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Abstract: Let E(p)i = A(p)x + B(p)u be a family of singular linear systems smoothly dependent on a vector of

real parameters p = (p1, . ..

, Pn)- In this work we construct versal deformations of the given differentiable family

under an equivalence relation, providing a special parametrization of space of systems, which can be effectively
applied to perturbation analysis. Furthermore in particular, we study the behavior of a simple eigenvalue of a
singular linear system family F(p)i = A(p)x + B(p)u.
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1 Introduction

Let us consider a finite-dimensional singular linear
time-invariant system

Ei(t) = Az(t) + Bu(t), x(to) =xzo, (1)
where z is the state vector, v is the input (or control)
vector, B, A € M,(C), B € Muxn(C), and & =
dx/dt. We will represent the systems as a triples of
matrices (F, A, B), and we will denote by M, the set
of this kind of triples. In the case where E = I, the
system is standard denoted by a pair (A, B).

Singular systems (also called diferential/algebraic
systems, descriptor systems or generalized systems),
are found in engineering systems such as electrical,
chemical processing circuit or power systems among
others, and they have attracted interest in recent years.

The transfer matrix of the system (F, A, B) re-
lating the inputs to the outputs is given by H(s) =
(sE — A)~!B, so there is a singular matrix pencil
(sE— A) associated with the system. Eigenvalues cor-
responding to the matrix pencil (sE — A) associated
with the system (1) play an important role in analysis
of the stability of the solutions. The values of eigen-
values can correspond to frequencies of vibration, or
critical values of stability parameters, or energy levels
of atoms.

Sometimes it is possible to change the value
of some eigenvalues introducing proportional and
derivative feedback controls in the system. The val-
ues of the eigenvalues that can not be modified by any
feedback (proportional or derivative), correspond to
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the eigenvalues of the singular pencil (sE — A B),
that we will simply call eigenvalues of the triple
(E, A, B).

Perturbation theory of linear systems has been ex-
tensively studied over the last 50 years starting from
the works of Rayleigh and Schrodinger [13]. It is
a tool for efficiently approximating the influence of
small perturbations on different properties of the un-
perturbed system.

It is well known that if Ay is an eigenvalue of a
singular system ¢ = Ax + Bu for almost all per-
turbations of the system, the perturbed system has no
eigenvalues (see [4], for example). We are interested
in analyzing the perturbation of the eigenvalues in the
case where not all eigenvalues disappear under small
perturbations.

When the perturbed system depends on parame-
ters, we say that we have a family of systems. Addi-
tionally, if the parameters of the family vary slightly
in a neighborhood of a fixed value, we says that we
have a deformation.

The study of all deformations is sometimes re-
duced to the study of the only one from which the
rest derives. This new family must be richer, in some
sense, than any other, giving us all possible bifurca-
tions of the original system. This kind of deformations
is called versal.

The Arnold technique [2] to construct a versal de-
formation of a differentiable family of square matri-
ces under conjugation has been generalized by sev-
eral authors to matrix pencils under the strict equiv-
alence [5, 10], pairs or triples of matrices under the

Issue 11, Volume 11, November 2012



WSEAS TRANSACTIONS on MATHEMATICS

action of the general linear group [17], pairs of matri-
ces under the feedback similarity [6].

Versal deformations provide a  special
parametrization of matrix spaces, which can be
effectively applied to perturbation analysis and inves-
tigation of complicated objects like singularities and
bifurcations in multi-parameter dynamical systems.

In the sequel we will denote by M =
{(E,A,B) | E,A € M,(@),B € M,x,()} the
set of singular systems.

2 Versal deformations

First, we recall the definition of versal deformation.
Let M be a smooth manifold (in our particular setup

M = M).

Definition 1 Let Uy be a neighborhood of the origin
of C*. A deformation p(\) of xq is a smooth mapping

p:Uy— M

such that (0) = xqg. The vector A = (Aq,. ..
Uy is called the parameter vector.

