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Abstract

Let H be a torsion-free §-hyperbolic group with respect to a finite generating set S.
Let g1,...,9n and gi«,...,gn« be elements of H such that g,. is conjugate to g, for each
r =1,...,n. There is a uniform conjugator if and only if W (gi«,...,gn«) is conjugate to
Wi(g1,...,gn) for every word W in n variables and length up to a computable constant
depending only on 6,5 and >_"_, |g.].

As a corollary we deduce, that there exists a computable constant C = C(6,15) such that
for any endomorphism ¢ of H if p(h) is conjugate to h for every element h € H of length
up to C, then ¢ is an inner automorphism.

Another corollary is the following: if H is a torsion-free conjugacy separable hyperbolic
group, then the group Out(H) is residually finite.

1 Introduction

Let G be a group and B be a subset of G. An endomorphism ¢ of a group G is called pointwise
inner on B if for every g € B, the element ¢(g) is conjugate to g. We call ¢ pointwise inner if
it is pointwise inner on G. The group of all pointwise inner automorphisms of G is denoted by

Autpi(G). Clearly, Inn(G) < Autpi(G) < Aut(G).

There are groups with pointwise inner, but not inner automorphisms. For example, some finite
groups [13], any free nilpotent group of class ¢ > 3 (see [4]), some nilpotent Lie groups [5],
and direct products of such groups with arbitrary groups. The fact that some nilpotent Lie
groups have such phenomena was used to construct isospectral but not isometric Riemannian
manifolds [5].



However, for free groups [7], for non-trivial free products [12], and for fundamental groups of
closed surfaces of negative Euler characteristic [1] all pointwise inner automorphisms are indeed
inner. (In the last paper this property was used to show that surface groups have a weak Magnus
property.) The following corollary states that endomorphisms of torsion-free hyperbolic groups,
which are pointwise inner on a ball of a uniformly bounded radius are inner automorphisms.

Corollary 1.1 Let H be a torsion-free §-hyperbolic group with respect to a finite generating set
S.Then there exists a computable constant C = C(8,4S) such that for any endomorphism ¢ of
H if p(h) is conjugate to h for every element h in the ball of radius C, then ¢ is an inner
automorphism.

We deduce it from the following theorem.

Theorem 1.2 Let H be a torsion-free §-hyperbolic group with respect to a finite generating
set S. Let gi1,...,9n and gis,...,gnx be elements of H such that g, is conjugate to g, for
each r = 1,...,n. There is a uniform conjugator if and only if W (g1, ..., gn«) 1S conjugate to
W(g1,...,9n) for every word W in n variables and length up to a computable constant depending
only on 6,85 and 3", |gr|.

Note that Corollary 1.1 was formulated in [2]. Independently, D. Osin and A. Minasyan [11]
proved a variant of Theorem 1.2 for relatively hyperbolic groups (but without the statement on
a computable constant).

V. Metaftsis and M. Sykiotis [8, 9] proved that for any (relatively) hyperbolic group H the group
Inn(H) has finite index in Autpi(H). Their proof is not constructive: it uses ultrafilters and
ideas of F. Paulin on limits of group actions.

Our Corollary 1.1 and Theorem 1.1 in [11] both imply that if H is a torsion-free hyperbolic
group, then the groups Inn(H) and Autyi(H) coinside. In [6], E.K. Grossman proved, that if G
is a finitely generated conjugacy separable group, then the group Aut(G)/Autyi(G) is residually
finite. From this one can immediately deduce the following corollary.

Corollary 1.3 If H is a torsion-free conjugacy separable hyperbolic group, then the group
Out(H) is residually finite.

2 Notations and definitions.
Quasi-geodesics in hyperbolic spaces

Let X be a geodesic metric space. If A, B are points or subsets of X', the distance between them
will be denoted by d(A, B), or by |A, B| or simply by |AB|. A geodesic segment between points
A, B will be denoted by [AB]. By a geodesic n-gon AjAs...A,, where n > 3, we mean the
union of chosen geodesics [A1As], [A243],. .., [An—14,], [AnA1].

Let § be a nonnegative real number. A geodesic triangle A1 A5 Az in X is called d-thin if for any
its vertex A; and any two points X € [4;, A;], Y € [A;, Aj] with

|A; X | = [AY| < 5(1AiA ]+ [AiAg| — [A; Ak|)

DN | =



we have | XY| < 0.

It is easy to prove that each side of a d-thin triangle is contained in the §-neighborhoods of the
union of two other its sides.

The geodesic space X is called §-hyperbolic if every geodesic triangle in X is §-thin.

Let H be a group with a finite generating set S. The length of an element g € H with respect
to S is denoted by |g|.

Let T'(H, S) be the geometric realization of the right Cayley graph of H with respect to S. We
will consider I'(H, S) as a metric space with the metric, induced by the word metric on H. The
ball of radius r about 1 in I'(H, S) is denoted by B(r). The cardinality of any subset M C H is
denoted by §M. For brevity, the cardinality of the set B(r) N H is denoted by £5(r).

The group H is called §-hyperbolic with respect to S if the corresponding metric space I'(H, S)
is d-hyperbolic. A group is called hyperbolic if there exist a finite generating set S and a real
number § > 0 such that this group is §-hyperbolic with respect to S. It is known that if a group
is hyperbolic with respect to some finite generating set, then it is hyperbolic with respect to any
finite generating set.

Proposition 2.1 If AjAs ... A, is a geodesic n-gon in a 6-hyperbolic geodesic space, then each
of it sides is contained in the ((n — 2)d)-neighborhood of the union of all other its sides.

Proposition 2.2 (see Remark 1.21 in Chapter III.H of [3]) If X is a -hyperbolic geodesic
space, then for any four points A, B,C, D € X the following inequality holds

|AC| + |BD| < max{|BC|+ |AD|,|AB| + |CD|} + 2/.

Definition 2.3 Let (X,d) be a metric space and I be an interval of the real line (bounded or
unbounded) or else the intersection of Z with such an interval. A map p : I — X is called
(A, €)-quasi-geodesic (where X > 1 and € > 0) if

1
Sl =] — € < dp(t), p(s)) < Nt — s+ ¢

forall s,t € 1.

Definition 2.4 Let (X,d) be a metric space and fix k > 0. A path p: [a,b] — X is said to be a
k-local geodesic if d(p(t),p(s)) = |t — s| for all s,t € [a,b] with |t — s| < k.

