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HOMOTOPY BATALIN-VILKOVISKY ALGEBRAS

IMMA GALVEZ-CARRILLO, ANDY TONKS, AND BRUNO VALLETTE

ABSTRACT. This paper provides an explicit cofibrant resolution of the operad
encoding Batalin—Vilkovisky algebras. Thus it defines the notion of homotopy
Batalin—Vilkovisky algebras with the required homotopy properties.

To define this resolution, we extend the theory of Koszul duality to operads
and properads that are defined by quadratic and linear relations. The operad
encoding Batalin—Vilkovisky algebras is shown to be Koszul in this sense.
This allows us to prove a Poincaré—Birkhoff-Witt Theorem for such an operad
and to give an explicit small quasi-free resolution for it.

This particular resolution enables us to describe the deformation theory
and homotopy theory of BV-algebras and of homotopy BV-algebras. We
show that any topological conformal field theory carries a homotopy BV-
algebra structure which lifts the BV-algebra structure on homology. The
same result is proved for the singular chain complex of the double loop space
of a topological space endowed with an action of the circle. We also prove the
cyclic Deligne conjecture with this cofibrant resolution of the operad 7. We
develop the general obstruction theory for algebras over the Koszul resolution
of a properad and apply it to extend a conjecture of Lian—Zuckerman, showing
that certain vertex algebras have an explicit homotopy BV-algebra structure.
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INTRODUCTION

The main goal of this paper is to develop the homotopy theory of Batalin—
Vilkovisky algebras, BV-algebras for short, and to apply it to algebra, topology,
geometry and mathematical physics.

The “disadvantage with monoids is that they do not live in homotopy the-
ory” said Saunders MacLane in 1967. Given two homotopy equivalent topological
spaces or chain complexes, such that one of them is endowed with a monoid or an
associative algebra structure, we may transfer the binary product to the other in
an obvious way. But this transferred product will not be associative in general;
it carries higher homotopies and the resulting structure is a homotopy associative,
or simply A, space or algebra [69]. The category of As-algebras includes the
category of associative algebras and is stable under homotopy constructions. To
this end, homotopy and algebra meet.

To control the combinatorics of these higher homotopies, MacLane introduced
the notion of prop [48] of which operads are a particular example [55]. Operads and
props are used to encode algebraically the operations acting in certain categories.
Props model multilinear operations with many inputs and many outputs, whereas
operads model multilinear operations with many inputs but only one output. One
can do homological algebra and homotopy theory on the level of operads them-
selves, and in this context there is a notion of cofibrant operad that is to operads
what projective modules are to modules. It is proved that categories of algebras
over cofibrant operads enjoy good homotopy properties [7, [5]. For example, the
operad which encodes A,.-algebras is cofibrant.

The notion of Batalin—Vilkovisky algebra plays an important role in geometry,
topology and mathematical physics. Unfortunately, as with associative algebras,
the operad which governs them is not cofibrant. Therefore the first question an-
swered by this paper is that of providing an explicit cofibrant resolution of this
operad, algebras over which are naturally called homotopy Batalin—Vilkovisky al-
gebras. This conceptual definition ensures that these algebras share nice homotopy
properties.

To define this resolution we extend to operads the inhomogeneous Koszul du-
ality theory for algebras, after [63, 29] 25], and apply it to the operad #¥ which
encodes BV-algebras. The resulting explicit cofibrant resolution allows us to give
four equivalent definitions of a homotopy BV-algebra, each of which we make
explicit for the different applications in the text. Our approach via Koszul dual-
ity theory gives as a corollary an algebraic theorem: the Poincaré-Birkhoff-Witt
theorem for the operad A7 itself.

Another natural question is that of lifting to the chain complex level an alge-
braic structure (such as a BV-algebra) that is given on the homology. The above
arguments show that one could hope for a homotopy BV-algebra structure on the
chain complex in general. Since we define the notion of homotopy BV-algebra
by a cofibrant operad, we can prove the following lifting results in mathematical
physics and in algebraic topology: any topological conformal field theory and any
double loop space of a topological space endowed with an action of the circle carry
a homotopy BV-algebra structure which lifts the BV-algebra structure of [23] on
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homology. We also show that the cyclic Deligne Conjecture is true with the homo-
topy A operad provided here. These proofs rely on the formality of the framed
little discs operad [68} 26] and the fact that the homotopy &% operad is cofibrant.

Since the resolution we provide here for the operad %7 comes from an extended
Koszul duality theory, we can make the deformation theory of homotopy BV-
algebras explicit. We describe a dg Lie algebra whose Maurer—Cartan elements
are in one-to-one correspondence with homotopy BV-algebra structures. Given
such an element, the associated twisted dg Lie algebra defines the cohomology of
the homotopy BV-algebra. This also allows us to study the obstruction theory
for homotopy BV-algebras. In the relative case, we make explicit the obstructions
to lift a homotopy Gerstenhaber algebra structure to a homotopy BV-algebra
structure. We apply the general obstruction theory to prove an extended version
of Lian—Zuckerman conjecture: any topological vertex operator algebra, with N-
graded conformal weight, admits a homotopy BV-algebra structure which extends
Lian—Zuckerman operations and which lifts the BV-algebra structure on the BRST
homology. This homotopy BV-algebra structure is explicit, unlike in the previous
applications, since the method used is different.

Using the Koszul dual cooperad of the operad encoding BV-algebras, we can
develop several important constructions in homotopy theory for BV-algebras and
homotopy BV-algebras: bar and cobar constructions, co-morphisms, transfer of
homotopy BV-algebras structures under chain homotopy equivalences and Massey
products. This allows us to formulate the formality conjecture for the Hochschild
cochains in the BV case, extending Kontsevich’s result [43]. Other applications of
homotopy BV-algebras are expected in String Topology [I1], Frobenius manifolds
[50], Chiral algebras [4] and in the Geometric Langlands Programme [16].

In [76], we introduced the notion of properad which lies between the notions
of operad and prop. Properads faithfully encode categories of bialgebras with
products and coproducts, as do props, but they are simpler. Hence it was possible
to develop a Koszul duality theory on that level, which cannot be done for props
since they lack, for the moment, the required homological constructions, such as
the bar construction.

The second part of this paper is composed of three appendices which introduce
the general theories for properads that we have applied to the operad £7% in the
first part. The first appendix describes the Koszul duality theory for inhomoge-
neous quadratic properads, and thus operads; as a direct corollary we prove the
Poincaré—Birkhoff-Witt Theorem for Koszul properads. In the second, we develop
the homotopy theory for algebras over such a Koszul operad (bar and cobar con-
structions, homotopy algebras, oo-morphisms, transfer of structure and Massey
products). The third appendix describes the deformation and obstruction theory
of algebras over a Koszul properad.

OPERADIC HOMOLOGICAL ALGEBRA

In this section, we recall the basic notions of homological algebra for operads
such as twisting morphisms and bar and cobar constructions. We give the four
equivalent definitions of homotopy algebras over a Koszul operad that we will use
throughout the paper, one for each section.
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We refer the reader to the papers [29, 25 I7] and to the books [52] [47] for
further details.

0.1. Conventions. Throughout the text, we work over the underlying category
of differential graded modules, or chain complexes, over a field K of characteristic
0. Because of the relationship with algebraic topology, we use the homological
degree convention: the differential maps lower the degree by 1. Hence, we work
with dg operads, dg cooperads, dg algebras and dg coalgebras, which will often
be called operads, cooperads, algebras and coalgebras. Recall that a dg operad is
a monoid in the monoidal category of dg S-modules equipped with the composite
product o. A dg cooperad is a comonoid in this monoidal category. Notice that
most of the operads and cooperads present in this paper are reduced, that is, they
satisfy Z2(0) = 0. The degree of an element or map is denoted by |z|. We adopt
the usual opposite grading for the linear dual of a chain complex, (V*),, := (V_,)*.
Let sK denote a copy of the field concentrated in degree 1 and let s : V — sV
denote the suspension operator, where (sV),, = sK® V,,_1 and s(v) = 1 ®v.

0.2. Twisting morphisms. Let & be a dg cooperad and let 2 be a dg operad.
Recall from [5] that the collection Hom(%', 2) := {Hom(%'(n), 2(n))}nen forms an
operad called the convolution operad. This structure induces a dg preLie algebra
structure and hence a dg Lie algebra structure on the direct product of the S-
equivariant maps

Homs (%, 2) := ( ][ Homs, (¢(n), 2(n)),0,[, ),

neN
see [39].
In this convolution dg Lie algebra, we consider the Maurer—Cartan equation
d(@) + 2[a,a] = 0, whose degree —1 solutions are called twisting morphisms

by analogy with algebraic topology. The set of twisting morphisms is denoted
Tw(€,2).

A cooperad % is called coaugmented when the counit map splits by a morphism
of cooperads I — ¢ called the coaugmentation map, with cokernel denoted by
%. When ¥ is coaugmented, we require that twisting morphisms factor through
€ — 2.

0.3. Bar and cobar constructions. The twisting morphisms functor, Tw :
coaugm. dg coop. x dg op. — sets, is represented by the following functors:

Q : {coaugmented dg cooperads} = {dg operads} : B

called the bar construction B and the cobar construction €.

The cobar construction Q€ of a coaugmented dg cooperad (€, d¢) is defined
by the free operad .Z (s~'%) on the homological desuspension of €. It is endowed
with the derivation d = ds + d; given by the unique derivation de which extends
the partial decomposition map of the cooperad € plus the unique derivation d
which extends the differential d¢ of 4. The bar construction B2 is defined dually
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by the cofree cooperad .7 ¢(s2), see [25, Section 2] and [47, Chapter 5].

A conilpotent cooperad (€, A) is a coaugmented cooperad such that the iterated
powers of the decomposition map A minus its primitive part applied to any element
eventually vanish. The bar and cobar constructions form an adjunction between
dg operads and conilpotent dg cooperads, which is explicitly given by the set of
twisting morphisms [25] Theorem 2.17]

Homgg op. (€, 2) = Tw(%, 2) = Homdg coaugm. coop. (€, BZ2).

0.4. Homotopy algebras. When an operad & is Koszul, the cobar construc-
tion of its Koszul dual cooperad &' provides a quasi-free resolution of &, see

Appendix [Al
Poo i =0P 5 P

We define homotopy &2-algebras to be the algebras over the cofibrant operad Z;
thus they share nice homotopy properties [7, [5]. A homotopy &?-algebra structure
on a dg module A is a morphism of dg operads Q%1 — End 4.

By the preceding subsection applied to ¥ = £ and 2 = Enda, a homo-
topy &?-algebra structure on A is equivalently given by a twisting morphism in
Tw(Z1, Enda). Recall that the free Pi-coalgebra on a dg module A is &2i1(A) :
@D,.cn Zi(n) ®s, A®". Using the adjunction Homg, (21(n), Hom(A®™, A))
Hom(Z1(n) ®s, A®™, A), one proves that

'l

Homg (£, Ends) = Hom(21(A), A) = Coder(L£1(A)),

the space of coderivations on &?1(A). Under this isomorphism, the set of twist-
ing morphisms Tw(Z?1, Endy) is in one-to-one correspondence with square zero
coderivations of degree —1, or codifferentials, Codiff (Z1(A)) on Li(A).

Theorem 1 (Rosetta Stone [29] 25| [78] 58]). For any Koszul operad &7 in the
sense of the Appendiz[4], the set of homotopy P2-algebra structures on a dg module
A is equal to

Homygg op. (221, Enda) = Tw(£1, Enda) = Homgg coaugm. coop. (2?7, BEnda)
= Codiff(£1(A)).

The operad B encoding Batalin—Vilkovisky algebras is Koszul in the sense
of Appendix [A] though it is not quadratic or Koszul in the classical sense. In
each section of the present paper, we make the notion of homotopy BV-algebra
explicit using one of the above equivalent definitions each time. In Section [Il we
make the quasi-free resolution Q%% explicit. In Section 2] we use the definition
in terms of codifferentials on B¥1(A). In Section Bl we develop the deformation
theory of homotopy BV-algebras using the Lie theoretic description with twisting
morphisms. And in Section[d] we use the last two definitions to study the homotopy
theory for homotopy BV-algebras. For instance, the third definition will be shown
to provide an explicit formula for Massey products on the homology groups of any
BV-algebra or homotopy BV-algebra.



6 IMMA GALVEZ-CARRILLO, ANDY TONKS, AND BRUNO VALLETTE

1. RESOLUTION OF THE OPERAD AY

We make a quasi-free resolution BY,, of the operad £¥ encoding Batalin—
Vilkovisky algebras explicit. An algebra over this resolution is a homotopy BV-
algebra. The results of this section are an important example of (but can be
read independently from) the inhomogeneous quadratic Koszul theory developed
in Appendix[Al This allows us to prove a Poincaré-Birkhoff-Witt theorem for the
operad BY itself. At the end of the section, it is shown that the genus 0 operadic
part of a topological conformal field theory, TCFT for short, is encoded in this
algebraic notion of homotopy BV-algebra.

1.1. Batalin—Vilkovisky algebras. The Koszul-Quillen sign rule says that the
image under f ® g of 2 ® y is equal to (f ® g)(z ® y) = (=1)I*9f(z) @ g(y).
Throughout the paper, we adopt the economical convention of denoting multilinear
operations on A as elements in the endomorphism operad End 4, that is, without
making them act on the elements of A explicitly. For instance, a binary product e
is (graded) symmetric if the permutation (12) acts trivially on it: (-e-).(12) = -e-.
This relation, applied to homogeneous elements, gives z e y = (—1)|w”y|y e .

A skew-symmetric bracket [ , ] of degree 0 on the suspension sA of a space A
is equivalent to a symmetric bracket { , ) of degree +1 on A under the formula
(-,-) = s7Ys(-),s(-)] because

(,).(12) = (s7,]os®5).(12) = —s ([, |.(12)) os@s =5, ]Jos®@s = (, ),
which, applied to homogeneous elements, says

(y,x) = (—1)|y|s‘1[sy,sx] — (_1)\y\+1+(|w|+1)(|y|+1)8—1[S:E, sy| = (_1)\1\\y\<$7y>,
Definition (Batalin—Vilkovisky algebras). A Batalin—Vilkovisky algebra, or BV-

algebra for short, is a differential graded vector space (A, d4) endowed with

> a symmetric binary product e of degree 0,
> a symmetric bracket (, ) of degree +1,
> a unary operator A of degree +1,

such that d4 is a derivation with respect to each of them and such that

> the product e is associative,
> the bracket satisfies the Jacobi identity

(G +((),)(123) + (), )-(321) =0,

> the product e and the bracket ( , ) satisfy the Leibniz relation

(--0-) = ({(--) o) + (-o(--))-(12),
> the operator satisfies A% = 0,

> the bracket is the obstruction to A being a derivation with respect to the
product e

(--) = Ao(-e-) — (A(-)e-) — (-0 A()),
> the operator A is a graded derivation with respect to the bracket
A(<'7'>) + <A(')7'> + <'7 A('» = 0.
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REMARKS.

o In the literature (|23| [73] for instance), one usually defines a BV-algebra
with a degree 1 bracket [ , ] such that [z, y] = —(=1)(=FDUI+D[y 4]
and satisfying a Jacobi relation with different signs. This definition is
equivalent to the one above under [z, y] = (—=1)1/(z, ).

¢ The relations are homogeneous with respect to the degree.

¢ The Leibniz relation is equivalent to the fact that the operators ad,(-) :=
(x,-) are derivations, of degree |z| 4+ 1, with respect to the product e.

o A vector space endowed just with a symmetric product e and a symmetric
bracket (, ) which satisfy the first three relations is called a Gerstenhaber
algebra after [20].

¢ The last relation is a direct consequence of the other axioms but we keep
it in the definition.

The operad encoding BV-algebras is the operad defined by generators and re-
lations

BY = F(V)/(R),
where .Z (V') denotes the free operad on the S-module
V;:.K2 @ <,>K2 @ AK,

with Ko the trivial representation of the symmetric group Se. The space of rela-
tions R is the sub-S-module of .# (V') generated by the relations ‘>’ given above.
The basis elements o, (, ), A are of degree 0, 1, 1. Since the relations are homo-
geneous, the operad £ is graded by this degree, termed the homological degree.

We denote by ¥om the operad generated by the symmetric product e and the
associativity relation. We denote by Zie; the operad generated by the symmetric
bracket ( , ) and the Jacobi relation; it is the operad encoding Lie algebra struc-
tures on the suspension of a dg module. The operad ¢ governing Gerstenhaber
algebras is defined similarly.