7)\6) S

The deformation () is also called differentiable
family of elements of M.

Let G be a Lie group acting smoothly on M. We
denote the actionof g € Gonz € M by g o .

Definition 2 The deformation p(\) of x is called
versal if any deformation ©'(§) of xg, where & =
(&1,..., &) € U) C C* is the parameter vector, can
be represented in some neighborhood of the origin as

©'(€) = g(&) o p(9(£)), 2)

where ¢ : U — C and g : U — G are differ-
entiable mappings such that $(0) = 0 and ¢(0) is the
identity element of G. Expression (2) means that any
deformation ©'(€) of xg can be obtained from the ver-
sal deformation o(\) of x¢ by an appropriate smooth
change of parameters A = ¢(§) and an equivalence
transformation g(§) smoothly depending on parame-
ters.

§ €Uy C Uy,

A versal deformation having minimal number of
parameters is called miniversal.

The following result was proved by Arnold [2]
in the case where Gl(n;C) acts on M, (C), and was
generalized by Tannenbaum [17] in the case where a
Lie group acts on a complex manifold. This provides
the relationship between a versal deformation of xg
and the local structure of the orbit.

Theorem 3 [17]
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1. A deformation o(\) of xg is versal if and only if
it is transversal to the orbit O(xq) at x.

2. Minimal number of parameters of a versal defor-
mation is equal to the codimension of the orbit of
xo in M, ¢ = codim O(xy).

Let {v1,...,vs} be a basis of any arbitrary com-
plementary subspace (7,0 (x¢))¢ to T, O(zo) (for
example, (T}, O(x0))").

Corollary 4 The deformation
¢
z: Uy cC — M, z(A) = g +Z/\i”i 3)
i=1

is a miniversal deformation.

We are interested in constructing a versal defor-
mation of a given differentiable family of singular sys-
tems (E(p), A(p), B(p)) € M.

In order to construct a versal deformation of a sys-
tem (Ey, Ao, Bp) in the given family, we define the
following equivalence relation.

Definition 5 Two triples (E', A, B") and (E, A, B)
in M are called equivalent if, and only if, there exist
matrices P,Q € Gl(n;C), R € Gl(m;C), K1, K> €
M5 (C) such that

(E',A', B)=(QEP+QBK,,QAP+QBK, QBR),

(4)
or in a matrix form
P 0 O
(E' Al B'):Q(E A B) 0 P 0
K, Ky R

It is easy to check that this relation is an equiva-
lence relation.

Let G = {(P,Q,R,K;,K2) € Gl(n;C) x
Gl(n;€) x Gl(m;C) X Myxn(@) X Mpypxn(C)} be
a set. Notice that this set is a Lie group.

The system (E, A, B) € M, for which there ex-
ists a matrix K7 such that £ + BK; is invertible is
called standarizable, and in this case there exist matri-
ces P, @, K; such that QEP + QBK; = I,,. Con-
sequently the equivalent system is standard. Notice
that the standarizable character is invariant under the
equivalence relation being considered.

If the original system is standard and if we
want to preserve this condition under the equiva-
lence relation we restrict the operation to the subgroup
G = {(P,P71R,0,K3) € Gl(n;C) x Gl(n;T) x
Gl(m;C) X Myysen (€C) X My (€) } C G, so obtaining
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alternatively the feedback similarity relation defined
over the set of standard systems.

The equivalence relation (4) can be seen as the ac-
tion of the Lie group G on M in the following manner.

a:GxM—M
(9,2) > (QEP + QBK;,,QAP + QBK2,QBR)
(5)
where ¢ = (P,Q,R,K1,K>), and x = (E, A, B).
(From now on and if confusion is not possible, we
will make use this reduced notation).
Given a triple xo = (FEy, Ao, By) € M we define
the map
o (9) = a(g, o). (6)
The equivalence class of the triple xy with respect to
the G-action, called the G-orbit of xg, is the range of
the function ¢, and is denoted by

O(ao) = Imay, = {as,(9) [g € G} (7)

Let us denote by T.G the tangent space to the
manifold G at the unit element e. It is well known
that

T.G = (Mnxn(qj))Q X My (€) X (Man((D))2’
TpoM = M.
Proposition 6 Let do,, : T.G — M be the differ-

ential of o, at the unit element e. Then

dog, (G) =

(EP + QE + BKy, AP + QA + BK,, BR + QB),

)
where G = (Q, P, R, K1, K>) € T.G.