Lemma 2.5 (see Theorem 1.12 in Chapter IILT of [3]) Let H be a d-hyperbolic group with
respect to a finite generating set S. If u,v € H are conjugate, then the length of the shortest
congugator is bounded from above by a computable function of max{|ul,|v|}, 6 and 4S.

The following proposition (without the statement on computability of A, €) is Corollary 3.10 of
Chapter IIL.T" in [3]. Since we need the computability and the statement is not obvious, we give
a sketch of the proof.

Proposition 2.6 Let H be a d-hyperbolic group with respect to a finite generating set S, and
let g € H has infinite order. Then the map Z — H given by n — g" is a (), €)-quasi-geodesic,
where A, € are computable functions of 6,4, |g| only.



Proof. First we note two easy facts.

1) Let k be a natural number. If the map Z — H given by n — ¢*" is (A1, €1)-quasi-geodesic,
then the map Z — H given by n +— ¢" is (A, €)-quasi-geodesic with A = kA; and € = k|g|+ €1 + 1.
Thus, at any moment we can replace g by an appropriate g*.

2) Let go = Short(g) be the shortest word among those, which are conjugate to g in H. Then
there exists h € H, such that ¢ = h™'goh and |h| < f(4,1S5,]g|), where f is a computable
function by Lemma 2.5. If the map Z — H given by n — g is (A1, €1)-quasi-geodesic, then the
map Z — H given by n +— ¢" is (), €)-quasi-geodesic with A = A\; and € = €1 + 2|h|.

Since different powers of g are not conjugate, there is a natural k& < $B(80 + 1), such that
|Short(g*)| > 835. Replacing g by Short(g¥), we may assume that |g| > 85 and g is the shortest
word among those which are conjugate to g in H.

Then the bi-infinite path py, that begins at 1 and is labelled by powers of g is a k-local-geodesic
with k£ > 86. By [3, Theorem 1.13, Ch. IILH], p, is (26, 3)-quasi-geodesic. O

Corollary 2.7 In notations of Proposition 2.6, for any natural n holds

1
Xn—e<|g"|<)\n—|—e.

The following proposition (without the statement on computability of R) is Theorem 1.7 in
Chapter IIL.H of [3]. The computability of R can be extracted from the proof.

Proposition 2.8 For all 6 > 0,\ > 1,e > 0 there exists a computable constant R(5, A, €) with
the following property:

If X is a §-hyperbolic geodesic space, p is a (A, €)-quasi-geodesic in X and c is a geodesic segment
joining the endpoints of p, then the Hausdorff distance between c and the image of p is less

than R.

Corollary 2.9 Let H be a d-hyperbolic group with respect to a finite generating set S, and let
g € H has infinite order. Then for any integers i < j every geodesic segment [g', g’] lies in the yu-
neighborhood of the set {g*,g'T', ..., ¢’} and this set lies in the p-neighborhood of this segment,
where = (6,45, |g]) is a computable constant.

Corollary 2.10 Let H be a §-hyperbolic group with respect to a finite generating set S, and let
g € H has infinite order. For any natural numbers s,t holds:

9" = |g°l + 19" = 218,
where = (6,45, |g|) is the constant from Corollary 2.9.
Proof. Set A = 1, B = g°* and C = g¢**. Choose geodesics [AB], [BC] and [AC]. By

Corollary 2.9 the point B lies in the p-neighborhood of [AC], that is there exists D € [AC] such
that |[BD| < p. Then |AC| > (|[AB| — |BD|) + (|CB| — |BD|) > |AB| + |BC| — 2u. O

The following proposition (without the statement on computability of n) is Proposition 3.20 of
Ch. IIT.H [3]. The computability of n can be extracted from the proof.



Proposition 2.11 Let H be a d-hyperbolic group with respect to a finite generating set S. Then
for every finite set of elements hy,...,h, € H there exists an integer n > 0 such that hi,... h}
generate a free group of rank at most r. The integer n is a computable function of 6,45 and

>0 |hil.

Notations. Let H be a torsion-free d-hyperbolic group with respect to a finite generating set S.

1) For elements u,v € H and a real number ¢ > 0 we will write uv = u-v if S(u|+|v] = Juv)) < c.

The last is equivalent to |uv| > |u| + |v| — 2¢. If H is a free group, this means that the maximal
terminal segment of u and the maximal initial segment of v which can be cancelled in the product
uv are both of length smaller than c.

We will write vvw =u : v - w if v =u - v and vw = v - w. By Lemma 9.1, if |v| > 2¢ + 4, then

[u-v - wl > |u| + [v] + [w] — (4c + 20).

2) Let G = {g1,...,9n} be a finite subset of H. The symbol u ~g v means that |u~lv| is
bounded from above by a computable function, depending on §, £S and |¢1],...,|gn| only. The
function will be clear from the context. Similarly, we write |u| ~g |v] if |[u] — [v[| is bounded
from above by a computable function, depending on the same arguments.

3) It is known that for any nontrivial element g € H its centralizer Cy(g) is infinite cyclic.
Thus, the extraction of roots in H is unique. If the root of g € H of degree ¢ exists, we denote

1
it by gq.

Agreement. For brevity, we will not write é and S5 in the arguments of computable functions.

3 The norm and the axis of an element

Let H be a torsion-free J-hyperbolic group with respect to a finite generating set S.

Let g be a nontrivial element of H. The number ||g|| = min{d(z, gx)}, where = goes through
x

all points of the Cayley graph I'(H, S) is called the norm of g. The azxis Ag of g is the set of all
points x in the Cayley graph I'(H, S) such that d(z, gx) = ||g||. It is easy to show that ||g|| is a
positive natural number, A, N H is nonempty and A, is g-invariant (it is even Cy(g)-invariant).
Moreover, for any = € A, any geodesic segment [z, gz| also lies in A,4. Obviously, ||g|| < |gl,
|lhgh=t|| = ||g|| for any h € H, and Ay,,-1 = hA,.

Lemma 9.5 asserts that there exists a computable natural number r = 7(4, 45, |g|) such that
oo
U Ay € (9)B(r).
k=1

From this, it is easy to deduce the following two corollaries.

Corollary 3.1 For any nontrivial element g € H and any integer k # 0 there exists an element
x € Ay N H of length at most r(|g]).



Corollary 3.2 For any nontrivial element g € H and any integer k # 0 the inequality ||g*|| >
lg%| — 2r(|g|) holds.