1.2. The quadratic analogue of % . The free operad .% (V') may also be given
a weight grading, where each generator o, { , ), A has weight one. Equivalently, the
weight is the number of internal vertices in the tree representing an element. The
homogeneous component of weight n is denoted .# (V)("). The ideal of relations
(R) is generated by the inhomogeneous quadratic subspace

R c ZWV)Wezv)® =vezV)?,
so the operad %Y is not weight graded. There are two ways to define a graded
operad from AY .
Letq : .Z(V) — .Z(V)® be the projection of the free operad onto its quadratic

part and let qR denote the image of R under q. We consider the following quadratic
operad

4BV = F(V)/(4R).

The quadratic relations of % are not modified under . The only relation which is
not quadratic is the penultimate, which measures the obstruction for the operator
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A to be a derivation with respect to the product e. It becomes

A A A A
. \T/ NS NN \T/‘ NN\

)

The operad q#7Y is bigraded, by the homological degree and the weight grading.
The weight grading of % (V') induces a filtration of £V,

FoBY =7 @ f(V)(k)),
k<n
where 7 denotes the natural projection 7 (V) — %7 . As usual the associated
graded operad, denoted by gr#7, is isomorphic to %7 as an S-module. Since

the space of quadratic relations qR is also zero in gr#7 ', there is a natural epi-
morphism of bigraded operads

qQBY — grBY .
Theorem 2. The operad q BV is Koszul.

Proof. This follows from [76, Proposition 8.4] by the distributive law method. Ob-
serve that the operad q#7¥ is obtained from the Koszul operad ¢ of Gerstenhaber
algebras and D := K[A]/(A?) the algebra of dual numbers, an operad concentrated
in arity 1, by means of the distributive laws

\ / A A
M NSNS
A | |
A A
N NSNS
| — <i> + <|>
A

These define an injective map D o¥ — 4 o D = q#BY of graded S-modules and
hence [76, Proposition 8.4] proves that the operad q#¥ is Koszul. (The fact that
the algebra of dual numbers here is not concentrated in degree zero does not affect
the spectral sequence used in the proof there: we have E;q = (Di(p) 0 D)ptq and
Ef)q =0 unless p = ¢ = 0 since d' is the differential of the Koszul complex.) ([

REMARK. The distributive law theorem for operads due to Markl in [51] cannot
be used here because it does not apply to operads with unary operations. The
general methods of [76, Section 8] are the same, but the results include unary
operations since the proofs are based on different filtrations.

As a direct corollary of the distributive law methods, we get the following
explicit description of the S-modules underlying q %7 and its Koszul dual q#71,
with their homological grading.

Proposition 3. There are isomorphisms of degree graded S-modules

ABY =G o D = Com o Liey o K[A]/(A?)
qBYV'1 = Dio ¥l 2 K[d] o Liel o Coml,
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where K[§] = T<(0) is the cofree coalgebra on a degree 2 generator §, that is, a
cooperad concentrated in arity 1.

Proof. Tt follows from [76, Lemma 8.1 and Proposition 8.2]. O

When the number of generators of a binary operad &2 is finite, it is convenient
to work with the Koszul dual operad

P =(FZ(V)/(R)) := F(V* ®p sgns,)/(R").
Here the Hadamard product ®y is the arity-wise tensor product of S-modules. In
the finitely generated case, the Koszul dual cooperad &1 is isomorphic to
P SUPY) =5 @ (2,
where (£')* denotes the component-wise linear dual of the Koszul dual operad
and where S¢ := EndS_1x is the suspension cooperad of endomorphisms of the one
dimensional vector space s 'K concentrated in degree —1 (see Section 2.4 of [25]
and Section 2 of [77]). We can also consider the desuspension of operads by taking

the Hadamard product S™'% := S7! @y & with the operad S~! := Endk.
Observe the Hadamard product of two (co)operads is again a (co)operad.

Corollary 4. The underlying S-module of the cooperad qBY'1 is isomorphic to
qBYV1 2 K[b] o S“Gom] o S¢ Lie®,

where Lie® = ZLie® is the cooperad encoding Lie coalgebras and where €om§ =
Gom™ | is the cooperad encoding cocommutative coalgebra structures on the sus-
pension of a dg module. The degree of the elements in

K.0% @ S¢Coms (t) @ S¢.Lie(p1) @ ... ® S Lie®(p;) C BV
isn+t+2d—2, forn=p; +---+pq.
Proof. From [29] 25], we have Com' = Lie and Lie,' = Com_1. O

Since q#7Y is a Koszul operad, its quadratic model is given by the cobar con-
struction of its Koszul dual cooperad

QqBY = (F (s 'qBV"),do) =5 4 BY — tBY = BY .

The S-module s~ 'q#¥" seems to be a good candidate for the space of gen-
erators a quasi-free resolution of the operad A7Y itself. In the next section, we
perturb the quadratic differential do by a linear term d; in order to obtain a
quasi-isomorphism with the operad £7% .

1.3. The Koszul dual of 7. We consider the map ¢ : qR — V defined by

A A
A | | |
and 0 otherwise, so that the graph of ¢ is equal to the space of relations R (see
Appendix [AT] for the general theory).
We use the notation ® for the ‘commutative’ tensor product, that is, the quo-
tient of the tensor product under the permutation of terms. In particular, we
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denote by 6? ® Ly ® --- ® L; a generic element of K[§] o S°Gom§ o S°.ZLie® with
L; € S¢Zie®, for i = 1,...,t; the elements of S°Gom{ being implicit.
Lemma 5. There is a unique square-zero coderivation d, on the cooperad qBY'
which extends . It is explicitly given by
t
do(0' @ L1 @O L) =Y ()6 QLo OLoL 00 L,
i=1
where L, © LY is Sweedler-type notation for the image of L; under the binary part
S¢Lie® — S°Lie(2) ® (S Lie® ® S¢Lie)
of the decomposition map of the cooperad S¢Lie. The sign is given by €; =
(IL1| + -+ + |Li—1]). The image of d, is equal to 0 when d = 0 or when L, €
Sc%ie(1) = IK for all i.
Proof. The first claim follows from Lemma B7] Tt is straightforward to verify that
(RV+VoRNZFZV)D c RNF(V)? here.

To make d, explicit, we dualize everything and we consider the unique deriva-
tion ‘d, on (q#B71)* extending ‘¢. The transpose map ‘¢ is equal to ‘¢(c) =
@Il € K[§*] o ST16om_1 o S~1 Lie, where ¢ denotes the generator of
S~1%om_1(2) and where [ denotes the generator of S~'.Zie(2). Therefore, 'd,, is
equal to
o ((0*)'@Lije---0L) = Y (-1)79 (") ®[L;, L}|oLie- -0 Lo -0 Li0- - -OL;,

1<i<j<t
where L}, L] is the image ~(I; L}, L}) under the composition map S~'.Zie(2) ®
(S™1Lie® S~ Lie) — S~ .Lie of the operad S~!.Zie with the generating element
[ in S71.Zie(2). The sign ;; is automatically given by Koszul-Quillen sign rule,
that is here

gij = (IL7| + [L30)-(1LT] + - + 1L ) + 1L5 (1 Liga [+ -+ (LG ])-
Finally, we dualize once again to get d. O

Since S Zie(A) =2 s.ZLie(s 1 A), this last formula shows that the differential
td, on (qBY1)* is equal, up to the powers of §*, to the Chevalley-Eilenberg
boundary map defining the homology of the free Lie algebra.

We can now define the Koszul dual of the inhomogeneous quadratic Batalin—
Vilkovisky operad.

Definition. The Koszul dual cooperad of the operad £ is the differential graded
cooperad
BV = (qBYV1,d,).

1.4. The Koszul resolution of the operad #7% . Since the definition of the
cobar construction extends to dg cooperads, we can consider the cobar construction
QABYT of the Koszul dual dg cooperad of BY .

Definition (Operad #BY.,). We denote by BY,, the quasi-free operad given by
the cobar construction on AYi:

B oo = OBV = (F (s 'qQBV), d =dy + ds).
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The space of generators of this quasi-free operad is isomorphic to K[0]oS°Gom7o
S¢Z%ie’, up to coaugmentation. The differential d; is the unique derivation which
extends the internal differential d, and the differential do is the unique derivation
which extends the partial coproduct of the cooperad Z¥'i. (Recall that the partial
coproduct of a cooperad is the component of the coproduct in .#(€)? C € o€,
given by trees with 2 vertices.) Therefore, the total derivation d = d; + da squares
to zero and it faithfully encodes the full data of dg cooperad on £B¥1.

Theorem 6. The operad BV is a resolution of the operad BY
BY oo = OBV = (9(5*1@@%), d=d + dg) N
Proof. 1t is an application of Theorem B8 ]

As a direct corollary of the proof of this theorem, we get the following seemingly
unrelated result.

Theorem 7 (Poincaré-Birkhoff-Witt Theorem for the operad #%'). The natural
epimorphism qBY — grBY is an isomorphism of bigraded operads. Thus there
are isomorphisms of S-modules

RBY = grBY = qBYV
which preserve the homological degree.

Proof. 1t is an application of Theorem O

This algebraic result allows us to make the free Batalin—Vilkovisky algebra
explicit.

Proposition 8 ([23]). The underlying module of the free Batalin—Vilkovisky alge-
bra on a module X is isomorphic to

BY(X)2qBY (X)2G o D(X) & Gom o Lier(X & A(X)).

The result is also a corollary of Proposition 4.8 of [23], but the method is
different.

REMARK. Our construction of 871 and %7 is based on a particular presentation
of Y in terms of generators and relations. This method cannot be applied to the
other quadratic operad qZ¥”, associated to the presentation of % in which the
final ‘redundant’ derivation relation between A and the bracket (, ) is omitted.
The two presentations of % are equivalent, but the induced quadratic operads
q#YV and q#¥"’ are not isomorphic. In fact the derivation relation between A
and (, ) holds in gr#¥” but not in q#¥”, so in weight two q#¥" is strictly larger
than gr#¥" and there is no PBW theorem. To apply this method one must always
consider the mazimal space of relations R, see Proposition Bl in Appendix [Al for
further details.
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1.5. Homotopy BV-algebra. A homotopy BV-algebra, or BV, -algebra, or BV-
algebra up to homotopy, is an algebra over the operad #BY¥,,. Such a structure on
a dg module A is given by a morphism of dg operads

%7/00 — End,4.

Any BV-algebra is a special case of a homotopy BV-algebra; this is the case when
the structure map #BY¥,, — Endy factors as the quasi-isomorphism followed by
the &Y structure map,

%7/00 —N—> BY — EndA.

We will return to the explicit definition of homotopy BV-algebras in Section

1.6. Relations with the framed little disc operad and double loop spaces.
We recall from Section 4 of [23] (see also [65]) the definition of the framed little
discs operad fD. Let D denote the unit disc in the plane. The space fD(n) is
the space of maps from the disjoint union of n copies of D to D, whose restriction
to each disc is the composite of a translation and multiplication by an element of
C*. The interior of the images of the discs are supposed to be disjoint. It can be
thought of as the space of configurations of n discs, with one marked point on each
boundary, inside the unit disc D. Since we work over a field, the singular chains
Co(fD) is a dg operad and its homology groups He(fD) form a graded operad.

Proposition 9 ([23]). The homology of the framed little disc operad is isomorphic
to the Y operad,
Ho(fD) = %Y.

Therefore, the framed little disc operad gives a topological model for the notion
of homotopy BV-algebras. We make this relation precise with the following key
result.

Proposition 10 ([68, 26]). The framed little disc operad is formal, i.e. the dg
operads Co(f D) and He(fD) are linked by a zig-zag of quasi-isomorphisms.

Co(fD) =X1 ¢— Xo = -+ ¢— Xop — Xopy1 = Ho(fD) = BY
Theorem 11. There is a quasi-isomorphism of dg operads between the operads
BV and Co(fD), the chains of the framed little disc operad, which lifts the
resolution BYeo — BY .
Proof. Let X = Co(fD) be a cofibrant replacement of Co(fD) in the model
category of dg operads (see [34, B]). We consider the following zig-zag coming
from Proposition 10

X 55 Cu(fD) = X1 ¢ Xy 5 o < Xy =5 Xopyy = BY

in the homotopy category of dg operads Ho(X, Z%). In this model category every
dg operad is fibrant, so is 7. Since X is cofibrant and £¥ fibrant, there is a
morphism of dg operads £ : X — #7 which factors

Ce(fD) = Xy Xo Xop —— Xop 11 = BY

]

X - BY

~ ~ ~
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(see Proposition 5.11 of [I4]). Since all the maps are quasi-isomorphisms, then &
is a quasi-isomorphism. And since the dg operad %7 has trivial differential, & is
an epimorphism. Finally, the morphism of dg operads € is a fibration. The operad
BV is quasi-free and non-negatively graded, so it is a cofibrant replacement of
Y . In conclusion, there is a quasi-isomorphism of dg operads which lifts

BV oo

l \\

~ ~

BY X Ce(fD)

O

This quasi-isomorphism exists by an abstract model category argument and the
formality theorem. So it would be desirable to have a better understanding of it,
for instance in terms of a morphism to the cellular chains on a cellular decom-
position of the framed little disc operad (see [40]). This would lead to a better
understanding of the Grothendieck—Teichmiiller group, see [T} [72]. We leave this
interesting question for future study or to the reader.

The main motivation for the introduction of the framed little discs operad by
Getzler [23] was to extend the recognition principle of Boardman—Vogt [7] and
May [65]: the framed little discs operad acts on the double loop space of any
topological space endowed with an action of the circle and the operad action
characterises this type of spaces [65]. Hence the homology of the double loop
space of any topological space endowed with an action of the circle carries a BV-
algebra structure by Proposition [@ where the product is the Pontryagin product
and the bracket is the Browder bracket.

Corollary 12. Let X be a topological space endowed with an action of the circle.
The singular chain complexr Co(Q22X) of the double loop space of X carries a
homotopy BV-algebra structure which lifts the BV-algebra structure on homology.

1.7. Relations with the Riemann sphere operad and topological confor-
mal field theory. Recall from Segal [66] that the properad of Riemann surfaces
Z is defined by the moduli space of isomorphism classes of connected Riemann
surfaces of arbitrary genus with biholomorphic maps from the disjoint union of
n~+m discs. Again, the images of the discs are supposed to have disjoint interiors.
The images of the first n discs form the inputs and the images of the last m discs
form the outputs. The properad structure is given by sewing along the boundaries
of the discs. (In the literature, one usually considers the prop freely associated to
this properad but this yields no more information.) A space which is an algebra
over Z is called a Conformal Field Theory, or CFT for short. The singular chains
Co(Z) of this topological properad is a dg properad, and a dg module which is an
algebra over Co(Z) is called a Topological Conformal Field Theory, or TCFT for
short.

If we consider only Riemann spheres (surfaces of genus 0) with one output disc,
this collection forms a topological operad denoted R of which the framed little disc
operad fD is a deformation retract. The retraction is obtained by shrinking the
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complement of the output disc to a unit disc, leaving a configuration of n discs in
the unit disc with one marked point on each boundary. This result, with the help
of Proposition [@ allowed Getzler [23] to prove that the homology groups of any
TCFT carry a BV-algebra structure.

Theorem 13. There is a quasi-isomorphism of dg operads BV — Co(R) such
that the following diagram of quasi-isomorphisms commutes

L

Corollary 14. Any TCFT carries a homotopy BV-algebra structure which lifts
the BV-algebra structure on homology.

Thus an important part of a TCFT structure is encoded in the algebraic notion
of homotopy BV-algebra structure. For the same kind of result at the level of
vertex algebras, we refer the reader to Section 3.3

2. HomMmoTOPY BV-ALGEBRA

We translate the results on resolutions of operads from the first section to
give the explicit definitions of homotopy BV-algebras in terms of operations and
relations. The operations carried by these homotopy algebras correspond to the
generators of the quasi-free resolutions we have described. It remains to give
explicit descriptions of the axioms the operations must satisfy. They are given by
the relation (d; + d2)? = 0.

Throughout this section we will consider, as examples of these structures, the
Hochschild cochain complex of associative algebras.