Clearly, T,,,O(x¢) = Imdag,, C M.

In order to apply Theorem 3 we will try to obtain
a complementary subspace of 77, O(xg), in particular
an orthogonal subspace. For that we need to consider
a scalar product.

Hermitian product in M to be dealt with in this
paper is the following:

(21, 22) =
trace(Eq E3) + trace(A; A3) + trace(B1 B3),
)
where z; = (F;, A;, Bi) € M, and A* denotes the
conjugate transpose of the matrix A.
A description of T, O(z0)* for zg € M can be
easily deduced.
Proposition 7 Let vo = (E, A, B) € M be a triple
of matrices. Then (X,Y, Z) € Ty, O(x0)™" if and only
if
EX*+ AY*+ BZ* =0
X*E+Y*A =0

X*B =0 . (10)
Y*B =0
Z*B =0
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We will use the description of the orthogonal
complementary subspace to the tangent space to the
orbit of xg obtained in Proposition 7 for explicitly ob-
taining miniversal deformations.

Proposition 8 Let zo = (E, A, B) be a triple of ma-
trices and {uy, . ..,u,} be a basis of the vector sub-
space Ty, O(x0)*. Then the map defined by

K,D()\l, e

is a miniversal deformation with respect to the G-
action.

00 0 0 1
Example 1 Let ((0 1) , (0 3> , <0>> be a sys-

tem. Solving the system (10), we obtain the following
“orthogonal” miniversal deformation:

(B 25) (s 22) )

Now we can obtain a minimal miniversal defor-
mation by selecting a basis of a complementary space
to the tangent space to the orbit in the following man-
ner: for the first vector, we put 1 in \; in the matrix

0 0

A1 3+ A2
in this matrix and we put zero in all parameters in the
other matrices. For the second vector, we put 1 in Ay
in the same matrix and zero for the other all param-
eters in this matrix and we put zero in all parameters
in the other matrices, obtaining the following minimal
miniversal deformation:

(63)-( 55 G))

In this reduced form it is easy to analyze the
eigenvalues of the perturbed systems. If A\; # 0,
the perturbed system has no eigenvalues whereas if
A1 = 0 the system has only one eigenvalue, concretely
34 Aa.

The versal deformation can be effectively applied
to perturbation analysis of eigenvalues of a given sys-
tem. If we have a family of systems in a neighborhood
of a system we can relate it with a miniversal defor-
mation in the following manner.

First of all we consider the stabilizer of xo under
the G-action, this set is defined as the null-space of the
function o, — xo. This is denoted by

,)\r):$0+)\1ul—|—...+)\7«u7~

and zero for all the other parameters

S(zo) = Ker (ag, —20) ={9€ G| gozo= a0}

(11
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The differentiability of the mapping v, ensures that
S(xg) is a smooth submanifold of G.

As in the case of orbits, we can consider
T.S(wo)* with respect a Hermitian product in the
space T.G. Concretely we are going to consider in
this paper the following

(y1,92) =

trace(Q1Q35) + trace( Py Py) + trace(R; R3)+

trace( K1, K7,) + trace(Ks, K3,),

(12)

where Yi = (Qz, PZ', Ri, Kl,-7 Kgi) c Teg.
Theorem 9 The tangent space to the stabilizer of the
system xq and the corresponding normal complemen-
tary subspace with respect to '1.G can be found in the
following form

1. T.S(xo) = Kerday, C T.G,
2. (TeS(z0))* =Imdaj, C T.G.

Corollary 10 The mappings doy, and do, define
one-to-one correspondences between the subspaces
Ty O(x0) and (ToS(x0))*

*
dag,

—
%

dog,

T, O(20) (T.S(z0))*.

