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(1.1) From now on, M,, ,,, denotes the set of n x m complex matrices. We write M,, ,, =
M,,. If A€ My, A* (resp. A') denotes conjugate transpose of A, (resp. transpose of
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Abstract
Given a bimodal system defined by the equations

(t)
(t)
where B € M, ,,, and A; € M,,, i = 1,2, are such that A;, Ay coincide on the hyper-

plane V =Kerc!. We consider in the set of matrices defining the above systems the
simultaneous feedback equivalence defined by ([A41, B, [A2, B]) ~ ([A}, B'], [A%, BY]) if

Ayx(t) + Bu(t) if ctz(t) <0 (1)
Aoz (t) + Bu(t) if ctz(t) >0

S 0

4B =57l | g

} i=1,2 with S(V) =V

This equivalent relation corresponds to the action of a Lie group. Under this action we
obtain, in the case m < 1, the semiuniversal deformation, following Arnold’s technique.
Then the problem of structural stability is studied.

Preliminaries

A) and tr A the trace of A.

(1.2) In [3] the following reduced form is obtained under the above equivalent relation:
Let J be a hx h complex Jordan matrix and N be the [ x[ standard nilpotent matrix. Then
any pair ((A1b), (A2b)) with 4; € M,,b € My 1 and AV = AV, V = Ker (0,...,0,1)",

is equivalent to a pair ((A1o, bo), (A20, bo)) where

with

J 0 ot
A= 0 N 0 |,witha;=(0,..,0,1), o' = (ai,...,a})
0 a7 0
J 0 B 0
AQ[): 0 N 521 ,b():
0 ap B €0

ﬂll = (61117 "‘7/8%h)t7 /8% = (6517 ”-7ﬂ211)t7 b= (07 07 1)t
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We shall say that this pair is in Kronecker reduced form.
(1.3) Let M = {((A1)),(A2D)); A1]V = A2|V} and

G= <? ?);SeGl(n),S(V):V,t#O

St

Notice that S has the form S = ( 0

1
SS > , so that G can be identified with an open

set of Cn*+2,

We consider in M the hermitian product defined by
AlF
b
Al
b/*

< ((Ahb)a(A?:b))v(( llab/>a( /27b,)) >= tr((Alab)7(A27b))

and the action of G on M defined by
-1 -1
(3 9) nnm=smn( 7 )swn( )

We fix a pair ((Ai0,b0), (A20,b0)) € M and let ¢ : G — M be the map defined by

P(S) = S * ((A10,bo), (A20, b0))

with § = ? ?

Let Ay = ((A10, bo), (A20, bp)) and denote Oy = {S * Ap; S € G}. We know that the
orbit Op is a locally closed submanifold of M (see for example [2]). Then if we denote
B = (T4,0p)" and T the unit element in G, we have the following theorem due to Arnold
([1]; see also [4]).

Theorem 1 The linear variety Ao+ B has the following universal property. Let i : B —
M defined by ¥(x) = Ao + x. Then for any differentiable map ¢ : CV — M such that
©(0) = Ay, there exist a neighborhood U of 0 in CN a differentiable map n : U — B
such that 7(0) = 0 and a differentiable map & : U — G with x(0) = I such that p(p) =

E(p) % (n(p))-

The linear variety Ag + B has the minimum dimension having this universal property.
It is called a miniversal deformation of Ag.

Finally we recall that Ag is said to be structural stable if it is an interior point of its
orbit. Equivalently, if B = 0.

2 Construction of a miniversal deformation

As we have said, in order to obtain a miniversal deformation of Ay we have to compute
(T.AO OO)J_' L
Let Z be the unit element in G and P = ( P 2 ) € T7G with P = ( Puop )

P1 0 p
Then we have the following lemma.
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Lemma 1

doz(P) = (([P, Aio] + bop1, bog + Pbo), ([P, Ao + bopi,bog + Phby)).