2.1. Homotopy Gerstenhaber algebra. It was proved in Getzler—Jones [25]
that the operad ¢ encoding Gerstenhaber algebras is Koszul, thereby defining the
notion of homotopy Gerstenhaber algebras. To give a homotopy Gerstenhaber
algebra structure on a graded vector space A is to give a morphism of dg operads

0Y = (F(s7'F"), d2) — (Enda,dpna,)
where ¢1 is the Koszul dual cooperad. Recall from [29, Proposition 4.2.14] that
this is equivalent to giving a map
m:9(A) = A
which extends to a square zero coderivation (see Tamarkin—Tsygan [73], Section 1]
for the form of these operations). Here 4i(A) is the cofree Gerstenhaber coalgebra,
up to (de)suspension,
GI(A) = s57'9°(sA) = s *Gom (sLie(sA)),

where ¢°¢ is the component-wise linear dual to ¢. The square zero condition gives
a family of quadratic relations on the components of the map m. We will make

these relations completely explicit, using the laws for extending m to a coderivation
with respect to the Gerstenhaber coalgebra structure of 41(A) (compare with [27],
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Lemma 3.4 & Theorem 3.6], where the formula for ii¢) has to be slightly modified).

Given elements a; € sA, a permutation o € S,, and an interval [i, j] = {i,7 +
1,...,7}, i1 < j <n, we will use the notation:

afij] "= 0 @ Ai+1 @ - D ay
Afi j) 1= Go1(i) © G-i(i41) @ -+ © Ao
in (sA)®U—+1),
The cofree Lie coalgebra Zie®(sA) on the dg module sA is given by
Lie(sA) = @W.

p>1

Here (sA)®P is the quotient of the (sA)®P by the images of the shuffle maps

Ship—i: (sA)®' ® (sA)®<p*i) — (sA)®P, (1<i<p-1),
ship—i(ap, @ ayrp) = Y (=1)%af,.
oc€Ship_i

The sum is over the set Sh;,—; of all (i,p — i)-shuffles, and (—1) is the Koszul
sign associated to the reordering of the tensor factors ay € sA. This result is due
to Ree [64]. We refer to [47, Chapter 1] for more details and the following operadic
interpretation: the morphism of operads «ss — ¥om, equivalent to the forgetful
functor from commutative and associative algebras to associative algebras, induces
a morphism on the level of the Koszul dual cooperads «/ssi — %omi. After
desuspension, it gives a morphism of cooperads @ss® — Zie®, whose kernel is
equal to the image of the shuffle maps.

We now write W = Zie®(sA) and turn to the construction of €om®(sW). It is
well known that the free cocommutative coalgebra om®(sW') on a graded space

sW is given by
Gom*(sW) = @(SW)Gt = @ st /\tVV.
t>1 t>1
Here (sW)®! is the space of symmetric tensors in (sW)®* which we identify with
the exterior power /\t W, up to sign and a change of grading as discussed in Section

1.1. Furthermore any family of maps m; : /\t W — W of degrees t — 2 extends to
a coderivation m on €om°(sW) by

m(wy /\"'/\wt) — Z (_1)a+a +e’ g®1J| m?]\(wh /\.../\wim) ANwjy, A=+ Nwj, .

Here (—1)°+< is the shifted Koszul sign, and ¢” = |I|-|.J|. The shifted Koszul sign
associated to a permutation o of tensor factors is the usual Koszul sign multiplied
by the sign of ¢ itself. Partitions IUJ can equivalently be regarded as (un)shuffles
of {1,...,t}.

Throughout the text, we will simply denote any tuple (¢1,...,q:) by q.
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Definition (Straight shuffles). Consider integers ¢ > 1 and i, 7 > 0, g > 1,
pr =Lk + qr + 7, for each kK =1,...,t, and let

Pe= > L= Y b+ Y. a
1<i<k—1 1<i<t 1<i<k—1
Then a straight (1, q,r, p)-shuffleis a p-shuffle (i.e. a (p1,...,p:)-shuffle) o satisfying
the following extra property for each k =1,...,¢:
0[Py + € + 1, Py + lx + qi] = [Li + 1, Liy1].
By a straight (q, p)-shuffle we mean a straight (I, q, r, p)-shuffle for some values of
Ly, > 0 with £ + 1, = pr — qk.

Less formally, a straight shuffle may be thought of as a permutation o of a
concatenation X of ¢ strings of lengths pg, each of which contains a non-empty
distinguished interval of length g, with [, elements on the left and 7 elements on
the right. For example,

X = 1234|5678|91011|1213.
For the permutation to be a straight shuffle it must satisfy following conditions:
¢ the orders of the elements within the ¢ strings are preserved by o (shuffle),
¢ the distinguished intervals appear unchanged and contiguously in the im-
age (straight).
For example, one possible straight shuffle of X is
91 25610111213 7384.
More precisely, it is a straight ((17 0,1,0),(1,2,2,2),(2,2,0,0), (4,4, 3, 2))—shufﬂe.

Definition (Straight shuffle extension). For any map

Mg = My,,..., qs - (SA)®q1 JARRRYAN (SA)®qt — SA, (qk > 1),

and integers py > qr we define the straight shuffle extension

mP =mPL P (SA)BPT Ao A (sA)BP —s (sA)EP (=1 +Z(pk —q)),

q q1,--5qt

a[lapl] ARRRRA a’[Pt+1-, Piiq] —

+ ’ —— —
Z(_l)s : a([jl,Ll] © May,....q0 (a([leJrl,Lz] ARRRNA ath+17Lt+1]) ® a([th+1+1-,Pt+1] ’
(e

Here o runs over all straight (q, p)-shuffles and the integers Py, Ly are as above.
The sign (—1)¢ is the Koszul sign associated to the reordering of the a; € sA, and
g =t-|af ;4|

[1,L4]

From the straight shuffle of X above, for example, we see that one of the terms
in the expression

4,4,3,2 — e
my 2,272(G[1,4} Naj58 N 11 ANapazig) € (sA)®7

)

is

+ a9 ® a1 @ my 222(a2 Aa[56 AT[10,11) A T12,13) @ a7 @ a3 @ ag @ ag.
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REMARKS.

¢ The straight shuffle extension mf is a multilinear map of the same homo-
logical degree as mq, and inherits the same (skew-)symmetry properties.

o If we allowed p; > 0 but ¢; = 0 for some 1 < j < ¢ then the straight
shuffle extension would vanish, since elements in the image lie in that of

the shuffle map shy; pr—p..

o The straight shuffle extension is well defined on the quotients (sA)®Px.
That is, if 1 <4 < p; — 1 then the image of the composite mf!: gf(l A

ship,—i A1) in (sA)®P" is zero. An element in the image is a sum of terms,
indexed by all straight (¢x, gk, 7'k, pi)h_; shuffles o and all (i, p; —i)-shuffles
7. For each (o, 7), let « and y be the lengths of the subintervals of [1,4]
and [i + 1, p;] given by the intersections with 771[¢; +1,¢; + ¢;]. Now the
terms for given z,y > 1 may be grouped together into terms containing a
factor mg, .. q, (1A shy 4 A1), and hence these vanish. Collecting the terms
for which x or y is zero gives elements in the image of the straight shuffle
extensions mby, Ve Pt which by the previous remark also vanish.
Examples.

o For t =1 we observe that m' =}
the extension of a degree —1 map Y m, : Zie“(sA) — sA as a coderivation
on the cofree Lie coalgebra Zie®(sA).

o For t = 2 a result of Fresse [I8, Lemma 1.3.5] says that a Lie bracket
mi,1: SANSA — sA extends to a shuffle bracket Lie®(sA) A Lie(sA) —
Zie(sA). The straight shuffle extension ) mf{%”* coincides with this
shuffle bracket.

mb reduces to the usual formula for

Now the cofree ¥i-coalgebra on a graded space A is given by

Gi(A) = s *Com (s Lie(sA)) = @ st*Q((SA)é@pl A A (SA)®pt)7
p1<-<pt

so that a degree —1 map m : 41(A) — A is equivalent to a family of maps

gt (SA)®T A - A (sA)®% — sA, t, q > 1,

.....

of degrees t — 2.

Lemma 15. Let m: 41(A) — A be a degree —1 map and let mq: (SA)®N A--- A

(sA)®9 — sA be the associated equivalent family of maps.
The map

m' = ng : GI(A) — ZLie(sA)

defined by the straight shuffle extensions is the unique coderivation with respect to

the Lie coalgebra structures which extends m. Moreover the map m : 4i(A) —
G1(A) defined by

A(wy A Awg) =Y (=)= s (wiy, A Ay ) Awgy A A

1s the unique extension of m’ as a coderivation of cocommutative coalgebras.
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Finally m : 91(A) — 9i1(A) is the unique extension of m to a degree —1
coderivation of 4i-coalgebras.

Proof. Let us introduce the following non-commutative version of the operad ¥:
the operad G is the operad encoding algebras defined by a degree 0 associative
product * and by a degree 1 Lie bracket (, ) satisfying the Leibniz relation

(--x-) = (=) %) + (% (--))-(12),

This operad was already introduced in [57] where it was shown that it does
not satisfy the distributive law assumption. Hence it is actually isomorphic to a
non-trivial quotient of &/ss o Zie;.

Recall that the morphism of operads «/ss — %om induces the morphism be-
tween the Koszul dual cooperads 7 : @/ss' — om!, equivalent to the morphism
of cooperads &ss¢ — Zie€ after desuspension. These morphisms extend to a
morphism of operads G — ¢ and to a morphism of cooperads I : GI — ¥i as
follows. The Koszul dual operad of ¢ is ¢ itself [25] and the Koszul dual operad
G' of G is the operad generated by an associative product * of degree 1 and by
a commutative and associative product e of degree 0, which satisfy the left and
right Leibniz relations:

((x(-o-) = ((x-)o-) + (-0 (-%-).(12),
((-o-) *—) = ((— *-) o—).(23) + (—o (-*—)).
A G'-algebra induces a ¢' = %-algebra by anti-symmetrizing the associative
product to define a Lie bracket. This functor is in one-to-one correspondence
with a morphism of operads ¢' — G', which induces the morphism of cooperads
II : Gi — i by linear duality and suspension. Once again, the operad G' does
not satisfy the distributive law assumption, but Gi is a (non-trivial) sub-S-module
of S“GomJ o S°a/ss® and the morphism of cooperads IT : Gl — ¢ is equal to the
composite
Gl — S°Gom] o S°efss® — S°Gom] o S° Lie® = 41,
The unique Lie coderivation which extends m: 41(A) — A is equal to the
composite:

S Lie®o(A;m)
- 7

i Z?ﬁi(A) . ¢ i e
G(A) ——— S°Lie® o (A;91(A)) S¢Liec(A),

where &gi 2 G — S¢L%e o (I;91) is the part of the decomposition map 41 —
@1 0¥ of the cooperad 4 composed only by elements of S¢.Zie® on the left hand
side of the composite product o and by identities I and only one element from
%1 on the right hand side. The morphisms of cooperads m : &/ssi —» Ziel and
II : Gi — ¢ induce the following commutative diagram

. Agi )
G S¢atss® o (I;Gl)

in kLﬂ-O(LH)
A

@i T S¢Liet o (I;91).
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Therefore, it is enough to understand the formula on the level of Gi and then
pass to the quotient by the image of the shuffle maps. To understand how
m(II(A)) : GI(A) = ¥i(A) — A extends to a coderivation of coassociative coal-
gebras Gi(A) — S¢a/ss°(A), we make the linear dual of the map Ag;(A) explicit,
up to signs and (de)suspensions, as follows.

Let P be the non-commutative analogue of the operad governing Poisson al-
gebras; it is defined in the same way as the operad G but with a degree 0 Lie
bracket. Its Koszul dual operad P of P is the operad modelling algebras endowed
with an associative product * and a commutative and associative product e, both
of degree 0, which satisfy the left and right Leibniz relations aforementioned.

The underlying S-module of the operad P is a (non-trivial) quotient of the
composite product om o oZss. Therefore the free P'-algebra on A is a quotient of
the free commutative algebra on the free associative algebra on A and any of its
elements can be written A' ®---® A", with A*,... A" € T(A) =), -, A®", the
tensor module on A. For any element a € A, the Leibniz relations imply

t
ax(A'o-0A)= Ao 0@e4") e oA, and
k=1

t
(Alo--0A)xa=) Alo-0@Aeao- oA
k=1

Hence, the #-product o7ss o (A,P'(A)) — P'(A) of elements of A with one of
P'(A) is given by the following formula, by the associativity of the product *.

(1@ -®a,@(A'0 - -0ANR @ -ga)) =Y (af, @A'®ad]) )o- - -0(a), ®A'®d],),

where the sum runs over the partitions Iy U...UI; = [1,r] and JyU...UJ; = [1, 5],
with possibly empty sets, and where a _is equal to aj, ®---®aj , with I = {i; <
... <14;} and similarly for the o”. Finally, this map is the exact linear dual to the
one given by the straight shuffles.

From this it follows that the extension m is also a coderivation with respect to
the cobracket, and with respect to the coproduct by definition. Uniqueness holds

since ¢41(A) is cofree. O

The formula for m given by the straight shuffle extensions mf enables us to
expand the condition m o m = 0 for m to define a codifferential on ¢i1(A). Hence
we can give an explicit presentation of the axioms for homotopy Gerstenhaber

algebras:

Proposition 16. A homotopy Gerstenhaber algebra is a dg module (A,d4) with
a family of maps

M, ...py: (SA)EPLA - A\ (sA)P — 5A, L Sp tpe 21,
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of degree t — 2, with m1 = da and which satisfy the following conditions for
wy € (sA)®Pr bk =1,...,t:

S DT e (O mE T (wi A Aw, ) Aws, A Aw, ) = 0.
IuJ={1,...,t} q1,,qr =1
I={i1 <--<ip}#D '
J={j1< - <ji—r}
Here p' =145 (pi, — qi), € = r(t — ) and (=1)7¢" is the shifted Koszul sign
associated to the reordering of the wy.

Homotopy Gerstenhaber algebra structure on the Hochschild cochain
complex (Deligne conjecture). Let (A4, 1) be an associative algebra. Its defor-
mation complex is given by the Hochschild cochain complex C H®(A) := Hom(A®®, A) =
Enda. To fit in with our homological degree convention the degree of an element

of Hom(A®™, A) is equal to —n. This space forms a non-symmetric operad, there-

fore the direct sum of its components is endowed with a Lie bracket [f,g] and
non-symmetric brace operations {f}{g1,...,gx}- More precisely, if we denote by

f oi g the composite of the map f with the map g at the i*"-input, the first brace
operation is defined by

n n

(fHey = (=i Dgo g = 3 (—1)-Him—D)

i=1 i=1

for f € Hom(A®", A) and g € Hom(A®™, A). Since it is a pre-Lie operation, it
induces a Lie bracket by anti-symmetrization. With our degree convention, this
Lie bracket is an operation of degree +1. We refer the reader to [20] for details on
this classical topic.

The boundary map of the Hochschild cochain complex is given by 0,(f) :=
[, f], using u € Hom(A®?, A). One can also define the cup product using the
second brace operation:

fug={uH{f, 9} :=po(feyg) =

The cup product is associative and has degree 0. In [22], Gerstenhaber and
Voronov introduced an operad generated by a binary (cup) product and general
(1 + k)-ary (brace) operations satisfying the same relations as the cup product
and the brace operations on CH®(A), see also [25]. They call any algebra over
this operad, a “homotopy Gerstenhaber” algebra. However this operad is neither
equal nor equivalent to the quasi-free Koszul resolution ¥4,, of the operad ¥ of
Gerstenhaber algebras, which gives the notion of Gerstenhaber algebra up to ho-
motopy. Therefore, we choose to denote it ¥ after Gerstenhaber—Voronov and
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call the associated algebras, Gerstenhaber—Voronov algebras. Hence, the previous
constructions yield a morphism of operads 47 — Endcpe(a)-

Using the brace operations, Gerstenhaber proved in [20] that the commutativity
of the cup product and the Leibniz relation between the cup product and the Lie
bracket hold, but only up to homotopy. Therefore, the cohomology HH?®(A)
carries a Gerstenhaber algebra structure. This led Deligne to ask if it was possible
to lift this structure to a homotopy Gerstenhaber algebra structure on CH®(A).
This problem was solved by Tamarkin, among others, who proved the following
theorem.

Theorem 17 ([7Q]). There is a homotopy Gerstenhaber algebra structure on
Hochschild complex CH®(A) which lifts the Gerstenhaber algebra structure on its
cohomology. Moreover, this structure factors through the operad GV :

Yo 9V — EndCH.(A).

Notice that this ¥..-structure is not completely explicit since it relies on Etingof-
Kazhdan quantisation of Lie bialgebra or equivalently on Drinfeld’s associators (see
[73]).