As a consequence obtain the following.

Theorem 11 If ¢(~) is a miniversal deformation and
values of the mapping g(§) are restricted to belong
to a smooth submanifold R C G, which is transver-
sal to S(xo) at e and has the minimal dimension
dim R = codim S(xg), then the mappings ¢(&) and
g(&) in representation (2) are uniquely determined by

@' (£).

Let {ry,...,rq} be a basis for T,S(xg)t, we
have the following.

Corollary 12 The functions g(§) and ¢(&) in the ver-
sal deformation reduction (2) are uniquely determined
if the mapping g(&) is taken in the form

d
9(&) = e+ D rip(€),
i=1

where (&) are smooth functions in € such that

pi(0) =0, fori=1,...d.
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3 Perturbation analysis of simple
eigenvalues of standard systems

For a more comprehensive analysis, we begin study-
ing the case of standard systems. So, we consider sys-
tems in the form # = Az + Bu with A € M,,(C) and
B € My (). Hence, we will write the systems as
a pair of matrices (A, B).

Remember that \y € € is an eigenvalue of the
system if and only if there exists a non-zero vector vy

such that
= AoUp
=0 ?

and vy is called eigenvector of the system for this
eigenvalue.

The eigenvalues of the system (A, B) correspond
to the eigenvalues of the associate singular pencil
(sI — A B) and the eigenvectors correspond to the
left eigenvectors of the pencil.

At’l)()
Bty

Remark 13 The vector vq is an eigenvector of Al
corresponding to the eigenvalue Ny, So, \g is an
eigenvalue of the matrix A, and the corresponding
eigenvector uy is a left eigenvector of the matrix A?.

Definition 14 An eigenvalue \y of a system (A, B) is
called simple if it is simple as eigenvalue of A.

Observe that an eigenvalue of A is not necessarily
an eigenvalue of (A, B).

Proposition 15 ([11]) If A\ is a simple eigenvalue of
(A, B). Then we can choose an eigenvector ug of A
and an eigenvector vy of (A, B) such that ulyvy # 0.

Sometimes an eigenvalue of (A, B) is not simple
but there can exists a feedback such that the resulting
closed-loop system has a simple eigenvalue as we can
be seen in the following example.

Example 2 Let (A, B) = <<0 E (é)) be a sys-

11
tem. We observe that A = 1 is an eigenvalue of (A, B)
being a double eigenvalue of A. Taking the feedback

. 2 1 1
(1 O), the closed-loop system is <<0 1) , <0>>

It is not difficult to observe that A = 1 is an eigenvalue
for this system and a simple eigenvalue of A + BF.
Observe that A = 2 is a simple eigenvalue of A + BF
but not an eigenvalue of (A + BF, B).

Let Ao be a multiple eigenvalue of A® which is a
simple eigenvalue of A® + K'B?! for some feedback
K.
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Proposition 16 Ler \g be an eigenvalue and vy be a
corresponding eigenvector of (A, B). Then X\ is an
eigenvalue and vy it is corresponding eigenvector of
(A+ BK, B) forall K.

Proof: If Atvo = A\gvp and Btvo = (0 then KtBtUO =
0 and (A' + K'B)vg = \ouvo.

Reciprocally, if (A' + K!B%)vy = Xovo and
Bt’l)() = 0, then AtUO = Atvo + KtBt’UO — KtBtUO =
(At + KtBt)Ug — KtBtUO = \gvo. g

Corollary 17 Let K € M, (C) be a feedback such
that pg is an eigenvalue of A® + K'B! and wy is a
corresponding eigenvector. If | is not an eigenvalue
of (A, B), then Blw # 0.

