Resurgence of inner solutions for
perturbations of the McMillan map

P. Martin, T. M. Seara, D. Sauzin

Abstract

A sequence of “inner equations” attached to certain perturbations of the
McMillan map was considered in [MSS09], their solutions were used in that
article to measure an exponentially small separatrix splitting. We prove here
all the results relative to these equations which are necessary to complete the
proof of the main result of [MSS09]. The present work relies on ideas from resur-
gence theory: we describe the formal solutions, study the analyticity of their
Borel transforms and use Ecalle’s alien derivations to measure the discrepancy
between different Borel-Laplace sums.

0 Introduction
0.1 Motivation

This article is the continuation of [MSS09], which was devoted to the study of a

family of area-preserving planar maps Fj . obtained as perturbations of the so-

called McMillan map Fj o : (z,y) — (y, -+ %) The map Fj, o is known to

be integrable, with a hyperbolic fixed point at the origin for h > 0 and a separatrix,
i.e. a homoclinic loop. The goal was to investigate the splitting of this separatrix
when the real parameter € is nonzero, a phenomenon which is exponentially small
with respect to h.

The main theorem of [MSS09] depended on intermediary results, which were
stated in Section 2.7 of that article, and which will be proved in the present article
as a consequence of the study of the “full inner equation” associated with F}, .. This
is the equation

¢(z +1) + ¢(z — 1) = F(4(2), h, ¢), (FIE)
where z — ¢(z) is the unknown scalar function and
2(cosh h)y ,

he)=—~—-—"2 h 1

with a function V’ holomorphic in B = { (y,h,e) € C? | ly| < o, |h| < ho, || < eo}
and satisfying

(A) V'isodd in y and even in h,

(B) there exists C' > 0 such that [V'(y,0,¢)| < Cly|® for |y| < vo, |¢| < €o.



The relationship between equation (FIE) and the original problem is as follows:
up to a simple rescaling, the perturbed map Fj . is (z,y) — (y, —z + Fly, h,e)),
its stable and unstable separatrices can be parametrized as t — P*(t) = ({s (t —
h/2),&5(t + h/2)) and ¢ — PU(t) = (§“(t — h/2),£“(t + h/2)), with functions

£t =€ (the) ——0, () =€"(the) =0

(so that the parametrized curves are positively or negatively asymptotic to the hy-
perbolic fixed point) which satisfy the “outer” difference equation

§(t+ h) +§(t - h) = f(f(t),h,&‘)

(so that Fj, .(P%%(t)) = P>“(t + h)). The full inner equation was obtained simply
by setting

€0 =0(),  t=th 2)

The reader is referred to the beginning of [MSS09] for more information on the
geometric problem and a motivation of formula (2). We shall now focus on equa-
tion (FIE).

0.2 The integrable case ¢ =0

For € = 0, we know explicitly the solution of (FIE) which is related to the separatrix:

Slnhh h2 h4
(bO _ g S 1 A o 1y 3_1 1
(2,h) = i )~ iz i (z—27") 1360(7z 0z+327)+... (3)

This is related to the integrability of the McMillan map F}, o: the function
H(x,y;h) = 2%y + 2> + y* — 2(cosh h)xy (4)

is a first integral of F}, o (see Lemma 2.10 below) and z +— (®%(z— 3, h), ®°(2+ 3, b))
is a parametrization of part of the complexified homoclinic loop { H(x,y;h) = 0 }.
(Other solutions of (FIE) for ¢ = 0, corresponding to other levels of H, will be
discussed in Section 2.3 below.)

For nonzero e, we shall construct formal solutions of (FIE) which are deforma-

tions of ®° and from which we shall deduce analytic solutions.

0.3 The h’-expansion

We can expand

F(y,h,e) = Z R Fp(y, €). (5)

n>0
Looking for a solution of (FIE) in the form

$= h"u(z,¢)

n>0

and expanding in powers of h?, we get the “inner equation”

do(z+ 1)+ ¢o(z — 1) = Fgo(2),0,¢) = % + eV (¢o(2),0,¢€) (IE)o



(we sometimes omit the dependence in € for notational convenience) and a system
of “secondary inner equations”

an(Z—Fl)—}—(;Sn(Z—l) :Fn(Z,6), n =1, (IE)n

where the right-hand sides are determined inductively:
Fn = 8yf(¢07075)¢n +fn7 (6)
1 T
fo = Fu(00:€) + D 0, Fng(60,€)6m, - b, (7)

where the sum in (7) is taken over all ng > 0,7 > 1 such that ng +r > 2 and
ni,...,n. > 1 such that ng +n1 + -+ +n,, = n. In fact, f, is the coeflicient
of h® in F(¢g + h2p1 4+ -- -+ h*" D, 1, h,e) (while F), is the coefficient of h?" in
Flpo +hp1 + -+ B>y, h,e)).

0.4 Aim and structure of the article

We shall determine formal solutions ®,,(z,¢;b) (formal with respect to z) of equa-
tions (IE),, n > 0, depending on a free parameter b € CY'. These formal series
are generically divergent (contrarily to what happens when ¢ = 0), but their Borel
transforms with respect to z are analytic in a certain domain. Borel-Laplace sum-
mation then leads to solutions ®; and ®}' holomorphic in two different domains
of the z-plane, the difference between them being related to complex singularities
of the Borel transforms. The analysis of the singularities in the Borel plane will
be performed with the help of the alien derivations, which are tools introduced by
J. Ecalle in his resurgence theory, and will give access to the precise asymptotic
behavior of ®; — ®p.

In order not to interrupt the flow of the arguments with long and technical
explanations, we gather in Section 1 the results on the series ®,(z,¢;b) and show
how they imply the statements which were mentioned in Section 2.7 of [MSS09].
These results are then proved in the subsequent sections of the present article:

— Section 2 is devoted to the formal part of the study (existence and definition of
the ®@,,’s);

— Section 3 deals with the analytic study of the formal Borel transforms @Dn(c ,€;0);

— Section 4 is devoted to the computation of the singularities of the d,’s by means
of Ecalle’s alien derivations;

the appendix gathers a few technical proofs and reminders on second-order linear
difference equations.



1 Main results
1.1 Formal solutions

We are interested in formal solutions of the above equations, more precisely solutions
in z7!C[[z~}]] for (IE)q (power series involving only negative powers of z), solutions
in C((z71)) for (IE),, n > 1 (formal Laurent series, with only finitely many positive
powers of z). Here it is understood that the coefficients of these formal series may
depend on e.

Observe that the only nonlinear equation is the first one. Since it involves sub-
stitution of the unknown series into F(.,h,¢), it requires that the unknown series
belong to the maximal ideal z~'CJ[[z 1]] of the ring C[[z7!]]. The field of frac-
tions of this ring is C((z2~!)) = C[[z7!]][z] and the operators (z) — (2 + 1) or
©(2) = ¢(z — 1) are well-defined! in C((z71)).

Let us use the notation [¢], for the coefficient of h?" in a formal series ¢ €
C((z~1)[[h?]]; thus [#], € C((z7 1)) and ¢ is invertible in C((z1))[[R?]] iff [¢]o # O.
We shall determine formal solutions ¢(z, k) of (FIE) in the ring C((z71))[[h?]] with
[¢lo € 27 Cllz71]].

Theorem 1.1. For each value of €, equation (IE)y has a unique odd formal solu-
tion ®o(z,€) of the form —iz='+0(z=3). The solutions ¢ € C((z~1)[[h?]] of (FIE)
which are odd in z and such that [§)g = ®g are in one-to-one correspondence with
the sequences b € CN'; for each such b, the corresponding solution can be written

O(z,h,e1b) = Bo(z,8) + ¥ " Pp(z,e3b1,.. . by), (8)
n>1
where ®,(z,€;:b1,...,b,) € 22" 1C[[z7Y]]. Moreover,
bh=0 & VYn>1, ®,(zebi,...,b,) €227 1C[[z7}] (9)

and, for eachn > 0, the coefficients of the formal series @y, depend analytically on €.
The general nonzero solution of (FIE) in C((z71))[[R?]] is £®(z + a(h), h,;b),
with arbitrary a(h) € C[[h?]] and b € CN".

The proof is given in Section 2. Observe that, for any ¢(z, h),a(z,h) € C((z~1))[[h?]]
with [a]o € C[[z7!]] (possibly depending on ), the substitution ¢(z + a(z,h),h)
makes sense; in case a = a(h) does not depend on z, it is obvious that (b(z +a(h), h)
is a solution of (FIE) whenever ¢(z, h) is a solution.
When & = 0, a certain choice b*(0) of b leads to ®(z, h,0;b*(0)) = ®°(z,h) as
defined by (3). In particular
Po(2,0) = —iz7? (10)

! More generally, if ¢(z) € C[[z7"]], the substitution operator ¢(z) — ¢(z+c(z)) is a well-defined
automorphism of the field C((27')); it can be written as a series

z+c Z 5590 p7

p>0

which is convergent for the Krull topology, i.e. the metrizable topology of C((z™')) induced by
the standard valuation (indeed ¢ € 27 °C[[z7']] with v € Z implies (8P¢)c? € z~*"PC[[z7']]; the
coefficient of a monomial z=™ in the right-hand side is thus given by a finite sum of terms).



and ®1(z,0;b%(0)) = Hz—z271), Dy (z,0;b%(0),b5(0)) = — 55 (723 =102+ 3271), etc.
It turns out that all the series i)n(z, 0;b1,...,b,) are convergent; in fact, they are
polynomials up to the factor z—!:

Proposition 1.2. When e =0, for any b e CV’,
Vn>1, ®,(2,0:by,...,b,) € 271C[z].

The proof is given at the end of Section 2.

We shall see that on the contrary, for generic V' and ¢, the series i)n(z, g;byy ..., by)
are divergent, and this divergence will be analyzed through resurgence theory. (As
for their dependence on bq,...,b,, it is polynomial, with degree 1 in b,, as can be
seen from formulas (37)—(38) of Section 2.2).

As a consequence of Theorem 1.1, we can identify the formal series which
were denoted ¢n(z,€) in Section 2.6 of [MSS09] with the formal series
o, (z,e;b5(e), ..., bk (€)), for specific values of the b, ’s which we need not
compute. We only remark that € — b, () is analytic and, in view of (9),

bi(e) =0 (see [MSS09], formulas (89) and (92) and Proposition 2.12).

1.2 Borel-Laplace summation

We define the Borel transform B : C((27!)) — CJ[¢]] as follows: for $(z Z apz
p>—v
with v € N, we set

p—1
Ba(C) = (¢ Z ap C .
p>1
This is thus a linear operator which cancels out the polynomial part of @(z).

Observe that ¢(¢) € C{(} simply means that ¢(z) is Gevrey-1, i.e. there exist
C,K > 0 such that |a,| < CKPp!. On the other hand, if @(z) is convergent for |z
large enough, then ¢(¢) must define an entire function of exponential type.

In the case of the formal solutions of (IE),, n > 0, we shall see that the Borel
transforms converge near the origin, but the holomorphic functions of ¢ thus defined
are generically not entire: their analytic continuations are singular at +27i (thus
the formal solutions themselves are not convergent). We begin by considering the
cut plane R = C\ +27i[l, +o0), which will be the common holomorphic star
of the Bd,’s. (Later on, we shall see that these functions admit a multivalued
analytic continuation in a much larger domain; in fact, only the points of 27iZ can
be singular.)

Definition 1.3. For any p € (0,27), we set
R(O {¢ e C|dist ([0,¢], 27i) > p, dist ([0,¢], —27i) > p} C RO
(see Figure 1). We define RES© to be the set of all ¢ € C{¢} such that
(i) $(¢) extends analytically to R(),

(ii) for each p € (0,27), there exist 7, C' > 0 such that |3(¢)| < C el for ¢ € 7?,20).
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Figure 1: Right: the domain R(po) is a part of the cut plane R© in the (-plane.
Left: the domain D;:T is the union of the half-planes Il in the z-plane.

We also set P/{E/S(O) = B! R/ﬁ(o).

Theorem 1.4. Letb € CY andn € N. Then the Borel transform <i>n(§, g;b1y...,by)
of the solution of equation (IE),, described in Theorem 1.1 is convergent for |(| < 2m
and defines a holomorphic function of two variables in { (C,e) € C* | ¢ € RO, |¢| <
g0 } which depends polynomially on by, ..., b,. Moreover, for anyej, € (0,e0) and p €
(0,27), there exist positive constants Cy,, T, which depend continuously on by, ..., by,
such that

|, (C,e3b1,. .., by)| < Cype™lCl, Ce Rgo), le| < &p-

In particular i)n(z, g;by,...,by) € RES© for each €.
The proof is given in Section 3.

We are thus in a position to apply the Borel-Laplace summation process, which
can be described as follows. Suppose that p(z) = > 5, ap2~" belongs to RES®©)

and let p € (0,2n), § = arcsin £ and 7 = 7(p) as in Definition 1.3 (ii). The formula

(8%3)(2) =D ap2’ + /0 o e #p(¢) d¢ (11)
p=0

defines a function S?@ which is holomorphic in the half-plane Iy, ={z € C|
Re(ze?) > 7}, provided the angle 6 is such that the half-line of integration e?R™

be contained in Rpo . Such angles correspond to two intervals:

feli=[-2+65 06 orfel, =[5+063% 4.

The Cauchy theorem shows that the functions S?@ corresponding to angles 6 from
the same interval mutually extend, so that we get two holomorphic functions:

S*@ holomorphic in D;T = U Uy -, S ¢ holomorphicin D, = U IIp 7,
0eIf 0el;



defined as
(S%@)(2) = (S@)(2) for any 6 € Ipi such that z € Iy ;. (12)

Notice that the domains D;fT and D, . can be considered as sectorial neighborhoods
of infinity of opening 2w — 2§ centered respectively on RT and R~ (see Figure 1).

The classical properties of the summation operators S imply that ¢ is the
asymptotic expansion of ST@ in the Gevrey-1 sense uniformly in D;‘E’T, a property
which we denote

STp(z) ~ @(2),  z€Di,

and which means that there exist C, K > 0 such that, for each p € N*,

p—1
|SE@(2) — Z ap/z_p/\ < CKPpl|z|7P, z € D;fT.

p'=—v

The intersection of D;L’T and D, has two connected components, in which STo

and S~ generically do not coincide; in fact, ST¢ and S™¢% mutually extend if
and only if the original series ¢ has positive radius of convergence (then the union
Dy UD,  contains a full neighborhood of infinity, {|2| > R}, in which ¢(z) converges
to ST@(2)).

