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The goal of this paper is to extend the classical Darboux theory of integrability
from autonomous polynomial vector fields to a class of nonautonomous vector
fields. We also provide sufficient conditions for applying this theory of integrability
and we illustrate this theory in several examples. © 2009 American Institute of
Physics. [doi:10.1063/1.3205450]

I. INTRODUCTION

To decide when a differential system is integrable or not is one of the hardest problems of the
theory of differential equations. The existence and the calculus of first integrals are in general a
difficult problem. Many techniques have been applied in order to construct first integrals, such as
Lie symmetn'es,27 Noether symmetries,8 the Painlevé analysis.,4 the use of Lax pairs,17 the Dar-
boux method,9 and the direct method.'>'*

In 1878 Darboux in Ref. 9 presented a simple method to construct first integrals and integrat-
ing factors for planar polynomial vector fields using their invariant algebraic curves. This theory
has been useful for studying different relevant problems of planar polynomial differential systems
such as problems related to centers, limit cycles, and bifurcation problems, see, for instance, Refs.
13, 19, and 28.

Also Darboux in Ref. 10 extended his method to polynomial vector fields in C* where the
existence of invariant algebraic surfaces is the key point to build up first integrals (see also Ref. 18
and for some applications see, for instance, Refs. 20-23). Nowadays Darboux’s method has been
improved for polynomial vector fields basically taking into account the exponential factors® and
the multiplicity of the invariant algebraic hypersurfaces, see, for instance, Refs. 6, 7, and 22-26.

There are works such as Ref. 11 which generalize the Darboux theory of integrability using
the concept of generalized cofactors. In this paper we extend the Darboux theory of integrability
from the polynomial vector fields to a class of nonautonomous vector fields. More precisely we
deal with differential vector fields in the plane that are polynomials in the variables x and y and
their coefficients are convenient C! functions in the time, i.e., in the independent variable. As far
as we know it is the first time in the literature that such generalization is considered.

The main results of this paper are Theorems 1 and 2 where the ideas of Darboux to the
mentioned class of nonautonomous vector fields are generalized. We prove that a sufficient num-
ber of invariant surfaces and exponential factors generate a linearly dependent set of cofactors
over the field of the coefficients of the system. In particular, in the case where a property W*
(related to a kind of Wronskian of the cofactors) holds then a subset of the cofactors is linearly
dependent over C. In this case we can construct one or even two invariants (a first integral
depending on time), see Theorem 2. These invariants are very special because they are generalized
Darboux functions, see relation (6) and Theorem 1.
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Jouanolou in Ref. 16 managed to connect in a very sophisticated way the Darboux theory of
integrability with the existence of a rational first integral. Recently Jouanolou’s work has been
reproved using simple arguments of linear algebra, see Refs. 6 and 24. In this work we also
provide the generalization of Jouanolou’s result on rational integrability for our class of nonauto-
nomous vector fields, see Theorem 2 statements (f) and (g).

We note that in the Darboux theory of integrability for autonomous polynomial vector fields
only a sufficient number of invariant objects guarantee the construction of first integrals given by
Darboux functions. In the case of nonautonomous systems we additionally need a certain property
W to extend to these vector fields the previous results. Only in this case are we able to construct
invariants (first integrals depending on the time) given by generalized Darboux functions.

The structure of the paper is the following. In Sec. I we present the basic definitions and the
statements of Theorems 1 and 2. The most important properties of the basic concepts such as
invariant surfaces, exponential factors, invariants, and Jacobi multiplier are presented in Sec. III.
In Sec. IV we provide the proof of Theorem 1. Theorem 2 is proved in Sec. V. Some illustrative
examples are given in Sec. VI. We see that sometimes for the same vector field we can have a
subset of cofactors linearly dependent on C and another subset of cofactors linearly dependent on
C'(U,F) and not in C (see Example 6). Finally, in Sec. VII we apply Theorem 2 to the Higgs
system and we see that the elevated number of invariant surfaces and exponential factors does not
guarantee the existence of a linearly dependent subset over C because property W* does not hold.
Additionally, we see that the Higgs system has a Jacobi multiplier given by a generalized Darboux
function.

Il. BASIC DEFINITIONS AND STATEMENT OF THE MAIN RESULTS

Let I be either R or C, and let U be an open subset of I'. We denote by C!(U, ) the set of C'
functions from U— I such that they do not vanish in U except in a subset of Lebesgue measure
zero and such that the closure of their domain of definition is U. Additionally, we denote by
C'(U,F)[x,y] the ring of polynomials in the variables x and y with coefficients in C'(U, ). Note
that C'(U,F) is a field with the addition and the product of functions. In particular, cl(U,F)
X[x,y] is a domain of unique factorization. In the following we denote by SA the degree of the
polynomial A € C'(U,F)[x,y]. We also denote by C!(U,F)(x,y) the ring of rational functions in
the variables x and y and coefficients in C'(U, ).

