” with centre at the fixed
point associated to the vertical periodic orbit and hav-
ing as outer boundary the planar Lyapunov orbit. For
any other value ok the vertical segment in th, p)

goes from thes curve, associated to the vertical Lya-
punov family, to they curve, for whichp = 0. As it

has been said, this last curve represents the separatrix
between the tori around the vertical Lyapunov fami-
lies and the halo ones, so now the 1-parameter family
of Lissajous orbits will start also close to the verti-
cal Lyapunov periodic orbit and will have a natural
termination when it reaches the separatrix. The inter-
section of these Lissajous orbits with= 0 are the
closed magenta curves around the central fixed point
in the Poincaré map representation. The red curves of
the Poincaré map representation are traces of quasi-
halo trajectories, that would give vertical lines in the
h—p region of Fig. 4 corresponding to the energy lev-
els shown in Fig.6.

Il FAST COMPUTATION OF LISSAJOUSAND

QUASI-HALO TRAJECTORIES

The numerical methods outlined in section IV allow
to compute individual trajectories. By applying con-
tinuation methods, one—parametric families of tori
can be followed. For the case of tori around Lya-
punov periodic orbits, any value @f, p in the dia-
grams previously shown can be reached by continu-
ation, but this can be a rather time—consuming pro-
cess. A fast way to obtain trajectories for ahyp

is to interpolate between previously computed ones,
provided they are part of a mesh fine enough for the
interpolation to be accurate. This section is devoted
to the presentation of results related to the implemen-
tation of this strategy.

A grid of invariant tori covering the X, p) region

of Lissajous orbits around,; for the Earth—Moon
mass ratio (see Fig. 5) has been computed by nu-
merical continuation with respect tb of several
one—parametric families of tori with constant rotation
number, starting from Lyapunov vertical and planar
periodic orbits with energy smaller than the maxi-
mum of the curves in Fig. 5. A total of220 fam-

ilies have been continued, corresponding to an ap-
proximately uniformt spacing ofp of 0.0025 units.

2The rotation numbers have been “Diophantised” in order to be
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Fig. 6: Two synthetic representations of the 2-parametric
family of Lissajous orbits around thé; point. In each

(h, p) representation, the vertical (blue) line represents the
family of Lissajous orbits around the vertical periodicibrb
with a fixed value of the energy. In the Poincaré map repre-
sentation, which is displayed below, these Lissajous ®rbit
are represented by their intersection with= 0 and are

the closed curves in the centre of each plot coloured in ma-
genta, around the central fixed point associated to the ver-
tical periodic orbits. The red curves of the Poincaré maps
are not related to thk—p diagrams of the first column, but
correspond to the quasi—halo family represented in Fig. 4.

During the continuation of each family, Fourier se-
ries of tori have been stored for equally spaced val-
ues ofh, with a spacing 0f).0005 units. The num-
ber of harmonicsV; has been increased as needed
in order to obtain the error estimate of Eq. 6 smaller
that10~1° (3.85 x 10~° km). The continuations have
been stopped when th€; has reached a maximum
allowed value ofl00 harmonics. The spacing i
and p used has been empirically determined in or-
der to obtain an interpolation error of abdt1° in
most of the(h, p) region (see below). The computed
grid of tori consists of a total a#5433 Fourier series

of invariant curves, each one also with the error esti-
mate of Eq. 6 smaller thard—'°. The corresponding
grids of invariant stable and unstable manifolds have
been computed by solving the eigenvalue problem of
Eq. 9 for each of the parametrisatiop®f the grid of

far from low—order resonances. See [6] for more details.
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invariant tori.

In order to estimate the interpolation error on the re-
gion covered by the computed grids of tori and mani-
folds, the error estimates of Egs. 6,10 have been eval-
uated on the Fourier series obtained by interpolation
at the midpoints of the grids. The results are show in
Figs. 7,8.

0.01
0.001
0.0001
b 1e-05
1e-06
1e-07
1 1e-08
1e-09
1le-10
le-11

0.6 T T T T T
0.5 |

04

0.2

0.1

-1.6 -1.58 -1.56 -1.54

h

-1.52 -1.5

Fig. 7: Interpolation error on the midpoints of the grid of
tori. Top: value of the estimate of Eq. 6. Bottom: inter-
polated tori with error estimate smaller thad® (green),
and larger than this value (red).