By letting p vary in (0,27), we see that ST and S~¢ admit an analytic con-
tinuation to D* = UD;F,T(;)) and D" = D,

Moreover, RES® is a differential subalgebra of C((z71)) (it is stable by multi-
plication and differentiation), the operators S* are differential algebra morphisms
(they map the product of formal series on the product of analytic functions and
they commute with 0,) and they commute with the shift operator ¢(z) — @(z + 1).
Consequently, when St and S~ can be applied to a formal solution of a (possi-
bly non-linear) difference equation, it yields an analytic solution of this equation.
The reader is referred e.g. to [CNP93], [Eca81], [Mal95] or [Sau05] for these proper-
ties (for the stability under multiplication and differentiation, see also Section 3.4,
Lemma 3.12).

Corollary 1.5. Let b € CY'. Then there exist two decreasing sequences of do-
mains D, and DY, each of which contains sectorial neighborhoods of infinity with
opening arbitrarily close to 2w centered respectively on RY and R™, such that the
functions

D5 (2,6:b1,...,b,) = STD,,  BY(z,6:b1,...,by) =S D, (13)

are holomorphic for z € D}, resp. z € DY, and |e| < €9, and solve equations (IE),,

n € N. Moreover, for each p € (0,27), there exists T, > 0 such that

D5z, e:b1,. .., by) ~1 Pp(z,€3b1, ..., b)), z€D,, . orD

u
PyTn?
and @5 and @} coincide for e = 0.

Proof. Letting p vary in (0, 27), we define Dy as

S __ + U __ —
Dn B Dvan(p)’ Dn B UDvan(p)’ (14)



with 7,, given in function of p by Theorem 1.4 (there is no loss of generality in
assuming that the sequence (7,) is increasing). O

There is a characterization of the solutions ®; and ®! by the beginning of their
asymptotic expansion, without any extra regularity assumption. If, for @(z) =
Zp>7v apz~ P, we introduce the notation

2
[Pl<s = Z apz™"
p=—v
(for instance [éo(z,e)] = —iz~! by Theorem 1.1), we indeed have

Proposition 1.6. Let b1,...,b,, € C, 0 € (2,3], 20 € Dy, and ¢ € C such
that |e| < l|eg|. Then the sequence of functions (én)o<n<n, defined by ¢n(z) =
DY(z,e5b1,...,by) is the only sequence of solutions of (IE),, 0 < n < mng, such that
each ¢y, is defined on the half-line zo + R~ and satisfies

on(z) = [‘in(z,e; bi,...,bn)] <t O(|z]77).

A similar statement holds for the functions ®3(z,e;b1,...,by), with zg+R™ replaced
by 2o + RT.

The proof is given in Appendix A.3.

The above Corollary 1.5 and Proposition 1.6 yield Theorem 2.1/ of [MSS09].
Indeed, the domain which is denoted D} (Ry,) there is clearly contained
in Dy.

1.3 The alien derivatives of the formal solution

Definition 1.7. Let ¢ € RES©. We say that ¢ = B¢ has a simply ramified

singularity at w = +2mi if there exist reg(¢) € C{¢} and (z) = D> o p2 P €
C((z™1)) (with v € N), such that 1) = By € C{¢} and
. —1)Pp! - 1 —
ZGEDY Mﬁ P - B g ow) )

p=0
for ¢ € RO with |¢ — w| small enough. In this situation, we use the notation

Aup = 1. (16)

Observe that, in the above situation, the Gevrey-1 formal series ¢ is indeed
determined by ¢ (by B@ in fact): the function ¢ extends holomorphically to the
universal cover of a punctured disc centered at w and 1[)(5) is the wvariation (or
monodromy) of ¢ at w + £ around w, i.e. the difference between two consecutive
branches ¥(¢) = @(w + &) — $(w + £e2™), while the polynomial part of ¢(z) is

determined by the polar part of the Laurent expansion at the origin of ]v3(§) =

~

Slw+E) —v(E )lgif (which is meromorphic in a small disc centered at the origin);

but the regular function reg(¢) depends on the branch of the logarithm which is
chosen in (15).




We thus have two linear operators Ag,;; and A_on; defined on the subspace
of RES( consisting of the formal series whose Borel transforms have simply ramified
singularities at +27i, with values in the space of Gevrey-1 formal series C((271))gey-
These operators are particular instances of Ecalle’s alien derivations. They are in-
deed derivations: it can be proved that A, (P192) = (Awp1) @2 + &1 (Au@2) (see
e.g. [Eca81], [CNP93] or [Sau05]).

It will turn out that the ®,’s have simply ramified singularities at +27i. The-
orem 1.10 will describe these singularities through the action of the alien deriva-
tions Aoy on @, in Formula (20); this formula will involve auxiliary formal series
@17n, \ifgm which we now introduce.

Let b € CV". Associated with the formal solution ®(z, h,e;b) € C((z—1))[[h?]]
of (FIE), there is a variational equation, which is the linear equation

U(z+ 1)+ U(z — 1) = 0, F(®(2, h,e;b), h,e) U(2), (FL),

for an unknown ¥ = Y7 - h*"WU,(2) € C((z~1))[[r?]]. Similarly, one can con-
sider the variational equation associated with the solution ®%(z, h,e;b) = ®f(z,¢) +
Y ons1 W@l (2,501, . .., by) (formal in b, analytic in 2):

U(z+1)+¥(z—1) = 0,F(2"(2, h,;b), h,e) ¥(2), (FL)¥

for an unknown ¥ = >~ h?" ¥, (2) with coefficients analytic in z.
For such linear difference equations, we call normalized fundamental system of
solutions a pair of solutions (¥, ¥y) such that

\Ill(z)\Ilg(z + 1) — \111(2’ + 1)\112(2) =1

(see Section 2.1 and Appendix A.2 for reminders about the theory of linear difference
equations).

Proposition 1.8. For each b € CN', there exists a normalized fundamental system
of solutions (V1,Ws) for (FL),, of the form

Uj(z,h,650) = Ujo(z,8) + > D" Win(z,6501,...,00),  §=1,2, (17)

n>1
Uy = 0,® even in z, Ty 0(z,6) =122+ 0(z7*),

Uy odd in z, Uy o(z,6) = —%23 + O(2),
with all U;,, € RES©. Moreover, Ty, € 247 72C[[z7Y] and Wy, € 2" F3C[[z7Y] in
general, while
bh=0 = VYn>0, U, c?"2Cl[z7Y], ¥a, € 22"3C[z7Y]]. (18)
The proof is in Section 4.1. We immediately deduce
Corollary 1.9. The formulas

=" hruy Y, =S

]7n’ ]7n ]7n’
n>0

define a normalized fundamental system of solutions (¥Y,VY) for (FL)}.



We thus have at our disposal formal series \T/Ln, \T/Q,n, and analytic functions
which admit them as Gevrey-1 asymptotic expansions. In fact, the coefficients of
these formal series can be determined inductively, as was the case for the formal
series ‘i>n

Proposition 1.8 and Corollary 1.9 contain Proposition 2.16 and the first
part of Theorem 2.17 of [MSS09].

We are now ready for the main statement of this section:

Theorem 1.10. Let b € CN'. Then the Borel transforms é)n(g,s;b) have simply
ramified singularities at £2mi and there exist four formal series in h?, the coefficients
of which are complex polynomials in by, by ... that depend analytically on € for |e| <
go and vanish at € =0,

AF(h,esb) = A(esby, ., ba)h™, BE(h,g;b) =Y Bir(esby, ..., ba)h™",

n>0 n>0
(19)
such that . . .
Apori®n= > (A5 Wi, +iB1¥2n,), neN. (20)
ni+ngs=n
The analytic functions A7 (e) and Boi(e) do not depend on b. One has
AG(e) = €A, + O(?), Agy = 2mDVy(+27), (21)
Bi(e) = eBj; + O(e?), By, = +4r°Vp(&27), (22)

where Vy is the entire function obtained as Borel transform with respect to 1/y of a
primitive of V'(y,0,0):

V'(y,0,0) = vay, Vo(y va PERE vap+1 (23)

p>5 p>5 p>5
and D = 3607 + 0 + 3602 + 0F + 1££0: + 15 1d.

The proof is given in Section 4.3. It relies on Ecalle’s formalism of “singularities”
which is briefly described in Section 4.2 (and on auxiliary results contained in Sec-
tions 3.3 and 3.5).

Observe that equation (20) can be written in a more compact form if we ex-
tend the action of the linear operators A, to formal series in h? by the formula

w (Z h2n95n) = Z hQnAwSZ)m namely
Aigﬂi‘f = Aiqll + iBi\ilg. (24)
Equation (24) is an example of what is called the bridge equation in Ecalle’s termi-
nology (see Section 1.5).

Remark 1.11. In Theorem 1.1 of [MSS09], the constant By, is given in the form
472V (2rr) instead of 4m2Vy(2r), where V is the Borel transform of the original
potential V, whose y-derivative V' differs slightly from V':

- h
V' =V'(ay, h,e) + cosh

(Floy) —af @), f(y) = %

10



with o = a(h,e) satisfying (0,¢) = 1 — %e + O(g?) for a certain v3 € C (this
rescaling of potential is intended to kill the cubic term in the original function V’ (y),
which was only assumed to be O(y?)). The discrepancy for e = h = 0 is thus

(V' = V) emtmo = c(yf'(v) — f ),

with a constant ¢, hence a discrepancy (V V)je=h=0 = ¢G with G(y fo (ylf y1)—
f(y1)) dy1. However, this is coherent with formula (22), since the Borel transform
with respect to 1/y

4
=2 2+l — 96iné + —(cos€ — 1
;} 2p+2§ E+ gleose —1)

vanishes at 2.

1.4 Consequences for the splitting of separatrices

Let n € N. According to (20), ®,, has a simply ramified singularity at w = 2ni, the
variation of which is 1& => <A;tl\i117n2 + iBj{l \1127@) € ﬁE\S(O), This implies

ni1+no=n
that ®,, admits a multivalued analytic continuation through the cut between 27i
and 47i: if ( = w+ & € RO with ¢ € RO, we can consider @n(u) + £e?™) =
@n(w +&) + 1[)(5) as defining the branch of the analytic continuation of ®, which
is obtained from the principal one (the branch holomorphic in R(?) by turning
anticlockwise around 27i.

Let A € (0,1), B € (0,7/2). Consider the path I'y g consisting of two half-
lines with vertex at 27(1 + A)i and angle  with respect to the horizontal, oriented
from left to right, as on Figure 2. Let & € (0,e9). We shall see in Sections 3.3
and 3.5 that, for any n > 0, there exist constants C};, 7> > 0 which depend only on
X, B,€(,b1, ..., by such that

1D,,(C,3b1, ..., by)| < O e lS72mUENIT T ey 5 Je] < e, (25)

where the branch of ®,, considered in (25) is determined by the convention that the
right part of I'y g lies in RO while on its left part one should use the branch of o,
obtained by crossing the cut from right to left.

We now estimate the differences ®; — ®}: for z belonging to the intersection of
half-planes

D, ={z e C|Re(ze®) > 27" and Re(ze ¥) > 277 1. (26)

Taking 7,r large enough, we can assume that D,, is contained in the lower component
of the intersection D7 N DY of the domains defined by (14) (see Figure 2).

Theorem 1.12. Let n > 0. For any e € C such that |e| < &(, and any z € Dy,

P — PU = Z (AF WY, +iBL WY Ve ?™F 4 R,
ni+ngs=n

with |R| < K, |ele”27U+NISm=] = (97)

.
20
eoTr "

where K,, =
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Figure 2: Left: The domain D,,. Right: Computation of ®; — ®* for z € D,, by
deformation of the integration contour.

Proof. For such ¢ and z, in view of (12) and (13), we can write

1[300
(@ - )b b = [ bbb
ei(T=8) 00
By the Cauchy theorem, we can deform the contour: ®; — ®% = D + R with
D= [ ¢e*&,d(, R= e, d¢,

8 Cxp

where the path I'y 3 was already defined, while 75 comes from (™ Foo in RO,
encircles the point 27i anticlockwise and goes back to €™ %o (thus on another
sheet of the Riemann surface of ®,—see Figure 2).

Thanks to (20), we can express ®,, along v by a formula of the form (15) with
w = 2mi; the change of variable { = 27i + £ then yields

/ e—zCQWI((Cl);p;+1 dC _ e—27r1z
B
~ 1 . el(ﬂ- B)OO ~
/ e (¢ — w) B g o 2mi /0 e (E) de,
B

thus the contribution of the singularity at 2ri is given by the operator S~ of (12)
applied to the alien derivative Ag.;®,, defined by (16):

D=e "8 Agmi®p = Y (AL TV, +iB Y, ) e T

ni+no=n

As for the remainder R, we use the change of variable ¢ = 27(1 + A\)i + £ and get

e oo (™= Boo
R(z,¢e) = e~ 214Nz </ — / >e_zf O, (27 (1 4+ N)i + ) dE,
0 0

12



whence

|R(Z, €)| < C; 6727r(1+)\)| Sm z| /oo (eft Re(zelP) + ot §Re(z@(w—ﬁ))> eTnt dt
0

< 27_%6_27“1—’—)\)‘ QSm z|
(using (25) and z € D,,). We finally get (27) by the Schwarz lemma, since R is
analytic for |e| < &, and vanishes for ¢ = 0. O

Observe that |e=2™2| = e=27IS™2] j5 exponentially small and the asymptotics
of the functions WY s is known from Proposition 1.8 and Corollary 1.9, while
e 2m(1+NISm 2] ig exponentially smaller. The singularity analysis in the Borel plane
thus gave us access to the precise measure of the exponentially small splitting phe-

nomenon.
The last part of Theorem 2.17 of [MSS09] follows.

As previously explained, the previous results are sufficient to complete the proof
of the main results of [MSS09]. The rest of this article (except Section 1.5, which is
a side remark) is devoted to their proof, as announced in Section 0.4.