We deal with the differential systems of the form

dx -
x=—=Plx,y,)= >, a;(x'y’,
dt 0=itj=m

j= 2 0tyn= 3 by, (1)
dt 0=i+j=m

with P,Q € C'(U,F)[x,y]. In what follows these systems will be called nonautonomous polyno-
mial differential systems. Note that ¢ is the independent variable of system (1) called the time. If
the coefficients of the system are in C!'(U,RR), then the time will be real; if they are in C'(U,C)
then the time can be real or complex. In fact we shall work with three classes of differential
systems (1) When (x,y,7) e R2XUCR?>XR we say that (1) is a real differential system. If
(x,y,) e C2XUCC?XC we say that (1) is a complex differential system. Finally, if (x,y,)
e C2X UCC?XR we say that (1) is a mixed differential system. When we only say that (1) is a
differential system this will mean that the system can be either a real or a complex differential
system. The results of this paper can be extended to mixed differential systems, but in order to
simplify their expression we only present them for the first two classes of differential systems.
Note that in the particular case that the coefficients a;;(¢) and b;;() are polynomials in the variable
t then adding to the differential system x and y the equation 7=1 we can apply the classical
Darboux theory of integrability in I3,
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Clearly if all the coefficients of system (1) are nonconstant system (1) is a nonautonomous
differential system. Then we associate with the differential system (1) the vector field

X=Pi+Qi+—. (2)

Note that system (1) is a polynomial differential system in the variables x and y of degree m
=0X=max{SP, 5Q}. The solutions of system (1) or of its associated vector field (2) will be
denoted by (x(7),y(r)) with t € U or by (x(¢),y(z),t) depending on the context.

Let f € C'(U,F)[x,y]. We said that f=0 is an invariant surface in C>X U of system (1) if it
satisfies

o af _

dy ot K, ®)

X(f) = Pﬁ—f +0
ox
with K e C'(U,F)[x,y]. Note that K= 6X—1. We call K the cofactor of the invariant surface f
=0 for the vector field X. Note that on the zero set of f the gradient of f is orthogonal to the
components of the vector field (2). This explains why we say that the surface f=0 is an invariant
surface for the vector field (2). For the computation of explicit invariant surfaces see the examples
in Secs. VI and VIIL
We consider K, ...,K, e C'(U,F)[x,y]. In what follows we denote by W, the determinant

K, cee K,
W,=W/K,.....K,]= : (4)
K(lr—l) . K&r—l)

where we have denoted by K;=0K;/dr. Usually W, is called the Wronskian of K,,...,K, with
respect to the variable ¢ € U.

Assume that h,g € C'(U,F)[x,y] and are relatively prime polynomials in the variables x and
y. The function F(x,y,t)=exp(g/h) is called an exponential factor of the differential system (1) if
for some L e C'(U,F)[x,y] of degree at most m—1 in x and y it satisfies

JF JoF JF
X(F)=P—+Q—+—=LF, (5)
ox 'y

and we say that L is the cofactor of the exponential factor F.

Let W be an open subset of I'2 X U such that its Lebesgue measure is the Lebesgue measure of
[2X U. An invariant of the differential system (1) is a nonconstant C' function I: W— T in the
variables (x,y,7) such that (9l/dx,dl/ dy) # (0,0) for all (x,y,r) € W with (x,y,t) #(0,0,7), and
I(x(1),y(2),1) is constant on all solution curves (x(7),y(r),7) of system (1) contained in W, or
equivalently X(I)=0 on W.

Let I(x,y,?) be an invariant of system (1) defined in W, and let (x(¢),y(¢)) be a solution of (1)
contained in W. If I(x(zy),y(y),29) =1, € I then the surface I(x,y,7)=1I, in W contains the solution
(x(2),y(2),1). Of course an invariant is a first integral depending on the time.

Consider I, and I, two invariants of system (1) defined in W, and W,, respectively. As usual
we denote by I, the partial derivative of I with respect to the variable x. We say that the two
functions of the forms I,(x,y,?) and I,(x,y,t) are independent in their common domain of defi-
nition W; N W, (except possibly a subset of Lebesgue measure zero in W; N W,) if the matrix

(m I, 1,,>

Ly Ly I

has rank equal to 2. So if system (1) has two independent invariants /; and I, defined on an open
subset W of 2 X U, then the curves {I,=const} N{l,=const} contained in W are formed by solu-
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tions of system (1). In this case we shall say that system (1) is completely integrable.