Proof. We take the element x from Corollary 3.1. Then ||g*|| = d(z,¢*z) = |27 ¢"z| >
9] = 2|z| > 1g*] = 2r(lg]). O

Corollary 3.3 Let g be a nontrivial element of H. For any natural number C' there exists a
computable integer ko = ko(0,4S, |g|,C), such that for any k > ko we have ||gF|| > C.

Proof. The proof follows from Corollaries 3.2 and 2.7. O

Proposition 3.4 There exist computable functions f1 : N — N and fo : N — N such that for
every nontrivial element g € H and for every natural numbers s,t we have

g™ 11 = fullgl) < llgl1+ llg"1l < llg™ ™1 + F2(1gD-

Proof. The first inequality follows from the inequalities
lg* 1 < 19" < 1g®| + |91 < [lg°[ + 11g"1] + 4r(lg]),

where we use Corollary 3.2. The second inequality follows from the inequalities

gl + 11l < lg°] + 1g°] < g™+ 2u(lg]) < Nlg™ 11 + 2r(lg]) + 20(]g)),
where we use Corollary 3.2 and Corollary 2.10. O

Proposition 3.5 For any nontrivial element g € H and any point P € T'(H, S) holds

Recall, that to that moment we have introduced computable functions A, €, u, 7, f1, fo.

4 First technical lemma

Suppose that the product of conjugates of two powers of a given element equals the product of
these powers. In this situation, the following technical lemma shows how the involved conjugators
look like.

Lemma 4.1 Let H be a torsion-free §-hyperbolic group with respect to a finite generating set S.
Thereexists a computable function h : N — R with the following property: for any three elements
b,x,y € H and any two positive integers s,t, which satisfy min{||b%||, ||b!]],||b5F]|} > 135 and

(20" a7 (y-b'-y™h) = b, (1)
there exist integers ny,ng,n3, ny and elements vy, v, € H of length at most h(|b|) such that

x = b"v,b"? and y = b"3v,b".



Proof. Let b,xz,y and s,t be as in the statement. Consider the axes A ps,-1 = zAps and
Aypty-1 = yAp. By Proposition 10.4 applied to the elements xb*z~1 and ybly~! (note that
[tz | = [[6°]], [lyb'y ]| = [|b*]| and [|(zb®z~ 1) (yb'y~")[| = [[b***]| are all bigger than 134 by
hypothesis), the distance between xAps and y. Ay is at most

1
max {133, 2 (|[6""|[ — |Ib%[] — |[b"]]) + 163}
And, by Proposition 3.4, this value does not exceed 1 f1(|b]) + 166, an upper bound which does

not depend on s and t.

Now, take a point Q € y Ay such that d(Q,zAps) < %f1(|b|) + 166, and set P = (ybly~1)71Q;
in particular, P € yA;:. Then we get

d(P,b°tP) = d(P, (zb°z~ ") (ybly HP) = d(P, (zb°z~1)Q)
<d(P,Q) +d(Q, (zb°z~1)Q)
< AP, Q) +2d(Q, Agpsy—1) + [|b%]]
< U]+ 118°]] + fa([o]) + 320

< o=+ fu((Bl) + f2(Ib]) + 32,

where the last inequality uses Proposition 3.4. Next, apply Lemma 10.2 to conclude that P =
b"3u for some ng € Z and u € H with |u| < 5 f1(|b])+ 5 f2(|b]) +7(|b]) +195. And since P € yAy,
we deduce from Lemma 9.5 that y~'P = b~"44/, for some n4 € Z and v’ € H with |u'| < r(|b]).
Hence,

y = b"3v,b"™,

where v, = ut/ ~! has length bounded by

- 1 1
[y = luw™ | < ful + ' < 5 f(b]) + 5 Fa(1b]) + 2 ([b]) + 196.

Finally, inverting and replacing b to b~! in equation (1), we obtain again the same equation with
x and y interchanged. So, the same argument shows that

= b"u,b"?,
for some ni,ns € Z and some v, € H with the same upper bound for its length.

Hence, the function ii(n) = 1 f1(n) + & f2(n) + 2r(n) + 196 satisfies the statement of the lemma.
a

Corollary 4.2 Let H be a torsion-free §-hyperbolic group with respect to a finite generating
set X. There exists a computable function h: N — R with the following property.

If 210" xob™x30™ =1 is an equality in H, where r1xoxs =1, ny +ns+ng =0, all n; are non-
zero, and ||b"™|| > 130 for all i, then each of the x; can be represented in the form b ub™2vd™3,
where both u,v have length at most h(|bl).

Proof. Inverting the equality and cyclically permuting, we may assume that n; > 0 and no > 0.
Then we can apply Lemma 4.1. O



5 A special case of the main Theorem

Here we prove Theorem 8.2 in case, where n = 2 and g1, g2 generate a cyclic group. The proof
contains ingredients, which will be used in general case.

Proposition 5.1 Let H be a torsion-free d-hyperbolic group with respect to a finite generating
set S. Then for any g € H there is a constant C = C(|g|) with the following property:

Let a,b be some powers of g with min{||a|,||b||, ||[ab=t||} > 135, and let b, be a conjugate of b.
If abi is conjugate to ab® for every s = —C,...,C, then b, =b.

Proof. We will determine C' > 1 dynamically in a finite number of steps. Let a = ¢", b = ¢,
and b, = 2~ bz for some = € H.

We may assume that n,m > 0. Indeed, if n < 0, we may first replace g by ¢g~! and n by —n,

and m by —m, thus getting n > 0. If then m < 0, we may replace b by b=—! = g™ and b, by
b, !, thus getting m > 0.

Suppose that ab, ! is conjugate to ab™!, that is ¢" -2~ 'g ™z = h=1¢"~™h for some h € H. We
rewrite the last equation in two forms:

xh—lgm—nhx—l X xgnx—l _ gm’ (2)
h—lgn—mh X x—lgmx _ gn. (3)

We have n # m (otherwise a = b, that contradicts to the assumption |lab~!|| > 138). If m > n,
then from (2) and Lemma 4.1 we get that

x = gPvg?

for some p,q € Z and v € H with v =4, 1. If m < n, then from (3) and Lemma 4.1 we get
the same expression for z. Since z is defined (from the left) up to the centralizer of g, we may
assume that = vg?. We have still b, = 2~ 'bx. Replacing b, by g9b,g~7 (that does not change
the hypothesis and the conclusion of the proposition), we may assume that = v, and so x =, 1.