2.2. Homotopy quadratic BV-algebra. Since A7 is a Koszul operad in the
classical sense, the notion of homotopy quadratic BV-algebra may be defined by
a slight modification of Proposition For a dg module A,

qBY(A) = K[o] ® 91(A)

gé @ 82d+t72(m/\_._/\m),

d=0p1<--<p:

where the 2d-fold suspension arises from the power 6.

Proposition 18. A homotopy quadratic BV-algebra is a dg module (A,dy4) to-
gether with a family of maps

ms L, (SA)EPT A A (sA)BPE — sA, d>0,t>1,p1 < - <py,

of degree 2d +t — 2, with m{ = da. The quadratic relations that these operations
must satisfy are expressed by saying that for each d > 0 and t, p1,...,pt > 1, the
following expression is zero:

t
ete' 4+’ d"” PiysPipid ) ) .
Z Z (-1) mP'xPj17~~~xPjt7T( Mgt g (wiy A- - -Aw;, ) Awg, A+ - '/\w‘]tf'r)'
r=1 q'4+d"=d q15-0s qr=>1

TuJ={1,...,t}

Here I = {in < -+ <}, J ={j < <jer}, P =1+42(pi, — W)

- 7 . . 4
wi € (sA)®Px, and m{?i::::é’pd is the straight shuffle extension of mZthT to

(sA)®P1 A A (sA)®Pr. The sign (—1)°< is the shifted Koszul sign associated to
the reordering of the wy, and " = r(t —r).
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Homotopy gqBV-algebra structure on Hochschild cochain complex. Let
us pursue the example of the Hochschild complex of an associative algebra A.
We suppose now that A has a unit 1. This extra datum allows us to define the
following square-zero unary operator

1

n n

A = (FHI) = 310D fo1 = S(-1)iY

i=1 =1

The operator A defines a map from Hom(A®™, A) to Hom(A®"~! A), so A has
degree +1 with our degree convention. It easy to check that the cup product and
the brace operations commute with A.

Proposition 19. There is a homotopy qBV-algebra structure on the Hochschild
complex CH®(A) of any unital associative algebra A, which is given by the homo-
topy Gerstenhaber algebra of Theorem [I7] and the operator A.

Proof. Consider the homotopy Gerstenhaber algebra structure provided by Theo-
rem[I7l The only other non-trivial higher operation is mi = A; the other mp
are null for k£ > 1. To prove that these operations satisfy the relations of a homo-
topy qBV-algebra, one has just to check that the m,, .. ,, commute with A. Since
the homotopy Gerstenhaber algebra factors through ¢ and since A commute
with the operations coming from ¢7%, this concludes the proof. (|

Notice that many of higher operations vanish in this q#¥5.-algebra structure
(and indeed in the homotopy Gerstenhaber algebra structure of Theorem [IT).
Notice also that the operator A is well defined but vanishes on the cohomology
level. (The reader may check that the degree +2 operator sending a cochain f to
{fH1,1} defines a homotopy between A and the zero map).

2.3. Homotopy BV-algebras. A homotopy BV-algebra is given by the same
operations as a homotopy quadratic BV-algebra, but with a linear perturbation of
the relations they have to satisfy.

Theorem 20. A homotopy BV-algebra is dg module (A, d4) together with a family
of maps

mé ’p:(sA)®P1/\---/\(sA)®Pt — sA, t>1,d>0,p < - <py,

of degree 2d +t — 2, with mY = da. The relations Rgl p, that these operations

.....

must satisfy are expressed by saying that for each d > 0, t, p1,...,pr > 1 and
W, = a[Tl o] € (sA)®pr | the following expression is zero:

§ E s+s +5” d’ p117 ;PM ;d” ) ) ) )
p Dijq s Dijy_ m »»»»» qr (wll /\'.'/\wlr)/\le /\'”/\wjt—r)
r=1 d/er” d a1, qr>1
I|_|J:{1 Lt} "ase,
d 1
+ § : Z T e Do 1 PP Dt 1 e esPH (wi A= A a[l ph] A a[pT-l-l,pT] A w)

r=1pl+p)=pr
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Here I = {iy < -+ <ir}, J={j1 < <Jir}, P =14>(pi, —qr), and
mpL-obrd s the lstmight shuffle extension of md, . to (sA)®P1 A A (sA)®Pr.
The sign (—1)T¢ s the shifted Koszul sign associated to the reordering of the ag,
e’ =r(t—r) and " =|wi| + -+ |wr—1].

If d = 0, or if each py = 1, the linear terms are not present in the relations. In
particular:

¢ the operations mglywpt give A the structure of a homotopy Gerstenhaber
algebra,

o the operations m{ | give sA the structure of a (strong) homotopy Lie
algebra,

¢ the operations mg give A the structure of a homotopy commutative alge-
bra.

That is, there are inclusions of the operads %, (-Zie1)s and € into Z¥5,, which
are split by corresponding projections. (Recall that a homotopy commutative
algebra or @-algebra is an @7,,-algebra whose operations vanish on the image of
the sum of the non-trivial shuffles, see [47, Section 13.1.13]).

REMARK. One more naturally regards the structure of a homotopy BV-algebra
A in terms of maps on A itself rather than on the suspension sA, and we may
consider a homotopy BV-algebra as given by multilinear maps

md AT @ @A s A t>1,d>0,p > 1

of degrees 2d +n +t — 3, where n = 22:1 pr. These must be symmetric under
permutation of the blocks A®P* vanish on the images of the shuffle maps on each
b.lock, and satisfy the above conditions Rgl). with the appropriate changes of
sign.

-sPt

Homotopy BV-algebra structure on Hochschild cochain complex (cyclic
Deligne conjecture). If we consider a Frobenius algebra, i.e. a unital associative
algebra endowed with a symmetric invariant non-degenerate bilinear form, then
one can transfer Connes’ boundary map from Hochschild homology to define an
operator A on cohomology [74] 28] [56]. In this case, H H*(A) carries a BV-algebra
structure. The so-called Cyclic Deligne Conjecture amounts to proving that this

structure can be lifted to a homotopy BV-algebra structure on the cochain level
CH*(A).

Theorem 21 (Cyclic Deligne conjecture). Let A be a Frobenius algebra. There
is a homotopy BV-algebra structure on its Hochschild cochain complex which lifts
the BV-algebra structure on Hochschild cohomology and such that

BV = C.(fD) — EndCH.(A)
Proof. Costello proved in [I2] that the Riemann sphere operad acts on CH*®(A)

and Kaufmann proved in [40] that Ce(fD) acts on CH®*(A). Finally, we conclude
the proof with Theorem [I3] O

This conjecture was proved with various topological models in [40] [75], 12} 42].
To the best of our knowledge, the operads involved in these proofs are not cofi-
brant, whereas the dg operad %74, is. So this provides a canonical model for the
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cyclic Deligne conjecture.

Now we would like to conjecture, as in [73], that this homotopy BV-algebra
structure on the Hochschild cochain complex is formal under some assumptions
on the algebra A, like A = C°°(M) the algebra of smooth functions on a manifold.
To phrase this conjecture, we need the notion of co-morphism for homotopy BV-
algebras, which comes in Section [l

2.4. Related definitions of homotopy BV-algebras in the literature. Get-
zler showed in [23], Proposition 1.2] that a BV-algebra may be equivalently defined
as an associative and commutative dg algebra (A, da,e) equipped with a degree 1
square-zero chain map A of order < 2. That is, the bracket defined by

(a,b) = Alaeb)—(Aa)eb—(—1)%ae(Ab)
satisfies the Leibniz relation
0 = (a,bc)y = (a,bec)—(a,b)ec—(—1)t11eTDp e (qa,c).
More generally a notion of order may be defined as follows.

Definition. Let A be a linear map on a commutative associative algebra A. Define
a sequence of higher brackets (...), : A" — A of degree |A] by (a); := A(a)
and, recursively,
<a17"'7an—17an7a'/n,>n+1 =

(a1,...,ap_1,an 0 ay), —{(a1,...,a,), ®a, —(—1)%a, ® (a,...,an_1,0a,),

where € = |an|(|A] + |a1| + -+ + |an—1]). Then A has order < n if (...)
identically zero.

n+1 1S

Several definitions of the order of a differential operator appear in the litera-
ture [} 33 44], and the sequence of brackets is termed the Koszul hierarchy. When
needed, we will denote the higher brackets induced by an operator A by (.. )ﬁ
In the context of commutative associative algebras the various definitions coincide

(see for example [2]) and may be restated as

(a1, an), = Y (=) Afa, e ea;) eas, 0 0a;,
IuJ={1,...,n}
|[|=r>1

Here ¢ is the Koszul sign associated to the reordering of the a. It is now clear the
brackets are graded symmetric, and the brackets and order are well-defined even
for non-homogeneous A.

Proposition 22 ([6, 2, 10,45, [80]). If A is a square-zero operator of homogeneous
degree k on a commutative associative algebra A, then the hierarchy of higher

brackets {{...)) ’ lA} associated to s F"1A defines a Loo-algebra structure on
(s7rA, s7F71A), the desuspension of A with s™*~1A for differential.

Under this correspondence, a homogeneous square-zero operator /A has order
< n if and only if the induced Loo-algebra structure on s~*A is an L,-algebra,

that is, the structure operations {li} vanish for k > n.
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In case the operator A is not homogeneous we may consider the following defi-
nition, see [45]:

Definition. A commutative BYs-algebra consists of a dg commutative algebra
(A,da,e) and a square-zero operator A whose homogeneous components Ay :
A — Ay satisfy:

o Ay =dag,

o A =0if kisevenor k < —2,

o Ay has order < (k + 3)/2.

This generalises the notion of BV-algebra, for which the operator is just A =
da + A1, with Ay of order < 2, though it conserves the strict associativity of the
product. For any n > 0, the operator s 2"A,,_; of order < n induces an L,
algebra on s~ A with differential s72" Ay, _;. The exact relation between the two
definitions is the following.

Proposition 23. Specifying a commutative BV -algebra is equivalent to speci-
fying a homotopy BV-algebra in which all structure maps are zero except possibly

mY and the operations m‘i.._)l.

The operad for commutative %B7¥,.-algebras is a quotient of %7, given by
identifying generators s 16 ® L; ® --- ® L; to zero unless each L; has arity 1, or
unless d =0, ¢t =1 and L; has arity 2.

Proof. Let A be a homotopy BV- algebra in which all structure maps are identically
zero except m9 and the maps m1 _1- In this case the only relations Rd in
which not all terms vanish are R3, RY, the Rdw71 and the Rl, 1,2- First the rela-
tions RY and RY are equivalent to saying that e := m3 is a chain map, which defines
an associative and commutative product of degree 0. Let us denote Agy_1 := mil
the operator of degree 2d — 1 for d > 0, with A_; = d4. The relations R‘f)m_l)Q are
equivalent to '

m‘li)m)1 = (... >ﬁ2d+2"’3 for d>0,n>1
Therefore the operations mil,...,l are completely characterised by the Aggyon—3.
Now the relation R‘f)m_l)Q for d = 0 says that m?____)l is a derivation with respect
to e, which is equivaleht, by the above equality, to Agn_3 having order < n. We
can consider the sum A := A_; + A; + As + - -+, which is well defined by the
definition of a homotopy BV-algebra. The relations R{ are equivalent for A to
square to zero. So A is a commutative A7 -algebra.
In the other direction, given a commutative A¥,,-algebra A, we define

0

- d._ d _ Azgian—3
my:=e, mj:=ANyq 1, mi ;= (... )Rt

n

d . . .
o1....p, 0 be 0. By the previous analysis, all the relations of a

homotopy BV-algebra are satisfied, except for the R‘f)m)l, which is satisfied by the
definition of the mil)wl in terms of higher brackets and because A? = 0. g

and the other m

Therefore in a commutative #¥,.-algebra, there is a family of L,-algebras, one
for each n, given up to suspension by

{Agy— 1,(...>A2" 1,...,(...)7?2"’1} or equivalently by {ml,m?ll,...,m?_’_”l}.
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Tamarkin and Tsygan [73] gave a more general definition of #%,-algebra struc-
ture. This is also expressed in terms of higher order operators, not on A itself but
on the free Gerstenhaber algebra (s~ A*) on the desuspension of the linear dual
of A. Using a dual formulation of Theorem [I a homotopy Gerstenhaber algebra
structure is specified by a differential A_; of degree —1 on the free Gerstenhaber
algebra ¥ (s71A*) when A is finite dimensional. They define a homotopy BV-
algebra structure extending this ¥, structure as an odd square zero operator A
on ¥(s71A*) which can be written as a sum of homogeneous components

A = A+ ALie+ A1+ A5+ A5+,

where Asy_1 has degree 2d — 1 and order < d 4+ 1 with respect to the commuta-
tive product of ¢4 (s~1A*), for d > 1. The operator Are is the unique order < 2
operator on ¥ (s 1A*) = Gom o Lie1(s L A*), with respect to the commutative
product, which extends the bracketing of two elements of Zie;(s~1A*), the free
Ziej-algebra on s71A*. So it has degree 1. They also require that each opera-
tor Aj_o4 respects the decreasing filtration given by the length of Zie-words in
G(s7LA").

The following Proposition was observed in [73] Remark 2.8], though Koszul
duality for inhomogeneous quadratic operads was not yet known.

Proposition 24. Specifying a BYs-algebra structure A in the sense of [(3] for
which each Asg_1 has order < 1 and is a derivation with respect to the Ziei-
algebra structure of 4 (s~ 1 A*) is equivalent to specifying a homotopy BV-algebra
structure in the sense of this paper.

Proof. Let (A, A) be a B¥5-algebra in the sense of [T3] such that each Agy_q
has order < 1 and is a derivation with respect to the Zie;i-algebra structure
of 4(s71A*). This is equivalent to requiring that each Aoy 1 is a derivation
with respect the Gerstenhaber algebra structure on ¥ (s~1A4*). Considering the
linear dual, each Asg_; induces a degree 2d — 1 coderivation *Ayq_; on the cofree
Gerstenhaber coalgebra 9¢(sA). Hence the sum d := ‘A 1+ ' ®!A; +572®
A3+ 53 ®@ A5+ --- is a generic degree —1 coderivation on qZB71(A) = K[§] ®
(s719¢(sA)). The above definition of Ar;. and Lemma [5 show that the induced
map 6 1@ Ari. on qBY1(A) is equal to the degree —1 coderivation d,o0A. Finally,
the degree —1 coderivation d + d, o A squares to zero, which is equivalent to a
homotopy BV-algebra structure by Theorem [l ([l

To conclude, the definition of homotopy BV-algebra given here lies between the
definition of [45], which is given by an operad that is not a cofibrant replacement
of the operad &Y, and the definition of [73], which is actually an algebra over a
properad (or a prop).

The Koszul resolution &, — & of an operad & defines the notion of ho-
motopy “-algebra. Recall that, in Koszul duality theory, the symmetry of the
defining operations of & remains strict in the homotopy version; only the relations
between these operations being relaxed up to homotopy.

In [65], Salvatore and Wahl began to extend the Koszul duality theory to op-
erads in the category of H-modules, where H is a cocommutative Hopf algebra.
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The Hopf algebra is meant to encode other group actions than the permutations of
elements and it often comes from the homology algebra of a topological group. In
the case of the circle S*, we work with the algebra of dual numbers D = H,(S')
with the obvious coproduct. So the category of dg D-modules is the category
of mixed chain complexes. With a proper action of D on ¢, a ¥-algebra in dg
D-modules is a BV-algebra.

In this context, they defined the Koszul dual of a D-equivariant quadratic op-
erad. One can continue much further and define the cobar construction of D-
equivariant cooperads. Applying this construction to the Koszul dual of ¢, one
would get a notion of “homotopy BV-algebra” where the A operator will still
strictly square to zero, this relation not being relaxed up to homotopy. This no-
tion would be equivalent to a homotopy BV-algebra, as defined here, where only
mi and the mg 1.....p. Would not be trivial. The only non-trivial relations would be
Rg L which are the ¥,,-algebra relations, and R}D L which would say that

the failure for m} to be a derivation with respect to mgl is

t

0
Z Z + Mg s Pr—1, DDl Pty sD

r=1p.+p;=pr

Notice that this structure differs from that of Proposition [[9] exactly by this last
term.