1.5 Rephrasing of the bridge equation and alternative description of
the formal solutions

The name “bridge equation” for (24) comes from the fact that it can be interpreted as
a bridge between the action of the alien derivations A4o.; and the natural derivations
a 0 a : :
350 900 Dby - - - 10 view of
Proposition 1.13. For each n > 1, there exists a formal series Bp(h,e;b) = 1+
O(h?) € C[[h?]] which depends analytically on & and polynomially on by, bo, ..., such
that ~

0P on ~

8T(Z’h’€; b) = "B, (h,e;b)¥a(z, h,e;b). (28)

n

Consequently, equation (24) can be written

8_<I>
0z

+ C;;Lh”"ai) C* =iB*/3,

A Wi(i) = Ai )
+92 b,

with arbitrary n € N*.
The proof is given at the end of Section 4.1.

The resurgent analysis could be developed farther, with the help of the alien
derivations A, of index w € 2wiZ*. Indeed, it turns out that the Borel trans-
forms @Dn(c ) are holomorphic on the whole universal cover of C\ 27iZ (this property
is precisely the definition of a resurgent function with singular support in 27iZ; see
e.g. [Eca81], [CNP93] or [Sau05]), but we shall not give details about this.

The relations (28) entail a certain functional dependence between the formal
series <i>(z, h;b), which comes from an alternative description of the formal solutions.
The set of all odd solutions ¢ of (FIE) such that [¢]o = ®( can indeed be described
using a single sequence of formal series Gg, G1, G, ... € C((z~1))[[h?]] as follows: for

13



each b € C', there exists c(h) = D on>1 c,h®" (where each ¢, is the sum of b, and
a polynomial in (by,...,b,—1)) such that

®(z,h;b) = Go(z, h) + c¢(h)G1(z, h) + c(h)?Ga(z,h) + - - -

(this series is formally convergent in C((271))[[h?]] because c(h) € h*C[[h?]]). In fact,
G(z,¢,h) =3, o0 ¢™Gm(z,h) is an odd solution of (FIE) in C((2~"))[[h?,¢]]. The
general nonzero solution in C((271)[[h?]] can then be written ié(z +a(h),c(h),h),
with arbitrary a(h) € C[[h?]] and ¢(h) € h*C[[h%]]; the solution ® is obtained as
®(z, h;b) = G(z,c5(h), h) for a certain series cy(h).
The bridge equation for G takes the form

oG . 0G

—-— + IBWE’
with A, = A,(c,h) and B, = B,(c,h) € C[[h% ¢]]. The series A*(h;b) and
B*(h;b) (for any b € CN") of the bridge equation for ® can be expressed in terms
of Ayoni (cb(h), h) and Biogq (cb(h), h).

w = £2mi,

2 Formal solutions of the inner equations and related series

This section contains the proof of Theorem 1.1 (Sections 2.1 and 2.2) and Propo-
sition 1.2 (Section 2.3), which are statements on the formal solutions of equa-
tions (IE),, n > 0.

2.1 The inner equation and its variational equation

Lemma 2.1. For each value of €, equation (IE)y admits a unique formal solution
®o(2) = ®o(z,¢) of the form —iz™1 + Q(z_3). This solution is odd and the nonzero
formal solutions are exactly the series ®o(z + ¢) and —Py(z + ¢), c € C.

Proof. In view of assumption (B), equation (IE)y can be written

do(z + 1) = 260(2) + do(z — 1) = =2¢0(2)* + > va(e)0(2)*"*?,

n>0

where the coefficients v, (¢) depend on the Taylor expansion in y of V'(y,0,¢). Sub-
stituting ¢o(2) = apz™ + a1z~ V"1 + .- with N > 1 and ag # 0, and taking
into account that (z 4+ 1)™ =2 N 4 (2 = 1)™ = N(N + 1)z V2 4 O(z=V=3),
one sees that N = 1 and ag = =i, the coeflicient aq is free and the next ones are
uniquely determined by ag and a; in terms of the v,’s. In particular, there is a
unique solution ®g(z) of the form —iz~! + O(z~%) (corresponding to ag = —i and
al = O).

If ¢(2) is a formal solution, so are ¢(—z), —¢(z), ¢(Z) and ¢(z + ¢) for any c.

Uniqueness implies that —®y(—2) and —®((Z) coincide with ®¢(z), and the general
nonzero solution is £®o(z + c¢). O

Notice that, if V' is real-analytic, then ®q € iz 'R[[z~]].

14



Definition 2.2. The variational equation of (IE)q along ®o(z) (with the notation of
Lemma 2.1) is the homogeneous equation Ly1) = 0, where L is the linear operator

of C((z~1)) defined by
Loyp(z) = v(z +1) + (2 — 1) — 2¢(2) — Ao (2)¥(2), (29)
Ag(2) = =24 0, F(Po(z,¢),0,¢). (30)
The corresponding inhomogeneous equations are the equations Lo = f with given
fec(z).

The secondary inner equations (IE), can be written Lop, = f,, with f, €
C((z~")) inductively determined in terms of ¢g = P, ¢1, . .., dp_1 according to for-
mula (7). It is thus worth recalling a few classical facts about operators of the
form (29), which will be used in Section 2.2 to construct solutions of the secondary
inner equations (and also in Section 3.2, to devise a perturbative method in order to
study (IE)o and the Borel transform of ®); the reader is referred to Appendix A.2
for their proofs.

(i) Denoting by T"and 7! the mutually inverse shift operators 1(z) — TH1(2) =
(z+ 1) and by I the identity operator, we introduce the difference operators

A=T—-I, P=T-2I4+T71 (31)

Thus Lo = Py — Agy. The discrete Wronskian, or Casoratian, is classically
defined to be the determinant

Y1 P2 V1 Yo
Tn Tiho|  |A¢1 Aty
The Wronskian W (z) of any two solutions of £ satisfies AW = 0; when dealing

with elements of C((271)), this implies that W (z) is constant (this only implies
periodicity if we deal with general functions as in Appendix A.3).

W1, ) =

(ii) If two solutions 1; and 1y have Wronskian 1, we say that they form a nor-
malized fundamental system; ones finds that ¢ is solution if and only if a =
W(,1p2) and b = W(1)1,1) satisfy Aa = Ab = 0, and linear algebra yields
Y = ay + bipg = (T~ ta)hy + (T~1b)abo; in the case of formal series, a and b
are constant and the set of solutions is thus the linear span of (¢1,12) (in the
case of general functions, a and b are arbitrary 1-periodic functions).

(iii) The solutions of an inhomogeneous equation are obtained by adding any so-
lution of the homogeneous equation to a particular solution. If (¢1,12) is a
normalized fundamental system, we get a particular solution of Ly = f in the
form ¢ = a*1 +b*1Yy as soon as a* and b* satisfy Aa* = —o f and Ab* =y f
(with W(1),19) = Ta* and W(1)1,1) = Th* for this solution?).

(iv) If a particular solution ¢ is known for the homogeneous equation and if ¢ T
is invertible, a standard method to find a normalized fundamental system con-
sists in “varying the constant”: ¥5(z) = ¢(z)1(2) is solution and W(¢1,19) = 1

_ 1
as soon as Ac = T

2 One gets a solution ¥ = at + bpe such that W(¢,¢2) = a and W(¢1,4) = b as soon as
(I -T Ya=—taof and (I —T )b =41 f.
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In our case, since the linear equation Ly = 0 was obtained as variational equa—
tional along ®g from (IE)o, it is obvious that a particular solution of £q in C((z~ )) is
Yy = 0,Pg. To apply the aforementioned methods, we need to invert A in C((z~1));
this could lead in principle to the appearance of logarithms in our formal series, but
the symmetries of the problem (¢;(z) and Ay(z) are even) will prevent this. We
henceforth denote by [¢] () the coefficient of 2= in a formal series ¢ € C((z™1)).

Lemma 2.3. Let Bl,ﬂQ,... denote the coefficients of the Taylor eTpansion of the
even function XX - IX-1= >t BeX*. Let C((z71))0), resp. C((z7 1)),
denote the subspaces offormal series without constant term, resp. without residuum,
i.e.

C(z" Ny = {9 €C) | [elem =0}, m=0,1, (32)

and let 97 be the unique operator C((z 1))y — C((z71))(0) such that 8,00, = 1.
Then the range of A is C((z~1)) 1y and the formulas

1 1
AT =07t - oI+ ) BOXT A =00 (I - 50-+ Zﬂﬁ?) (33)

e>1 e>1
define two right inverses of A on C((z71))(1), the range of the second being C((z™1))(q)-

Proof. On can write A = 0, 0a = a0 d,, with a = }_ -, ﬁ@; invertible
in C((z71): at =1-1%0,+ > o> Be0% (the coefficients 3, are essentially the
Bernoulli numbers). The range of A thus coincides with the range of 9., which is
invariant by !, and A~! = o109, ! and A(O% = ;' oa! are right inverses of A
on (C((z_l))(l). O

Remark 2.4. The two right inverses do not coincide because the operators (92[ 00!
and 9; 1002 do not agree on polynomials (nor does d; 08, coincide with I in C[z]).
The restrictions of A~! and A((); to 272C[[z7!]] agree, whereas they leave C|z]
invariant with A=1Q — A(_O)Q (A71Q)(0) for any polynomial Q € C[z]. We shall
use A1 to find a normalized fundamental system of solutions of £y, and A~ to
solve t<he secondary inner equations.

Remark 2.5. The operators A~! and A7 (0) can be extended to the whole space C((z71))

at the price of admitting multiples of log z in the target space: indeed, 9, ! can be
extended to an operator C((z71)) — C[[z7!]][z,log 2] as a right inverse of 9, and

formulas (33) then yield right inverses A=1, A(_o% :C((z71Y) — Cl[z71)][2, 1og 2].

To apply the above point (iv) and use the solution 1/;1 = 0,% to determine an

independent solution of Ly, we need to check that 7 ilp 7 has no residuum, so as
1 1

1 .
to be able to apply A(o) and to set 1/12 1/11 <w 7 > (note that Te 8 well-

defined in C((27!)), this was one of the reasons for introducing the field of fractions

of C[[z71]]).

Lemma 2.6. Ifgp € C((z71)) is even or odd, then ¢ - Ty has no residuum and the
formal series A(o)( -Tp) is odd.
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Proof. We have

1
. — —p-0P
p-Top=> P9,
p=0
where 0 is a shorthand for 9, (cf. footnote 1 for the convergence of this series of
formal series). If p is even, then ¢ - OP¢ is even and has no residuum. If p is odd,
then the identity

3( Z (=)o ¢y - 5”@2) =p1- Py + (—1)PT10Pp1 -0y (34)
p1+p2=p—1

P1,p22>0
shows that 2p - 9P is the derivative of an element of C((271)), thus it has no
residuum. Hence ¢ - T € C((z71)) ).

Let ¢ = A(O%(go -Tp): this is the unique element of C((27!)) such that [¢)] 0 =0
and Ay = ¢-Tp. Let *(z) = —¢(—=2). A straightforward computation shows that
AY*(z) = p(—2)p(—z —1). The symmetry assumption implies Ay* = ¢-Tp, hence
Pt = O

Applying this with ¢ = 1/9,®, which is even, we finally get

Corollary 2.7. Let 3 .
Y1 = 0,00 =122+ 0(z7), (35)

where ®q is the solution of (IE)o determined in Lemma 2.1. Then J %@Z e C((zH)q)
1 1

and the formula

SN | 1 _ 13

b= 018G (74 ) = 278+ 0(2)
defines a formal series such that (1/;1,1;2) is a normalized fundamental system of
solutions in C((z™1)) of the variational equation of (IE)y along ®9. Moreover ¢y is
even and gy is odd.

2.2 The formal solutions of the secondary inner equations

Lemma 2.8. Let ®¢ be the odd formal solution of (IE) determined in Lemma 2.1.
Then there exist sequences of odd formal series ®1,®,... in C((z71)) satisfying
equations (IE)1, (IE)s, ... All these solutions are obtained inductively and are unique
up to the choice of a complex number b, at each step: for n > 1, denoting by fn the
coefficient of h*™ in F(®o+h2®1+---+h2=Dd, | h,e) and using the operator A~!
of Lemma 2.3,

b, = =1 A (o fn) + P2ATH (1 f) + buthy, (36)
where by, € C is arbitrary; thus ®,(z) = ®p(2;b1,...,bp).

Proof. We argue by induction and assume that, besides the odd solution dg of (IE)o,
we have odd formal solutions ®4,...,®,,_1 of (IE),...,(IE),_1, depending on n—1
free parameters by,...,b,—1. The nth secondary equation, (IE),, can be written
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Lo®, = fn As a consequence of Corollary 2.7 and of what was explained in Sec-
tion 2.1 (points (ii), (iii) and Lemma 2.3), its solutions in Cl[z=Y][#, log 2] are exactly
the formal series ®* + ayy + by, where

O* = d*(2;b1,...,bp—1) = —1/;1A71(1;2fn) + 1/;2A71(1/~}1f~n) (37)

and a and b are arbitrary complex numbers. These solutions will contain logarithmic
terms or not according to the values of the residuums of 1/;2 fn and fn It is thus
enough to prove that these residuums vanish and to check that ®* is an odd formal
series: the only odd formal solutions will then correspond to a = 0, and we shall set

Dy (23b1,. . by) = B (2501, ..., bp_1) + bpida(2). (38)

Let B -
X =h2® + -+ 20D,y e C((zH)[h?,

with x = 0 if n = 1. Clearly, f, = [.7—"(&)0—1—)(, h)} is an odd formal series.
n

Thus ) f,, is even and has no residuum: )y f, € C(z" ) y-
We have o i i
bifa = [0:80 F@o+,h)| =a-B,

with A = [((92@0 + 0.x)F(®o + ¥, h)} and B = [azx F(Po + ¥, h)} . Since A =

n

0, {]: (®o + X, h)} , this series has no residuum. We now show that B has no
residuum. "

We observe that, for 1 < k < n — 1, [f(‘i)o—FX, h)h = F}, defined by (6),

and that this series coincides with ®5(z + 1) + ®4(z — 1) (in view of the previous
equations). Thus

B = Z [0:X]; [,7-"(@0 + X, h)]k = Z 0. ®; (‘i)k(z +1) + Py (2 — 1)) ;

Jj+k=n Jj+k=n
1<j,k<n—1 1<5,k<n—1

and we can identify B with the coefficient of h?" in
_ 2 2r —1y\[3,2
@X@ﬂﬂﬂz+Lh%ﬁﬂz—LM]—;;C;ﬁ@x%&Xe(ﬂz HIA7.

