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Abstract

The set of controllable switched linear systems is an open set in the space of
all switched linear systems. Then it makes sense to compute the distance from a
controllable switched linear system to the set of uncontrollable systems. In this work
we obtain an upper bound for such distance.
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1 Introduction

In different works bounds for the distance between a system with a qualitative property to
the set of systems with different qualitative properties are found (see [1], [2], [3], [4], [5]).
In [6] a necessary and sufficient condition for controllability of switched linear systems
is provided. From this algebraic characterization, one can infer that controllability is a
generic property in the space of matrices defining such systems. That is to say, the set of
controllable systems is an open and dense subset. The natural question arising then is:
how far a controllable system is from the nearest uncontrollable one? The answer to this
question is specially important when working with matrices whose coeflicients are given
with some parameter uncertainty:.

Because of the fact that in most applications only real matrices make sense, we will
restrict ourselves to consider real perturbations.

The structure of the paper is as follows.

In Section §2, we summarize the definitions and some properties of norm matrices.

In Section §3, we lay the foundations of the problem to be solved.

In Section §4, we obtain an explicit bound for the distance from a controllable system
to the set of uncontrollable ones.

Finally, in Section §5, we consider different examples.
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2 Preliminaries

Let us consider the vector space of m x n-matrices with coefficients in £k = R or C.
A matrix norm || || is a mapping associating to each matrix M a nonnegative number
||M || having the following properties:

1. For all matrix M, ||M|| > 0 and ||M]| = 0 if, and only if, M = 0.
2. For all matrix M and X € k, [[AM|| = ||| M]].
3. For all matrices M; and My, |M; + Ma|| < | M| + || M2]|.

The most frequently used matrix norms are the Frobenius norm and the p-norms.

The Frobenius norm of a matrix M = (m;) 1<i<m 1s defined as
1<j<n

IMllp= | > > Imi?

1<i<m 1<j<n

IANIN

The matrix p-norm is defined for a real number 1 < p < oo as:

M
|M]|,, = sup Ml o 1Mz,
20 |zllp  llzlp=t

where )
lzllp = (lz1fP + - - + |zaP)?, 1<p<oo

and ||z]|ec = max |z].
1<i<n

m .
In particular, [|[M||; = max > [mj|. The spectral norm || [|2, is the square root of the
S)sN G —q

maximum eigenvalue of M*M in the real case and M M in the complex case, where M

denotes the conjugate transpose of the matrix M. And |M||oc = max Y. |mi|.
LSismySGln 7

The Frobenius and the p-norms satisfy the following inequality (submultiplicative prop-
erty):

For all m x n-matrix M; and n x p-matrix Ma, ||M;Msl| < ||My||||Mz]]

and some further inequalities, relating them and which are commonly used in matrix
analysis.
o [[Mllz < [[M]lp < v/nl M|l ,
e max|m!| < ||M]2 < /mnmax|m’|
i i
Ml; = 4.
o |[[M] lrgjagnlgzgmlmﬂ
M||oo = ak
o Ml = max 30 Il
o =M1 <Mz < valM]h
TlMllos < [IM]l2 < v/m|| M |loo
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3 Approaching the problem

Let us consider a switched linear system > defined by

{ o(t) = Asa(t) + Bou(t)
y(t) :Cax(t)

where A, € M, (R), B, € My,x1(R),Cs € Mpxn(R), with o € {1,...,¢}.
Sun-Ge proved in [6] that system above is controllable if, and only if, the vector space

> Im[A] ... A" B B} =R"
kiy... ke e {0,1} k1 +-- -+ k=1
Jis-eyin—1 €4{0,1,...,.n—1}
Aty oo Ancr € {As}oeqr, 0

Therefore, the set of matrices {(As, By, Co)oeq,..cy ) defining a controllable system
is an open dense subset of M, (R)¢ x M,x1(R)" x M,x,(R)".In particular, for each set
of matrices defining a controllable system there exists an open neighbourhood of this set
in Mn(R)e X M1 (R)¢ x Mpxn(R)g with all set of matrices in it defining a controllable
system. Given a controllable system, our main goal is to explore the distance from this
system to the nearest uncontrollable one, hence deducing a safety neighbourhood.