3. DEFORMATION THEORY OF HOMOTOPY BV-ALGEBRAS

We apply the methods of [58] [59] to the resolution of Section 1 in order to give
a Lie theoretic description of homotopy BV-algebras. This allows us to define the
deformation theory, that is, the cohomology theory, for BV-algebras and homotopy
BV-algebras. We apply the general obstruction theory of algebras over a Koszul
properad of Section to this case. This method allows us to prove an extended
version of the Lian—Zuckerman conjecture: there exists a homotopy BV-algebra
structure on vertex operator algebras which extends the operations defined by
Lian—Zuckerman that induce a BV-algebra structure on homology. Finally, we
show that the obstructions to lift a G-algebra structure to a homotopy BV-
algebra structure live in negative even cohomology groups of the G-algebra.

3.1. Convolution Lie algebra. Recall from that for any dg operad 2, the
space of equivariant maps g := Homg(%¥1,2) carries a dg Lie algebra struc-
ture, called the convolution Lie algebra, such that any morphism of dg operads
v BV — 2 is equivalent to a twisting morphism B¥1 — 2, still denoted
~v. Hence if 2 = End4 for a dg module A, twisting morphisms encode homotopy
BV-algebra structures on A. After Section [I] and Section 2 this gives a third
equivalent definition of homotopy BV-algebras: homotopy BV-algebra structures
are in one-to-one correspondence with Maurer—Cartan elements in the convolution
Lie algebra g, see Theorem [I1

Since the Koszul dual cooperad A7 is weight graded, the convolution algebra
g is also weight-graded, g = [[,-, g™ where g™ = Homg(%Vi(n),Q), from
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Proposition 51l The differential on 2 induces a weight 0 differential Jy on g and
the internal differential d, on #7%1 induces a weight +1 differential 9; on g. This
result is used in Section to endow vertex algebras with a homotopy BV-algebra
structure.

By Proposition B3 we know that the Koszul dual cooperad #¥1 admits a
relative grading 271" such that 271 = @i and Proposition Bl shows that
BYT 2 K[§] o4l as graded S-modules. In this case, the relative grading is equal
to the power of §. So &1 is an extension of the Koszul dual cooperad ¢ of the
Gerstenhaber operad. This proves that the convolution Lie algebra governing ho-
motopy BV-algebra structures is a formal extension of the convolution Lie algebra
governing homotopy Gerstenhaber algebras, twisted by an extra differential.

Proposition 25. The convolution dg Lie algebra g := Homg(ZV, 2) is iso-
morphic to g?[[h]] := g% ® K[[h]], where g7 is the convolution dg Lie algebra
Homg(¥41, 2) associated to the Gerstenhaber operad . The formal parameter h
has degree —2. The differential O on g?|[[R]] is the sum of two terms & = 9y + 01,
where Oy is the derivation freely extended from that of g% and where O, raises the
power of k by 1.

Proof. By Proposition 3] we have
Homg(#71, 2) = Homg(K[d] 0 ¥, 2) = Homg (¥, 2) ® K|[[A]],

with i = 0*. By the cooperad structure on Z7'i, this is an isomorphism of Lie
algebras. The result about the differentials is then straightforward. O

3.2. Deformation complex. Section 2 of [59], applied here, defines the deforma-
tion complex of morphisms from the operad #7%,.. In this section, we present only
the case 2 = End, for simplicity, but the general case is similar. Consider the
convolution Lie algebra g = Homg(%7%1,End,) whose twisting morphisms corre-
spond to homotopy BV-algebra structures. Once given such a twisting morphism
v, we consider the twisted differential on g defined by

(f) = 0(f)+ [, f] = dinay o f = (=) f o dy + [, f].

Definition (Deformation complex). The chain complex g? := (Homg(27%,End,)
is called the deformation complex of the homotopy BV-algebra structure v on A.

This defines the “cohomology of A with coefficients in itself”, also called the
tangent homology, for any BV-algebra or homotopy BV-algebra. As usual, these
(co)homology groups are the obstructions to formal deformations of the BV-
algebra or homotopy BV-algebra structure v as in [2I]. To study the formal
deformations, we use the following Lie algebra structure on the deformation com-
plex.

Proposition 26. The Lie bracket |, | induces a twisted dg Lie algebra structure
on g7. This dg Lie algebra is isomorphic to

g7 = (g7 (1)), 00 + 01 + [v, -, [, ]).

,07)
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Proof. The differential of any dg Lie algebra twisted by a Maurer—Cartan element
always induces a twisted dg Lie algebra structure. The final isomorphism comes
from Proposition O

Hence the underlying space defining the cohomology of homotopy BV-algebras
is the formal extension of that defining the cohomology of homotopy Gerstenhaber
algebras. We apply this result in Section 3.4

3.3. Obstruction theory applied to topological vertex operator algebras.
In parallel to Theorem [[3] we prove that a large class of vertex operator algebras
carry a homotopy BV-algebra structure. To do so, we describe an obstruction the-
ory for homotopy BV-algebras. More precisely, Lian and Zuckerman described in
[46] operations acting on a topological vertex operator algebra, which induce a BV-
algebra structure on the BRST (co)homology (the underlying homology). In this
paper, they ask whether this structure can be lifted off-shell (on the chain level)
with “higher homotopies” [46, page 638]. We fully prove this Lian—Zuckerman con-
jecture here: there exists an explicit homotopy BV-algebra structure on topological
vertex operator algebras which extends the operations defined by Lian and Zuck-
erman and which induces the BV-algebra structure on the BRST (co)homology.
Huang has also investigated operadic formulations of vertex operator algebras, in
terms of (partial) algebras over the Riemann sphere and framed little discs operads
[36, B371].

The weight filtration on A1 induces a decomposition of the convolution Lie
algebra
g= H g, g = Homg(%“l/i("),EndA)
n>0
and homotopy BV-algebra structures on a dg module (A,d4) are in one-to-one
correspondence with degree —1 elements

Yy=v1+y2+ - BV — Endy, vn:%“//‘(")aEndA,

satisfying the sequence of Maurer—Cartan equations

1
(Mcn) 80('771) + a1 (’Yn—l) + 5 Z ['qu’yl] =0,
k+l=n
for n > 1. Notice that here dy(7,) is equal to 9a(7n) := dEnd, © Yn- See Section
for compete details in the general case of quadratic-linear operads.

Theorem 27. Let (A,d4) be a dg module and suppose we are given a commutative
product of degree 0, a skew-symmetric bracket of degree 1 and a unary operator of
degree 1 such that the differential d4 is a derivation with respect to them, that is,
a morphism of S-modules

1t #yi® End 4

of degree —1 satisfying 0a(v1) = dgna, 071 = 0. IfH,Q(Homg(z%’"//i("),EndA), 04) =
0 for alln > 2, then this structure extends to a homotopy BV-algebra structure on

A.
Proof. By Theorem (B3] O
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We can define a homotopy BV-algebra structure on a topological vertex operator
algebra, TVOA for short, closely following the ¥..-case described in detail in [19].
Consider (4,-¢-,Q, G, L, F) a TVOA, bigraded as usual by the conformal weight
s and the fermionic grading r

i=@a- @
SEZL r,SEZ
see [41] Definition 2.4] or [38, Section 5.9] for the full definition. We will assume

here the conformal weight is always non-negative, that is, s € N. The TVOA
axioms include the supercommutator relation

G1)QuT + QoyGyr = st if v € A,
For s > 0 the complex (A%, d,) is therefore contractible, with contracting homo-

topy %G(l)
Lian and Zuckerman [46] considered the algebraic structure on A given by

Ty =Ty, {z,y} = (-=1)"(G(0)2) (0)v; Az = Gy,
and showed these operations induce a BV-algebra structure on the BRST coho-
mology HeA with respect to the differential operator da := Q). They gave
explicit first chain homotopies to make up for the failure of the ¥4, structure to
hold on A itself, and conjectured the existence of a family of higher homotopies
[46, page 638]. Note that all the operations are of conformal weight zero and it is
the fermionic grading that gives us the homological degree.

Theorem 28. A topological vertex operator algebra A, with conformal weights in
N, carries an explicit homotopy BV-algebra structure homogeneous with respect
to the conformal weight, which extends the above operations in conformal weight
zero and which induces the Lian—Zuckerman BV-algebra structure on the BRST
cohomology H® A.

Proof. The first key argument, going back to [32, page 623], is the following.
When a TVOA is concentrated in non-negative conformal weight, the (weight
zero) operations - .-, {-,-} and A endow A® with a BV-algebra structure. The
first homotopies for the BV relations described in [46] (2.14), (2.16), (2.23), (2.25),
(2.28)] involve terms of the form v(;)t, where v,t € A” and i > 0. Since the product
(#) has weight —i — 1, all these term vanish. In particular, the product and bracket
of Lian and Zuckerman are already appropriately (skew) symmetric here.

Then we consider the morphism of dg S-modules y; : 271 - End A of degree
—1 by taking the product and bracket defined by the graded (skew-)symmetrizations
of . and {,}. The image of the arity 1 summand is equal to the operator defined
in conformal weight s = 0 by G(;) and by the zero operator elsewhere. By the
preceding remark, the extension/restriction

’_}/ : BYi —)EHdAO .

of v1 to BY1 on the source and to End 40 on the target is a twisting morphism.
Next we use the obstruction theory of Theorem 52 to extend 4 beyond A°. Since

we are looking for a homotopy BV-algebra structure which respects the conformal

weight, we already know the image of all the operations on A°. Let us denote
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A= .-, A°. We work by induction on the weight grading n > 1 of the twisting
morphism 73 + -+ + 7, + - -+ to define its image on A. The induction is initiated
by the definition of ;. Using the following isomorphisms,

Homg (A1, End ) = Homg (BY1(A), A) = Homg (BY1(A), A%)GHomg (B71(A), A)

we see that the component of 7,41 on the first direct summand is null, for n > 1.
Since %G(l) is a contracting homotopy on the chain complex (A% d4) for each
s > 0, the second direct summand is acyclic with the explicit contracting ho-
motopy 1G (1) on (Homg (A7 i(A), A%),04). We can then conclude the proof by
Theorem In fact, from the more general Theorem (2] we know that the ob-
struction to the existence of y,,41 € Homg (271" (A), A) is the homology class

of
Z [’Yk; ’Yl]v

ktl=n+1
ki>1

which vanishes here thanks to the contracting homotopy G(1). Let us denote by

Vil i= 81('771) +

N =

Enda the summand of Ends made up of operations landing in A, and by H the
contracting homotopy on (Homg (%71(A), A),04) induced by the 21G(;) on each
A?. Therefore the explicit image of 7,41 into End,4 is given by

: 1
Projgga, © Va1 = H(91(m) + 5 > )

ktl=n+1
k>1

O

Following the method of [35], one can go even further and define the notion of
homotopy unital BV-algebra. In the same way, a TVOA with non-negative con-
formal weight should carry such a structure, with strict homotopy unit. Moreover,
we conjecture that the converse should be true. Namely, the data of a TVOA
with non-negative conformal weight should be equivalent to a strict unital homo-
topy BV-algebra. Here is a table, comparing these two algebraic structures, which
sustains this conjecture.

TVOA strict uBV,.-algebra
(1) “e-
Y : A — Enda[[z%!]] higher binary homotopies
vaccum |0) unit 1
operators L, F’ bigraded decomposition V?
operator () differential d
operator G operator A and higher homotopies

This would generalize the well-known fact that the data of a vertex algebra with
trivial operations -(,)- = 0, for n > 0 is a equivalent to a unital commutative dg
algebra 38, Section 1.4].

We may also associate to any smooth Calabi—Yau n-manifold M a sheaf of
homotopy BV-algebras, in a manner parallel to [19, Section 5] for homotopy Ger-
stenhaber lgebras. One first recalls from [32] 3] that two particular TVOAs,
termed the chiral de Rham complex and the complex of chiral vector fields, may
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be constructed from the algebra of functions on C™. By the result above, we then
have corresponding homotopy BV-algebra structures locally, for each point x € M.
Now using [49] Theorem 4.2] one checks, if the first Chern class ¢ (M) vanishes,
these local structures may be glued to produce a sheaf on M.

More generally, this result should be applicable to Chiral algebras, as in Beilinson—
Drinfeld [], in the Geometric Langlands Programme.

3.4. Relative obstruction theory. In this section, we show that the obstruc-
tions to lifting a G.-algebra structure to a homotopy BV-algebra structure already
live in particular cohomology groups of the G.-algebra.

Proposition[Z5 proved that the convolution Lie algebra which governs homotopy
BV-algebras is a formal extension of that of homotopy Gerstenhaber algebras:
g = g“[[h]]. Given a homotopy Gerstenhaber algebra structure 7o on A, the
obstructions to lifting it to a homotopy BV-algebra structure are given by the
following proposition.

Proposition 29. Let vy =vy+v1+-- -+ € HZ:O g9 @ h*K be an element which
satisfies the (MC), -equations up to k =n in (g,0). We consider

~ 1
Ynt1 = O1(yn) + 3 Z [V, 1.

k+l=n+1
k,i>1
(1) In g% @ "MK, we have 87 (F,41) = 0, that is, Y41 is a cycle of degree
—2.
(2) There exists an element v,11 € g% @ A" K such that vo +7v1 +- -+ Yni1
satisfies the (MC), -equations up to k =n+1 in (g,0) if and only if the
class of Yni1 in H_o(g¥ @ A"TK, 07°) vanishes.

Proof. 1t is the application of Theorem 52 to the convolution Lie algebra of Propo-
sition 0

Concretely, Proposition 29] applies as follows.

Theorem 30. Let vy be a G -algebra structure on a dg module A. If the negative

even cohomology groups of the Goo-algebra A vanish, that is, H_o, (Homg (%1, End ), 07°) =
0 for n > 2, then this structure can be extended to a homotopy BV-algebra struc-

ture.

Proof. For n > 1, the chain complex (g% ® h"t1K, 97°) is isomorphic to (g%, 07°)®
(A" 1K, 0), with A of degree —2. O

In other words, the negative even cohomology groups of a G.-algebra measure
the obstructions to lift it to a homotopy BV-algebra structure. This result comes
from the fact that the operator A in the definition of a BV-algebra is induced by
the topological action of the circle, see [23] 24].

The same theorem holds for general morphisms of dg operads 4., — <2, and
provides obstructions to lifting them to morphisms #7,, — 2.
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4. HOMOTOPY THEORY OF HOMOTOPY BV-ALGEBRAS

The previous resolution of the operad #7 in terms of a small explicit dg co-
operad #71 allows us to define the homotopy theory for BV-algebras and homo-
topy BV-algebras. Following the general methods of [25], refined in Appendix [B
to apply to inhomogeneous quadratic Koszul operads, we introduce the bar and
cobar constructions between BV-algebras and 7% i-coalgebras. We extend this
bar construction to homotopy BV-algebra which allows us to define the notion of
oo-morphisms. Finally we show how to transfer homotopy BV-algebra structures
across homotopy equivalences. Applied to the homology of a homotopy BV-algebra
A, this result defines the Massey product of H(A), which contains the homotopy
data of A.

4.1. Bar and cobar constructions. The morphism of dg operads #B7,, =
QRBYVI — BY is equivalent to a twisting morphism « : BY1 — BV by The-
orem 2.17 of [25], see also Theorem [II This twisting morphism is equal to the
composite
-1
Kk BYV=qBYV - sV 25V — BY.
Proposition 2.18 of [25] applied to this twisting morphism proves the existence of
a bar-cobar adjunction between dg BV-algebras and dg %% 1-coalgebras:
B, : dg BV -algebras = dg BV i-coalgebras : Q.
Explicitly, the bar construction of a dg BV-algebra A is equal to
B.A :=BYVi(A)
and the differential is given by the isomorphism of chain complexes

{@“I/l(A) = (%7/' Ok %7/) ogy A,

see Appendix [B] for more details. Dually, the cobar construction of a ZVi-
coalgebra C is equal to Q,C := BY(C).

Since the operad %7 is Koszul in the quadratic-linear sense given in Appen-
dix [Al this adjunction has the following properties.

Proposition 31. For any dg BV-algebra A, the counit of the bar-cobar adjunction
is a quasi-isomorphism of dg BV-algebras: Q,B.,A = A.

Proof. 1t is an application of Proposition O

Since we work over a field of characteristic 0, every S-module is exact [25], -
split [34] or X-cofibrant [B]. Therefore the category of dg BV-algebras admits a
model category structure in which the weak equivalences are quasi-isomorphisms.
In this language, the previous proposition shows that the bar-cobar construction
provides a cofibrant replacement functor for dg BV-algebras.
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4.2. Bar construction for homotopy BV-algebras and co-morphisms. We
saw in Theorem [ that a homotopy BV-algebra structure is equivalently defined
by a square zero coderivation of the cofree Z¥i-coalgebra #7¥i1(A). This last
construction is called the bar construction of the homotopy BV-algebra A and
denoted B, A := BY1(A).