But the coefficients of this polynomial cannot have a nonzero residuum, because
none of the terms %@X - 92"y has: the term with r = 0 is nothing but 9.(x?),
and any term with » > 1 can be written ﬁ(%pl SO Loy + 027 Ly - pg), with

@1 = @2 = 0., which is also the z-derivative of an element of C((z~1))[h?] by virtue
of (34). Thus B has no residuum.
Since ¢ f,, and ¥ f,, belong to C((z71))(1), the formula

O = —1 AT (o fn) + P2 (1 f)
defines a formal series in C((z~1)) which solves (IE),. Let us check that ®* is odd.

In view of (33), we can write A™t = —1J + I' with an operator I' : C((z" )y —
C((z~1)) which reverses parity, namely I' = 9,1 + D1 B,0%~1. Hence ®* =
—nT (Y2 fn) + P2l (1 fn), with T(¢2fn) odd and D(v1 f,) even. O
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Lemma 2.9. The formal solutions of Lemma 2.8 with by = 0 satisfy

B, (2;0,bo,...,by) € 22" IC][27Y]], n>1
for any choice of b, ..., by, while ®,(2;b1,ba, ..., by) € 24" 1C[[z7Y]] in general.

Proof. Let us choose any sequence b € CN" with b; = 0. In view of formula (36) and
since 1y € 23C[[z7]] € 22"~ 'C[[z~"]] for n > 2, the conclusion will follow from the
property

fa€23Cz7Y)], n>1, (39)
since multiplication by 1, resp. multiplication by 19, resp. A~! adds 2, resp. —3,
resp. —1 to the (z7!)-valuation.

To prove (39), we shall make use of formula (7). In view of formula (1) and
assumption (A), the holomorphic functions F,(y,e) are odd in y for all n > 0.
Hence 8;’?”(&)0,5) € C[[z7 Y]] for r > 0, with 3;.7:”(@0,8) € 27 1C[[z71]] for even r.

Let n > 1; we argue by induction and suppose that ®,, € 2>"~1C[[z~!]] for
1 <m < n— 1. Each product ®,, --- ®,, involved in (7) thus belongs to the space
22n=(2no+7)C[[z~1]], which is included in 22" ~3C[[z~1]] as soon as 2ng +r > 3. Since
ng +r > 2, the only terms which have 2ng + r < 3 correspond to ng = 0 and r = 2,
but then 9;F,, (o, ) € 2~ 'C[[z~"]], which is sufficient to prove (39).

The case by # 0 is treated similarly, yielding f,, € 24" 3C[[z71]). O

Theorem 1.1 follows easily from Lemmas 2.1, 2.8 and 2.9, with the help of argu-
ments analogous to those employed in the proof of Lemma 2.1 to get the description
of all the formal solutions.

2.3 The formal solutions in the integrable case

We now prove Proposition 1.2. We thus fix € = 0 and first show how the function H
defined by (4) appears in relation with (FIE). Let pu = cosh h.

Lemma 2.10. Assume ® € C((271))[[h?]] is not independent of z, i.e. not reduced
to an element of C[[h?]]. Then ® is solution of (FIE) for ¢ = 0 if and only if
H(®,T®;h) = &% + Td? + &2TP? — 2udTP is independent of z, i.e. of the form
c(h) € C[[n?]].

Proof. Let ¢ = H(®,T®;h): a priori, ¢ € C((z71))[[h?]]. The assumption on ®
implies T® — T~'® # 0. Thus
(FIE) & (1+®*)(T® +T7'®) — 2ud =0 <
[(1+@*)(T®+T'®) —2u®|(T® - T '®) =0 &
(1+0%)(TP? — T719?) —2ud(T® - T '®) =0 &
TP + T9? — 2udTd + ¢* — [@°T 19> + T7'®% — 2u®T ' ® + ¢*] =0
sce—T le=0.

O

In the case of ®0 = ®(z, h,0;b), we have [c]o = 0 and, for n > 1, [c],, depends on
bi,...,b,. In order to take advantage of the symmetries of the problem, we rewrite
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the equation H(®,T®;h) = c(h) as H{U '® U®;h) = c(h), where U is the shift
operator ®(z,h) — ®(z + 3, h). Let us divide the equation by (U~1®%)(U®?):

Ulge) + U (g2) +1-20U () U (5) = (MU (32) U™ (32) -
Since, for ® € C((z~1))[[h?]] with [®]y = —iz71,
Vn>1, [®], €27 'Cz] & Vn>1, [1/®], € 2C[2],

Proposition 1.2 follows from

Lemma 2.11. Let c(h) € h*C[[h?]]. There exists a unique ¥ € C((z~1))[[h?]] such
that [W]p = iz, each [¥], is odd and

14+ U2 + U2 - 2u(U)(U ) — ¢(h) (U (U1T?) = 0. (40)
Moreover, each [V], € zC[z].

Proof. Let ¥ = > _ h*¥,(z) € C((271))[[h?]]. Equation (40) can be written
KU, U¥;h) =0 with K(z,y;h) = 1 + 22 + y? — 2ury — c(h)z?y?. Expanding
in powers of h%, we get Ko(U Wy, UV¥y) = 0, where Ko(z,y) = 1 + (x — y)?, for
which Wy(z) = iz is an obvious solution, and

0 Ko(U ™ W0, UV UM, + 0, Ko(U 0o, UT)U,, = xn, n>1, (41)
where x,, is the polynomial in (¥y,..., ¥, _;) inductively defined as
Xn = [KUO" U< h)] 0 U =W+ B2y + -+ RO,

The choice Wy(z) = iz yields —0, Ko(U~ W, UW) = 9, Ko(U W0, U¥q) = 2(U —
U)W, =i, thus equation (41) can be written

(U -U Y, = —ix,,

— X __ B

oX/2_o—Xx/z* DY
induction on n, one finds a unique odd solution ¥,, in C((z~1)), because K (z,y; h) =
K(y,z;h) = K(—y,—x;h) implies that x, is even. Moreover, this unique odd

solution is easily seen to be a polynomial in z. U

which is equivalent to 0, ¥, = —1 3" 5, 700X, where Yo 7 X =

Remark 2.12. In fact, when € = 0, equation (FIE) can be “integrated by quadra-
ture” in the following sense. To compute ®° = ®(z,h,0;b), we let ¢ = c(h) €
h2C[[h?]] denote the value of H(®°,T®";h) and consider the Hamiltonian vector
field generated by %H ,

i=y+a’y—px, y=-1—ay°+ py.

In the energy level { H = ¢}, the first differential equation yields y = T whence

-2 2(n2 2,.2 1+1.2,
¢ =y*(1 4 2?) — 2uxy + 22 = T2 (;E)_“ ~ and

i? = —2* 4+ (c +sinh® h)2? + c. (42)
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We integrate this first-order differential equation in C((¢t7!))[[?]] by choosing a
branch for the square root: let T'(z, h) denote the unique odd series in C((z~1))[[h?]]
such that

0, T (x,h) = —iz"2(1 — (¢ +sinh® h)z 2 — cx74)_1/2,

it is of the form
t=T(z,h) = =iz ' (1 + AP, + K*Py +---) with ecach P, € 272C[z™?]
and has a composition inverse (with respect to x) of the form
= X(t,h) = —it Y (1 + h2Q1 + h*Qy + ---), with each Q, € t>C[t?],

the solutions of (42) in C((¢~1))[[h?]] are t — £ X (t — a(h), h), with a(h) € C[[h?]]
(if ¢ =0, then X (t,h) = —iy/sinh(yt) with v = sinh h).

Now, for any solution x(t) = X (t—a(h), h), the other component of the solution
of the Hamiltonian vector field is y(t) = TEUZ . the symmetries of the problem are

14227
such that y(t) is solution of the same branch of (42), thus

y(t) = X(t — a(h) + ap(h), h)

with a certain ag(h) € C[[h?]] which can be computed in terms of c¢(h). One finds
ap(h) =1+ O(h?) (if ¢ = 0, then ag(h) = h/7).
Let <I>( ) = X (a0 (h) ) and consider P(z) = (®(z — 3),®(z + 3)): we have

2
H ( ) H (P ) (conservation of energy along the Hamiltonian flow)
and H(P );h) = (Fh70 (P(2));h) (conservation of H by the McMillan map);

since P(z + ) and Fj o(P(z)) have the same first component, it is easy, knowing
the first terms of the h?-expansions, to check that they coincide.

Thus X (ag(h)z) is an odd solution of (FIE), which we can identify with ®°(z)
thanks to the uniqueness statement in Lemma 2.11 (this gives a second way of
checking that it belongs to 2~ 1C[z?][[h?]]).

3 Borel transforms of the formal solutions

This section contains the proof of Theorem 1.4. The general strategy to control the
Borel transforms ®,,(¢) of the formal series ®,,(z) consists in studying equations in
the (-plane (i.e. equations in which the unknowns belong to C][[(]], and hopefully
to C{C} too) which are the counterparts of equations (IE),.

3.1 Preliminary remarks on the Borel transform and the convolution

Our equations involve the operator T : ¢(2) — @(z + 1). One sees easily that, if
@(z) € 271C[[z71]] and ¢ = B¢, then

B(0:¢)(¢) = —¢2(C), B(T@)(¢) =e $(¢). (43)

The counterpart in the (-plane of linear difference operators is thus manageable.

It is equation (IE)y that will require more efforts because it is nonlinear: it
involves the product of the unknown formal series ® with itself (through the sub-
stitution into F(.,0,¢)). We shall thus need to deal repeatedly with the following
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situation: suppose that @(2),9(z) € 27 1C[[z7Y]] with ¢ = Bp, ) = Bip € C{¢}, and
let x = ¢y, x = Bx. Then

. ¢ .
2O = @ x(0) = /O HCD(C — 1) dG (44)

for any ¢ belonging to the intersection of the discs of convergence of ¢ and 1[1 The
law * is called convolution; it is bilinear, commutative and associative. For example,
in the particular case corresponding to 1(z) = 21, ¢)(¢) = 1, one gets for ¥ = 1% @
the primitive of ¢ which vanishes at the origin, and 1 * 1% @ = ( * . But the
existence of the analytic continuation for a convolution product requires in general
stronger assumptions than that for a primitive (except if one of the factor extends
to an entire function).

In this section, we are interested in the possibility of following analytic con-
tinuation in the domain R, which is star-shaped with respect to the origin, i.e.
[0,¢] € RO) for every ¢ € R(O). The following elementary result will thus be useful:

Lemma 3.1. Suppose ¢ and 1/3 are holomorphic in R . Then ¢ % 1[) extends holo-
morphically to RO,

Suppose moreover that p € (0,2m), that ® and U are non-negative continuous
functions on R™ and that T, 7> are non-negative constants such that

2(Q)] < @([¢]) el (o) < w(¢l) ek, ¢e R

Then
() < @x (¢ e, ¢eRrRD, (45)

where T = max (7, 72) and ® * (&) = fog (&) V(€ — &) de for € e RT.

Proof. Formula (44) makes sense for all ¢ € R and defines the analytic continua-
tion of the convolution product. Inequality (45) follows from

<

<] R
G0 = [ o)D) Gds  where 5(s) = s for s € [0.[c].

O

As a consequence of the first statement, RES© is stable by convolution; it is
a subring of the ring ((C{C}, +, *) There is no unit for the convolution law in the
ring C{¢}. Tt is sometimes convenient to adjoin a unit element? to it, i.e. to work
in C{¢} ® Co, which is in fact a unitary algebra (and RES© ©Cs is a subalgebra).

The unit § can be interpreted as the image of 1 by an extended Borel trans-
form Beyi: let DP = {agd +a_10" + -+ + a_pd® |veN, ag,...,a_, € C} denote
the free unitary commutative associative algebra generated by the symbol ¢’ (the
symbol 6(*) represents the “convolution product” of & with itself v times—the ele-
ments of DP are “Dirac polynomials”), the space of Gevrey-1 series C((z71))gey is
itself a unitary algebra and the extended Borel transform can be defined as

Bext : C(z7H)gev — C{¢} @ DP,

n—1
Be’“( Z a"2n> - Z an%l)! +agd +a_18' + - +a_,0.

(n
n>-—v n>1

3This element &, unit of the convolution, can be identified with the Dirac mass at the origin.
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This is an algebra isomorphism if we define the extended convolution in C{(} @ DP
coherently, by

Sxp=0¢, 8™ xp=0¢0)6" Y +¢0)5" ) ... +2D(0)5 + 2 (¢) (46)

for ¢(¢) € C{¢} and n € N* (for instance, convolution with ¢’ is just the counterpart
of multiplication by z and can be interpreted as an extended differentiation with
respect to ¢; this is due to the fact that B(z@) boils down to ¢'(¢) when ¢(z) €
272C[[z71]]). The counterpart of the derivation 9, of C((27!))gey is the derivation
A(P(C) +aod +a—18 + -+ +a_,6®) = —CH(C) + a16 +2a_28" + - - + va_, 6.

The relation with Section 1.2 is that, for any ¢ € C((27!))gev, B is the projec-
tion onto C{(} of Bext® € C{(} ® DP. We shall see in Section 4.2 how Byt and DP
fit in Ecalle’s formalism of singularities.

