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tThe set of planar bimodal linear 
ontrol systems is partitioned intoa �nite number of di�erentiable strata, ea
h of them 
onsisting ofthose systems having 
anoni
al forms (for the equivalen
e relation whi
h
orresponds to admissible 
hanges of basis) di�ering only in the valuesof the 
ontinuous invariants. Bifur
ation diagrams with regard to thisstrati�
ation are derived.Key words: Canoni
al form, strati�
ation, bifur
ation diagram.AMS subje
t 
lassi�
ations: 93B10, 93B27, 93C101 Introdu
tionPie
ewise linear systems have attra
ted the interest of resear
hers be
ause oftheir interesting dynami
al properties and the wide range of appli
ations. Themost 
ommon pie
ewise linear systems found in pra
ti
e are in two or threedimensions. See for example [3℄, [4℄, [5℄.In this paper, we ta
kle bifur
ation diagrams for planar bimodal pie
ewise
ontrol systems. We 
onsider 2D 
ontrol linear systems a
ting on 
omple-mentary half-planes and the equivalen
e relation de�ned by basis 
hanges,preserving 
ontinuity along a given line (�admissible basis 
hanges�). Asthe set of equivalen
e 
lasses is not lo
ally �nite, we 
onsider the union ofequivalen
e 
lasses di�ering only in the 
ontinuous invariants in the 
anoni
alform under this equivalen
e relation found in [6℄. There are a �nite number ofsets in this partition, ea
h of them is proved to be a di�erentiable manifold,therefore 
onstitutes a �nite strati�
ation of the spa
e of systems. This is thestarting point to obtain bifur
ation diagrams, with regard to this 
lassi�
ation.Moreover, 
anoni
al forms 
an be applied to study 
ontrollability and otherdynami
al properties in ea
h stratum.In se
tion 2, we state the de�nitions of bimodal pie
ewise linear systems andadmissible basis 
hanges. In se
tion 3, we re
all the 
anoni
al forms for ordertwo bimodal systems. In se
tion 4, we stratify the set of triples of matri
es55
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ha, M. Peñade�ning order two bimodal systems. Finally, in se
tion 5, we show a bifur
ationdiagram.Throughout the paper, R will denote the set of real numbers, Mn×m(R)the set of matri
es with m rows and n 
olumns (in the parti
ular 
ase where
m = n we will denote the set simply byMn(R)), Gln(R) the set of all invertiblematri
es in Mn(R) and by(e1, . . . , en) the natural basis of the Eu
lidian spa
e
R

n.2 Bimodal Pie
ewise Linear SystemsBimodal pie
ewise linear systems 
onsist of two linear dynami
s a
ting onea
h side of a given hyperplane. Most of elementary non-linear 
ir
uits foundin pra
ti
e may be modeled with two linear regions separated by parallelboundaries hyperplanes, with two or three state variables. See [3℄, [4℄, [7℄,[8℄, where di�erent topi
s about these systems are studied.Bimodal (pie
ewise) linear systems 
an be de�ned by two 
ontrol linearsystems:
{

ẋ(t) = A1x(t) +B1,

y(t) = Cx(t),
if y(t) ≤ 0,

{
ẋ(t) = A2x(t) +B2,

y(t) = Cx(t),
if y(t) ≥ 0where A1, A2 ∈ Mn(R); B1, B2 ∈ Mn×1(R); C ∈ M1×n(R), being thedynami
s 
ontinuous along a separating hyperplane Cx = 0 for some matrix

C ∈ M1×n(R). For simpli
ity, we will 
onsider C = (1 0 . . . 0) ∈ M1×n(R) andthat the dynami
s is 
ontinuous along the hyperplane H = {x ∈ R
n : Cx = 0},and hen
e: H = {x ∈ R

n : x1 = 0}.Then 
ontinuity along H is equivalent to:
B2 = B1, A2ei = A1ei, 2 ≤ i ≤ n.We will simply write B = B1 = B2. Thus any bimodal pie
ewise linearsystem 
an be de�ned by a triple of matri
es (A1, A2, B), where A1, A2 di�eronly in the �rst 
olumn.Notation Throughout the paper, X will denote the set of triples of matri
esde�ning bimodal pie
ewise linear systems,