Since T4, Op = Imdepr one has that (A, b), (Aa, b)) € (T,4,00)" if and only if
< ([P, A1o] + bop1, bog + Pbo), ([P, Ao] + bop1, bog + Pbo)), (A1, b), (A2, b)) >=0

for every P € T7G.
Let P be as above and introduce the following notation:

1 1 1
A10=(A11 “ >,A20=(AH p >750=(b0)
a1« a; 3 €0

_( B & _( Bu A s
Al_( o 5),,42_( )= ("),

Then, we have the following result.

and

Theorem 2 A miniversal deformation of Aq is given by the linear variety
Ao + ((A1, b), (A2, b)), where A1, As and b are any solution of the following system:

(i) 2[A11, Biy] + alé™ — 26Fay + By + bipt* =0
(ii) 200 By + ad™* — (8% + 41 A1y — oy + ByYY — Fag + eob™* =0
(iii) 20107 — s at — 4B + e =0
(iv) Bibl+ dfeo =0
(v) (6" +77)bg + (6 +V)eo = 0
(vi) tr(bgb™) + €€ =0

Since the number of unknowns is n? + 2n and the number of equations is n? — n + 4,
we have the following result.

Proposition 1 There is no pair structural stable in M.

Remark 1 If Ajg, Ayp and by are real matrices, we can substitute the symbol *x for the
symbol ¢, corresponding to the transpose matriz.

If the pair ((A41, b), (A2, b)) is in Kronecker reduced form, the above equations take a
simplified form allowing in many cases the obtention of an explicit solution of a miniuni-
versal deformation. In fact, we have in this case,

J 0 ot
A = 0O N 0 , a1 =(0,...,0,1), al = (a%,...,ak)t(: d()")
0 a1 0
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J 0 B 0
Ago = 0 N ﬁ% , bo = p y P = (07 .0, 1)t
0 o f €0
Then if accordingly with the above notation we write
Bll B12 5% Bll Bl2 711 b%
Ai=| Ba By 0 |, A= Bar B 73 |,b=|[ b
011 d12 0 b1 O12 v €

the following proposition follows.
Proposition 2 ((Aj, b), (A2, b)) € (T'4,00)" if and only if
(i) 2[J, Bu] +a'éf* + Biyi* =0
(i) 2(JB3y — B3,J) + a'dy” — 207,00 + B175" = 0
(iif) 2(NBjy — BfyJ) + 8371 +pbi* =0
(iv) 2[N, B3] — 20fa1 + B375" +pby* =0
(V) =(01" +91%)T + B1" + eobl” + 201 B = 0

201 By — (03 + 43*)N — Say + Byd* — yau + epbl* =

)
)
(vil) 20187, — 1% =218l — 13" 65 + €0e =0
) B31p+di160 =0
) Blop + 07560 =0

)

(83 +73")p+ (0 +7)eo =0

. 0 0
(xi) tr < bt pbl > +epe=0

Notice that [ = 0 implies ¢g = 1, @y = 0 and [ > 0 implies ¢y = 0, so that we have

Corollary 1 The above equations reduced to:
(1) If 1 =0:
(i) 217, Biy] + al6* + Biyl* = 0
(ii) =(01" +71*)J + Byi* + b1 =0

(iii) —81*at —71*pt =0

(iv) 61 =0
(v) 64+v=0
(2) If h=10:
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(i) 2[N, B3, — 287501 + B375" +pby* =0
(i) 201 By — (63 +73*)N — dag + Bya* —ya =0
(i) 20163, — 146} = 0
(iv) B3yp =0
) (68 +4p=0
(vi) trpby* =0

3 The casen = 3

If n = 3 ( and of course if n = 2) the above equations can be solved easily. We limit
ourselves to give in the following three examples the dimension of the corresponding orbit.
We denote this orbit by Oy, 02, O3, respectively.
(1) J=()\),N = (0),so that a; =1, a! =1, p =1, g = 0. Then dimO; = 9.
(2) J = (0),N = < (1) 8 >, so that a3 = (0, 1), a! = 0,p = (0, 1)},¢9 = 0. Then
dimOQ =11.
A0
@r=(1 3

Notice that, according Proposition 1, any of these pairs is structurally stable.

) so that a; = (0, 0),a! = (1, 0)',a = 0,¢9 = 1. Then dimO3 = 11.
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