Now we write ab® as a conjugate of ab® = ¢g" ™. By Corollary 9.3, there exists z; € H such
that

g2 lg e = abt = 2t g (4)

where the constant ¢ depends on |g|,d,£S only. Comparing lengths and using Lemma 9.1 for
sufficiently large s (to guarantee |g""*™| > 2¢ + §; for that apply Corollary 2.7), we have

19" + |g°™| + 2|z| > |g"T*™| + 2|25 — (4c + 26).

Recall that n,m > 0. For positive s we have also [g""*™| =, |¢"| 4 |¢°™| by Corollary 2.10.
Recalling that |x| ~, 0, we get that |zs| ~ 0. It follows, that if s goes over a sufficiently
large set {|C/2],...,C}, there must be repetitions: there exist C'//2 < s; < so < C such that
Zs, = Zs, (denote it by z). We have

n+si1m

z ()

abs! = 27y



and

ab? = z7tgnteamy,

From this we deduce
bi1—82 — Z_lgm(sl_‘”)z.

This implies b, = z7'¢™z and then (5) implies @ = 27 '¢g"z. Since a = g", the element z

commutes with g, and so b, = b. O

6 Second technical lemma

The following lemma is a preliminary step in proving of Theorem 7.2. Equations (6) and (7)
in its formulation have the following common form: the product of certain conjugates of two
elements equals the product of these two elements.

Lemma 6.1 Let H be a torsion-free §-hyperbolic group with respect to a finite generationg set
S, and let b,b,,w € H. There exists a computable natural number M = M(|b|,|w|) such that
the following holds:

If b, is conjugate to b (say b, = h™'bh), and wb¥ is conjugate to wb* for every k =1,..., M,
then there exists an element d € H and integers m,s,t, such that s +t > 0 and the following
equations hold

(d-b°-d V) (dw b -wtd™1) = b1, (6)
(d*h-w-h7td)(dt 0™ - d) = wb™. (7)

Proof. We may assume that b # 1. By Corollary 9.3, there exists an element h € H such that
for any integer k we have b¥ = h~! : b : h, where ¢ = 36 + u(|b]) + 1. Since this expression

remains valid while enlarging the constant, we shall consider it with ¢ = 36 + u(]b]) + |w| + 1 in
order to match with other calculations below. Thus,

wbf = w(h™" - b* - h). (8)

Suppose that wb® is conjugate to wb* for every k = 1,..., M (the correct M will be chosen
later). Then, by Lemma 9.2, for each of these k’s there exist an element e, € H and an integer
I, such that 0 < [l < k and

wblt = e, ! : (bFleable) : €k 9)

Below we write ~ instead of ~,, ;. By Corollary 2.7 and by Lemma 9.6, there exists a natural
number K = K(|b], |w|) such that |6*| and |p¥~*wb'| are bigger than 2¢ + § for all k > K. We
consider k¥ > K. Then from (8) and (9), with the help of Lemma 9.1, we deduce

wblf| ~ 2[A| + [b|

and
[wbl] ~ 2lex| + [bF " wb™| & 2lex| + [°],
where the last approximation is due to Lemma 9.6. Therefore |eg| ~ |h/|.

Now we prove that ey ~ h. For that we realize the right hand side of (8) in the Cayley graph
I'(H, S) as the path starting at 1 and consisting of 4 consecutive geodesics with labels equal in



H to the elements w, h~!, b¥, h. Analogously we realize the right hand side of (9) as the path
starting at 1 and consisting of 3 consecutive geodesics with labels equal in H to the elements
e;l, bE—leqble | ey

Both paths are (A, €)-quasigeodesics, connecting 1 and wb®, where \, e depend on ¢ only. By
Proposition 2.8, these quasigeodesics are at bounded distance from each other. Since their last

segments have labels equal to h and e;, in H, and since |ex| ~ |h|, we deduce that ey ~ h.

Thus ey, lies in the ball with center h and radius depending only on |b| and |w|. Let M be the
number of elements in this ball plus (K + 1).

Then there exist natural numbers K < k1 < ko < M such that e;, = eg,. Denote this element
by e and, rewriting equation (9) for these two special values of k,

wbft = e~ (B kbl e (10)
and
wafz = efl(bkrlk?wbl’w)e,

we get
bifrkl = e_l(b_lkl w L pk2 kit —lk, wbl’@)e.

Set s = ko — ky 4 Iy, — Iy, and t = I, — Iy, (so s +t > 0). Recalling that bF2=F1 = p=1phz=kip
we can rewrite the previous equation as

he Yo~ 1pSwhtbtkieh ™1 = b5t

Setting d = he~'b~ 1w, we deduce (db*d~")-(dwbtw='d~") = b***, which is equation (6). And
using equation (10), the definition of d and b5t = h=1b*1h, we obtain (d~'hwh~'d)- (d~'b*1d) =
wb®, which is equation (7) with m = k;. O

Now, using (6) and (7) we obtain more information on relations between w, b and h.

Proposition 6.2 Let H be a torsion-free d-hyperbolic group with respect to a finite generating
set S and let byw,d be elements of H that satisfy equation (6), where s +t > 0. Suppose
additionally that ||bF|| > 136 for all k > 0, and that st # 0. Then, there exist integers p,q,r and
elements u,v € H of length at most h(|b|), such that

w = bPub"vb?.
Proof. The proof follows from Corollary 4.2

Proposition 6.3 Let H be a torsion-free d-hyperbolic group with respect to a finite generating
set S and let b,w,d,h be elements of H that satisfy equations (6) and (7), where s +t > 0.
Suppose additionally that ||b*|| > 138 for all k > 0, and that st = 0. Then h = bPw? for some
rational numbers p,q.

Proof. Let us distinguish the following two cases:

Case 1: s = 0. In this case, equation (6) says that dw commutes with b. So, dw = bP for some
rational p. Plugging this into equation (7) we obtain hwh™! = bP+md=1p=m = prtmeyp=r—m,
Hence, bP~™h commutes with w and the result follows.

10



Case 2: t = 0. In this case, equation (6) says that d commutes with b. So, d = bP for some
rational p. Plugging this into equation (7) we obtain b=Phwh~'b” = w. Hence, b~Ph commutes
with w and the result follows. O

7 Main theorem for two words

Now, we want to obtain some extra information by applying Lemma 6.1 to sufficiently many
different elements w. To achieve this goal, given a pair of elements a,b € H we consider the
finite set

W={(@b)¥[1<i<N, 1<j<N?}C(ab) <H,

where

N = N([p]) = 1+ (4B (h(|b])))*

and the function A is defined in Lemma 4.1. Let us systematically apply Lemma 6.1 to every
w e W.