X = {(A1, A2, B) ∈Mn(R) ×Mn(R) ×Mn×1(R) | A2ei = A1ei, 2 ≤ i ≤ n}whi
h is obviously a di�erentiable manifold (of dimension n2 + 2n).As in [6℄, we 
onsider basis 
hanges preserving the hiperplanes x1(t) = k inorder to allow the results below to be also applied in the 
ases where a separatinghyperplane x1(t) = δ, δ 6= 0, are 
onsidered (see, for example, [3℄).De�nition 1 Basis 
hanges in the state variables spa
e preserving thehyperplanes x1(t) = k will be 
alled admissible basis 
hanges. Thus, they arebasis 
hanges given by a matrix S ∈ Gln(R),
S =

(
1 0
U T

)
, T ∈ Gln−1(R).



Bimodal Systems. Bifur
ations Diagrams 57Let us denote by S the Lie subgroup of Gln(R)

S :=

{
S ∈ Gln(R)

∣∣∣∣S =

(
1 0
U T

)
, T ∈ Gln−1(R)

}We 
onsider the equivalen
e relation in the set of matri
es X whi
h 
orrespondsto admissible basis 
hanges.De�nition 2 Two triples of matri
es (A1, A2, B), (A′
1, A

′
2, B

′) ∈ X are saidto be equivalent if there exists a matrix S ∈ S (representing an admissible basis
hange) su
h that (A′
1, A

′
2, B

′) = (S−1A1S, S
−1A2S, S

−1B).This equivalen
e relation partitions X into �ner equivalen
e 
lasses than thesimilarity equivalen
e relation.3 Canoni
al forms for n = 2A 
anoni
al form is a representative in ea
h equivalen
e 
lass whi
h is easier todeal with, and therefore 
al
ulations be
ome simpler using it. In [3℄, 
anoni
alforms were obtained, assuming observability. In [6℄ 
anoni
al forms in the non-observable 
ase are obtained, in the 
ase where the observability matrix of thesystem rank equal to n − 1. In parti
ular, in the 
ase n = 2 these 
anoni
alforms and the matri
es S whi
h 
orrespond to admissible basis 
hanges arelisted below. We will use (CFN), N = 1, 2, . . . to label them.Let us 
onsider a triple of matri
es de�ning an order two bimodal system
((

a1 a3

a2 a4

)
,

(
γ1 a3

γ2 a4

)
,

(
b1
b2

))
.Let us assume that the system is observable (a3 6= 0). Then (see [3℄),the 
orresponding 
anoni
al forms Ac

1, A
c
2, B

c for the matri
es A1, A2 and Brespe
tively, are:
• Case 0: a3 6= 0,

Ac
1 =

(
a1 + a4 1

a2a3 − a1a4 0

)
=

( trA1 1
det A1 0

)
,

Ac
2 =

(
γ1 + a4 1

a3γ2 − a4γ1 0

)
=

( trA2 1
det A2 0

)
,

Bc =

(
b1

a3b2 − a4b1

)
;S =

(
1 0
a4

a3

1
a3

)
. (CF1)From now on, we will assume that the system is unobservable: a3 = 0. Wedistinguish several 
ases.

• Case 1: a3 = 0, a1 6= a4, γ1 6= a4.