Let W be an open subset of 2X U. A C' function M:W— I which is not identically zero on
W is called the Jacobi last multiplier or simply Jacobi multiplier of system (1) on W if for its
associated vector field

it satisfies

XM =-div(X)M or div(MP,MQ,M)=0

in W. Hence the Jacobi multiplier is a solution of the linear partial differential equation

oM oM IM [dP 9Q
P—+O0—+—+|—+—|M=0.

ax ox Jat dx dy
In this article we are interested in constructing invariants and Jacobi multipliers of system (1)
using the invariant surfaces and the exponential factors of the differential system (1). More
precisely, consider fi,...,f, e C'(U,F)[x,y] irreducible and coprimes and F;=exp(g,/h;) with
gi.h e CY(U,F)[x,y] coprimes for i=1,...,q. Let GeC'(U,F) and \,,... Ny by s My

e C'(U,F). Any function of the form

f?l\l(l) .. ,f;p(f)F,iH(l) ... Ff;«q(l‘)eG (6)

will be called a generalized Darboux function.

Theorem 1: If a nonautonomous differential system (1) has an invariant or a Jacobi multi-
plier given by a generalized Darboux function of the form (6) then \(t)=\;elF for all i
=1,....p and p(t)=u; € I except if h;=h;(t,x,y) € C'(U,F) and 8g;= 6X—-1.

Theorem 1 is proved in Sec. IV. Let S={K,,... Ky Ly, ,Lq} be a set of polynomials of
CY(U,F),,,[x,y] such that there is no more than one polynomial with constant coefficients. Let S,
be a subset of S of r elements. We denote by W(S,) the Wronskian of these r elements defined in
(4). We write W,=0 if for all subsets S, of S we have that WW(S,)=0 for all € U. If for some
subset S, we have that W(S,) # 0 for some ¢ € U, then we write W, # 0. We say that the set of the
polynomials of S satisfies condition V" if there exists s €{2,3,...,p+q} such that W;#0 for j
=2,3,...,s—1 and W,=0.

Theorem 2: We assume that the differential system (1) of degree m admits the invariant
surfaces f;=0 with cofactors K;#0 for i=1,...,p; q exponential factors F;=exp(g;/h;) with
cofactors L;#0 for j=1,...,q. Let GeC'(U,F) with G=g. We assume that f,, ... .fp and
Fy,...,F, are pairwise independent and that fi,....f, are coprimes in the ring CY (U, F)[x,y].
Then the following statements hold.

(a)  There exist \;, u; € C not all zero such that

P q
2 NKi+ 2 pLi+g=0, (7)

i=1 i=1

if and only if the (multivalued) function

f}l‘l ...f;;pF/l"'l ...ngeG (8)

is an invariant of system (1). Moreover if (1) is a real system, then the function (8) is real.
(b)  There exist \;, u; € C not all zero such that

P q
2 NK+ 2 L+ div(X) + g =0, 9)
i=1 i=1
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if and only if the function (8) is a Jacobi multiplier of system (1). Moreover if (1) is a real
system, then the function (8) is real.
(¢) If p+q=m(m+1)/2, then there exist N(t), (1) CY(U,F) not all zero satisfying either

P q
2 NOK;+ 2 (1)L + div(X) =0 (10)
i=1

i=1

or

14 q
2 NOK+ 2 (1)L =0. (11)
i=1 i=1

(d) If p+q=m(m+1)/2+1, then there exist \(t), u(t) C(U,F) not all zero satisfying (11). In
particular, if property W* holds for the cofactors K; with \(t) #0 and L; with u;(t) # 0, we
have that \{(t) and ,uj(t) are constants of ¥, and so system (1) has an invariant of the form
(8).

(e) Ifp+g=m(m+1)/2+2 then there exist )\}(t),,ujl-(t) e C'(U,F) and )\l.z(t),,u,jz-(t) e CY(U,F) not
all zero satisfying condition (11). In particular, if property W* holds for the cofactors Kl1
with \}(t) #0 and le- with ,U,J] (1) #0, then system (1) has an invariant of the form (8). In a
similar way if property W* holds for the cofactors associated with N}(t) #0 and ,u,jz(t) #0,
then the system (1) has a second invariant of the form (8).

In the following we assume that f;,g;.h; € C2(U,F)[x,y].

() If p+q=m(m+1)/2+3, then there exist )\il(t),,ujl-(t) e CY(U,T) and )\l-z(t),uf(t) eC(U,TF)
not all zero satisfying condition (11). If the property W* holds for the cofactors associated
with )\f #0 and ,u;‘ #0 for k=1,2, then system (1) has two independent invariants of the form
(8) and at least one of them is a rational function of C'(U,F)(x,y).

() If p+rq=m(m+1)/2+4, then there exist )\}(t),,u,}(t) e CY(U,F) and )\?(z‘),p,?(t) eC(U,F)
not all zero satisfying condition (11). If the property W* holds for the cofactors associated
with )\f#O and ,ufaﬁO for k=1,2, then system (1) has two independent invariants of the
form (8) being both rational functions of C'(U,F)(x,y).