3.2 The Borel transform of ®(z,¢)

We first prove the statement relative to ®o(z,¢) in Theorem 1.4. With the notations
of Section 2.1, equation (IE)q can be written

Too + T do = F(¢o,0,¢) = Foo(do) + V' (¢0,0,¢),

2y
= 0,0) = —=.
Since ®g(z,0) = —iz~! is known to be solution of (IE)gjc—o (see (10)), we can set

Do(z,e) = —iz 7' +7j(z, €)
and look for 7 = 7j(z,¢€) as the unique odd solution in z=3C[[z~}]] of
T7+ T~ = Foo(®oo + 7) — Foo(Poo) + V' (oo + 7,0, ),

where ®q(z) := ®¢(z,0). It turns out that it will be convenient to study the more
general equation in which eV'(®go + 7,0, ¢) is replaced by V(@ + 7,0, ¢), thus
introducing an auxiliary parameter g, to be identified with ¢ when returning to
equation (IE)g:

Proposition 3.2. One has
&)0(2’,8) = _iz_l +f’(27€7€)7

where 7(z,¢e,g) is, for each ¢ € C and € such that |g| < g9, an odd solution in

273C[[z71) of
Tii + T i = Foo(Poo + 1) — Foo(Poo) + eV (Poo + 7,0, €). (47)

The Borel transform 1((,e,€) is convergent for |(| < 2m and defines a holomorphic
function of three variables in {(C,e,e) € C3 | ¢ € RO, |g| < g9 }. Moreover, for
any €;, € (0,e0) and p € (0,2m), there exist positive constants 19,11, C such that

(¢, 8,€)] < Cle|lSF el ¢ e RO, ceC, lgf <<
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Proof. We shall expand in powers of £ (but not g). We first write equation (47) as

TH+T717 .7-"00 o (= 77+sz 2)n" —i—EZwrzs
r>2 r>0

with
1 1.,
fr(2) = ﬁfég(‘l)(],o(z)), wi(z,2) = O,V (Bo0(2),0,).- (48)

Particularizing Definition 2.2 to the case € = 0, the linear difference operator Lo o
associated with the variational equation of (IE)g.—q along g can be written

Lo = Py — Agoth, Ago(2) = =2+ F0(Poo(2)) (49)

(see (29)—(31)). We can thus rewrite equation (47) as the system

Loon =7,

- — — 50

F=e S w(no)i + Y f)T (50)
r>0 r>2

We only need to study the Borel transform of odd solutions 7(z,¢,¢), Y(z,¢,¢) of
this system, with 7 € 273C[[z}]] and 7 € 2—°CJ[[z}]].

Particularizing Corollary 2.7 to the case ¢ = 0, we get the following normalized
fundamental system of solutions of Lg g:

1
P10 =0:Po0(2) =177 oo =110A
’ =2o0(2) v 1/11 oTY10
Since m = —2%(2+1)? is a polynomial of degree 4, the computation of o is

easy and requires only the knowledge of the constants ; = 1/12 and 3y = —1/720
involved in Lemma 2.3. One finds

i .
1/1270(2) ——2’3 +—z— —=z

The method of point (iii) of Section 2.1 allows us to define a right inverse to Lo in
2 5C[[z71]]: we set

Lo08 = =100 (B 2,0) + Y2,0A (B 10), ¢ €2 °Cllz7"]] (51)
(recall that A~1 is defined on C((z71))1); here we use it only in z72C[[z~!]]). This
way, Lo 0@ is the only preimage of ¢ which lies in 273C[[z"]] (the other preimages

are obtained by adding a linear combination of ¢ o and 13 ). We can thus replace
the first equation in system (50) by

For technical reasons, it will be easier to deal with A = 227 and B = 2*¥ instead
of 7 and 4, and to use the linear operator £ defined by

ICY) - B = 2LpB) € 2l ) (52)
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A pair of formal series (n ) with 77 € 273CJ[[27!]] is thus solution of (50) if and only

if A= 2%j)and B = 2*3 satisfy B € z~'C[[z~!]] and
21:5~
=Y C A"+ CrAT, (53)
r>0 r>2

where

Cr =2 Ny, (2) = l'zf(2rf4)6;V'(—iz71,0,§),

7!
* —(2r— L r— r -
Cr =2 f(e) = e PR (<)

Notice that, due to assumptions (A) and (B), C, € 2" 'C{z7!} for r = 0,1,2
or 3, that C,,C* € z~=9C{z~1} for r > 2, and that C, and C* have the same
parity as r + 1.

We now observe that, for any n € N*,

Bez"Clz"Y]] = EB ez "Clz\]]

and that, when acting on odd or even formal series, £ preserves parity. This is due

to the properties of the restriction of A=! to 272C[[z7!]], which can be written I +T

with I : 2777 1C[[z7Y]] — 27 "C[[z~!]] defined by T' = 9; 1 + 3,5, 3:0? 1, as at the

end of the proof of Lemma 2.8, whence Lq 5@ = —t1,0T(P12.0) + 2.0l (G 110)-
One can thus check by induction that the formulas

A, = EB,, n>1 (54)
By =Cy (55)
Bn = Z Cr;lnl e Anr + Z C:Anl e Anw n>2 (56)
r>1,ny,...,nr->1 r>2,ny,...,np>1
ni+-4nr=n—1 ni+-tne=n

define, for each g, odd series B, (z,g), An(z,) € 2 "C[[z"!]] for n > 1, such that
the formally convergent series

A(z,e,¢) Za (z,e), B(z,e,¢) ZaB z,e) €z 'C[[z7Y]

n>1 n>1

are odd and solve (53) (in fact, one even has B,, A, € z=2"*1C[[z71])).
Correspondingly, the Borel transform A((,e,£) can be written as the series

A=Y e"Au(¢e) € Cl(] (57)

n>1
which is formally convergent. The formal series
i(z,e,e) = 2 2A(z,¢,¢)

is the desired odd solution of equation (47). We shall show that A is holomorphic for
¢ € R, with holomorphic dependence on (g, ¢) too, and suitably bounded in 7?,(0)

Prop081t10n 3.2 will then follow by applying Lemma 3.1 to 7((,&,e) = ¢ * A.
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Proposition 3.3.

(i) Each of the formal series A,(C,e) defined by (54)—(56) has positive radius of
convergence and defines a holomorphic function of R(©).

(it) Let € € (0,e0) and p € (0,2mw). Then there exist ¢, 11,70 > 0 such that, for
everyn > 1,

n—1
e, s et e ceRP, s 6

Proof that Proposition 3.3 implies Proposition 3.2: The series of holomorphic func-
tions S ™A, ((, €) is uniformly convergent in any compact subset of R(?) x Cx {|g| <
€0}, its sum is a holomorphic function A((, €, ) which satisfies

JA(C e,)| < enfele il ¢ e RY), e e C, [g] <&,

For any ¢, ¢, the Taylor expansion at the origin of { +— A(C,e €) is nothlng but
the formal series A(C ,&,¢) defined by (57) (by formal convergence, because A, €
¢"~1C{¢}). Thus A(C,e,e) has positive radius of convergence and the holomorphic
germ that it defines extends to the holomorphic function A(C ,€,€). Consequently,

= (A is convergent too and Lemma 3.1 yields the conclusion (with C =cry). O

Proof of Proposition 3.3: From now on, we sometimes omit the explicit dependence
on (g,g).

(i) The formal series C,.(z), C#(z) belong to z~'C{z7'}, hence their Borel trans-
forms C,.(¢), C#(¢) are entire functions of exponential type and we can write By = Co
and

B, = E CrxAp, x--x Ay, + g CrsAp, x--x Ay,
r>1,n1,..,nr>1 r>2,n1,..nr2>1
nit-4nr=n—1 nit-tnr=n

for n > 2. Here, convolution is to be understood as the counterpart in CI[(]] of
multiplication in z~'C[[z~']], but we shall readily see that the formal series A,
belong to C{(}, hence the facts indicated in Section 3.1 are in force.

We need to examine the counterpart in C[[(]] of the operator & defined by (52).
We have 19 = iz72 and tpg 9 = —i2° P(2), where 2(z) = 1 — 3272 + %z~*, hence

EB=-A''P2B)+ P 2A(275B), Bez 'z

Using the elementary properties of B,

1
e ¢ —1

pezCllz7Y] = B(2p) =0, B(AT'g) = (<) (59)

(the second property follows from (43) and the first one is to be used five times), we
get

s - vy ¢®
EB:=B(EB)=-J() 1+ P*B)+ P {J(C) (g * B)] (60)
HQO) == PO =550+ 50 (61)
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(with the convention of the end of Section 3.1 to interpret convolution with § as the
identity operator). The counterpart of equation (54) is thus

A, =EB,, n>1

We now observe that B € C{¢} implies EB € C{¢} (the simple pole of J(¢) at 0 is
compensated by the vanishing at 0 of the functions with which J(¢) is multiplied),
hence A,(¢), B,(¢) € C{¢} by induction. But even if B extends to an entire function
(as is the case of B for instance), EBis in general singular at +2mi.

It is the meromorphic function J(¢) which introduces singular points in the (-
plane, not at the origin, as previously mentioned, but at all non-zero integer multiples
of 2i. Ultimately, this is the source of the divergence of the formal series A, (z),

’f}(Z), (I)O(Z)' R

The property of extending holomorphically to R(®) is preserved by € and by
convolution (by virtue of formula (60) and Lemma 3.1). We thus obtain that all
the convergent series A n(€), B, (¢) define holomorphic functions of RO Moreover,
they depend holomorphically on the parameter € provided |g| < €.

(i) We now fix e, € (0,£9) and p € (0,2w). We shall use a majorant series
method to bound inductively A, in R(po) and prove (58).

Definition 3.4. Let 7 > 0. We say that a function fl(() is 7-majorized by ﬂf((),
and we write A <, <7, if

e A is a holomorphic function of R,
e </ is an entire function with real non-negative Taylor coefficients at the origin,
o |A(Q)] < (¢]) el for all ¢ e RY.

F0r~f~1, o € Cl[z7Y] with constant terms Ay, o and Borel transforms A=BA o =
B/ € C{(}, we write A=<, & if

Ag| < oy, A=y .
In this last situation, we also write Agd + A(C) <r 6 + 27 (C).

Lemma 3.5. Suppose A, B € C[[z7']] satisfy A<, o/ and B<,%B. Then
A-B=, o - A (62)

Suppose now A<, o (the corresponding formal series A, o have no constant term)
and p € N. Then

¢ A gt
AR, A6 = o (€) (63)

pl
Proof of Lemma 3.5: The first statement follows from Lemma 3.1, since (Ayd + 121) *
(Bod + B) = AgByd + AgB + ByA + A x B. The second statement stems from the
inequalities

P ICI op J <l op
Ly g/ 2 (|¢] - 5)em 1<) ds < o7 (1)) TlCl/ S—ds
p: 0
(where we used the fact that 4/ is monotonic non-decreasing on RT). O
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Lemma 3.6. Let 7 > 143 max {1, y—lo} with yo as in assumption (B) of Section 0.1.
Then there exist positive constants c, k such that, for || < &,

Cr(2,8) < Cr(2) = cx"27 1, r>0 (64)
CH2) =%+ € (2) = ch" 2271, r> 2. (65)

Notice that 4, and Cf: are the constant functions cx” and cx" 2.

Proof of Lemma 3.6: Let
co = max {|V'(y,0,¢)|; ly| <22, [e] <&}

The Cauchy inequalities yield ‘ L 10,V (y, 0, ){ < co(y:f) for each » € N and (y, ¢)
such that |y| < % and |¢] < 5. One can apply again the Cauchy inequalities to
bound the coefﬁcients of the Taylor expansion of the function y — %%’V’ (y,0,¢)
at the origin. Since w,(z,¢g) is obtained by replacing y by —iz~! in this function

(see (48)), we get

£) = wrp(e)z™? for [z <y, with |wu(e)| <co(%) " (66)
p=>0

As a consequence,

E>1,7>1+ y% and |g| <ef = zMw(z,8)=r0(L) 2L (67)
Indeed, B(z~ wr) is the entire function »_ 4 wrp(e )(CI:: T

is less than ‘i‘ o > |wr,p( )|ICI (because binomial coefficients are > 1), and (67)

follows from (66) and (ﬁ' o < eldl,

Now, for each 7 > 3, we can apply this to C, = 2w, (z,¢) with k = 2r —4 > 2.
For the remaining cases we must make use of assumption (B): V'(y,0,g) = O(y°)
implies

—p-5 —p-3 —p—1
wo = E Wopts5z P70, wy = E wipp3z P70, wy = E Wopt12 P

p=0 p=>1 p=>2

Ik the modulus of which

The Borel transforms of Cy = z*wg, C; = 22

of (66),
Co(C o)l < co() e, |C1(¢2)] < co(B) e, (oG 0)] < eo() e,

provided 7 > %. We have thus checked that (64) holds if 7 > 1 + y% and ¢ and K
are large enough.

We treat C; by following the same steps. The function Foo(y) = 1 + > is holo-
morphic in the unit disc and bounded by 3 for [y| < 2, thus |49 Foo(y)| < 37! for
lyl < §, and

w1 and C = we thus satisfy, by virtue

Z) = Zfr7pz_p fOI' ‘Z_l‘ < 1’ Wlth ‘fr7p’ S 37"+p+1_
p=0

As previously, this implies that C* <, 3"t12~! for » > 3, provided 7 > 4. As for

C5 = fa, since this convergent series is odd, it has no constant term and we can
T4 > .

write C5(C) = 3,50 f2,p+1§;_!a hence |C5(¢)] < 273l O
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Lemma 3.7. There exists A\ > 0 such that, for any 7 >0 and B € 2z~ C[[z71]],
B, % = EB=.6-%,

with & = A(1+ z71)°.

Proof of Lemma 3.7: Let us assume 7 > 0 and B <r %. We should prove EB <; 8 %
A~ v
%A, where & = A6 + 1) =5+ 5+ 10 + 5¢2 + %C?’ + ﬁ(‘l and, in view of (60),

v R R ~ ~ 5 P o
EB=-Dy+P+D, Dy=J (1xPxB), D:Z<5>J(p)-<<—'*3>.
“\p p!

Formula (61) shows that P <, (0 +1)*, and J is a meromorphic function which
has a simple pole at the origin and which is holomorphic in R(® \ {0}. Writing
J() =35 e for Re¢ < 0and J(¢) = —>,50e ™ for Re( > 0, we see that the
function J is bounded and its derivatives J®) are exponentially small as | Re (| — oo,
thus we can find K > 0 such that

JOI<K@+[CTY), TP < K[, for 1<p<5, ¢eRY  (68)

(by treating separately the unbounded domain 7?,20) N{|Re¢| > 1}, thedisc {|¢] < 1}

and the compact set Rﬁo) N{|Re¢| <1, [¢| > 1}).
We now observe that, as a consequence of Lemma 3.5,

J- (1) K@+ 1)+ = K (o + 15

A<, o = . x
®. (2 4 A) o 1<p<
J (p!* )”(p+1)! ’ Spsh

(for the first inequality we used both (62) and (63), 1 x A<, 1%/ and 1% A=<, £,
before multiplying by |[J(¢)| < K + K/|¢]).