58 J. Ferrer, M. D. Magret, J. R. Pa
ha, M. Peña� If γ2 = a2
a4−γ1

a4−a1
, b2 +

a2b1
a4 − a1

= 0,
Ac

1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− a2

a4−a1
t

)
, for any t 6= 0. (CF2)� If γ2 = a2

a4−γ1

a4−a1
, b2 + a2b1

a4−a1
6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− a2

a4−a1
b2 + b1

a2

a4−a1

)
. (CF3)� If γ2 6= a2

a4−γ1

a4−a1
,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
γ1 0
1 a4

)
, Bc =




b1
b2+b1

a2

a4−a1

γ2−a2
a4−γ1
a4−a1


 ;

S =

(
1 0

− a2

a4−a1
γ2 − a2

a4−γ1

a4−a1

)
. (CF4)

• Case 2: a3 = 0, a1 = a4, γ1 6= a4.� If a2 = 0, b2 + γ2b1
a4−γ1

= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− γ2

a4−γ1
t

) for any t 6= 0. (CF5)� If a2 = 0, b2 + γ2b1
a4−γ1

6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− γ2

a4−γ1
b2 + b1

γ2

a4−γ1

)
. (CF6)� If a2 6= 0,

Ac
1 =

(
a4 0
1 a4

)
, Ac

2 =

(
γ1 0
0 a4

)
, Bc =

(
b1

1
a2

[
b2 + b1

γ2

a4−γ1

]
)

;

S =

(
1 0

− γ2

a4−γ1
a2

)
. (CF7)
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• Case 3: a3 = 0, a1 6= a4, γ1 = a4.� If γ2 = 0, b2 = 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0

− a2

a4−a1
t

)
, for any t 6= 0. (CF8)� If a2 = 0, b2 6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
1

)
;

S =

(
1 0

− a2

a4−a1
b2

)
. (CF9)� If a2 6= 0,

Ac
1 =

(
a1 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
b1

1
γ2

[
b2 + b1

a2

a4−a1

]
)

;

S =

(
1 0

− a2

a4−a1
γ2

)
. (CF10)

• Case 4: a3 = 0, a1 = a4 = γ1.� If a2 = 0, γ2 = 0, b1 6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0
b2
b1

t

) for any t 6= 0. (CF11)� If a2 = 0, γ2 = 0, b1 = 0, b2 = 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
0
0

)
;

S =

(
1 0
u t

)
, for any t 6= 0, u. (CF12)� If a2 = 0, γ2 = 0, b1 = 0, b2 6= 0,

Ac
1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
0 a4

)
, Bc =

(
0
1

)
;

S =

(
1 0
u b2

) for any u. (CF13)
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ha, M. Peña� If a2 = 0, γ2 6= 0, b1 6= 0,
Ac

1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
b1
0

)
;

S =

(
1 0
b2
b1

γ2

)
. (CF14)� If a2 = 0, γ2 6= 0, b1 = 0,

Ac
1 =

(
a4 0
0 a4

)
, Ac

2 =

(
a4 0
1 a4

)
, Bc =

(
0
b2
γ2

)
;

S =

(
1 0
u γ2

) for any u. (CF15)� If a2 6= 0, b1 6= 0,
Ac

1 =

(
a4 0
1 a4

)
, Ac

2 =

(
a4 0
γ2

a2
a4

)
, Bc =

(
b1
0

)

S =

(
1 0
b2
b1

a2

)
. (CF16)� If a2 6= 0, b1 = 0,

Ac
1 =

(
a4 0
1 a4

)
, Ac

2 =

(
a4 0
γ2

a2
a4

)
, Bc =

(
0
b2
a2

)
;

S =

(
1 0
u a2

)
, for any u. (CF17)4 Strati�
ationA �nite partition of the di�erentiable manifold X may be dedu
ed from that inequivalen
e 
lasses: 
onsider the sets 
onsisting of all equivalen
e 
lasses with
anoni
al forms of the �same type�, but with di�erent values for the parameters.The sets thus obtained are disjoint sets and, as we will show, di�erentiablemanifolds. Therefore, they 
onstitute a strati�
ation of X .In order to use Arnold's te
hniques (see [1℄), the starting point is thatequivalen
e 
lasses are the orbits of the Lie group a
tion of S on X de�nedby α(S, (A1, A2, B)) = (S−1A1S, S

−1A2S, S
−1B).Given (A1, A2, B) ∈ X , we will denote byO(A1, A2, B) its orbit and 
onsiderthe partition of X into sets, ea
h of them 
orresponding to the union of orbits orequivalen
e 
lasses having asso
iated a 
anoni
al form of the same type; namely,