Note that when studying controllability, only matrices {(As, By)seqi,....} } are relevant.

From now on, we will consider the metric given by the 2-norm.

Definition 1 The 2-norm of the set of matrices {(As, By)oeq1,....0} } is taken as:

1{(Ac, Bo)oeqi,...ep Hlz = || (A1|B1 . .. |Ae| Be) ||2

and thus the distance between two sets of matrices is:

d?({(AO’u BO’)O’G{I,‘..,Z}}ﬂ {(A/O'v B/O')O'E{l,...,f}}) = H{(A/U - Ao’u B/O’ - BU)UE{I,..‘,Z}}HQ

-----

tem, the distance from this system to the nearest uncontrollable one is

AO’vBO'JCO' o - inf 5"407(530 o
(( Joe{1,...e}) EAgeMn(R)l,?BgeMnxl(R)H{( Joefi,...ct 2

with {(As + 044, B; + 6By, Cy + 6Cy)peqi,... 0y } defining an uncontrollable system.

We will restrict ourselves to consider real perturbations, and find a bound for
N((Am By, Co)ae{l,...,f})‘
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4 Bounding the distance

Let us assume that the switched linear system > defined by

{i@ — Aga(t) + Bou(t)
y(t) = Cax(t)

where A, € M, (R), By € Myx1(R),Cy € Mpxn(R), with o € {1,...,¢} is controllable.
For 1 < o </, let us consider the vector subspaces:

— E E E i1 pdt Jn—2 ki ke
GU* Ion'[Al "'An—2Bl Bé]
ki,... ke € {0,1}  j1,..., Jn—2 € {0,1,..., n — 2} 0<j<n—1
ki 4+ ke =1 J1+ - Hin_a<n—2
Ay v An—2 € {Ac}oe(1,... 0}
A1 # As

Let us denote by GG the matrix having as columns the generators of the vector subspaces
Gy, as above:
(<G1> ... <Gp>)

Remark 1 System X is controllable if, and only if, rk G = n.
Let P, @ be orthogonal matrices such that
G = P'(diag(\1,..., ) 0)Q
where \; > --- > )\, are the singular values of G (Singular Value Decomposition of Matrix
G)‘In order to obtain the desired bound, we will need the following Lemmas.

Lemma 1 /'L((AO'7BO'7CU)UE{1,...,€}) - M((PAUPtuPBtTaCUPt>J€{17...,Z}>'

Proof: Tt is straightforward that (As, By, Co)seqi,....ey defines a controllable system if,
and only if, (PA, P, PB,,CoP')scp,... ¢y does. Then it suffices to prove that

(A1 = X1[By = V1. [A¢ = Xo| By = Yo) |2
is equal to
I(P(A1 = X1)P'|P(By = Y1)| ... |P(Ar — X¢) P |P(Be = Yy) |2

This follows from the equality:
Pt
P(A1—X1’Bl—Y1|...|A4—Xg’Bg—}/g)diag < I > =
1L Ji<o<e
(P(Ay = X1)P'[P(By = Y1)|.....|P(A; — X)P'[P(By - Yy)

t
and the fact that P and diag (( P 7 ) ) are orthogonal matrices.
1

Ue{l,...f}
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1
By >, with Bl € M—1)x1(R), for o € {1,...,(}.

Lemma 2 Let us consider PB, = < B

Then || B2|l2 < An.
Proof: First, note that
Bc27 = GZPBU = e%PG61+(0—1)n = e;(diag()‘h s An) | O)Qel—i-(o—l)n

where e, ..., e, denote the natural basis of the Euclidean space R™. Then
HBg”Q = )‘n”QelJr(afl)nHQ <A

since @) is an orthogonal matrix.

1 42
Lemma 3 Let us consider PA,P! = ( jg ﬁi ), with AL € M,_1(R), and assume
kG, = n for o € {1,...,0}. Then ||A3]y < )‘ HACHQ, where A\j g > -+ > Ao are

the singular values of G, (G, = PL(diag(A1,0,. .- n,o) 10)Q,) and AS is the companion
matriz for A,.