Any dg BV-algebra A is particular example of a homotopy BV-algebra on which
both bar constructions coincide: B, A = B, A.

Let A and B be two homotopy BV-algebras and let ZY¥i(A) and BY1(B) be
their bar constructions. An co-morphism between A and B is a morphism of dg
PBYi-coalgebras BY1(A) — BYVI(B). It is equivalent to a map BY¥i(A) — B
satisfying a certain relation. An oco-morphism is called an co-quasi-isomorphism if
the first component I(A) &% A — B is a quasi-isomorphism. Since oco-morphisms
can be composed, the homotopy BV-algebras with oco-morphisms form a category,
which is denoted £ -alg.

The aforementioned functors form the following commutative diagram.

Qp
dg BV -alg ———— dg AV i-coalg

K

B,
BV o-alg
Proposition 32 (Rectification). For any homotopy BV-algebra A, there is an
0o-quasi-isomorphism of homotopy BV-algebras
A Q.BA,
where the right hand side is a dg BV-algebra.

Proof. This is direct application of the general Proposition46]to the Koszul operad
BY . O

4.3. Transfer of structure and Massey products for homotopy BV-algebras.
In this section, we apply the general results of Sections [B.3] and [B:4] to the case of
homotopy BV-algebras.

Let (V,dy) and (W, dw ) be two homotopy equivalent chain complexes:

w (O (Vidy) : (Wydw) )

Idv — pi = dvhl + h/dv, IdW — ip = dwh + de

Theorem 33 (Transfer Theorem for homotopy BV-algebras). Let i : (V,dy) —
(W, dw) be a homotopy equivalence of chain complexes. Any homotopy BV-algebra
structure on W induces a homotopy BV-algebra structure on V' such that i extends
to an co-quasi-isomorphism.

Theorem 34 (Massey products for homotopy BV-algebras). Let A be a homotopy
BV-algebra. There is a homotopy BV-algebra structure on the homology H(A) of
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the underlying chain complex of A, which extends its BV-algebra structure and
such that the embedding i : H(A) — A extends to an oco-quasi-isomorphism of
homotopy BV-algebras.

Proposition 35. For any homotopy BV-algebra A, one can reconstruct the ho-
motopy type of A from the homotopy BV-algebra structure of H(A).

Applied to TCFT, these homotopical results show the following theorem.

Theorem 36. The homology groups H(X) of any TCFT X carry a homotopy
BV-algebra structure, which extends the BV -structure of [23] and which allows to
reconstruct the homotopy type of X.

After the results of Section [L7] this theorem gives another way of lifting the
BV-algebra structures of [23].

4.4. Homology and cohomology of BV-algebras and homotopy BV-algebras.
After [25] Section 4.3], we know that the André—Quillen homology of an algebra
over an operad with trivial coefficients is given by the left derived functor of the
functor of indecomposable elements. Here we can use the functorial cofibrant res-
olutions Q,B.A = A and Q,B,A = A to compute André-Quillen homology of
BV-algebras and homotopy BV-algebras respectively:

HZ” (A) = He_1(BoA) = He_1 (B (A), d,.).
HZ7>(A) = He_1(B,A) = He_1(B7(A),d,).

More generally, one can define the André—Quillen homology and cohomology
of BV-algebras and homotopy BV-algebras with coefficients, following [30] [60].
The functorial cofibrant resolutions Q,.B.A — A and ,B,A = A provide ex-
plicit chain complexes which compute these homology and cohomology theories,
as explained in [60].

APPENDIX A. KOSZUL DUALITY THEORY

The theory of Koszul duality was originally developed by Priddy in [63] for
filtered associative algebras with relations containing only quadratic and linear
terms. The main examples are the Steenrod algebra and the universal enveloping
algebra of a Lie algebra. This allowed him to provide quasi-free hence projective
resolutions for modules over these algebras. Positselski later extended this theory
to filtered associative algebras whose relations are written with quadratic, linear
and constant terms in [62], see also Polishchuk—Positselski [61]. As a corollary, he
gets quasi-free hence cofibrant resolutions for the algebra itself. Theorem 10.2 of [9]
shows that these two kinds of resolutions, projective modules and cofibrant alge-
bras, are obtained at once. Koszul duality theory for graded quadratic associative
algebras was later extended to graded quadratic operads by Ginzburg—Kapranov
[29] and Getzler—Jones [25].

Recall that an operad is a monoid in the monoidal category (S-Mod, o, I) of S-
modules with the composition product o. An operad is an algebraic object which
encodes operations with several inputs but one output. To model operations with
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several outputs, we introduced in [76] the notion of properad which is a monoid
in the monoidal category (S-biMod, X, I') of S-bimodules. The monoidal product,
denoted X here, is based on graphs which represent the composition scheme of
operations with several inputs and several outputs. Since the monoidal category
of S-modules is a sub-monoidal category of that of S-bimodules, an operad is a
particular example of properad, where all the operations have exactly one output.
Koszul duality theory was extended from graded quadratic operads to graded qua-
dratic properads in [76]. From now on, we assume that the reader is familiar with
this theory.

In this section, we further extend Koszul duality theory to properads, hence
to operads, when the relations contain quadratic and linear terms. Moreover, it
applies to properads which are not necessarily concentrated in homological degree
0 and which may contain unary operations. As a direct corollary, we obtain a
Poincaré—Birkhoff-Witt Theorem for Koszul properads, analogous to that for as-
sociative algebras in [61L 8]. From this theory, we explain how to make the two
types of resolutions explicit: at the level of properads and at the level of algebras
over a properad.

A.1l. Filtered properads with quadratic and linear relations. Let & be a
properad which admits a presentation of the form & = .#(V)/(R), where (R)
is the ideal generated by R ¢ F(V)M) @ ZF(V)? =V @ F(V)@. The super-
script (n) indicates the weight of the elements. In the free properad .Z(V), the
weight of an element is defined by the number of generating elements from V' used
to write it. Equivalently, it is equal to the number of vertices of the underlying
graph representing an element. This means that &2 has a space of generators V
and quadratic and linear relations R. The space of relations is supposed to be
homogeneous with respect to the homological degree.

Let q : F(V) - Z(V)@ be the projection onto the quadratic part of the
free properad. We denote by qR the image under q of R, so qR C ﬁ(V)@) is the
quadratic part of the relations of &2. We consider the quadratic properad

q2 = F(V)/(4R).

We further assume that RNV = {0}. If it is not the case, one just has to reduce
the space of generators V. Under this assumption, there exists a morphism of
S-bimodules ¢ : qR — V such that R is the graph of ¢

R={X - o(X), X € qR}.

The natural grading of the free properad % (V) by the number of generators
induces the following filtration on &

Fp=m( @ Q(V)(k)),
k<n

where 7w denotes the natural projection .# (V) — #. We denoted the associated
graded operad by gr&?. The relations qR hold in gr&?. Therefore, there exists an
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epimorphism of graded properads

p:qP —» gr.
It is always an isomorphism in weight 0 and 1. In weight 2, p is an isomorphism
if and only if qR = q({V @ Z(V)®} N (R)). Therefore p is not an isomorphism
in general. At the end of this appendix, we will prove that p is an isomorphism
when the properad & is Koszul.

A.2. Koszul dual dg coproperad. Recall that the Koszul dual coproperad q&?i
of q 2 is the cofree coproperad generated by sV with relators in s2qR (see Section 2
of [77])
a2 =€ (sV,s*qR),
where s denotes the homological degree shift by +1. It is a sub-coproperad of the
cofree coproperad .#¢(sV') on sV.
We associate to ¢ the following composite map

1 N
q? — s>qR =— sqR 25 sV.
By Lemma 15 of [58], there exists a unique coderivation CL s qP — FE(sV)

which extends this map. The following lemma gives the conditions for CL to
induce a square zero coderivation on the Koszul dual coproperad q 1.

We will write R ® V for the subspace of .# (V) of linear combinations of con-
nected graphs with 2 vertices, the lower one labelled by an element of R and the
upper one labelled by an element of V', denoted R X 1y V in [58]. The subspace

V ® R is defined similarly.

Lemma 37.
e The coderivation CL 1 qP = FO(sV) restricts to a coderivation d, on
the sub-coproperad 2" C F°(sV) if RV +V @ Ry N.Z (V)2 C qR.
e The coderivation d, satisfies d,> = 0 if {(R@V +V @ Ry N F(V)? C
RNZ(V)?,

Proof. By the universal property which defines ¢ = €(sV, s2qR) (see Appendix B
of [77]), it is enough to check that d,(€®) ¢ €@ = s2qR. The space s2°qR® sV
is the subspace of .# c(51/)(3) consisting of graphs with 3 vertices indexed by sV
whose lower part with 2 vertices lives in s?qR. Dually, we consider sV ® s2qR.
With these notations, we have € = s2qR® sV NsV @ s2qR. Hence any element
Y € €®) be can written Y = Y. 52X ®@ sv = > sv' ®@ 52X/, with X, X’ € qR and
v,v" € V. The explicit description of cz/, given by Lemma 22 of [58] gives

d(Y) = Z sp(X) @ sv — Z sv' @ sp(X")
= Z(sgp(X) — X)) ® sv + Z sv' @ (82X — sp(X7)).
We identify % (V) with %#¢(V) and we consider the natural suspension map
F(V) — F°(sV). So dy,(Y) lives in the image of {R@V +V @ R}N.Z(V)@ in

F°(sV). Hence the coderivation d,, restricts to € if {R@V+V@R}N.F(V)? C
qRR.
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Since d, is a coderivation, to show that d@Q = 0, it is enough to prove that
the projection of dsa2 onto the generators sV of ¥ vanishes. Once again, by the
universal property of ¢, we only have to check here that d¢2((5(3)) = 0. By the
previous argument, this condition is equivalent to

{RRV4+V@RINZV)? c o™ (0)=RN.ZF(V)?.

Notice that the second condition implies the first one.

Definition (Koszul dual dg coproperad). Under the conditions of Lemma [37] the
Koszul dual dg coproperad of & is the dg coproperad

P = (€(sV,s°qR), d,).

A.3. Koszul duality theory. We extend Koszul duality theory to the quadratic-
linear case as follows.

Definition. The properad &7 is called a Koszul properad if it admits a quadratic-
linear presentation & = % (V)/(R) such that
(1) RNV =A{0},
2) {(RRV+VRRINF(V)? c RNF(V)?,
(3) its associated quadratic properad q2 = #(V)/(qR) is Koszul in the
classical sense.

Condition (1) deals with the minimality of the space of generators. It implies
that the space of relations can be written as the graph of a map ¢ : qR — V.
Condition (2) corresponds to the maximality of the space of relations. It states
that R should contain all the quadratic relations obtained by composing relations
in R with one element above or below. It implies that ¢ extends to a codifferential
d, on the Koszul dual coproperad q 1.

In the example of the operad £% given in Section 1, the presentation satis-
fies these three conditions. But the presentation without the derivation relation
between the operator A and the Lie bracket (-,-) does not satisfy condition (2)
since this relation is obtained by composing the inhomogeneous relation between
(-,-) and e-A by A above and below.

The bar-cobar constructions of associative algebras and coalgebras was extended
to properads in Section 4 of [76] (see also Section 3 of [58]). The cobar construction
is a functor which produces a quasi-free properad from a dg coproperad. Recall
that a quadratic properad &2 is Koszul if and only if the cobar construction of
its Koszul dual coproperad is a resolution of &2, Q 21 =5 2. In the quadratic-
linear case, we consider the cobar construction of the Koszul dual dg coproperad
P = (qP1,d,), which we denote by P, := Q1. More precisely, the underly-
ing S-bimodule of the cobar construction Q1 of the dg coproperad (q21,d,,) is
the free properad .#(s~1q.#') on the desuspension of the augmentation coideal of
qZi. Tts differential d is the sum of two terms d; and ds, where d; is the unique
derivation which extends d, and where dz is the unique derivation which extends
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the partial coproduct of the coproperad q 1. Since d, is a square zero coderiva-
tion of the coproperad q 221, we get d?> = 0 by Proposition 4.4 of [76].

In the Koszul case, the next theorem shows that algebras over &, give the
explicit notion of homotopy -algebras.

Theorem 38. Let & be a Koszul properad. The cobar construction of its Koszul
dual dg coproperad &1 is a resolution of &

QP = P

Proof. Let € := s~ 'q 2" be the desuspension of the augmentation coideal of the
coproperad q#21. So, the underlying S-bimodule of Q21 is .7 (€).

Let us consider the new “homological” degree induced by the weight of elements
of 221 minus 1. We call this grading the syzygy degree since it corresponds to the
syzygies of the quasi-free resolution of q& and therefore of &2. Hence, the syzygy
degree of an element of .Z (%) is equal to the sum of the weight of the elements
which label its vertices minus the number of vertices. Since the weight of % is
greater than 1, the syzygy degree on Z (%) is non-negative.

The internal differential dq of # (%) induced by d, and the differential ds in-
duced by the partial coproduct of the coproperad € lower the syzygy degree by 1.
So we have a well-defined non-negatively graded chain complex.

We consider the filtration F,. of Q1 = % (%) based on the total weight, which
is defined for any graph labelled by elements of 4 by the sum of the grading of
the operations indexing its vertices. We denote this grading by (r). The two
components of the differential map d = d; + do satisfy

d2 : FT — FT and d1 : FT — Frfl.

The filtration F. is therefore stable under the differential map d. Since it is
bounded below and exhaustive, the associated spectral sequence E, converges to
the homology of Q421 by the classical convergence theorem of spectral sequences
(see Theorem 5.5.1 of [§1]). Hence, F, induces a filtration F, on the homology of
QP71 such that

E;«)g = FT(HTJrs(Qgi))/Frfl(HrJrs(Qgi)) = gr(r)(HTJrs(Q‘@i))'

The first term of this spectral sequence is equal to EY, = % (%)fﬁzs, which is

made of the elements of syzygy degree equal to r+ s and grading equal to (r). The
differential map d° is given by dy. Since the properad q& is Koszul, the spectral
sequence collapses at page 1 and it is equal to E}, = q2"). Therefore, El is
concentrated in the line r 4+ s = 0: E}, = q2"), for r + s = 0 and E!, = 0, for
r+s#0.

In conclusion, the convergence theorem gives
B, =q2D 2 B =gl (Hy (),
Ei)s 20BN = gr(™ (Hyy5(QP2Y)), for r + s # 0.

With the syzygy degree, we have Hy(Q21) = 2. And the quotient gr(™) (Hy(Q.21))
is equal to gr(") 2. Therefore, the morphism Q.21 = 2 is a quasi-isomorphism.
O
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This spectral sequence proof gives the following Poincaré-Birkhoff-Witt result
directly.

Theorem 39 (Poincaré-Birkhoff-Witt Theorem for the properad &). When &
is a Koszul properad, the natural epimorphism q& — gr&? is an isomorphism
of bigraded properads, with respect to the weight grading and the homological de-
gree. Therefore, the following S-bimodules, graded by the homological degree, are
isomorphic

P grP = qP.
Proof. Tt is a direct corollary of the previous proof. (]

This theorem allows us to give the following equivalent definition of the notion
of a Koszul properad.

Proposition 40. The properad & is Koszul if and only if it admits a quadratic-
linear presentation & = .F(V)/(R) satisfying the following conditions
(1) RNV =A{0},
(2) R={VeZ(V)®}n(R),
(3) its associated quadratic properad @2 := F(V)/(qR) is Koszul in the clas-
sical sense.

Proof. When a properad & is Koszul, the Poincaré—Birkhoff-Witt isomorphism
in weight 2 implies qR = q({V ® Z(V)@} N (R)), which is equivalent to R =
{Vo.Z(V)P} N (R) under condition (1), RNV = {0}. In the other direction,
condition (2’) always implies condition (2). O

In this equivalent definition, condition (2') states that the space of relations
R should be maximal among the generating spaces for the ideal of &. Such a
condition can be hard to check in practice. But this proposition shows that if one
finds a quadratic and linear presentation of a properad, which satisfies (1), (2) and
(3), then the space of relations R is maximal.

REMARK. This presentation of Koszul duality for properads with quadratic and
linear relations includes and extends the classical case of quadratic properads. If
& has a quadratic presentation, then the map ¢ is equal to 0. Hence the Koszul
dual dg coproperad has a trivial differential. It is therefore equal to the classical
Koszul dual coproperad. Since q&2 = &, the two definitions of a Koszul properad
coincide.