E1 is the set of all triples of matri
es having 
anoni
al form of type CF1, E2the set of all those having 
anoni
al form of type CF2, and so on. Note thatthese orbits are di�erentiable manifolds (see [9℄).Theorem 1 The sets Ei, i = 1, . . . , 17 are di�erentiable manifolds.
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ations Diagrams 61Proof . Ei, i 6= 2, 5, 8 are open sets of linear varieties. E2, E5 and E8 arede�ned by quadrati
 equations, giving rise to impli
it manifolds with no singularpoints. Thus they all are di�erentiable manifolds. �Corollary 2 X =

(
17⋃

i=1

Ei

) is a �nite strati�
ation of X .Proof . Clearly, these sets are disjoint sets and 
onstitute a partition of X .From Theorem 1 they are di�erentiable manifolds, thus a strati�
ation of X .
�Next Table shows the dimensions of the strata above.Stratum Dimension Stratum Dimension Stratum Dimension

E1 8 E2 5 E3 6
E4 7 E5 5 E6 5
E7 6 E8 5 E9 4
E10 6 E11 3 E12 1
E13 3 E14 4 E15 3
E16 5 E17 45 Bifur
ation diagramsA bifur
ation diagram of a family of bimodal systems,

Λ : R
d −→Mn(R) ×Mn(R) ×Mn×1(R)is a partition of the parameter spa
e R

d a

ording to the 
anoni
al form of thetriple of matri
es, and indu
ed by the strati�
ation whi
h was given in Se
tion 4.In parti
ular, this strati�
ation provides the information about whi
h 
anoni
alforms are near ea
h other in the sense of lo
al perturbations.Let us show as an example about how a bifur
ation diagram may beobtained.Example 1 Consider the triple of matri
es ((2 0
1 3

)
,

(
1 0
−2 3

)
,

(
1
−1

)) andthe e�e
t of a perturbation on it:
((

2 ε1
1 + ε2 3 + ε3

)
,

(
1 ε1
−2 3 + ε3

)
,

(
1
−1

))
, for small ε1, ε2, ε3.If ε1 = ε2 = ε3 = 0, we obtain the initial triple, whi
h belongs to E2. If

ε1 = 0, ε3 6= 0, we obtain a triple in E4. If ε1 = ε3 = 0, ε2 6= 0, we obtain atriple in E3. Finally, in the 
ase where ε1 6= 0, we obtain a triple in E1.Referen
es[1℄ V. I. Arnold, On matri
es depending on parameters. Uspekhi Mat. Nauk.,26 (1971).
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uits and Systems, 49 (2002),p. 609�620.[4℄ V. Carmona, E. Freire, E. Pon
e, F. Torres, The 
ontinuous mat
hing of twostable linear systems 
an be unstable. Dis
rete and 
ontinuous dynami
alsystems 16 (2006), 3, p. 689�703.[5℄ M. di Bernardo, C. J. Budd, A. Champneys, P. Kowal
zyk, Pie
ewise-Smooth Dynami
al Systems. Springer-Verlag, London (2008).[6℄ J. Ferrer, M. D. Magret, M. Peña, Bimodal pie
ewise linear systems.Redu
ed Forms. Submitted to Int. J. Bifur
ation and Chaos.[7℄ E. Freire, E. Pon
e, F. Rodrigo, F. Torres, Bifur
ation sets of 
ontinuouspie
ewise linear systens with two zones. Int. J. Bifur
ation and Chaos, 8(1998), 11, p. 2073�2097.[8℄ E. Freire, E. Pon
e, J. Ros, The fo
us-
enter-limit 
y
le bifur
ation in sym-metri
 3D pie
ewise linear systems. SIAM J. Appl. Math., 65 (2005), 3,p. 1933�1951.[9℄ J. E. Humphreys, Linear Algebrai
 Groups. Graduate Texts in Mathemati
s,21, Springer-Verlag, Berlin (1981).