Fig. 7 shows that, in the case of tori, interpolation
error ranges betweelr) ~ 1% and10~2 for most of the
region. It increases in three different zones:

(a) Near the planar and vertical Lyapunov families
of periodic orbits, this is, near theand( curves
of Fig. 5.

(b) In some horizontal strips, which correspond to

resonances between the planar and vertical fre-
guencies of the computed tori. From top to

bottom, they correspond to the valugs =

27/13,2m /15,27 /17, . ..

(c) Near the bottom of the region, this is, the
curve of Fig. 5, which corresponds to the sep-
aratrix between quasi—periodic motions around

Lyapunov vertical and halo periodic orbits.
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In the (c) case it is natural to expect an increasing
interpolation error, since it corresponds to the stop-
ping of the continuation process during the computa-
tion of the grid, either by computational limit (reach-
ing the maximum allowed value d¥) or by break-
down of tori close to the separatrix. For the (a)
case, a refinement of the grid (recall that it is regu-
larly spaced i, p) is necessary in order to decrease
the interpolation error. This can be done using finite
elements, as discussed in Section Ill.I below. The
reason for case (b) is dynamical. In solving Eq. 5
by continuation from lower energies, we are assum-
ing that the Poincaré sections of the computed tori
are closed curves like in the right column of Fig. 6,
whereas the Poincaré sections of tori close to reso-
nances are island chains. As an example, the the 1:17
resonance, corresponding to the= 27/17 strip in

the top plot of Fig. 7, can be observed in Fig. 2 as an
island chain. If high accuracy is needed, these reso-
nant orbits should be computed as different families,
as has been done in [6] for the quasi—halo case.

10
! :
1 0.1

0.6 T T T T T

05

ol 1F o001
L4 0.001
a 03} 4k 0.0001
L4 1e-05
02 e | 1B 1e-06
o1l h L |Fq 1e-07
0 |F 1e-08
0 L P
16 - 15
h
0.6 T T T T T 10
, I .
05 | 1H o4
oal 1F o001
L4 0.001
a 03} 4k 0.0001
L4 1e-05
02 - 1e0s
o1 | h 1FH 1e-07
4 |F 1e-08
1L 1e09

Fig. 8: Relative interpolation error on the midpoints of the
grid of unstable (left) and stable (right) manifolds.

Fig. 8 shows the results corresponding to the eval-
uation of a relative error version of the estimate of

3This is a common phenomenon in Hamiltonian systems and is
predicted by KAM theory.
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Eq. 10, fourth degree (two—dimensional) interpolation using
the formulae above from the red square dots has an
max | Do (0(§ = p)v(§ —p) — Mv(9)], error estimate undein—19.
geT! [Av(E) ]2 ’
on the midpoints of the grids of unstable and stable 0.048 T
manifolds. Itis seen that the error has the same qual- 0.0475

itative behaviour as the error for tori shown in Fig. 7. 0047

0.0465

lll.I Improving the interpolation using finite 0.046
elements 0.0455

—F  E

0.045

An adaptive grid interpolation strategy can be de- 0.04ds
Signed with the use of finite elements (FE) This al- 15878 -15876 -15874 -15872 -1.587
lows to benefit from all the literature on the applica-

tion of FE to the solution of partial differential equa- 00478 X T
tions, see e.g. [2]. Given a triangle with vertices 0.047

ai,az,asz in (h,p) coordinates, closed-form formu- &\ C

lae exist that allow the interpolation of a function 0.0465

f(h,p) (a Fourier coefficient of an invariant curve, 0.046 \ ' ::

in our case) by a polynomial of degreen two vari- \( .
ables (., p), computed from the values gfin points 0.0455 .

b, ns,ns regularly spaced in barycentric coordinates. 0,045 \\_
This means that the points are of the form -1.58768 -1.58764 -1.5876

niai + noao + nsas
n Fig. 9: Example of refinement of the uniform grid of Fig. 7
using finite elements.