Lemma 7.1 Let H be a torsion-free d-hyperbolic group with respect to a finite generating set
S. Let a,b € H be elements, which generate a free subgroup of rank 2 and let ||b*|| > 136 for
all k > 0. Suppose that for every w € W, there exists a conjugate b, of b such that the elements
w, b, by satisfy the hypothesis of Lemma 6.1 (i.e. wb® is conjugate to wb¥, for every integer
E=1,...,M(|b|,|w|)). Then, for at least one such w € W, the conclusion of Lemma 6.1 holds
with st = 0.

Proof. Suppose the opposite and let us find a contradiction. We write W = |_|£\L1Wi, where
W; = {(a’b)¥ |1 < j < N?}. First we fix i € {1,..., N}. By Proposition 6.2, for every w € W,
there exist integers p, ¢, r, and elements u,v € H of length at most A(|b|) such that

bPwb? = ub"v. (11)
Of course, these integers and elements depend on w. Since #W; > (48(h(|b])))? and the lengths
of u and v are at most /(]b|), there exists a pair of elements wy, wy € W; with the same u and v:
bPrw b = ubwv,
bP2wob?? = ub™w.
Combining these equations, we get

WP2apgb®2 ™ Ty TP = b2y L (12)

Moreover, since fW; > (4B(h(|b])))?, there exists else one (disjoint) pair of elements w3, wy € W;
with the same u,v as above. And we similarly get

WPy ¥ By P = by (13)

Hence, the left sides of equations (12) and (13) commute. Write w; = (a’b)?, we = (a’b)",
w3 = (a'b)?’, wy = (a’b)™. Simplifying notation, we can write the left sides of (12), (13) as

x = b(a’b)Tb% (a'b) b7

11



and

' = b (a’b)" b (a'b) =7 b
We have understood that z and 2’ commute. Since wy,ws, w3, wy are different elements of W,
the exponents o, 7, 0, 7/ are positive and differ by at least 2. Note, that no specific information

about the other integers a, 3,7, ’, 3,7 is known. The key point here is that this commutativity
relation happens inside the free group (a, b).

Consider now the monomorphism (a, b) — (a, b) given by a — a'b, b — b. Since z and 2’ both lie
in its image, and commute, their preimages, namely y = b*a™b%a=7bY and 3/ = v o™ b a7 b,
must also commute.

Suppose 56" # 0. Then, y is not a proper power in (a,b) (in fact, its cyclic reduction is either
a™b?a=7bt with o + v # 0, or a”~?b%, which are clearly not proper powers). Similarly, ¢/’
is not a proper power either. Then the commutativity of y and y forces y = /!, which is
obviously not the case. Hence, 83 = 0. Without loss of generality, we can assume 3 = 0.

Let us go back to equation (12) which, particularized to this special case, reads
b (a'D)" b0 (a'b) b = ubdut, (14)

that is '
b*(a'b)PbY = ubdu"L, (15)

where p =7 — o and so |p| > 2. Recall, that the length of w is at most A(|0]).

Finally, it is time to move i = 1,..., N. Since N > #B(h(]b|)), there must exist two indices i;
and ig, with 1 < ¢; < i2 < N and such that u;, = u;, (call this element just u). Equation (15)
in these two special cases says that

b (a’1b)PbY = ub®u "t

and

b (a2b)” b7 = ub® u "
Hence, z = b®(ab)?b? and 2/ = b* (a2b)”'b)’ again commute, where |p|,[p/| > 2 and 1 <
i1 < io. This implies that some positive power of z equals some positive power of z/. But it
is straightforward to see that (after all possible reductions) the first a-syllable of any positive
power of z is a’ (here we use |p| > 2); similarly the first a-syllable of any positive power of 2’
is a'2. Since iy # io, this is a contradiction which completes the proof. O

Now we prove the main Theorem 8.2 in case n = 2.

Theorem 7.2 Let H be a torsion-free §-hyperbolic group with respect to a finite generating set
S, and consider four elements a,b, ay, b, € H such that ay is conjugate to a, and by is conjugate
to b. There ezists a computable constant C' (only depending on |al|, b, § and §S), such that if
(albl)Ibk is also conjugate to (a’b))IV* for everyi,j k,l = —C,...,C then there exists a uniform
conjugator g € H with a, = g 'ag and b, = g~'bg (i.e. (ax,bs) is conjugate to (a,b)).

Proof. The conclusion is obvious if a or b is trivial. So, let us assume a # 1 and b # 1. Note,
that (a) = (b) and even a = b is allowed.

All along the proof, C' will be an unspecified constant, and we shall prove the result imposing
several times that C' is big enough. At the end, collecting together all these requirements, we
shall propose a valid value for C.

12



Since H is torsion-free, every nontrivial element has infinite cyclic centralizer. Let aq,b; be
generators of Cy(a) and Cy(b). We may assume that a = af and b = b} for positive p and
q. By Corollary 3.3, there exists a computable natural number ry such that for every r > rg,
llat]| > 139 and [|b]]| > 13d. So, after replacing a, b, a.,b. by a™,b™,a}° b, we can assume
that ||a”|| > 136 and [|b"|| > 136 for every r # 0. Moreover, if a,b generate a cyclic group, then
after the above replacement we have a = b or ||ab™!|| > 134.

For every word w on a and b, let us denote by w, the corresponding word on a, and b,.
Now, observe that we can uniformly conjugate a, and b, by any element of H (and abuse
notation denoting the result a, and b, again), and both the hypothesis and conclusion of the
theorem does not change. In particular, for any chosen word of the form w = (a’b!)7b* (with
i,j,k,l € {=C,...,C}), we can assume that w, = w (of course, with an underlying a, and b,
now depending on w); when doing this, we say that we center the notation on w. Centering
does not change a, b, it changs only ay, b, therefore each time the constants depend only on a, b.

Let us distinguish two cases.

Case 1: (a,b) is a cyclic group. Centering the notation on a, we may assume that a, = a. If
a = b, then we use that ab, ! is conjugate to ab~! = 1 and deduce immediately that b, = b. Now
we assume that a # b, and so |lab~!|| > 135. A part of our hypothesis says that a.bi = ab? is
conjugate to ab® for every s = —C,...,C. Hence, for C as in Proposition 5.1, we have b, = b.
This concludes the proof in this case.