Recall that a representation of a properad, of the form & — Enda, is called
a P-gebra structure on A after [67]. (We drop the article “al” from the Arabic
word “al-jabr” to try and encompass the various notions of algebras, coalgebras,
bialgebras, etc.)

Definition (Homotopy &?-gebra). When & is a Koszul properad, we define a
homotopy &?-gebra as a gebra over the quasi-free resolution &, := Q1.

The notion of homotopy ?-gebra can be defined as a gebra over a cofibrant
resolution of &. When & is Koszul, there is a canonical choice for such a cofibrant
replacement, namely Q1.
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A.4. Resolutions of modules. Another application of Koszul duality theory for
associative algebras is to provide quasi-free, thus projective, resolutions for mod-
ules over a Koszul algebra. There are two main applications: in algebraic topology
to compute the derived functors Tor and Ext, see [63], and in algebraic geometry
to study syzygies, see [15]. We extend these resolutions to the properadic case.

For three S-bimodules M, N and O, let us denote by (M; N) K O the part of
(M & N)X O linear in N. It is given by two-levelled graphs with vertices of the
first level labelled by elements of M, except for one labelled by an element of N,
and with the vertices of the second level labelled by elements of O. Dually, we
define M X (N; O) as the part of M X (N @ O) linear in O. Let f : M — M’ and
g : N = O be two morphisms of S-bimodules. We denote by fX' g : MX N —
M’ K (N;O) the morphism of S-bimodules where we apply f to every element of
M and g to every element of N but only one each time. For example, if (N, d) is
a dg S-bimodule then the obvious extension of the differential to M X N may be
expressed precisely as

MRN M R (N N) — ME (N @ N) - MEN.

Any twisting morphism o € Tw(%’, 2) between a (coaugmented) dg coproperad
% and a dg properad 2 induces a unique square zero derivation d, on the free
left 2-module 2 X % on ¥ which extends the following composite

¢ 2% 7)) Re L (9 ry 2K,
where (1)A is the component of the decomposition map A : ¢ — ¢ K% on
(F)RE.

Definition (Twisted composite product). The chain complex 2 K, ¢ = (2 X
€,do = dome + do) is called the left twisted composite product of 2 and €.
Similarly, one can define a right twisted composite product € X, 2 and a two-sided
composite product 2 X, € K, 2.

We refer the reader to Sections 3.4 and 7.3 of [76] for more details and complete

formulas.

The morphism ., = Q(LPT) — £ is equivalent to a twisting morphism « :
Pt — P according [58], Proposition 17], which is given by
—1
K: P sV 2V P,

This twisting morphism defines a twisted composite product X, 1K, L called
the Koszul complex.

Theorem 41. For any Koszul properad &2, the twisted composite product is quasi-
isomorphic to & as P-bimodule:

PN, PR, P P

Proof. Once again, we consider another “homological degree”, the total weight of
the elements of &1 this time. The two parts d, and d, of the differential map
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lower this degree by 1. The natural filtration on &2 and the weight grading on
P induce an exhaustive and bounded below filtration F, on & X, £ X, L.
The differential maps satisfy d. : F, — F, and dy : F. — F._1. Therefore, E°
is equal to gr#? Kz X1 Ky gr¥ where k : P — gr is the associated twisting
morphism and where d° = dz. By Corollary B9 E° is the twisted composite
product q& Xz qZ1 K 2 of the Koszul quadratic properad q&2, with K :
qPt — qZ the Koszul twisting morphism. Therefore, it is quasi-isomorphic to
qZ as an S-bimodule. So, the convergence theorem for spectral sequences implies

B! ~qpn) EX = g P,

E} =20~ EY forr+s#0.
Finally, £ X, £ K, & is quasi-isomorphic to gr&, which is equal to & as an
S-bimodule by the PBW theorem of Corollary O

Definition (Relative composite product). We define the relative composite prod-
uct M g N of a right dg &-module M, p : M X & — M, and a left dg
Z-module N, A : KN — N, by the following coequalizer:

Idps XN

MXZPXN MXN-——MXgzsN.

pXId v

Corollary 42. Let & be a Koszul properad. For any right &-module M and any
left Z-module N, we have a quasi-isomorphism

MR, 'K, N:=M~Rgp (K, PR, P)Rp N = MKz N.

Proof. Once again, we use the total weight of the elements of £ for the “homolog-
ical degree”. Let us first prove the result with N = &2, that is M X,, 1 K, & :=
MRXgp (KR, PR, P) = M. Since M Ry (# K, P K, P) is given by the
following short exact sequence

0 = MRPR(PR, PR, P) — MR(PR, PR, P) - MR »( PR, PR, P) -0,

it induces a long exact sequence in homology. By Proposition 3.5 of [70], the
homology groups of the two first chain complexes vanish in degree greater than
1. Therefore we have H,(M Rg (¥ K, 1K, &)) = 0 for n > 1. In degree
0, the long exact sequence is equal to M X ZKRI] - MX I — M X I, so
Hi(MXgp (R, PR, #)) =MKgp I. We apply the same method again to
MK, Z K, N2 (MNKge (K, ' K, #))Kgp N to conclude the proof.

O

For instance, with M = & and N = T (resp. with M =T and N = &), this
corollary proves that the Koszul complex & K, &1 (resp. £ K, &) is quasi-
isomorphic to I. For M = &2 and any N, this construction provides a quasi-free
left #-module which is a resolution of N.

When & = R is concentrated in arity (1,1), it is a Koszul algebra R, for
instance the universal enveloping algebra of a Lie algebra, the Steenrod algebra
and the free symmetric algebra [63]. In this case, the above construction provides
us with a functorial projective resolution of R-modules M: R®, R ®, M = M.
Notice that in algebraic geometry, people are looking for the minimal (quasi-)free
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resolution of a module over an algebra, see [I5]. Condition (1) is the minimality
condition and the resolution provided here is (quasi-)free.
Finally, when A is a &?-gebra, the construction

PR, PA) = (PR, PR, P)Kyp A A

is a resolution of A as a quasi-free left #-module. So, if & is an operad, it gives
a quasi-free P-algebra equivalent to A, which we analyse in the next appendix.

APPENDIX B. HOMOTOPY THEORY FOR ALGEBRAS OVER A KOSZUL OPERAD

In this appendix, we suppose that & is an operad. (For a general properad &,
as opposed to an operad, the notion of free &-gebra does not exist and there is
no model category structure on the category of &?-gebras; this category does not
admit coproducts).

In this context, we define the bar and cobar constructions for algebras over an
inhomogeneous Koszul operad using the general theory of twisting morphism for
(co)algebras over a (co)operad of [25], see also [60] for a Lie theoretical approach.
This allows us to define a bar construction for homotopy &-algebras and a weaker
notion of morphism, called co-morphism. We show that any &.,-algebra is oco-
quasi-isomorphic to a #-algebra. We prove that & -algebra structures transfer
through homotopy equivalences with explicit formulae. Applied to the homology
of a P ,-algebra, this result defines the Massey products for &,-algebras.

B.1. Bar and cobar constructions. Let a : ¥ — 2 be a twisting morphism
between a coaugmented dg cooperad € and a dg operad £. To any dg %-coalgebra
(C,A¢) and any dg Z-algebra (A,~v4), we associate the following operator on
Hom(C, A):

kalp) 1 C 2GS F0C 228 90428 A

A twisting morphism with respect to o is a map ¢ : C — A of degree 0 which is a
solution of the Maurer—Cartan equation:

() +*alp) = 0.

We denote the space of twisting morphisms with respect to a by Tw,,(C, A). This
bifunctor Tw, : dg %-coalgebras x dg Z-algebras — Sets is represented by the
following functors.

To any dg 2-algebra (A,~v4), we define its bar construction B, A on the under-
lying module € (A). Since it is a cofree €-coalgebra, there is a unique coderivation
do which extends

C(A) =C oA 22 90424 A,
The coderivation ds is equal to the composite

A(pyolda (Idgo(Idr;cx))old a Idgo(Ida
&) )

oA (€ o(I;@)) o A~ (€o(I;2) 0 A> € o (A; 2o A) ), g0 A,

where A(j) is the component of the decomposition map A : ¢ — % o % on
% o (I;€). Hence do squares to 0. Finally, we endow % (A) with the total square
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zero coderivation d := dg oIda + Idy o’ da + do to define B, A := (€(A),d). The
bar construction B, is a functor from dg 2Z-algebras to dg €-coalgebras such that

BuA = (€(A),d) = (€ 00 2) 00 A, dy).

(The notations o, o, and d, are the analogues for operads of X', K, and d, of
Appendix [A]).

The cobar construction 2,C of a dg €-coalgebra (C,A¢) is defined dually.
There is a unique derivation dz on 2(C) which extends

C 2% ¢oc M, 90
This derivation is equal to the composite

Ing/Ac

QOC QO (O,CKOO) Idgo(ldc;aoldc)

20 (C;20C)= (20 (I,2))(C)

so it squares to 0. We consider the total square zero derivation d := dg o Id¢ +
Id g o' d¢ + dg, which defines the cobar construction of C, Q,C = (2(C),d). The
cobar construction €, is a functor from dg %-coalgebras to dg Z-algebras such
that

QC = (2(C),d) = (2 04 €) o C, da).

Theorem 43 (|25, Theorem 2.18]). Let a : € — 2 be a twisting morphism from
a conilpotent dg cooperad € to an operad 2. The bar and cobar constructions
form a pair of adjoint functors

B : dg 2-algebras = dg € -coalgebras : Qg,
whose natural bijection satisfies
Homgg 2-a1g. (220, A) = Two(C, A) = Homyg ¢-coalg. (C; Ba4),
for any dg 2-algebra A and any dg € -coalgebra C'.

Let 2 = & be an inhomogeneous quadratic operad and let ¥ = £ be its
Koszul dual dg cooperad. These results applied to the twisting morphism x :
Pt — & define the following pair of adjoint functors

B, : dg P-algebras = dg Si-coalgebras : .

REMARK. When & is a finitely generated binary quadratic operad, there is Lie
theoretical interpretation of the aforementioned results. For any dg &i-coalgebra
C and any dg P-algebra A, the space of maps Hom(C, A) can be endowed with
a Lie bracket [, ] of degree —1, such that xo(¢) = %[, ¢] [60, Theorem 2.1.1]. In
this case, the equation 9(p) 4+ *4(¢) = 0 is the Maurer—Cartan equation in this dg
Lie algebra. These properties still hold in the inhomogeneous quadratic case.

Lemma 44. When the left twisted composite product 2 o, € is acyclic, then the
counit of the adjunction is a quasi-isomorphism €4 : QuBoaA = A for every dg
2-algebra A.

Dually, when the right twisted composite product € o, 2 is acyclic then the
unit of the adjunction is a quasi-isomorphism ve : C = BoQaC for every dg
% -coalgebra C.

Y(yolde
—_——

Qo

C,
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Proof. First observe that Q,Bo,A 22 (20,%)(A) and B,Q,C = (€ o, 2)(C). We
can then use standard filtrations and Kiinneth formula to conclude the proof. O

The following proposition is the extension of Theorem 2.25 of [25] to the inho-
Imogeneous case.

Proposition 45. When &2 is a Koszul operad, the counit of the bar-cobar adjunc-
tion is a quasi-isomorphism of dg &2-algebras,
0.B. A= A
and the unit of the adjunction is a quasi-isomorphism of dg &?i-coalgebras
C = B.Q,C.
Proof. Tt is direct Corollary of Lemma [44] and Corollary 42| O

Since we work over a field of characteristic 0, every S-module is exact [25],
Y-split [34] or 3-cofibrant [5]. Therefore the category of S?-algebras admits a
model category structure in which weak equivalences are quasi-isomorphisms and
fibrations are epimorphisms. In this homotopical language, the weight of &7
induces a suitable filtration on 21(A) which makes the bar-cobar construction
into a cofibrant replacement functor for &2-algebras.

B.2. Bar construction for & -algebras and co-morphisms. In this section
we apply Theorem [43] to a twisting morphism different from «, in order to define
a bar construction for homotopy &2-algebras and the notion of co-morphisms.

Recall from Proposition 18 of [58] that any twisting morphism factors through
two universal twisting morphisms. Applied to k, it gives

AN
L \ 9x
AN
A

where g, : QP — & is a morphism of dg operads and f, : &£ — BZ is a
morphism of dg cooperads. Theorem applied to the twisting morphism ¢ :
P — QP = P, gives the following a pair of adjoint functors

B, : P-algebras = dg Pi-coalgebras : ,.

The bar construction B, is called the bar construction of a homotopy &?-algebra
A. Tt is equal to

B,A = (2(A),d) = (#' 0, Enda) ogna, 4, d),
where v : £ — End denotes the twisting morphism defining the £2,,-algebra
structure on A. This construction corresponds to the fourth equivalent definition

in Theorem [I] of a homotopy Z-algebra structure on a dg module A in terms of a
square zero coderivation on the quasi-free dg Pi-coalgebra Fi(A).
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A homotopy P-algebra is a “strict” P-algebra if and only if the twisting mor-
phism v : 2 — Endy factors as 21 5 & — Enda. In this case, both bar
constructions agree since

B, A = (Po,Enda)ogna, A = ((Pio,P)omEnda)ogna, A = (Pio, P)ompA=B,A.

The various bar and cobar functors form the following commutative diagram.

Q.

dg P-alg. dg Hi-coalg.

Bk
B,
P o-alg.

A morphism between algebras over an operad is a map f : A — A’ which
strictly commutes with the operad action. When & is a Koszul operad, we can
define a weaker notion of morphisms as follows. Let A and A’ be two Z.-algebras.
An oco-morphism between A and A’ is a morphism of dg Z?i-coalgebras between
the associated bar constructions B,A = #i(4) —» B, A’ = Zi(A’). Tt is equivalent
to a map Zi(A) — A’ satisfying a certain relation, see Chapter 10 of [47] for an
exhaustive study. An oco-morphism is called an co-quasi-isomorphism if the first
component I(A) =2 A = A’ is a quasi-isomorphism. By definition, co-morphisms
can be composed. They share nice homotopy properties, see for instance Sec-
tion B3l From now on, we will only consider the category of £, -algebras with
their co-morphisms.

The following theorem was proved in [I3, Proposition 3] for homogeneous Koszul
operads.

Proposition 46 (Rectification). Let & be a Koszul operad. For any homotopy
P -algebra A, there is an co-quasi-isomorphism of homotopy &-algebras

A Q.BA,
where the right hand side is a dg &-algebra.

Proof. Propositiond5applied to the dg £i-coalgebra B, A provides a quasi-isomorphism
of dg Pi-coalgebras B,A = B.,.B,A = B,Q,.B,A. O

B.3. Transfer of homotopy structures. Let (V,dy) and (W,dw ) be two ho-
motopy equivalent chain complexes:

w (O (Vidy) : (Wydw) )

Idv — pi = dvhl + h/dv, IdW — ip = dwh + de

Theorem 47 (Transfer Theorem). Let & be a Koszul operad and leti : (V,dy) —
(W, dw) be a homotopy equivalence of chain complexes. Any Po.-algebra structure
on W induces a Poo-algebra structure on V' such that i extends to an oo-quasi-
isomorphism.
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One can start with a Z-algebra structure on W, but the transferred struc-
ture on V will be a & -algebra structure in general. This theorem provides a
homotopy control of the transferred structure: the starting &2..-algebra and the
transferred one are related by an explicit co-quasi-isomorphism. This result follows
from the general principle that algebra structures over cofibrant operads transfer
through quasi-isomorphisms, see [7), 5]. We do not use model category arguments
to prove this result here. Instead, we give explicit formulas. The proof relies on
the following lemma and on the equivalent definitions of & -algebra structures
given in Theorem [11

Lemma 48 ([79, Theorem 5.2]). Let V be a chain complex homotopy equivalent
to a chain complex W. There is a morphism of coaugmented dg cooperads U :
BEndyw — BEndy, which extends

p € Endyy (n) = ppi®™ € Endy (n).

Since the category of augmented (unital) dg operads is equivalent to the cat-
egory of non-unital dg operads, we can equivalently apply the bar construction
to non-unital dg operads. It is the case in the aforementioned lemma, where the
underlying S-module of BEndy is .%¢(sEndy).