Let (A, B) be a linear system and assume that
the matrices A, B smoothly depend on the vector
p = (p1,...,pr) of real parameters. The function
(A(p), B(p)) is called a multi-parameter family of lin-
ear systems. Eigenvalues of linear system functions
are continuous functions A(p) of the vector of param-
eters. In this section, we are going to study the be-
havior of a simple eigenvalue of the family of linear
systems (A(p), B(p)).

Let us consider a point pg in the parameter space
and assume that A(pg) = A is a simple eigenvalue

of (A(po), B(po)) = (Ao, Bo), and v(po) = wp is an

eigenvector, i.e.
= Aovo
= O :

(AL + K'BYYug = Aovo
3600 =0

A62}0
BSUO

Equivalently
}, VK € Mpxn(C).

Now, we are going to review the behavior of a
simple eigenvalue A\(p) of the family of standard lin-
ear systems.

The eigenvector v(p) corresponding to the simple
eigenvalue \(p) determines a one-dimensional null-
At
Bt
pendent on p. Hence, the eigenvector v(p) can be
chosen as a smooth function of the parameters. We
will try to obtain an approximation by means of their
derivatives.

We write the eigenvalue problem as

(A'(p) + K" () B'(p) ) (p) = A<p>v<p>} a3

subspace of the matrix operator smoothly de-

B (p)v(p) = 0.
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or equivalently

At(p ) (p) = A(p)v(p)
B'(p)u(p) = 0. } (1

Taking the derivatives with respect to p;, we have
v(p) + A'(p) %5

B = orv(v) + M) G2
OB! v :
Zonllo(p) + B'(p) % = 0

0At(p)
Opi

At the point pg, we obtain

AL (p) A At Ov(p)

( Op; BPLI )\po vo = (doln = A'(po) OPi |po
9B*(p) t(p\0v@)

Opi |Pov0 + B (po) i |py 0

(15)

This is a linear equation system for the unknowns

gz;\ and ( ) At(pg) is sin-

gular w1th rank equal to n — 1 because Aq is a simple
eigenvalue.

Lemma 18 [11] The matrix oI, — At (po)
invertible.

— ugu is

Under the same conditions we have the following

Proposition 19 The system (15) has a solution if and
only if

9A*(p) _
Opi |P0) v =0

v(p)
i |po =0

oA _
uo < Op; [Po In

9Bt (p)
pi  |py

(16)

v + B (po) %

where ug is a left eigenvector for the simple eigen-
value \g of the matrix A'.

Proof: From the first equation in (16) we obtain a
solution for 22

i |(Xo po)
o, B t@At(p
ap, 107 =0 g,
t 0A*(p)
U V)
OX U tap (17
opi Ujvo

We can choice ug in such away that uf]vo =1.
Replacing this solution in the first equation in (15)
we obtain

dv(p) _
opi
_1 (04t
(Noln — A'(po) — uouf) ™" (ap(imm - g;h) vo

Now we need to see if this expression verifies the sec-
ond equation of (15). a
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Taking the partial derivative 9*/9p;0p; on both
sides of both equations in the eigenvalue problem
(13), we have:

92 A (p) 0A*(p) Ov(p)
apiap, (P )+ 2 om0 Bu() OP j+

0A ov
6p§p) 30% Opi + At( )Bp ép) -

9°A(p) (p) 9v(p) | 9A(p) Ov(p)
Al )8172'851' Op;OP; v(p)+
OBt (p) Ov OB ov
ap(ip) v 151;) + 8p5p) (p) + Bto

u(p) _
aplapj =0

At po and premultiplying the previous equation
by u}, we can deduce the following expression for

9% \(p)

rivativi
derivatives Bp:005 g

2?X(p) ¢
apzap] ‘p UO
t 92A'(p) A (p)  du(p)

0 9p;p; \pOUOJruO 3pj |po OPi |po
0A*(p)  du(p)

i |pg OPj [po

ut ) Ou(p) ut ) Ou(p)
Yo Ip; [po i |py 0 Op; lpo OP; Ipo”