Applying this with A = P % B < (6 4+ 1) B, we get Do =<r K(0+1)" « B.
Applying it with A = B, we get D =<, K (1% %) + Zizo (?))K%, and a fortiori

D, K'(6+1)x%8, K =2K,
whence the conclusion follows, with A = K + K'. ]

End of the proof of Proposition 3.3: Let us choose 7, ¢, k as in Lemma 3.6. We define
inductively formal series <7,, %, by the formulas

Ay = EBy, n>1
P = %o
Go= Y Gduedut Y Gy, n22
r>1, ni+4np=n—1 r>2, ny+tnp=n
The previous lemmas show that
Ap <+, Bn<s%Bn, n>1 (69)



Let us consider the generating series @ (z,6) = 3. o, €™, (2): it is the unique
solution in eC[[z71, ]] of the equation

o =& (e GT + 36T,

r>0 r>2

in which the right-hand side can be written 02*1(5(6 + 4252) (1 — mzf)fl by virtue of
(64)—(65). We thus get the quadratic equation

o =cez 6+ (k+ ez 1E)

. . . . . —(1—42)1/2
and the solution can be written explicitly: using R(z) = % = >0 Rna™,
we have

A (z,€) = U (z,e27Y), U (z,t) = ctg(z)R<ct£(z)(m + czilé"(z))).
We have thus found

Ay (2) = 27" U (2) = Z U pz~ " 7P, n>1,

p=>0

with the notations %,(z) = R,—1(c&(2))" (k + cz*lcrf’(z))nf1 = D >0 Unpz P
Now, we can consider % as a holomorphic function of two variables in the poly-
disc {|]z71] < 3} x {|¢| < %}, continuous on the closure of this polydisc, for an
appropriate 71 > 0 (determined by ¢, k, \). Hence |%, ,| < const 2P7{* and

0 R (5) W §n+p71 é-nfl 2t § N
< of = E — < const7T]'-———¢ eR
> &n n,p = 1 ’

= (n+p—1)! (n—1)!

(because binomial coefficients are > 1), and (69) shows that

n—1
An(O)] < const Aol s

(n—1)!
as desired. O

The statement relative to ®g(z,¢) in Theorem 1.4 follows from Proposition 3.2
(with Cp =1+ Cej and 7 = 1 4 19 + 71£(, for instance).

3.3 The analytic continuation of ®y(¢,e) through the cuts +2xi[l, 4+00)

Before going on with the study of the Borel transforms of the formal solutions
of the secondary inner equations, we build on the previous arguments to improve
our knowledge of the analytic continuation of ‘i>0, with a view to the study of its
singularities in Section 4.3.

To deal with multivalued analytic continuation, it is convenient to define a Rie-
mann surface R over C, in which R(©) will appear as the principal sheet and which
is itself a part of a larger Riemann surface R.
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Definition 3.8. Let R be the set of all homotopy classes? of paths issuing from
the origin and lying inside C \ 27iZ (except for their initial point), and let 7 : R —
(C\ 27iZ) U {0} be the map, which associates with any class ¢ the extremity ~y(1)
of any path v : [0, 1] — C which represents c. We consider R as a Riemann surface
by pulling back by 7 the complex structure of (C\ 27iZ) U {0}.

Observe that 7—1(0) consists of only one point (the homotopy class of the con-
stant path), which we may call the origin of R. We define the “principal sheet”
of R as the set of all the classes of segments [0,(], ¢ € RO equivalently, it is the
connected component of 71'_1(7?,(0)) which contains the origin; we identify it with
the cut plane RO itself. We define the “half-sheets” of R as the various connected
components of 771 ({Re ¢ > 0}) or of 771 ({Re < 0}).

A holomorphic function of R can be viewed as a germ of holomorphic function at
the origin of C which admits analytic continuation along any path avoiding 27i Z; we
then say that this germ “extends holomorphically to R” (see Section 1.3 of [Sau05]).
This definition a priori does not authorize analytic continuation along a path which
leads to the origin, unless this path stays in R().

It turns out that the Borel transform @ of the formal solution of the first inner
equation extends holomorphically to R; however, in this section, we content ourselves
with explaining why d extends holomorphically to a subspace R(Y) of R.

Definition 3.9. We define R(Y) ¢ R as the union of the principal sheet R and
the “contiguous” half-sheets, i.e. a point ¢ in R(}) can be represented by a path V¢
which issues from 0 and lies in C\ 27iZ but crosses at most once the imaginary axis
(no crossing at all means we stay in R(?), but we arrive to a new half-sheet when we
cross between two consecutive singular points 27im and 27i(m + 1), or —27i(m+1)
and —27mim, with m > 1).

We follow Sections 2.1.2 and 2.3.3 of [OSS03] and use auxiliary subsets R(pl), the
points of which can be represented by paths . which stay in RO or pass between
two discs D(£27im, mp) and D(£2mi(m + 1), (m + 1)p) with 1 < m < %(27“ -1)
and cross the imaginary axis at most once—see the left part of Figure 3 and the
precise definition in Section 2.3.3 of [OSS03] (which deals with the same situation
but without the factor 27). Observe that

1 1
rRW =[] =M.
0<p<Zr

The right part of Figure 3 illustrates the possibility of defining, for each { € 7321),

a path I'c which represents ¢, is contained in Rg) and is “symmetrically contractile”.
The meaning of this property and the definition of I'¢ are given in Section 2.3.3

of [OSS03]; here, we only mention the existence of a constant K, > 0 such that
7] < £Q) S Kpln(Q)l, ¢ eRYY, (70)

where £(() denotes the length of I'¢, and a lemma which extends to R(pl) the

Lemma 3.1 that we used to control convolution products in R(po):

“When mentioning homotopy of paths, we always refer to homotopy with fixed extremities.
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@ﬁ \(3/ Ds = D(6mi, 3p)

( === ¢ _ ;
"/KD /() Dy = D(4ri, 2p)

4';& RS ¢— Dy é) Dy = D(2n1, p)

S

CP ®

Figure 3: Left: One path among the ones which define points of 7?,21). Right: The
path I'¢ defines the same point ¢ € R(pl) as c.

Lemma 3.10. Suppose ¢ and TZJ extend holomorphically to RY. Then @*QZJ extends
holomorphically to R(W.

Suppose moreover p € (0, %ﬁ), 1,72 >0 and & and U are non-negative continu-
ous monotonic non-decreasing functions on R™ such that

[2(C)] < @(£(0)) ™ O, [9(Q)] < T(£(Q)) e™"©, (e RM.

Then R
[ xp(Q)] < 2 xW(£(Q) ™0, ¢eRrRY, (71)

where T = max (11, T2).

The proof is given in [GS01], p. 539. The idea is that the analytic continuation
of ¢ 1) at a point ¢ represented by a path ¢ is given by ch gb((l)iz)(( — (1) d¢.
We leave it to the reader to adapt the computations of the previous section so
as to prove that do extends holomorphically to ’R,E,l) with a bound C}) et (follow
the same steps, replacing [¢| by ¢((); it is essentially the proof of Proposition 3.3
that needs to be adapted, it will involve a lemma analogous to Lemma 3.7 for which
one must use (70)). Inequality (25) for & follows from this (choose p > 0 less than
mwAcos 3 so that the path I'y g pass between the discs D(27i, p) and D(4ri, 2p)).

We thus obtain that & € P/{E/S(l), with the notation of

Definition 3.11. We define RES() as B! ﬁE\S(l), where RES( is the set of all
¢ € C{(} such that

(i) $(¢) extends analytically to R,
(i) for each p € (0, 2F), there exist 7, C' > 0 such that |¢(¢)| < C e for ¢ € R(pl).

Obviously, RESM ¢ RES® and RES™ c RES(©.
What will be used in Section 4 is the fact that the analytic continuation of ®q
can be followed around the points 27i and —27i.
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3.4 The Borel transform of @n(z,a; bi,...,by)

The analysis to control @n(g,e; bi,...,by) is easier than for ‘i)o(C,fS), and we shall
not give details about the dependence on ¢, since it is easily seen to be analytic with
uniform bounds for |e| < g, nor on the dependence on by,...,b,, which is clearly
polynomial.

According to (36) and (7), we have

(i)n = _wlA_1(¢2fn) + wZA_l(wlfn) + bn¢27 fn = ~n70 + Z éno,r(i)m s &)nm

(72)
where the sum is taken over all ng > 0,7 > 1 such that ng+r > 2 and ny,...,n, > 1
such that ng +n; +--- +n, = n, and with

1 -
Chy = 53;.7:” (<I>0(z, £), 5).

The part of Theorem 1.4 concerning &,,, n > 1, follows from (72) and the fol-
lowing stability properties of the space RES() of Definition 1.3:

Lemma 3.12.

(i) The space RES© is stable under multiplication, differentiation and the shift
operator T'.

(ii) If F(y) € C{y} and $(z) € RESO N z7'C[[z""]], then F((z)) € RES©.

(1ii) If ¢ € RES© N C((z1) @1y (using the notation (32) of Lemma 2.3), then A~'¢

and A(IS@ € RESO.

Lemma 3.13. The formal series 1/;1,1;2,6'%,1 all belong to RES© (with uniform
estimates for |e| < &f)).

Indeed, in view of (72), these lemmas imply that 3, RES©) by induction on
n > 1.
Proof of Lemma 3.12: Let ¢,9) € RES©®). We denote by P(z) = Y apz" and
Q(2) = Y bpz* the polynomial parts of ¢(z) and (z), and by @¢(¢) and 9)(¢) their
Borel transforms (thus the extended Borel transforms, as defined at the end of
Section 3.1, are Bey@ = 3. axd®) + @¢(¢) and Begtd = 32 bid™® + 45(¢); both sums
over k are finite). Let p € (0,27) and 7,¢ > 0 such that |@(¢)], [(¢)] < ce™él for
cerY.

p/2
(i) According to (46), we have

B 9) = S ad® + b + o .
The Cauchy inequalities imply that
BW Q) 19" < K(p/2) Feerleme2 (e RY) (73)

b Ccaus h diSC Of center and l“adius 2 iS lnclud d 111 R( ) h 11 T R( ) .
€ e the ente 1Y € p wiheneve €ERp
On lhe ot her hand, Lemma 31 lmphes lha,l

o P(0)| < Pl el < 2 elrHIdl,
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Hence ¢ - ¢ € RES(®. For the stability of RES© under 9, and T, use (43).
(ii) We now suppose ¢ € RES© N 2z 1C[[z71]],i.e. P = 0. Let F(y) = >0 ary’ €
C{y}. Substitution gives rise to the formally convergent series

b(2) = F((2)) = Y arp(2)" € Cllz71]].

r>0

Its Borel transform is obtained by discarding the constant term: 1[1 = > 4™

Lemma 3.1 yields [¢*"(¢)] < cr(‘g‘_;;! eIl in 7?,20) (and even in RS})Z) and there exist

C, k > 0 such that |a,| < Ck", hence |1ZJ(C)| < cCreler+nlCl and ) € RES©.
(ili) We now suppose @ € C((z71))(1), i.e. $(0) = 0, hence ¢ = 1 % @'. We have

B(A™!g) =B(A @) = J - &

Indeed, A='P and A(_OﬁP are polynomials in z because A~ and A(o% leave C|z]
invariant, as was mentioned in Remark 2.4, and we can apply (59) to ¢(z) — P(2) €

272C[[z7!]]. The function J(¢) was defined by (61) and, in RE,O), we can use the
bound provided by (68), together with the bounds |@(¢)] < ce™ll or

GO < lcle™, ¢ = e(pf2)t e

(the last one results from the Cauchy inequalities (73) and Lemma 3.1 applied to
¢ =1x%¢'). Hence

7(¢) - 2(0)] < K (

$(Q)] + ﬁ 2Q)]) < Kle+e)ed, e R,

which shows that A~13, A~ 15 e RES©), O

~1
(0)
Proof of Lemma 5.13: Let p € (0,2m). We know from Section 3.2 that there exists
7,¢ > 0 such that the Borel transform of ®¢(z) = —iz~! + O(273) satisfies

|@o(C,e)| <ce™, CeRY),

The formal series ¢ = 9,P¢ = iz7240(2*) thus has a Borel Transform 1[)1 = —C@o
which satisfies R
|1(0)] < l¢] elol < ceTHDIKL Ce REJ%'
In particular 1/;1 € RES©®.
Let us now consider 1y = ZZ)lA(_O; (m) (according to Corollary 2.7). We

have 1;1111/;1 = —%_4(1 — A) with the Borel transform of A € z_lC[[ztl]] defined by
A= 821 (1/11 * (e*Cwl)); Lemma 3.1 and the Cauchy inequalities yield ‘zpl * (e*<¢1)‘ <

2L )l < 202l in RO and
3! = p/2

|A(Q)] < el ¢ e RW),

with ¢ = 4!(p/2)"*?el™t2P/2. Thus A € RES©® and Lemma 3.12 (i) implies
that (1 — A)~' € RES(). Point (i) of this lemma then implies that —z*(1 — A)~! €
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RES©®), and point (iii) yields A1 (1;1;1;1) = A_l(—24(1—/~1)_1) € RES©, whence
1[12 S ]5/{_]\5)@(0)_

The case of the C~'n7r’s is treated by applying Lemma 3.12 (ii) to the Taylor
expansion of F,(y,€) = > 51 Fnp(e)y? (in fact, since F is odd in y, the coefficients
with even p vanish) and its derivatives (the uniformity of the estimates for |e| < &
stems from the inequalities |7, ,(e)] < (ho/2) ™ (yo/2) P max {|F(y, h,e); ly| <
Y0/2, [h] < ho/2, | < b }). =

3.5 The analytic continuation of the &,’s through the cuts +2ri[l, +00)

Lemmas 3.12 and 3.13 are also valid for the space RES® introduced in Section 3.3,
as can be checked by means of Lemma 3.10. By adapting the above arguments, one
can thus deduce that all the ®,’s belong to RES™W: their Borel transforms extend
holomorphically to R(Y), with bounds of the form Cl e™4€) in each RE}), and they
satisfy inequalities of the form (25) (choose p > 0 less than 7Acos 3 so that the
path I'y g pass between the discs D(27i, p) and D(4ri,4p)).

What will be used in Section 4 is the fact that the analytic continuation of o,
can be followed around the points 27i and —27i for any n > 1.