Case 2: (a,b) is not cyclic. By Proposition 2.11, there exists a suffciently big natural number p
such that (aP, bP) is a free subgroup of H of rank 2. And note that proving the statement reduces
to proving the same for the elements a?, b, ak, bt. So, after replacing a, b, a,, b, by aP, b, ak, bL,
we can assume that Fy ~ (a,b) < H.

With these gained assumptions, let us show that we can take

C = 2N? M(|b
max{ , max (1, |w)},

where the number N and the set W are defined at the beginning of section 7, and the function
M is defined in Lemma 6.1. In fact, assume that (albl)7b¥ is conjugate to (a’b')/b* for every
1,5, k,l =—C,...,C, and let us look for the required uniform conjugator.

Consider the set W. Recall that for w = (a'b)¥ we have denoted w. = (alb,)?. In this
language, (part of) our hypothesis says that w,b* is conjugate to wb* for every w € W, and
every k=1,..., M(|b], |w|).

Fix w € W. Centering the notation on this w, we have that wb? (= w,b¥) is conjugate to wb*
for every k = 1,..., M(|b],|w|). In particular, w satisfies the hypothesis of Lemma 6.1 (with
the corresponding value of b,). And this happens for every w € W. Thus, Lemma 7.1 ensures
us that the conclusion of Lemma 6.1 holds with st = 0 for at least one wg = (a®b)*0 € W,
1 <ig <N, 1< jo < N? (note that Lemma 7.1 can be applied because we previously gained
the assumptions ||b™|| > 136 for every m # 0, and Fy ~ (a,b) < H). For the rest of the proof,
let us center the notation on this particular wy.

Using Proposition 6.3 we conclude that every conjugator from b to b, (say b, = h~'bh) is of the
form h = bPw{ for some rational numbers p, q. Hence, wy ‘bwd = b, for some rational ¢g. Then,

—q . AViop V200 _ o =4 ( qi0p) 200, 4 _ =0 q _ — (i0p \2]
((wg Tawd) b, )° = wy *(a"b) 7wy = wy "wowl = wo = wos = (a¥by)°.
Extracting roots twice (here we use again the absence of torsion in H), we conclude that

wy lawd = a,. Thus, wi is a uniform right conjugator from (a,b) to (a.,bs) This concludes
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the proof. O

8 Main theorem for several words

It is known, that in a torsion-free hyperbolic group the centralizer of any nontrivial element is
cyclic. An element g € H is called root-free, if it generates its centralizer, that is (g) = Cy(g).

Lemma 8.1 (see Lemma 4.3 in [10]) Let H be a torsion-free hyperbolic group, and let a,b two
elements, such that b ¢ Cy(a). Then there is a computable integer ko = ko(|al,|b]) > 0, such
that for every k > ko the element ab® is root-free.

Theorem 8.2 Let H be a torsion-free §-hyperbolic group with respect to a finite generating
set S, and let g1,...,9n and Gix, ..., gns be elements of H such that g, is conjugate to g, for
each v =1,...,n. There is a uniform conjugator if and only if W(gix«,. .., gn«) is conjugate to
W(gi,...,gn) for every word W in n variables and length up to a computable constant depending
only on 6,45 and > _,_, |gr|-

Proof. Denote G = {g1,...,9n}. We may assume that all g; are nontrivial. Because of Theo-
rem 7.2 we may assume that n > 2. If the elements g1, ..., g, generate a cyclic group, we can
apply Theorem 7.2 to every pair g;, g; and get the required conclusion.

Consider the case, where some two elements of G, say g1, g2, generate a noncyclic group. Using
Proposition 2.11, we replace them by their big powers to ensure that g;, g2 generate a free group
of rank 2. By Theorem 7.2, we may assume that gi,. = g1 and g2, = go. We will prove that
gr+ = gr for every g, € G.

By Lemma 8.1, there exists k£ such that the element g; g§ is root-free. Replacing g1 by g1 glg, we
may assume that g; is root-free.

Consider an element g, € G\ {g1,92}. Applying Theorem 7.2 to the pair (g1, g,), we obtain
gr« =  tg.x for some x € Cy(g1) = {(g1). Analogously, g« = y~'g,y for some y € Cy(ge) =
(92). Then x = gl1 and y = gy* for some integers [,m. If [ or m is zero, we get gr+« = gr.

Thus consider the case, where both I and m are nonzero. We have zy~! € Cg(g,), that is
g =gt g5 " for some nonzero integers [, m and some rational k.

Again by Lemma 8.1, there exists s > 2, such that the elements f; = g1¢5 and fa = ¢2(9195)°
are root-free. Arguing with these elements as above with g1, go, we deduce that either g,. = g,
or gt = f1 f5 ¢ for some nonzero integers p, ¢ and some rational ¢. Assuming the last, we deduce
that the elements f1 f, ¢ and gl1 g5 " commute in the free group (g1, g2), that is impossible. Thus
grx = gr foreach r=1,...,n. O

9 Some other technical lemmas

Lemma 9.1 Ifuwvw =u:v:w and |v| > 2c+§ for some ¢ >0, then

lu - v w| > [ul + [v] + |w| — (4c + 20).
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Proof. Connect the points A =1, B =u, C' = uv, D = uvw by geodesic segments and consider
the geodesic rectangle ABC'D. By assumption |BC| > 2¢ 4 §. From u ;v and v - w we deduce

|AC| > |AB| + |BC| — 2¢ > |AB| 46
and
|BD| > |BC|+ |CD| —2¢c > |CD|+ 6.

respectively. From this and the rectangle inequality
|AC| + |BD| < max{|BC|+ |AD|,|AB| + |CD|} + 24,
we deduce
(|AB| + |BC| — 2¢) + (|[BC| + |CD] — 2¢) < |AC| + |BD| < |BC| + |AD| + 24,

that implies
|AB| + |BC| + |CD| — (4c + 26) < |AD|.

Lemma 9.2 Let H be a §-hyperbolic group with respect to a finite generating set S and let
w,b,g € H with b # 1, and g being conjugated to wb* for some natural k. Then there exist
an element x € H and an integer 0 < 1 < k, such that g = 7! : b —lwbt .z, where ¢ =

36 4 p(|b]) + |w| + 1.

Proof. Let x be the shortest element for which there exists an [, 0 < [ < k, such that g =
= twblz. We will prove that x and [ satisfy the conclusion of the lemma. Suppose the
opposite. Denote A = 1, B = 27!, C = 2 %! D = 7w, E = 20 lwb' and
F = 271" lwb'z, and connect these points by geodesic segments.