Proof: We will denote by M the Moore-Penrose inverse of any matrix M.
It is straightforward to check that A,G, = G,(I ® Ag) Then A, = G,(I ® Ag)GL

and
PA,P' = PG,(I® AS)G} Pt

:Pa(é>u®A9GMﬁ

:&mghww&MMQ<é)U®A9GMﬁ

Notice that
o (<1 a1
Ag = @;(diag()\l, . 7)\n) ‘ O)Q < é ) (I®Ag)Qg ( diag ()\1,0(7)' S )\na> ) P, Pt < In(;l )

Therefore

142]l2 < Aull (T © AD2lGE l2 < 2214

An,o
Finally, we can state the main result.

Theorem 1 Given a controllable switched linear system defined by a set of matrices

(Ao, Bsy Cs)oeqi,...0}); such that tkG, =n for o € {1,..., 0},

1AS
M((AUaBaaca)oe{l,...,E})S Z >\ ( b\ ||2>

oe{l,...0 e

Proof: Let us set the blocks B2, A2 to zero, for all o, it is obvious that the system
thus obtained is uncontrollable. The real perturbation we have committed has a norm

which is bounded by A, + % for all o € {1,...,/}, and the statement follows.



J. Clotet, J. Ferrer, M. D. Magret

5 Examples

1. Let us consider a switched linear system > defined by

{ B(t) = Agr(t) + Bou(t)
y(t) = Cax(t)

with o € {1, 2,3}, where

11 1 0 0 -1 11

1
B3:<1>,01202203:(1 0).

Note that neither system defined by (Ai, B1,C1) nor system defined by (Ag, Ba, C2)
or (As, B3, (C3) are controllable. Nevertheless, ¥ is controllable, since matrix

G —(1t 0o -1o0o12 1 0-1010 1 0 -1 012
—“{-1 0 1010 -10 1 012 —-10 1 01 2
has full rank.
Then, according to Theorem above, the distance from this system to the nearest uncon-

trollable one, 1((As, By, Cy)oef1,2,3}), is bounded by A <1+ |Af \\2) W ( ||A20||2> I

A2 2
Ao <1 + HA H2> where Alc, Ag, AC denote the companion matrices of Ay, As, A3 and

Ao =4, )\2 1 = 1.66250775, A22 = 1.66250775, A2 3 = 2. That is to say, taking into account
that HACHQ = /2, ||AS]]2 = V2 and 142 = NG 5, W((As: By, Co)pefin,3)) < 23.27734242.
2. Let us consider now a switched linear system 3. defined by

{ i(t) = Aya(t) + Boult)
y(t) = Coa(t)

with o € {1,2}, where

010 1 00 —1 0
Ai=looo0o]|, Bi=[o0], 4=(00 1 |, Bo=|[1
100 0 10 0 0

Ci=Cy=(10 0).
Note that neither system defined by (A;, B1,C1) nor system defined by (Ag, Ba, Co)
are controllable. Nevertheless, X is controllable, since matrix

$Pr 0 0 000 061 000001 0 -1 0 -1 0 O0O0OOTI1TO0 -1
G = o o0 o0 o0 o0 01 0 0 0 0 0 OO 1 0 1 0 1 0 0 0 0 1
01010 o0o0O0O1O0O0O0O0OO0OT1T 0 1 0 -1 000O01 o0

has full rank.
Then, according to Theorem above, the distance from this system to the nearest un-

controllable one, u((As, By, Co)se{1,2}), is bounded by A3 (1 + ||f/‘\1§1||2> + g ( i |AS ”2)

A3,2

where A?, Ag denote the companion matrices of A, A and A3 = 1.68455404, A\31 = 1,
A32 = 1.20773289. That is to say, taking into account that ||A¥||2 = 1 and ||AS |2 = v/2,
1((As, Bo, Cs)peqi o)) < 7.02621680.
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