Vo =

Uuo

Once 8,2)‘_ we can deduce the values of
8171819] ‘po
9%v(p)
IPiP; |po
o) = (A(p) ~ AP~ uou)
2
(B + 220
0 92 At (p
+ a( 2 :9};(91) (91718( Do (p)—
A1 (p) dv(p)

b () 2w,

Op;  Opj dpj  Op;

Example 3 Consider now, the following differen-
tiable family of standard systems

0 0 0 14+p1
0 3+p1 p2 |, 0
0 D2 4+ p; 0

At po = (0,0), the matrix A has A\ = 3 as a sim-
ple eigenvalue (and A = 4). The corresponding left
and right eigenvectors are vop = (0,1,0) and uy =

(0,1,0).
Al(p) = A(p),

000 1
9At oB! _
G — 1o 1 0|, 9=|o].

00 1 0

000 0
9At oB! _
1o 0 1|, =0

010 0
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00 0\ /0
B =0 1 0)fo 1 o] f1]=1,
00 1) \0
00 0\ /0
28 =0 1 0)fo o 1]f1]=0
01 0/ \o
. 00 0
S :2(010)010—1
L lpo 00 1/ \o
0
—2(0 1 o) 1| =-2-2=_4
0
) 00 0\ /0
Tl =200 1 0){0 0 1|1
P2 po 01 0/ \-1
0
—2(010) 1| =4,
1
PAp) M) _
Op19p2 |py Ip20p1 |py :

10 0 0 0 o\ "
K | LU o1 0|l -
P Ipo 00 -1/ \oo o

00 0 1 0 0\\ /0

01 0l=[0o 1 oll]1]=

00 1 00 1)) \o

0

-1,

0
. 10 0 00 o0\\ "
V(P 00 0]|=[o 10
o2 Ino 00 -1/ \o o0 o0

00 0 1 0 0\\ /0

00 1|=[o 1 0 1] =

01 0 00 1)) \o

0
1
OB ( t »
8p1 |po 0) + B(p apl lpo
0
(100 1+100)—1:(0)

0 0

OB (p) ov(p)  _
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Ap)=3 + p1 — 4p? — 2p3 + O(3),

Then 0 0 0
Top)= 11+ |1 pit ]| 1 | p2O(2).
0 0 -1

4 Perturbation analysis of simple
eigenvalues of singular systems

Now we consider singular systems in the form Ez =
Az + Bu where E, A € M, (C) and B € M, xm(T).
This will be written we will write as triple of matrices
(E, A, B).

Let M ()\) = (AE — A, B) be a matrix pencil as-
sociated with the triple (F, A, B), A is an eigenvalue
of (E,A,B), if rank M ()\g) < rank M (A). In the
case where the matrix pencil AE — A is regular this is
equivalent to det(AoE — A) = 0.

vg € @™ is an eigenvector corresponding to the
eigenvalue \g, if (A\gE! — A)vy = 0 and Blvg = 0.

Proposition 20 Let \g be an eigenvalue and vy an
associated eigenvector of the (E, A, B). Then A is
an eigenvalue and vg an associated eigenvector of
(E+ BK;y,A+ BKs, B) forall K.

Suppose that matrices F, A, B, defining the
singular system, smoothly depend on the vector
p = (p1,...,pr) of real parameters. The function
(E(p), A(p), B(p)) is called a multi-parameter fam-
ily of singular systems.