bnl-,n27'n3 -

with 0 < ny,no,n3 <n, ni+ns +nz =mn. One
of such formulae is [2]

p(A1a1 + Aeas + Azaz)
= Z f(bn1=n27n3)wn1=n27n3a

0<n1,n2,n3<n
ni+nz+nz=n

lIl.II Metricsof thetrajectories

In order to have an idea of the size of the orbits con-

With A1, Az, A3 2 0, Ar+ A2 + A3 =1, being sidered, Fig. 10 displays the behaviour of the size (in

Hs Hnj—1(n>\_ k) km) of the Lissajous invariant tori in terms @f, p.
- Only the midpoints of the grid of tori with interpo-
' [T ny! lation error smaller tham0~° (see Fig. 7 right) have

been considered. For each torus, the maximum dif-
Fig. 9 shows an example of grid refinement using this  ference between the y, andz coordinates has been
strategy. The red crosses are nodes from the uniform computed, by taking 28 equally spaced values ¢f
grid of Fig. 7, in an(h, p) areawhere the interpolation ~ andn in Eqg. 7. It can be observed that, for constant
error is of the order ofl0~%. The magenta square  p and increasing energies, theandy amplitudes are
dots are nodes ifh, p) equally spaced on a triangle,  non—monotonous, due to the fact that the correspond-
with vertices on the family of planar Lyapunov p.o.,  ing one—parametric sub-families end at vertical Lya-
for which the corresponding tori have been computed punov periodic orbits (thg curve in Fig. 5), which
with error estimate undei0—'°. The red square dots have no planar amplitude. On the other hand, he
are a further refinement of this triangle. A torus for amplitude is always increasing with energy for con-
any value of(h, p) in this last triangle recovered by  stantp.
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x size (km)

160000 —
140000 ——
120000 ——
~| 100000

75000

50000 ——
25000 —
10000 —

175000
170000
150000
—| 125000
100000
75000
50000
25000
- 10000
1000

Fig. 10: Diagramsi—p displaying as level curves the size
in the z, y and z coordinates the 2D tori of the Lissajous
family around L, (for the Earth—-Moon mass ratio). The
units for size arém.

IAC-12, C1, 6, 9, x14982

IV Numericalmethodology

IV.I Numericalcomputatiorof invarianttori

Numerical methods have been widely used in the past
to compute fixed points and periodic orbits. The com-
putation of invariant tori is not so extended. The pro-
cedure that has been used is based in the computa-
tion of the Fourier series of an invariant curve on the
torus [6]. This strategy is combined with a multiple
shooting procedure in order to deal with the unstable
behaviour of the flow.

Consider a2-dimensional invariant torus of the
CRTBP with frequenciesv = (wi,ws) € R2

If ¢; denotes the flow associated to the CRTBP, a
parametrisatiow : T? = [0, 27]?> — RS of the torus
satisfies the following invariant relation:

Etwit \ _ ¢
(5120)-(6(5)).
for 0 = (¢&,n) € T? andt € R.

Let us denote byf; the period corresponding to the
w; frequency, that i9; = 27 /w;. In order to reduce
dimensions, instead of considering a parametrisation
of the whole torus, we can consider the parametrisa-
tion of a curve in the torus which is invariant under
¢T,. Such a curve is given by = o}, since from

Eq. 2 we have

()= (v(0)

forall ¢ € T If ¢ : T — R™ is the parametrisation
of this curve, then we require

50(5 + wlTQ) = ¢T2 (90(5))7 (3)

forall ¢ € T!, wherep = wiTy = 27wy /wo is the

so calledrotation numbeof the curve we are looking
for. The rotation numbep enables us to uniquely
identify a torus at a given energy level, as it has been
previously discussed.