Since ¥ is a morphism of cooperads to a cofree cooperad, it is completely
characterized by its projection onto the cogenerators % ¢(sEndy ) — sEndy, which
is defined as follows. A basis of #¢(sEndy) is given by trees labelled by elements
of sEndw. Let J := J(su1,...,su,) be such a tree. The image of 7 under ¥
is defined by the suspension of the following composite: we label every leaf of the
tree T (u1,...,uk) with i : V' — W, every internal edge by h and the root by p.

N
NIV \ >/ H/ K/
N
| lp

This composite scheme defines a map in sEndy. Since the degree of h is +1,
the degree of ¥ is 0. Notice that this result is independent of the operad &2.

Proof of Transfer Theorem. Let v € Tw(Z?1, Endy) be a P-algebra structure
on W. By Theorem [I this twisting morphism is equivalent to a morphism of
augmented dg cooperads f, : &1 — BEndw. We compose it with the morphism
of augmented dg cooperads ¥ : BEndw — BEndy. The resulting composite ¥ f,
is a morphism of augmented dg cooperads which endows V with a Z-algebra
structure.

The formula for the extension of ¢ to a co-quasi-isomorphism between the trans-
ferred structure on V and the &, .-algebra structure on W is given by the same
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formula, except that we now label the root of the tree by the homotopy h and
not by p. The proof that this gives an co-morphism is straightforward. For more
details, we refer the reader to Chapter 10 of [47]. O

B.4. Massey products. Since the homology of the operad &, is equal to the
operad &, the homology H(A) of a & .-algebra A carries a natural S?-algebra
structure. By doing this, we lose a large amount of data, namely the homotopy
type of A. We apply the preceding section to endow H(A) with a -algebra
structure which extends this &?-algebra structure. Moreover we show how to re-
cover the homotopy type of A from this data.

Let (A,d) be a chain complex. As usual, we denote by By, := Im(d : A1 —
A,,) the image of the boundary map d. Since we work over a field K, each A, is
isomorphic to B,, ® H,, ® B, _1, after a choice of section. Under this isomorphism,
the differential d sends the direct summand B,, & H,, to 0 and its restriction to B,,_1
is an isomorphism. This splitting shows that the homology H(A) is a deformation
retract of A:

(H(A),0—— (4.d) n,
p
where the homotopy h : A, = A,41is 0 on H,, @ B,,_1 and is the inverse of d on
B,.

Theorem 49 (Massey products). Let & be a Koszul operad and let A be a P, -
algebra. There is a Poo-algebra structure on the homology H(A) of the underlying
chain complex of A, which extends its &-algebra structure and such that the em-
bedding i : H(A) — A extends to an co-quasi-isomorphism of P -algebras.

Proof. The first two points follow directly from Theorem 7l Because the mor-
phism of coaugmented dg cooperads ¥ extends y € Enda(n) — ppui®™ e Endg(a(n),

the image of 1M in End H(A), given by the transferred structure, corresponds to
the Z-algebra structure on A. O

One can also prove that the & -algebra structure on the homology H(A) is
independent of the choice of section for the homology of A: any two such trans-
ferred structures are related by an oco-isomorphism whose first map is the identity
on H(A). We refer to Chapter 10 of [47] for a proof of this fact.

When A = Cs‘ing(X ) is the singular cochain complex of a topological space, it
is endowed with an associative cup product. This associative algebra structure
transfers to an A.-algebra structure on the singular cohomology Hs'ing(X ). These
operations were originally defined by Massey in [53], so they are called the Massey
products. In general, we call the &7 ,-operations on the homology of a &,-algebra
the Massey products.

Whereas the differential on H(A) is equal to 0, the Z-algebra structure on
H(A) is not trivial. In this case, the relations satisfied by the &.-algebra oper-
ations on H(A) do not involve any differential. Hence the operations of weight 1
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satisfy the relations of a S?-algebra. But the higher operations exist and contain
the homotopy data of A. This result is well known in algebraic topology, where
one uses the Massey product with three inputs to detect the non-trivial linking of
the Borromean rings [54].

Proposition 50. For any Koszul operad &2 and any Poo-algebra A, one can
reconstruct the homotopy type of A from the P -algebra structure of H(A).

Proof. Let us denote by 7 : H(A) — A the extension of i to an oo-quasi-
isomorphism. By definition of co-quasi-isomorphism and since €2,; preserves quasi-
isomorphisms between quasi-cofree &i-coalgebras (use the filtration based on the
weight of &21), it induces the following quasi-isomorphism of dg £?-algebras

O.B,H(A) =25 0, B, A.
The latter dg £-algebra is co-quasi-isomorphic to A by rectification (Theorem E8]).
O

B.5. Homology and cohomology of Z-algebras and Z.,-algebras. After
[25, Section 4.3], we know that the André—Quillen homology of an algebra over
an operad with trivial coeflicients is given by the left derived functor of the func-
tor of indecomposable elements. Here we can use the functorial cofibrant reso-
lutions Q,.B,A4 = A and Q,B,A = A to compute André Quillen homology of
P-algebras and P .-algebras respectively:

H.g,a (A) = H.—l(ENA) = Ho—l(@i(A)v dn)
H7>(A) = Hy_1(B,A) = He_1(Z'(A), d,).

More generally, one can define the André—Quillen homology and cohomology of
P-algebras and P.-algebras with coefficients, following [30] 60]. The functorial
cofibrant resolutions Q,.B.A — A and Q,B,A = A provide explicit chain com-

plexes which compute these homology and cohomology theories, as explained in
[60].

APPENDIX C. DEFORMATION AND OBSTRUCTION THEORY

In this third appendix, we develop the deformation theory and the obstruction
theory for gebras over a Koszul properad.

C.1. Deformation Theory. In this section, we give a Lie theoretic description
of homotopy Z-gebra structures when & is a Koszul properad: we make precise
the dg Lie algebra governing homotopy &?-gebra structures.

Let & be a Koszul properad. Recall that for any dg properad 2, the differential
on the space of S-equivariant maps Homg (21, 2) is defined by 9(f) :=dgo f —
(-=D)1f od,. Tt is shown in [58] that (Homs(Z1,2),0) is endowed with a dg
Lie algebra structure. We call it the convolution dg Lie algebra, or simply the
convolution algebra, and we denote it by g := (Homg(&?1, 2),0,[, ]). Its Maurer—

Cartan equation is
1

o(v) + 5[%7] =0.
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The solutions of the Maurer—Cartan equation in this convolution algebra which
vanish on the coaugmentation map of the cooperad ! are called twisting mor-
phisms and the associated set is denoted by Tw(Z1, 2). They are in one-to-one
correspondence with morphisms of dg properads from &, to 2 (Proposition 17
of [B8)):

TW(:@i, o@) = Homdg propcrads(yoov Q)

Applied to the endomorphism properad, 2 = End 4, of a dg module A, it shows
that structures of homotopy &-gebras on A are in one-to-one correspondence with
twisting morphisms of Tw (2?1, End ), cf. Theorem []in the operad case.

Since &7 is Koszul, the underlying coproperad q&! of its Koszul dual dg co-
properad Z1 = (qZ1,d,) is graded by an extra weight induced by that of the
cofree coproperad. We denote this weight grading by 2™ With this conven-
tion, 2 satisfies 210 = I, 21V = sV and 2i1? = s2qR. Therefore, the
convolution Lie algebra g is also graded by this weight, g(®) := Homg(gi("), 2).
The differential on the Koszul dual dg coproperad lowers this grading by one,
dy - 2™ 5 i1 These properties of &1 transfer to the convolution alge-
bra as follows.

Proposition 51. For any Koszul properad &2 and any dg properad 2, the underly-
ing Lie algebra structure of the convolution dg Lie algebra g := (Homs(Z1, 2),0, 1, |)
has an extra grading such that g = [[,~, g™ . Its differential is the sum of
two anti-commuting square-zero derivations 0 = 0y + 01 such that the first one
preserves this grading 9y : g™ — g and the second one raises it by one,
o1 g1 — g,

Proof. We define g™ by g™ := Homg(21™,2) for n > 0. The differential
0o is given by the differentials dg of 2 and the differential 0y is given by the
differential d, on &i. Since dg is a square-zero derivation on the properad 2, dy
is a square-zero derivation on g which preserves the weight. Since d, is a square-
zero coderivation on the coproperad &1, 0; is a square-zero derivation on g which
raises the weight by one, 9, : g~ b — g(®), O

When & is a quadratic Koszul properad the differential 9; vanishes.

C.2. Obstruction Theory. We prove a general theorem about Maurer—Cartan
elements in graded dg Lie algebras. We apply it to the convolution Lie algebras
associated to Koszul properads. This defines an obstruction theory and a relative
obstruction theory for homotopy Z2-gebras.

Let (g,0) be a dg Lie algebra whose underlying Lie algebra structure is iso-
morphic to g = [[,>,8™. We further assume that the differential 0 is the

sum of two square-zero derivations & = 0y + 9y such that 9y : g™ — g™ and
O : g — g,
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Any element of g can be written as a series Yy =~y9+v1+ -+ +9n +---. Under
this decomposition, the Maurer—Cartan equation is equivalent to

(MC,) & Bofm) + Drlm-1) +5 3 bes] =0
k+l=n

in g for any n > 1 and to the equation (MCo): 9o(70) + 3[70.70] = 0, this
last one being the Maurer-Cartan equation in the dg Lie algebra (g(®), dy). Recall
that a solution v to the Maurer—Cartan equation is required to have homological
degree —1.

Notice that g is an extension of the Lie algebra g(®©) by Hn>1g("). Given

a Maurer-Cartan element 7o in (g(®),dp), we associate the twisted differential
07 := 9y + [0, —] on g. It defines a square-zero derivation on g, which preserves
the weight g(™.

Theorem 52. Let (g = [[,598",0 = 0o + 01) be a dg Lie algebra satisfying
o : g =g and oy : gD = g™, Lety=vo+y 44T € ITiso g ) be
an element which satisfies the (MC)y-equations up to k = n in (g,0). We consider

- 1
Tn+1 = 51(%) + 3 Z [%,%]-

ktl=n+t1
ki>1

(1) In g™ *tY | we have 87 (F,41) = 0, that is, Yni1 is a cycle of degree —2 in
the dg Lie algebra (g,07°).

(2) There exists an element Yyp11 € gt such that v1 4 - - + Yny1 satisfies
the (MCy)-equations up to k = n+ 1 in (g,0) if and only if the class of
Ang1 in H_o(g**th, 970) vanishes.

Proof. By the definition of 7,41, we have

0 Gus) = @)ty S (k)

ktl=n+1
ki>1

Since dy and 9y anticommute, we get 9p(01(Vn)) = —01(o(¥n)). Since 97 is a
degree —1 derivation, we get

9" ([ve,m]) = [07° (&), ) = [vk: 07° ()] = [07° (&), W] 4 [07° (1) V).

And since 0 is a degree —1 derivation, we have
91([v0, ) = [01(70)s ¥n] = [v0, 01 (70)]-
Finally, we get
D (Fnt1) = =00(0° () + [ (v0)s vl + D> (07 (ve) ) -

k+l=n+1
k,>1

For any n, the equation (MC,,) is
1 ~
ane ('771) = _al ('771—1) - 5 Z [Wkﬁl] = —Tn-

k+i=n
ky>1
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So the induction hypothesis gives

~ 1 1

9" (Vn+1) = 3 > il ]+ 101(0) = D [O1(k—1), ] — 3 >

k+l=n k+l=n+1 a+b+ec=n+1

k,i>1 k,i>1 ab,e>1
Once again, since 0; is a degree —1 derivation, we get

~ 1
0o(Yn+1) = D) Z [[Yas 1) Vel
a+b+ec=n+1
a,b,c>1
which vanishes by Jacobi identity.
Since the equation (MC,,11) i 97 (Yp4+1) = —Fn+1, it proves the second asser-

tion. (Il

Therefore, the homology groups H_g(g(”), 07°), for n > 1, are the obstructions
to the existence of Maurer—Cartan elements. Concretely, Theorem applies as
follows.

Theorem 53. Let & = F(V)/(R) be a Koszul properad and let (A,da) be a
dg module. Suppose we are given a set of operations on A, 1 : V — Enda
such that da is a derivation with respect to them, 0a(y1) = dgna, o1 = 0. If
H,Q(Homg(gi(n),EndA),ﬁA) =0 for n > 2, then vy, extends to a homotopy -
gebra structure on A.

Proof. By Proposition [B1] the convolution Lie algebra g := (Homg(£?1, Endy) is
graded and any twisting morphism satisfies 7o = 0. It remains to apply Theorem[(2]
to this particular case where vy = 0. O

This general method applies to the classical quadratic case as well. It was used
in the particular case of homotopy Lie algebras in [3] and in the case of homotopy
Frobenius bialgebra structures on differential forms of a closed oriented manifold
in [82]. We apply this extended version to prove the existence of a homotopy
BV-algebras algebra structure of vertex algebras in Section 3.3l

C.3. Relative Obstruction Theory. We study now a relative version of the
previous method. Let &2 = Z#(V)/(R) be a Koszul properad composed of two
properads in the following way. Suppose that the space of generators V splits into
two, V' = V@ V7, such that the space of relations splits into three R = Ry®R1® Ro1
with Ry ¢ F(Vo)®, Ry c Vi @ Z(1)@, Ry € Vo @ F(Vo @ V1)@, (The
subscripts 0 and 1 should not be confused with the homological degree). We further
assume that qRg is generated by elements given by a sum of 2-vertex graphs with
exactly one vertex indexed by Vj and the other indexed by V;. We denote by
Py = F(Vo)/(Ryp) the associated quadratic properad and by 9% := .#(V1)/(R1)
the associated quadratic-linear properad. Therefore the properad &2 is a quotient
of the coproduct, or free product, &y V &1 by the ideal generated by Rp;.

DoV P

7= (Ro1)

[[’7117 '717]7 '7(;].
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In this case, the Koszul dual coproperad &7} is a sub-coproperad of &i. More-
over, the following diagram of graded coproperads commutes

Py s i

[ /

Fe(sVy) & Fe(sVp @ sWy)

The assumption on Rg; proves that &1 is a coproperad graded by the number of
SVl.

Lemma 54. Under the previous assumptions on the presentation of the properad
P, the underlying coproperad of 2t has an extra grading c@i[n], called the relative
grading, which satisfies il = Py. Its differential d,, lowers this relative grading
by 1, d, : 2" - giln=1l

Proof. Under the assumptions on the presentation of &, any map ¢ associated to
it satisfies s~ : F°(sV1)® — sV} and s~ lp : F(sVy @ sV1)P) — sVp. Hence,
it lowers the number of elements of sV; by 1. And so does the differential d,. O

We get the following direct corollary.

Proposition 55. For any Koszul properad & satisfying the above assumptions
and for any dg properad 2, the underlying Lie algebra structure of the convolution
dg Lie algebra g := (Homg( 21, 2),0,[,]) has an extra grading, g = [[,,>0 9™ . Its
differential is the sum of two anti-commuting square zero derivations O = dy + 0y
such that the first one preserves this grading 9o : g") — gl and the second one
raises it by one, 0y : g"~ 1 — g7l

Moreover, the sub dg Lie algebra (g[o],ao) 18 equal to the convolution dg Lie
algebra Homg (%', 2).

Proof. The proof is similar to that of Proposition Bl with the relative grading this
time. O

Once again, any element of g is a series: vy =+ + -+ +---. And
the Maurer—Cartan equation decomposes with respect to the weight as aforemen-
tioned.

Theorem 56. Let & be a Koszul properad with a presentation satisfying the above
assumptions and let (A,da) be a dg module. Suppose we are given a homotopy
Py-gebra structure on A: vy @ P} — Enda such that 9y(v0) + %[70,70] = 0.
If H_2(H0ms(<@i[n],EndA)7670) =0 for n > 1, then vy extends to a homotopy
P -gebra structure on A.

Proof. 1t is a direct corollary of Proposition (5] and Theorem O

Conceptually, the coproperad i is an extension of the coproperad &} = il
by @, 2" Hence, D> 21" s a Pi-comodule. Dually, the convolution
Lie algebra g is an extension of gl by D> gl So @nag["} is a twisted
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dg module over the twisted dg Lie algebra (gl%,07). It naturally carries the
obstructions to lift a Maurer-Cartan element of gl% to the whole of g.

This theorem applies, for instance, when &2, and &7 are Koszul properads and
when qRy; defines a distributive law, as in Theorem [2I In this case, the Koszul
dual coproperad has the following form 21 & 2] K 2}. And the convolution Lie
algebra is equal to g = Homg(2?] K 2}, End) (see Section B.1] and Section 3.4
for an application).
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