4 The bridge equation

The goal of this section is to analyze the singularities of the d,’s, so as to prove
Theorem 1.10. In Section 4.1, we first describe a normalized fundamental system
of formal solutions of the linear equation (FL), introduced in Section 1.3, then
we return to the theory of the analytic functions of the complex variable ¢ in the
“Borel plane”: Ecalle’s formalism of singularities (Section 4.2) will allow us to obtain

information on Ayo;;®, almost “automatically” by considering the counterpart of
equation (FL);, in the space of singularities (Section 4.3).

4.1 A normalized fundamental system of formal solutions for the full
variational equation

We now prove Proposition 1.8.

We first define Wy (z, h; b) = 0,®(z, h; b): this is clearly an even solution of (FL)j,
which is of the form (17) with Wy g(z,e) = iz72 + O(z~%) and ¥y, € 24 2C[[z7]]
(in fact, @170 was already used under the name t; in Sections 2.1 and 2.2 see (35)).
In view of Appendix A.1, the last property can be written ¥y € z2C[[z~!, h224];
as a consequence of (9), we also have by = 0 = Wy € 272C[[z~!, (hz)?]], which
amounts to (18). As mentioned in Section 1.2, the space RES®© is stable under
differentiation, thus each \lem = 83@1,,1 belongs to RES©.

In order to define Uy, we write By}"(i(z,h,s;b),h,s) =2+ A(z,h,e) = 2+
Ao+ 51 R A, with Ay = Ag(z,¢) as in (30) and A, = A,(z,;b1,...,b,) for
n > 1. Thus, equation (FL);, reads LU = 0 with LV := P — A(z, h,e)¥ (still using
the operator P defined by (31)). We shall proceed as in Section 2.1, adapting to
the case of C((z71))[[h?]] the theory of linear difference operators and particularly
point (iv): the independent solution Uy will be defined as \iflA(O;(ﬁ), we just
need to check that this definition makes sense.
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Let @7 = C[[z7!, h%2%]]. The formal series @% is a well-defined even element of

22aly C C((z71)[[h?]]. The argument of Lemma 2.6 shows that @%T(\I%) € 2ta)

has no residuum with respect to z and that A(IS (ﬁ) is a well-defined odd

element of 2°/ (the operator A(O% =07 o (I—30.+ > 01 B002") is well-defined
in {SH2"0u(s) € C= YR | Yo > 0, ¢ € C= )y 1) We thus get a
normalized fundamental system of S(zlutions (@1,§2) with Uy = @1A(_0§(ﬁ)
odd and of the form (17). Moreover Wy (z,e) = —+2° + O(z) (already used under
the name ¢y in Sections 2.1 and 2.2) and each Wy, belongs to z**+3C[[z~1]], and
also to z2"F3C[[zY]] when by = 0 (using @% = C[[z™}, (h2)?]] in that case).

Let us check that each \ifgm belongs to RES). Let X = \iflT\ifl. Since \111 €
RES[[A?]], point (i) of Lemma 3.12 yields ¥ = > >0 h2"%n(2) € RESO[[R?]).
Writing the first term as Yo(2) = —27*(1 4 @(z)) with ¢ € RES©) Nz~1C[[z7Y]], we
see that 1/xo belongs to RES©) by point (ii) of Lemma 3.12 applied to F'(y) = (1+
y)~L. It follows that % = % (T+ 31 (D" (s hzni‘z—g)r)/\b/elongs to RES([[r?]]
(each term is a polynomial in %, X1, X2, - - - ) and A(O% (%) € RES©[[n?]] by point (iii)
of Lemma 3.12. Hence ¥ € Pfiﬁg(o)[[hQ]].

In fact, in view of Sections 3.3 and 3.5, we can strengthen the statements on the
analytic continuation of the Borel t}"ansforms: by an easy adaptation of the above
arguments, one can check that the ¥;,’s belong to RESM | thus

¥y, ¥y € RESO[[R2]). (74)

This will be used in Section 4.3.
We end this section with the proof of equation (28) of Proposition 1.13. Let n >
1; the formal series 85,”(1) is clearly an odd solution of (FL), and is thus proportional
to \i’gt
0y, ® = B(h,e5b) Vs (2, h,e5b),  § € C[[h7]].

We have abni) =3 . h?0,, ‘i>p and, according to (38), abni)n = @270, hence § =
h2n 4 O(hQ(nJrl)).

p>n

4.2 Ecalle’s theory of singularities
Let w € (0,%). The results contained in Sections 3.3 and 3.5 allow us to define
multivalued analytic functions X,, by the formulas

)V(n(C) :@n(27ri+g), I<| < 2m, —%“—w<arg(< 5+, (75)

i.e. functions holomorphic in a part of the Riemann surface of the logarithm (which
also depend analytically on ¢, and on by, ..., b, if n > 1)—see Figure 4.

Similarly, we can consider <i>n(—27ri +() for —§ —w < arg( < 37” + w. These
analytic functions are examples of “majors of singularities”. After moding out by
the regular germs, the equivalence classes that we obtain can be considered as the
“singularities” of d,, at +2mi; these are examples of singularities in the direction

¢ = £5 in the following sense:
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Figure 4: The sector in which the X,,’s are defined.

Definition 4.1. Let 0 € R and @w > 0. Consider the space .#j , of germs of holo-
morphic functions ¢(¢) defined for § — 27 —w < arg ¢ < #+w and |¢| small enough.
The quotient space SINGy o = 4 /C{(} is called the space of singularities in the
direction 6 with aperture 2w.

A germ ¢ € My s called a magjor, its class in SINGg - is called the singularity
of ¢ and is denoted by sing(¢) or .

With any singularity ¢ € SIN G, is associated a germ ¢, which is obtained
from any major of ¢ by the formula

P(C) = () — p(ce™™),  [¢l<2m, -w<ag(<f+w
and which is called the minor, or the variation, of ¢, and denoted by
¢ = var Q.

Elementary examples of singularities are

—1)"p! 1
50 —sing (1), wen ' = sing (§(OS), pecic),
(76)

with var 60" = 0 and Var(baﬁ) = ¢. Although all the singularities we shall encounter
in this article will be combinations of such elementary singularities, it is worth to
have at one’s disposal a general theory which does not even require, for instance,
that the minor of a singularity be a regular germ. Observe that the kernel of var
consists of the singularities represented by convergent Laurent expansions, which can
thus be written 3, -, a,d™ with lim sup(n!|a,|)}/™ = 0 (because the corresponding

majors ¢ must be single-valued and holomorphic in a punctured disc).

In the space of general singularities SINGy , one can define a convolution product
which makes it a commutative algebra and which is an extension of the convolution
product discussed in Section 3.1 in the sense that

"o ="(p 1), ¢4 € C{()

The reader is referred e.g. to Section 2.4.1 of [OSS03] or Section 3 of [Sau05] for
the definition of this convolution of singularities. Let us simply mention here that
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a major of ¢ *12 is obtained by considering, for any majors ¢ and 1,7), the analytic
continuation of an integral of the form f£+u o é(gl)%(g—gl) d¢; with a well-chosen
auxiliary point w.

The notation 6 in (76) is coherent with the notation 6" = By 2" used in
Section 3.1: the definition of the convolution of singularities is such that ¢ := 5 is
the unit for convolution and

8™ = $(0)0" D +¢/(0)6 2 -+ D (0)5+"(p™),  neN*, ¢ e C{¢,

which is the proper rewriting of formula (46) in the formalism of singularities. This
means that, from now on, the extended Borel transform which was defined at the
end of Section 3.1 will be better interpreted as the algebra isomorphism

Bexi - C((271))Gev — DP @°(C{¢}) € SINGy o,

Bext<2anz">:a05+a_15/+ a0+ (Zan _1>

n>—uv

(in fact, the definition of the Laplace transform too can be extended to certain sin-
gularities, so that 60 and 2z~ correspond to each other—see Section 3.2 of [Sau05]).
More generally, (") x sing(p) = sing(¢(™) for any ¢ € M -

The definition of the alien derivations Aoy and A_oy given in Section 1.3 can
also be extended. Given any ¢ € SING,, /2, such that ¢ = var ¢ extends analytically
along (0,27i) and $(27i + () defines an element of .# /5 o, we set

Aogrip = sing (p(2mi + (). (77)

This is a generahzamon of Definition 1. 7 which can be rephrased as follows: let
pE RES© and ¢ = Bext@, then ¢ = var ¢ has a simply ramified singularity at 2mi
if and only if Ay € DP @® ((C{C}) (and the connection between (16) and (77) is

AQﬂiSVD - BextAQNiSZ))-

It turns out that the operator Ao, thus extended still satisfies the Leibniz rule.
One can extend similarly A_ss; to a subspace of SING_ /3 .

We shall content ourselves with a particular case of the previous situation:

RES(D) = var! (R/E\S(l) ) is a subalgebra of SING .1/ o> and Aoy is a well-defined
operator from RIVES(l) to SING.; /2 - which satisfies the Leibniz rule.

4.3 Proof of Theorem 1.10
a) Let us consider ®,, = B®,, as the minor of
v ~ v
®,, = Beyt P, € RES()
(thus %0 ="d,, but C%n contains a Dirac polynomial for n > 1). Let

v 4+ 7
Xn = Atoni®, € SINGiﬂ/Q,w .

The statement in Theorem 1.10 amounts to
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(i) X,& € DP @°(C{¢});

.o v :l: :l: v . :l: v v i . .
(il) x,;° = an+n2:n (An1¢17n2 + 1Bm¢2,n2), where ¢j,n = Bext¥j,n, With certain
families of constants (AX), (BF).

In fact, we shall prove directly (ii), which entails (i). The idea consists in study-
ing equations satisfied by the X,*’s, which are derived from equations satisfied by
v

the ®,,’s.

b) The equations satisfied by the %n’s will be obtained by applying Bext to the inner
equations (IE),. The case n = 0 deserves special attention because the first inner
equation is non-linear. -

Suppose ¢ € z~!C[[zY]] with ¢ =Bp € RES™ and let ¢ = *p (thus ¢ = Bey ).
Let v(y) = >, vny" € C{y} and ¢(z) = v(¢(2)). The arguments of Section 3.3
show that ¢ = By = Y on>1 ™" € RES™. Let us denote by v*(¢) the singularity
which is thus defined by "1[1 = anl vp®*™. One can check that

Asori (v5(2)) = (040" () * Asoriep. (78)

Suppose now that ¢ € C((271)) with ¢ = Bp € RES® and let ¢ = Bext@ (thus
¢ may differ from % by a Dirac polynomial). Then one can check that

Bext (p(z 4+ 1)) = e ¢ &, AtoriBext (P(z + 1)) = ™ Asonp. (79)

Here we use the fact that SINGg  is a C{(}-module: the multiplication of a sin-
gularity by a regular germ «(() is defined from the product of any major rep-
resenting the singularity with «((); the second identity in (79) follows from the
fact that a(¢) = e~ is entire and satisfies a(+2mi) = 1. Of course, we have
Bext (gb(z — 1)) = e¢ @ and Agori(eS gvo) = ¢S Ajon¢ in a similar way.

After these preliminaries, we can apply Bex to the first inner equation: (IE)g
yields

(e + e)dy = 7 (®y), (IE),
to which we apply A4or, getting

(e + eS)xi = 9,75 (Do) * X (80)

by virtue of (78) and (79). Notice that the equation (80) satisfied by g~ is the
counterpart in SING .z o via Bext, of the variational equation associated with (IE)o,
namely

Y(z +1) + (2 — 1) = 9, Fo (Po(2))¥(2). (81)
Equation (81) is a priori given for an unknown ¢ € C((z7!)), while equation (80)
makes sense for an unknown in SING..; /3 . It is easy to see that the set of solutions
of (81) is the linear span of (¥yg, ¥s0) and is thus contained in C((27!))gev. In
the rest of this section, we shall see that, although SING. /35 is a much larger
space than Bex(C((27!))cev), the set of solutions of (80) is the linear span of
(Bext\ill,o,l”j’ext\ilg,o) and is thus contained in DP @b((C{C}). This will be done by
mimicking the arguments of Appendix A.2 for the theory of linear second-order
difference equations.
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c¢) Similarly to (IVE)O, which is the counterpart in RES( of (IE)o, there are equa-
tions (ﬁﬂ)n which are the counterparts of equations (IE), and are satisfied by the
%n’s. We shall content ourselves with writing one equation in RIVES(l)[[hQ]]; the
equations (ﬁﬂ)n can be obtained by expanding it in powers of h?.

Let & = > >0 h2n&>n € RIVES(I)[[hQ]]. According to (5), we had F(y,h) =
> >0 R F,(y) € yC{y}[[h?]], we can thus define
Fren) = Y %hQ(”””l*'”*”T)a;f;O (Do) * By, 5+ % D,

no>0,7>0
ny,..,ne>1

e

By applying Bext to (FIE), we get
(e=¢ +e&)b = F*(d,h). (FIE)

v
We now apply Aoy to equation (FIE) and get an equation for Xt = ano h2 it e
SINGiW/Q,w[[hQH:

v
(e ¢ + )X = 0,7 (0, h) = X, (FL),
\Y
By expanding (FL); in powers of h2,we would get a system of equations satisfied by

the X,,’s, the first of which is (80).
The above point (ii) will follow from

Lemma 4.2. Let

Uy =3 2By, e RESO(RY],  j=1,2

n>0

and suppose that X € SINGiﬂ/Zw[[hQ]] satisfies
(e™¢ + )X = 9, F* (%, h) * X. (82)
Then there exist A, B € C[[h?]] such that X = A&fl + iB&'g.