Without loss of generality we may assume that 2~ 1b*~‘wb! cannot be written as 2! : bFtwt.

Then, considering the geodesic triangle ABE, we conclude that (|AB|+ |BE|— |AE|) > c. By
d-hyperbolicity of H, there exist points X; € [AB] and X2 € [BE] such that |BX;| = |BXs| =¢
and |X1X2| < §. By Proposition 2.1, applied to the rectangle BCDE), there exists a point
X3 € [BC|U[CD] U [DE] such that | X3 X3| < 26.

Case 1. Suppose that X3 € [BC]. Since C = Bbv*~!, Corollary 2.9 implies that there exists an
element X, = Bb®, where 0 < s < k — [, such that |X3X4| < p(|0]).

Figure 1
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Case 2. Suppose that X3 € [CD]. Then for X; = C = BbF~! we have | X3X4| < |w|.

Case 3. Suppose that X3 € [DE]. Since E = Db, Corollary 2.9 implies that there exist an
element X, = Db®, where 0 < s < [, such that | X3X4| < u(|b]).

In any case, | X1 X4| < c. Since | X1 B| = ¢, we have |AXy| < |[AX: |+ | X1 Xy4| < |AX1|+|X1B| =
|AB| = |z|. Since A =1, we have |X4| < |z|. Now continue to the analyze the cases above.

In Cases 1 and 2 we have X4 = 27 1b°, where 0 < s < k — . Then g = X4bk_l_swbl+5X;1. A
contradiction with minimality of |z|.

In Case 3 we have Xy = 210" ~lwb®, where 0 < s < I. Then g = X4bk*3wbsX4*1. Again a
contradiction with minimality of |z|. O

Corollary 9.3 Let H be a d-hyperbolic group with respect to a finite generating set S and let
2,b € H. Then there exists an element x € H, such that for any integer k holds z~'b*
! : b @, where ¢ =36 + p([b]) + 1.

z =

The following technical lemma asserts, that if A; As... A, is a broken line consisting of geodesic
segments of large length and such that the union of each two consecutive segments is “almost
geodesic”, then this line itself is “almost geodesic”.

Lemma 9.4 Let Ay, Ao, ..., A, be points in a 6-hyperbolic geodesic space, n > 3. Suppose that
the following two conditions are satisfied:

(1) |Ai,1Ai+1| > |A271Al| + |AZAZ+1| — 26 foreach2 <i<n-—1,
(i) [Aj—14;] > (2n —3)0 for each3<j<n—1.
Then

n—1
|A1An] 2 ) T |AiAia| — (4n — 10)6. (16)

i=1

Proof. We will prove this lemma by induction on n. For n = 3 it is valid. So, assume it is valid
for n and prove it for n + 1. From formula (16) we deduce

|A1A,] 2 |A1An—1| + |An—14s] — (4n — 10)6
and from condition (i) we have
|Ap—1Ant1] = |AnAns1| + |An—1A45] — 20. (17)
Summating and applying condition (ii) for |A,,_1A4,|, we get
|A1An| + |An—14nt1| > |A1An—1| + |AnAnsa] + 20.
Therefore, from the rectangle inequality

|A1An| + |An—1Ant1| < max{|A1 An_1| + |[AnAnt1], [A1Ans1| + |An—1 40|} + 20
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we have that

|A1An| + [Ap—1Apt1| < |A1Apg1| + [An—1An| + 20. (18)
On the other hand, from the induction hypothesis (16) and inequality (17), we have

| A1 An| + A1 Ana| > <Z?:_11 |A;Ait1] — (4n — 10)5) + [ApAp 1| + |Ap 1A, — 26
= > | AiAi] + [Ap—14n] — (4n — 8)0.

From this and inequality (18) we deduce that

A1 41| =Y JAiAif] — (4n = 6)s,

i=1

and the proof is completed. O

Lemma 9.5 Let H be a torsion-free §-hyperbolic group with respect to a finite generating set S.
For any nontrivial g € H, there exists a computable natural number r = r(|g|) such that

J Age € (9)B().
k=1

Proof. First we prove that [ J;~; Ay« lies at bounded (in terms of |g|) distance from Cy(g) and
then that Cp(g) lies at bounded distance from (g).

Take z € A N H. Then |z~!g¥Fz| is minimal among the lengths of all conjugates to g*. In

particular, |z~ 1¢g*z| < |¢¥|. By Corollary 9.3, there exists z € H, such that z~!gFz = 27! égk -z

c

for some constant ¢ = ¢(|g|) > 0. Thus, we have |z~ égk 22| < |g¥|. Consider two cases.

Case 1. Suppose that |g"| > 2¢+ 6. By Lemma 9.1, 271 - g% - 2| > 2|z| + |¢"] — (4c + 26).
Therefore |z| < 2¢+ . Moreover, x € Cr(g)z.

Case 2. Suppose that |g¥| < 2¢ + 6. From |z~ '¢g*z| < |¢¥| and Lemma 2.5, we conclude that
there exists y € H such that 27 '¢Fz = y~'¢Fy and the length of y is bounded by a constant,
depending on 2¢ + 6. Moreover, = € Cy(9)y.

It remains to prove that C(g) lies at bounded distance from (g). By Corollary 3.10 in Chap-
ter IIL.T of [3], the group (g) has finite index in Cy(g). As explained in the proof of that
corollary, different positive powers of g are not conjugate to each other. Therefore, there exists
a natural number n < |B(49)| + 1, such that ¢ is not conjugate into the ball B(49). In the
proof, it is claimed that each element of Cp(g) lies at distance at most 2|¢g"| + 40 of (¢™) and
hence of (g). This completes the proof. O

Lemma 9.6 Let H be a torsion-free §-hyperbolic group with respect to a finite generating set S.
There exists a computable function f : N> — N such that for any two elements u,v € H and for
any nonnegative integers I, k the following holds

[P oul | > [ = f(lul, [o]).
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Proof. We may assume that u is nontrivial. Let pu = p(|u|) be such a constant that for any
two integers s < t the quasi-geodesic {u’|s < i < t} is contained in the p-neighborhood of
any geodesic with endpoints u® and u’ (see Corollary 2.9). Set N = #B(2u + 26 + |v|) and
d=2(p+1)(N+1).

We denote A =1, B = u*, C = v¥v, and D = v*vu!. Choose geodesics [AB], [AC] and [CD].
Let P be the point on [C'D] such that |CP| = 3(|CA| + |CD| — |AD|). We will consider two
cases.