It is convenient to assume faor a truncated Fourier
series representation

Ny

p(€) = Ao + > (Ax cos(k€) + B sin(k€)), (4)

k=1

in which the unknownsd;, By € R"™ depend on
the value of the energg (given by the value of the
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Hamiltonian) and the rotation numbgr Then, by
taking 1 + 2N, values of¢, Eg. 3 can be turned
into a finite—dimensional non—linear system of equa-
tions which can be solved fot;,, By,. Concretely, we
solve

o(& 4 p) = o, (9(&)), )

where¢; = 27 /(1 + 2Ny) fori = 0,...,2Ny. The
error due to the truncation of the Fourier seriesgpof
can be estimated by evaluating the invariance equa-
tion (Eqg. 3) in phases not used in the discretisation,
that is, for¢ # &;. Namely, the error estimate can be
taken as

maXH(p(§ +p) — o1, (9(€)) HQ

EET!

(6)

Once we have a parametrisation of an invariant curve,
a parametrisation of the whole torus can be recovered
by numerical integration, as

U(En) =orm, (50(5 - %p))

The details of the computational aspects (non-—
unigueness of the Fourier representation, dealing
with instability, actual implementation, computing
effort, parallel strategies, etc.) of this procedure are
given in [6].

()

V.1l Numerical computation of invariant

stable/unstableanifolds

The linear approximation of stable/unstable mani-
folds of periodic orbits can be numerically computed
in a simple manner from the hyperbolic eigenvectors
of the monodromy matrix. For invariant tori the sit-
uation, although similar, is not trivial. In our com-
putations we have used the procedure introduced in
[7]. The basic idea is the following: assume that
& — (&) parametrises an invariant curve on a torus
satisfying the invariant relation

(€ +wiTz) = ¢, (©(8)).

We look for a2r—periodic functionv : R — RS
giving the linear approximation of the stable/unstable
manifold aty(€), this is

Dor, (0(8))v(§) = Av(€ +wiTe) = Av(§ + p),

for a certainA which is called, analogously to the
case of periodic orbits, characteristic multiplier. If

IAC-12, C1, 6, 9, x14982

A > 1 we obtain the unstable direction, andAif <
1 we obtain the stable one. To find solutions of the
above equation, we first rewrite it as

Do, (0(€ = p))v(€ —p) = Av(E).  (8)

The use of finite Fourier expansions allows to trans-
form Eq. 8 into a finite—dimensional eigenvalue prob-
lem,

Me = Ac, 9

wherec is the vector of Fourier coefficients of¢),
and M is a suitable (finite, but large) matrix. The er-
ror due to the truncation of the Fourier series)(f)
again can be estimated using the invariance equation
(Eg. 8). Namely, we can take as error estimate

max|| Dér, (0§ — p))v(€ — p) — Av(§)]],. (10)

EET!

As discussed in [7], the eigenvalues of the discretised
equation (Eq. 9) appear grouped in circles. If the
torus is reducible, this is, the linear variational equa-
tions with quasi-periodic coefficients can be reduced
to constant coefficients, then there are as many circles
as eigenvalues of the reduced monodromy matrix and
each circle contains one of them. In our case, due
to the Hamiltonian character of the CRTBP, we have
four unit circles and two additional circles containing
A andA~! for someA > 1. The associated eigenvec-
torsva () andv, -1 (€) give the linear approximation

of the unstable/stable manifolds.

Once we have the linear approximation of the invari-
ant manifolds associated to an invariant curve of the
torus, we can globalise it using

— A—n/2m T _ _n
v(&n) =A Doy, (50(5 QWP)) v(€=5-p)-
In Fig. 11 we show the 3D unstable manifold associ-

ated to a Lissajous orbit arourdd for different val-
ues ofp when¢ € [0, 27].

V_CONCLUSIONS

In this paper, it has been shown how to apply numer-
ical techniques to accurately compute libration point
orbits (tori) and their stable and unstable manifolds.
Two interpolation procedures have been designed,
which allow to parametrically describe families of li-
bration point orbits and their invariant manifolds in a
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Fig. 11: Unstable manifold associated to a Lissajous orbit

at: 7 = 0,n = 0,7 and at 15 different values of equally
spaced ir0, 27].

global way. These procedures have been illustrated

for the L, point, Earth—-Moon mass ratio, with the

computation a fine grid of Lissajous and quasi—halo
trajectories, as well as their corresponding invariant

manifolds.
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