Proof. Observe that &11,&/2 € RIVES(I)[[hQ]] because of (74). Since (U1, V) is a
normalized fundamental system of solutions of (FL),, we obtain (by applying Bext)

that &’1 and &12 are particular solutions of (82) and that
v v v v
\Ifl * T\Ifg — (T\Ill) * \112 = 5,

if we denote by T the operator of SINGiw/Q,w[[hQH defined by Tx = ¢~ ¢x. One
can check that T is an automorphism of the convolution algebra SING, . /27w[[h2]]
(because of the definition of the convolution and of the property e ¢17¢ = ¢=¢1 ¢=¢2);
this implies that the proof of Lemma A.2 is valid in this space. As a consequence,

if we set
Y v v v v . v v v v v
A:X*TWQ—(TX)*\I/Q, IBZ\Ill*TX—(T\Ifl)*X, (83)

40



then we get
v v v A v 1y v 1.7
X=AxV; +iB x ¥y, A-T"A=iB-T (iB) =0. (84)

But the last equation means that any major B of B satisfies (1- ef)é(g,h) =
R(¢,h) € C{¢}[R?]], hence B = —2miR(0,h)d; similarly, A too is proportional
to 4. O
Applying this lemma to YT, we get AT = Y >0 AER?" and B* = > >0 BEhpm
defined by (83) and such that x* = Ai\ifl + iBi\ifg. By expanding this relation in
powers of h2, we get the desired formula for the x,*’s.
d) According to Theorem 1.4, the minors é)n(g) depend polynomially on by, ...,b,
and analytically on ¢ for || < ¢; one can thus choose majors X,;° with the same

dependence on ¢ and b. The same is true for the singularities &’1@7&’2@, as is
easily checked from the construction of \ifl and \1’2 in Section 4.1. The definition of
the coefficients A, B via formula (83) then shows that they are polynomials in b
which depend analytically on e (by regularity of a convolution product with respect
to parameters). Their vanishing for € = 0 follows from Proposition 1.2.

Only formulas (21)—(22) remain to be proved. For this, we use again the notations
of Section 3.2 and consider expansions at first order in e: the proof of Proposition 3.2
shows that

Ci)o = @070(2) + E@(Z) + 0(82), ‘13070(2’) = —iz_l, p = ﬁa’(l)W070,
WQQ(Z) = V’(‘I)Qp(z), 0, O)

with the operator E(I(l) of (51) (the convergent series Wy o(z) is the series wy(z,0)
of (48)).

We can thus write

@ = a1+ 6o, a=—-A"1Woothao), B=A"(Wootio),

where 91 9 = 0,P0,0 = iz=2 is nothing but (@170) le=0 and

Pao(z) = (—125 + 123 - 32) 10(2)

coincides with (@270) 0 Since the alien derivations are derivations which annihilate

le=
the convergent series, we get

Asorid = (Agori@)h1 0 + (Asonif)a0,

and we know in advance that the alien derivatives Ajoric and Aigmﬁ boil down to
complex numbers .
Aigﬂid = AOiJ, Ai27riﬁ = iBOi,l’
according to (20), since Ayori®g = Af)t\ill,o + iBf)t\ilg,O = eAsonp + O(e?).
Indeed, in view of (59), the minors &(¢) and ((¢) are meromorphic in C, with

simple poles only:

&= —JBWootha0), B =JB(Woot10),
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with J(¢) = (e=¢ — 1)~1. Therefore,

Aat,l = 27TiB(W0,0¢2,0)|(:i27ri7 136‘?1 = _27TiB(WO,O¢1,O)K:i27ri-
We compute W gt1,0 = 04 5(2)V’ (®0,0(2),0,0) = dY with V(2) = Vo(—iz~1), hence
BY(C) = —iVp(—i¢) and B(Wo 0t10) = i¢Vo(—i¢), which gives the value

1 ~
2—335 = 27V (+27).
7'(' b

On the other hand, Wy g0 = (—%25 + %23 — %z) % yields

15 1

B(Wo,012,0) = <_384 + gBZ’ - %@) (= ¢BV©)),

whence %Aéﬁl = DVp(£2n).

A Appendix
A.1 The subspaces 2 *C[[z"}, (h2)?]] of C((z71))[[h?]]

Lemma A.1. For any v € Z, 2~ °C|[[z™}, (h2)?]] can be identified with the subspace
of C((z=1))[[R?]] which consists of all the series of the form > >0 h* g, (2) with
n(2) € 2" °Cllz71]).

Proof. The general element of z~*C[[z~}, (h2)?]] is 27 Y mn>0 amnz” ™ (hz)*" with
arbitrary coefficients a, n, and it can be rewritten »_, - h®,(z), where p,(2) =
> >0 mn? is the general element of 22"~ *C[[z~}]]. O

2n—v—m
It follows that
9 (7C[[=7", (h2)?]]) € 27 7PC[[=71, (h2)?]]

for any p € N. In particular z=*C[[z~!, (hz)?]] is stable under the operator
1
T : ¢(z,h) = ¢(z+1,h) =Y —2(z, h),
p>0 """

and, since C[[z71, (hz)?]] is a ring, it is easy to follow the value of v when we apply
difference operators or multiplication to our formal series. For instance,

AeC[?)), ¢ € z7*Cllz"", (h2)’]] = A(h)- (2, h) € z7*Cllz"", (h2)?],

since C[[h?]] C C[[z71, (h2)?]] (because h*" = z=2"(hz)?").

One has similar properties for the spaces 2~*C[[z ™!, h22%]], to be identified with
{320, (2) € C(z7Y)[[R?] | ¥n > 0, @u(z) € 27 VC[[z71]]}. This is used in
Section 4.1.
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A.2 Elementary theory of second-order linear difference equations

We gather here the proof of a few classical facts which were stated in Section 2.1. In
addition to the operators T and T~!, which are automorphisms of the field C((z71)),
and to the difference operators A and P defined by (31), we introduce

V=I-T"'=771A. (85)

We consider a linear difference operator ¢ — Lo = Py — At as in Section 2.1 and
assume that ¢ and 1, are two solutions of the homogeneous equation Ly = 0.

The verification of point (i) of Section 2.1 is immediate: W = 11 (T'¢2) — (T'9)1)1)2
satisfies

VW = 4y (Taha) — (Tab1 g — (T~ aby )b + by (T~ abg) = by (Paba) — (Pipy)tha,

hence Pv; = Av; implies VIV = 0, or AW = 0. We have moreover

Lemma A.2. Suppose Y1 and 1y are solutions of Lo with W(i1,12) = 1. Consider
an arbitrary ¥ and let a = W(,9), b = W(1,v). Then

¢ = a4+ bpa = (T a)y + (T b)iba, (86)
Loth = —(Va)T 2y — (VBT Lo, (87)
Va ==Ly, Vb= 11Lo. (88)

Proof. The relations (86) are obtained by solving the linear system (which has de-
terminant 1)

{ (Th2)th — 2 (T) = a
—(Tp1)p + 1 (T) = .
We now compute P by using T4 = aTy + bTvs and T~ 1y = (T~ ta)T 141 +
(T~10) T~ Ypy:
Pip = aTpy + bTapy — 2ty — 2biby + (T~ a) T~ by + (T710)T s,

hence Pt = aP1 + bPs — (Va)T 4y — (Vb)T 1)y and (87) follows. Finally, the

linear system with determinant 1

{ (T Y1) Va + (T 14pg) Vb = =Ly
1Va + Vb =0

(where the first equation was just proved and the second is a consequence of (86))
implies (88). O

This lemma immediately yields the description of the solutions of Ly of point (ii)
of Section 2.1.

In order to check point (iii), we give ourselves f, a* and b* such that Aa* = —1)o f
and Ab* =1 f, and set ¥ = a*ihy + b*h9. Let a = W(,1h2) and b = W(11,1). We
have

(Ta™)hy + (T )2 = (Ad”)hy + (Ab" )2 + ¢ = 9.
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We can thus write a linear system with determinant 1
{ (T~ p1)a™ + (T ho)b* = T~ 1ep
Pra” + Pob* =)

which shows that a* = T 'a and b* = T~'b, whence Va = —»f and Vb = ¢ f,
and the conclusion follows from (87). (The variant of footnote 2 is obtained similarly
by checking that (T~ ta)y; + (T~1b)y = ¢ in that case.)

As for point (iv), we suppose Py = Ay with 11Ty invertible and consider an
arbitrary c. As straightforward computation shows that W(1, cy) = (Ac)1 Ty
The conclusion follows from the computation

P(ctpy) = (Te)TY1—2c01+(T~1e) T 1y = (Ac)Tep1+cPiy—(Ve)T Ly

= ﬁo(mﬂl) = %A((AC)IblTwl).

A.3 Proof of Proposition 1.6

In this appendix we fix a complex number zg in the domain Dy, = of Section 1.2 and a
complex number ¢ with |e| < €g. We shall treat only the question of the uniqueness
of the solutions on 2y + R~ (the case of zg + R* is similar).

A.3.1 Preliminaries

For every o > 0 and £ > 0, the space B}, will consist of all the complex-valued

functions which are defined on the half-line (29 — ¢?) + R~ and which are O(]z|~7)
(without any extra regularity requirement). This is a Banach space for the norm

I@llo,e = sup |(t + £)7p(20 — ). (89)
t>02

Observe that 277 € B!, for every o’ > o, because the condition zp € Dy, prevents z

from vanishing on the half-line zo+R~, which contains (z9—¢?)+R~. Our motivation
for the definition (89) is the fact that

lim (|27 ||pe =1, lim Hz_aleg =0 if o/ > 0. (90)
f— o0 L—o00

(Proof: We have
M "> o

) -

/
277 ||g.0 = sup
P

It is thus sufficient to check (90) for o/ = 2 and o < 2. We can write |zg — t|> =
(t —t0)? + d? with d = | m 29| and tg = Re z9. The function t % is easily
2 o
seen to be decreasing for t > T, (¢), where T, (¢) - to, thus ||272||s0 = %
for £ large enough, whence the result follows.)
We now introduce right inverses for the operators A and V defined by (31)
and (85); by composition, we shall obtain a right inverse for P = AoV =V o A.
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Lemma A.3. Suppose o, > 0. Then the formulas

Ae(2) =D plz—n), Vi'e(z)=> olz—n)

n>1 n>0

define two linear operators At V.1 By 1, — Bg , which are right inverses® of A

and V and which satisfy

1AL lloe < 2llelloties Ve elloe < (3 +7) lellorre
for every p € By 1.

Proof. Let ¢ € By, ,. The series which define A, o(z) and Vi, tp(z) are absolutely
convergent for z = 29 — t with ¢t > (2, because |p(z — n)| = |p(z0 —n — t)| <
[@llot1,e (n+ ¢+ €)=~ 1. Moreover,

{(t +0)° qulsD(ZO - t)‘ < lellot1,e Z (n+g:6r;<7+1
n>1

with 2 = ¢ 4 ¢, and there is a similar inequality for |(t + )7 V,; 'p(z — )| but with
dt 1

a sum starting at n = 0. Using Zn>1 W < f:;roo T = oo and % < %, we

get the desired inequality by passing to the supremum. O

Corollary A.4. Suppose o,f > 0. Then the formula

Plo(z) =) ne(z—n)

n>1

defines a linear operator P! : By ios — By such that, for every ¢ € Bg 0.

1P lloe < 15 (2 + 7) lellorae

and the function v = Pl is the only function defined on zg — (> + R~ which tends
to 0 at infinity with P = ¢ on 29— 1 — 2 + R~

Proof. Observe that P, ' = V1o Ayt with Ayt : BY ,, — B%,,, and V,' :

By.y,— B, and apply Lemma A.3. 0

A.3.2 Case of the inner equation

We now begin the proof of Proposition 1.6 by considering the case ng = 0: we
suppose that ¢(z) and ¢*(z) are two solutions of (IE)y on zg + R™ of the form
—iz7t 4 O(]z\*"), with 2 < 0 < 3, and we wish to prove that ¢ = ¢* on zg + R™.

Equation (IE)y can be written P¢ = Fi(¢), with Fi(y) = F(y,0,e) — 2y =
—2y% + O(y°) and 9,F;(y) = —6y + O(y*). Let

1
A*(z) = /0 Oy F1((1 —t)o(z) +to™(2)) dt = 6272+ O(|2[7771). (91)

°In the case of A;', we mean that ¥ = Ay 'y satisfies Ay = ¢ on 20 — 1 — £2 + R~ only (as a
matter of fact, this identity holds also on the whole half-line zop — ¢2> + R~, but this is because 1)
has an extension to the segment [zo, zo + 1]).
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This function A* is defined on zg + R~ and the function ¢ = ¢* — ¢ satisfies
Py = A*. (92)

For every ¢ > 0, we have A* € By, and ¢ € B, . Consequently, A*¢ € B, 2, with
|A*Y | 2.0 < ||A*]l2, |¥]|0¢ and Corollary A.4 shows that 1) = P, 1(A*y), hence

1Wlloe < 537 (5 + 2) 1A 2 1l

By virtue of (90) and (91), we have ||A*||2, ——— 6, while the limit of a7 (32+3)
is ﬁ < %, hence ||¢|5, = 0 for £ large enough.

Knowing that ¢ = 0 on zy — ¢ + R~ for a particular ¢ > 0, we conclude that
1 = 0 on the whole of zyp + R~ by iterating equation (92) in the form ¢ (z + 1) =
2(2) =Pz = 1) + A" (2)9(2).

Therefore (IE)q admits at most one solution of the form —iz™! + O(|z|~) and
we know that ®“(z;¢) is such a solution (with o < 3).

A.3.3 Case of the secondary inner equations

Let o € (2,3],n0 > 1,b1,...,by, € Cand ¢, (2) = P¥(2,e;b1,...,b,) for 0 < n < ny.
We already know by Corollary 1.5 that these functions solve (IE)o, (IE)1, ..., (IE)y,
and that they are defined on zp + R~ and of the form [@n(z,g;bl,...,bn)]Q +

O(|z|_"). To conclude the proof of Proposition 1.6, it is thus sufficient to prove that
any solution ¢ of (IE),, on zo+ R~ which is such that ¢ — ¢n, = O(|2|~7) must
coincide with ¢p,,.

Equation (IE),, can be written P¢(z) — A"(2)¢(z) = [ (2) with A%(z) =
0y F (P4 (2,¢),0,e) —2 and [ determined according to formula (7). The function
Y = ¢p, — Pno 18 thus a solution of the linear difference operator Lf defined by
Ly = Py — A%.

Since ¥ = S~ Py, the classical properties of the Borel-Laplace summation op-
erator S~ show that A = S~ A, where the formal series A was defined by (30),
and that % = S~¢1 and vy =38 ~1)y provide a normalized fundamental system of
solutions of L& on zy + R~ (in the sense of Section 2.1, point (i)), where (1, ) is
the formal fundamental system of £y described in Corollary 2.7.

Now the general theory of Section 2.1, point (ii), shows that ¢ = ay)} + by, with
1-periodic functions a and b defined on zp+R. Since 4 (z) ~ —%z‘?’ and Y (z) ~ iz 72,
if the function b were not identically zero, this would contradict 1(zg — t) pa— 0,

and also a must vanish identically to ensure ¥(z) = O(|z|77) with o > 2.
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