We write the eigenvalue problem as

(AE'(p) — AX(p))v(p) =0
Bl (p)v(p) =0

or equivalently

(ME(p) + K1(p)B'(p)) — (A (p)+

Taking derivatives we obtain

oE? OAt
(82 B (p) + AZ52 — 2580 o(p)+

(AE'(p) — A'(p)) %2
)

B! v
25 u(p) + B'(p) %2

At the point (Ao, po) the result is

OE?t OA?
(R B(p) + 2252 — 2200) o)+

(AE!(p) — A (p)) %2)

t v
(252 o(p) + B! (0) %2
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Premultiplying the first equality by uf, we have

t O\ ot oL (p) _ 9A'(p) _
o (3PiE (» 29;(/\)0 Ip; Ip; a) |((>)\o7p0) vo =0
p BLove _
Ipi |(A0,P0)UO+ 0"8pi | (Ao,po)
o\
i |(Ao,p )u6 (po)uo =
t OE (p) t 0A (p)
A0U0 30 30.00) 20 T U0 D01 ((30,p0)
0B (p) Bt 9v(@) _
Ipi |(>\0,P0)UO+ 0"8pi | (Ao,po)

Suppose that rank (Ao E(pg) — A(po)) = n—1. In
this case, we can chose ug in such a way that ujvy #
0.

Using the normalization condition ufv(p) = 1 is

possible because the function uv(p) in p = p is non
¢ 0v(p)
0 9pi |(x0,po)

zero. Then, we have that v,

Lemma 21 There exists a left eigenvector such that
up E(po)vo # 0.

Proof: Take into account that \q is a simple eigen-
value Elvy + ()\Etvl — Atvl) = 0 for all vector v;.
Taking v; = 0, we have that Efvg # 0.

If uf E'vg = 0, we have that Eug, Aug € [vg]*.
So wg is an eigenvector of the linear map (ME —
A)|[wo)+ for the zero eigenvalue, but zero is a simple
eigenvalue of \gFE — A. a

Lemma 22 The matrix Ty = M E*(po) — Al(po) +
uguly is invertible.

Proof: wgul is a symmetric map of rank 1, ug is
an eigenvector of eigenvalue |ug||? and [ug]* is the
null-space.

Given w € KerTjy, we can write w = aug + wq
with wy € [ug]*. Then 0 = Tyw and

0 = ufTow =
uh(MoE' (po) — Al (po) + uouh) (aug + w1) =

u (ugub) (g + wr) = a(ufug)?.

Then o = 0 and w = w; € Keruguf,. Consequently
(AoE(po) — Al (po))w = 0. Taking into account that
Ao is a simple eigenvalue, we have w = w; = Svg €
[uo]*. Finally, condition u§vg(po) # 0 implies 3 = 0
and Tj is invertible. O
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5 Bifurcation of double eigenvalues
with single eigenvector for stan-
dard systems

Let us consider an arbitrary family of linear systems
(A(p), B(p)). Let po be a point in the parameter space
where the matrix A(pg) = Ap has a double non-
derogatory eigenvalue \g. Let vy, v1 be the left Jordan
chain of length 2 corresponding to Ay, i.e.

AE’UO = Ao, A(t)Ul = Aov1 + vg (18)

where wg = avg and w; = avy + Bug with a # 0.
Let ug and u; be the left Jordan chain correspond-
ing to Af), that is

t At t
uf AL = Mul + uf

or equivalently

Agup = Aouo,
Aogur = Aouq + ug.

Lemma 23 Under the previous conditions, the fol-
lowing condition holds

ubvy # 0

Proof: From Al(vi) = Xov1 + wvo, we have,
Aouotvr = uhAhvr = Noubvr + ufvg. So ubvg = 0.
For second condition, we consider vy, ¥1 giving
an orthonormal basis of [vg, v1] obtained by Gram-
Schmidt process. Now we complete it to a basis
{99, U1, ...,0,—1} of the whole space.
In this orthonormal basis, the matrix of Ag is

ubvo = 0,

Ao a2 aisz ... Qin
0 X aogz ... aon
0 0 azs ... Qa3zpn
0 0 an3 ... Qpp

and the matrix of Ay is

A 0 o ... 0
a19 )\0 0 e 0
ai3 @23 azz ... Gn3
A1p  A2n A3n ... Anp

We observe that [vg, v1]* is an Ag-invariant subspace.