Case 1. Suppose that |CP| < d. Then
luFvul| = |AD| = |AC| + |CD| — 2|CP| > (\uk\ —|v]) + lul) = 2d > [uFtY — v — 2d.

Case 2. Suppose that [CP| > d. We will prove that in this case u and v commute and so
luFvul| > |ubt — o).

Figure 2

Let X be an arbitrary point on [CP]. Then X is at distance at most ¢ from the side [AC] of
the geodesic triangle AC'D. But this side is in the (§ + |v|)-neighborhood of the side [AB] of the
geodesic triangle ABC, and the last one is in the p-neighborhood of the set {1,u,...,u*} by
Corollary 2.9. Thus X is at distance at most 26 + p + |v| from a point Y = uP, where 0 < p < k.

By the same corollary, X is in the p-neighborhood of {C,Cu, ..., Cu'}, that is X is at distance
at most g from a point Z = Cud = wFvu?, where 0 < ¢ < I. Thus |[u7? - uFvud| = |V, Z| <
26 + 24 + |vl.

Now, let X1,...,Xny1 be points on [CD], such that |CX;| = 2i(u+ 1). Note that all X; lie on
[CP]. As above, X; is at distance at most p from a point Z; = Cu%. Note, that ¢; # g; for
i # j, otherwise Z; = Z; and | X;X;| < |X;Z;| + |Z;X;| < 2u, a contradiction. Similarly, we
have |uPi - uFvudi| < 26 + 2u + |v| for some p;. Thus all elements u~Pi - uFvudi lie in the ball
B(r), where r = 2§ + 2 + |v|. Since the number of these elements is N + 1 and N = #B(r),
there are two coinciding elements of this form with different i, j:

wFPigyd = yFPipy

We get that vu% %y~ = uPi~Pi_ Since q; # qj, this implies that u,v commute. The proof is
completed. O

10 Estimation of distance between axes

In this section, we assume that H is a d-hyperbolic group with respect to a finite generating
set S.
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Lemma 10.1 Let g be a nontrivial element of H. Let A be any point of T'(H,S) and B be a
point on Ay, nearest to A. Then for any geodesic segment [BC| C Ay holds

|AC| > |AB| + |BC| — 26.

Proof. Connect A, B, C by geodesic segments [AB], [BC| and [AC]. Let X € [BA]and Y € [BC]
be such points, that |[BX| = |BY| = 3(|BA| + |BC| — |AC|). Then |XY| < 4. Since the point
Y also lies on Ay, we have that |[AB| < |AY'|. Therefore | XB| < |XY| < 6. Hence

|AC| = |AB| + |BC| — 2|BX| > |AB| + | BC| — 20.

O

Lemma 10.2 Let g # 1 be an element of H and k be an integer number such that ||g*|| > 56.
Let A be an element of H and N be the real number such that |A, g*A| = ||gF|| + N. Then
A= g'v for somet € Z and v € H such that [v| < $N + 35 +r(|g]).

Proof. Let B be a point on Ay nearest to A. Denote C' = ¢*B, D = g*A. By Lemma 10.1, we
have
|AC| > |AB| + |BC| — 26

and

\DB| > |CD| + |BC| — 26.

Moreover, |BC| = ||g¥|| > 56. Therefore, by Lemma 9.4, we get

|AD| >|AB|+ |BC|+|CD| - 66
= 2|AB| + |BC| - 66
= 2|AB| + ||g"|| — 66.

Hence, from the hypothesis we have |AB| < %N + 3. By Lemma 9.5 we are done. O
Lemma 10.3 Let g be a nontrivial element of H with ||g|| > 55. Then the middle point of any

geodesic segment [ X, gX]|, where X is a point of I'(H,S), lies in the 55-neighborhood of the axis
Ag.

Proof. The point Y is the nearest to X on A,. Denote X; = gX, Y7 = gY. By Lemma 10.1,
we have
| XY1| > | XY|+|YY1|— 20

and
‘X1Y’ > ‘lel‘ + ‘Y1Y’ — 2.

Moreover, |YYi| =||g|| > 50. Therefore, by Lemma 9.4 we get

2| XY |+ |YY| < | XX+ 66. (19)
Let M be the middle point of the segment [XX;] and N be the middle point of the segment

[YYi]. Clearly N € A;. We will estimate the distance [NM|. Consider the geodesic rectangle
XMX;iN. By the rectangle inequality we have
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INM| + | XX;| <max{|XM|+|NXy|,|MX,|+|NX|} +26
= max{1|XX1| + [NX1|, 3| X X1| + |[NX|} + 20.

Note that [NX| < |XY|+ |[YN| = |XY| + |YY;|. Therefore from (19) we have |[NX| <
$|X X1 |+ 35. Analogously |[NX;| < 2| X X;|+ 3. From this we deduce that [NM| < 56. O

Proposition 10.4 Let g and h be any elements of H such that ||g|| > 136, ||h]| > 13§ and
llgh|| > 56. Then the distance between the axes Ay and Ay, is at most

1
max{134, 5 (|lghll — llgl| = [Ihl[) + 164}.

Proof. Let d be the distance between A;, and A,. If d < 136, we are done. So, assume that
d > 136. Let X and Y be points of Aj, and Ay such that | XY | = d. It is obvious, that

(X, ghX| <[XY[+[Y,gY]|+|gY,gX| + [gX, ghX| = d + [|g]| + d + ||h]].
By Lemmas 10.1 and 9.4, we have

X, (gh)*X| = |XY|+ Y, Y|+ |gY, gX]| + |gX, ghX|
+|ghX, ghY | + |ghY, ghgY | 4+ |ghgY, ghgX| + |ghgX, ghghX| — 226
=2(d + ||g]| + d + ||h]]) — 226.
Denote A = X, B = ghX and C = (gh)?X. Let M be the middle point of the geodesic segment

[AB]. Then M; = ghM is the middle point of the geodesic segment (gh)[AB] connecting B and
C, and we have

|M,ghM| = |MM|> |AC|—|AM|—|CM;| = |AC|— 3|AB| - $|BC|
= |AC| = [AB| = d + |[gl| 4 d + [|n]| — 226.
By Lemma 10.3, M, as the middle point of the geodesic segment [ X, ghX], lies at distance at most

56 from the axis Agj,. Therefore |M, ghM| < 105+ ||gh||. Hence d < 3(||gh||— ||g]| — ||hl]) + 166.
a
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