If ufvg = 0, we have that ug € [vp,v1]* and,
taking into account that Agug = Agug, we have that
Ap is an eigenvalue of multiplicity at least three. In
conclusion, ujv # 0. O

We have three possibilities:
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1. Ao is not an eigenvalue of the pair
(A(pg), B(po)) = (A(), Bo), i.e. BSU() 7£ 0.

2. N\p is a simple eigenvalue of the pair
(A(po), B(po)), i.e. Blvg = 0 and B'vy # 0.

3. Ao is a double nonderogatory eigenvalue of the
pair (A(po), B(po)), i.e. Btvg = 0 and Blv; =
0.

Example 4
1. Consider a family of systems (A(p), B(p)) with
0 00
Ay = (13 0] andBf = (0 1 0). The
01 3
eigenvalues of A’ are \g = 3 (double) and

A1 = 0 (simple). A Jordan chain for Ag is
v = (0,0,1), v; = (0,1,0). As Blvy = 0
and Bfvy # 0, then ) is a simple eigenvalue of
(Ao, Bo). For A its eigenvector w = (9, —3,1)
satisfies Blw # 0. So )i is not eigenvalue for
(Ao, Bo)-

2. Consider now a family of systems (A(p), B(p))

2.0 0
with Ay = [0 1 0] and By = (1 0 0).
010

In this case, the eigenvalues of Af) are: \g =
2 being simple but not being an eigenvalue of
(Ag, By), and; A1 = 1 being double for Ay and
also double for (Ag, By).

In order to analyze the behavior of two eigen-
values A(p) that merge to )y at pp, we consider a
perturbation of the parameter along a smooth curve
p = p(e), where ¢ > 0 is a small real perturbation
parameter and p(0) = po.

Along the curve p(e) = (pi(e),...,pr(€))
we have a one parameter matrix family
(A(p(e)), B(p(e))), which can be represented in
the form of Taylor expansion

A(p(e)) = Ag+eA; +e2Ay+...
B(p(e)) =Bo+¢eBy +e*By + ...

with Ag = A(po), A1 =>"1—; %};SE))C&%’
Ay =

1 r 0A(p(e)) d®p; 9% A(p(e)) dp; dp;
§( i=1 —op @t Xij=1 “opop, &= &)

Op;Op; de de
By = B(po),

r OA(p(e)) dp;
By = T, gt

Bg =
0B (p d2pz 9?B(p(e)) dp; dp;
(Zzl s + 201 “opp, d=
where the derlvatlves are evaluated at pg.

(19)
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If \o is a double eigenvalue of A’(py) having a
unique eigenvector vy up to a non-zero scaling fac-
tor with Bt(pg)vg = 0, the perturbation theory (see
[13], for example) assumes that the double eigen-
value A\ generally splits into a pair of simple eigen-
values A under perturbation of the pair of matrices
(A(po), B(po)). These eigenvalues A\ and the cor-
responding eigenvectors v can be represented in the
form of the Puiseux series:

)\:)\0+51/2)\1—‘,—5/\2—1—53/2/\34—52)\4—1—,“

v :vo—i—€1/2w1 + cws +£3/2w3+52w4+...
(20)
Substituting (20) into (19), we obtain
AB’U() = )\0’00

Bé’uo =0 D

A6w1 = Aowi + Ao
Béwl =0 (22)
Afwa + Alvg = Mowa + Awy + Aavg 23)

Béw2 + Bi’Ug =0

A6w3 + Aﬁwl = Aows + A\wsa + Agwy + A3vg
B(t)’wg, + B{wl =0

(24)

Equation (21) is satisfied because vg is an eigen-

vector corresponding to the eigenvalue \g. By com-

paring equation (22) with (18), we observe that w; =
A1v1 + Bug is a solution and we take w, = Aqvy.

To find the value of A1, we premultiply equation

(23) by u}) and, using the given value for w1, we have

2t t At
)\1”01}1 - UOA]_U()

Taking into account that uévl # 0, we obtain Aq:
ub Afvg
ubvy
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