In Sec. V we present the proof of Theorem 2.

lll. GENERAL PROPERTIES

In this section we present some general properties of the invariant surfaces, the invariants, the
Jacobi multipliers, and the exponential factors.

A. Invariant surfaces

We recall that an invariant surface of the vector field (2) satisfies relation (3).

Lemma 3: Let f,g €C'(U,F)[x,y]. We assume that f and g are relatively prime over
CY(U,F)[x,y]. Then for the differential system (1) fg=0 is an invariant surface with cofactor K,
if and only if f=0 and g=0 are invariant surfaces with cofactors K, and K,, respectively. More-
over K;,=K+K,.

Proof: If f=0 and g=0 are invariant surfaces with cofactors K, and K, then 0K, 6K, = 6X
—1 and

X(fg) = (Xf)g + f(Xg) = K/fg + K8 = (Ky+ K,)fg. (12)

Obviously 8(K+K,) =< 5X—1. Hence fg=0 is an invariant surface with cofactor K +K.
If now we assume that fg=0 is an invariant surface with cofactor Kj,, then we have that
0Ky, =0X~-1 and
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gX(f) +fX(g) = X(fg) = Ky fs. (13)

Since f and g are relative prime over C'(U,F)[x,y] from (13) we obtain that f divides X(f) and g
divides X(g). We denote by K,=X(f)/f and K,=X(g)/g and note that 6K, 5K, = 6X~1. Hence f
and g are invariant surfaces of system (1) with cofactors K, and K,, respectively. Additionally,
from (13) and (12) we have that K;,=K+K,. O

Proposition 4: Suppose that f € C'(U,F)[x,y] and let f=f}'---fI be the factorization of f over
CY(U,F)[x,y]. Then for the system (1), f=0 is an invariant surface with cofactor K if and only if

fi=0 is an invariant surface for each i=1,...,r with cofactor K;. Moreover Kf:n‘Kf1+
+I/HKfr.

Proof: First we assume that f;=0 is an invariant surface with cofactor K 7, for i=1,...r. Then
we have

r r
X(f) =X (f11 - ﬁr) =(f}1- f:’r)z ni@ :fE niM :fE k.
-1 fi -1 i i=1 !
So, taking K,=2/_n; Ky it follows that f=0 is an invariant surface with cofactor K.

Now we assume that f=0 is an invariant surface with cofactor K. From Lemma 3, it follows
easily that f=0 is an invariant surface with cofactor K if and only if f/’=0 is an invariant surface
with cofactor Kfn, for i=1,...,r and Kf—wal +Kfn Since f7'=0 is an invariant surface with
cofactor Kfn,, we have that Kfnf' =X(f")= nL)‘"l 1X(f) Hence X(f;)= (Kfn(f,)/n =K;fi, where we
have taken Kf Kfn,/n So, the surface f;=0 is an invariant surface with cofactor Kf Moreover,
we have Kf—Zl_,Kf;n iz11iKy, and the proof is completed. O

r

The real vector fields are special because whenever they have a complex invariant surface
they also have another complex invariant surface, the conjugate one as we note in the following
proposition.

Proposition 5: For a real differential system (1), if UCR and f e C'(U,C)[x,y] then =0 is a
complex invariant surface with cofactor K € C'(U,C)[x,y] if and only if f=0 is another invariant

surface with cofactor K. Here conjugation of f means conjugation of the coefficients of the
polynomial in x and y defined by f.

Proof: We assume that f=0 is an invariant surface with cofactor K of the real differential
system (1). Then equality (3) holds. Hence we also have that

5T ol
P&x +Q&y + o =Kf.

Since x and y and their coefficients in P and Q are real this equality becomes

aof  If I -
P—f + Q—f + —f =Kf.
ox dy ot
So f=0 is an invariant surface with cofactor K of the real differential system (1). In a similar way
the converse can be proved. O

B. Invariants

We note that the existence of two independent invariants of the differential system (1) yields
to the complete description of the orbits of system (1) whenever these invariants are both defined.
Any other invariant must be a function of the two independent invariants as we show in Lemma
6.

Lemma 6: Let W be an open subset of F>X U. Let I,,I, e C2(W,F) be two independent
invariants of system (1).
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(a) If I;eCHW,F) is another invariant of system (1), then there exists functions C;,C,
e C3(W,F) such that

VI3=C1V11+C2VI2. (14)
(b)  The functions C, and C, (if nonconstants) are also invariants of system (1).

Proof: For the proof of statement (a) since I; and I, are independent invariants, for each
(x,y,1) e F2X UCI? (except possibly a subset of Lebesque measure zero) the vectors VI, and VI,
form a basis of the vector subspace S of I'* orthogonal to the vector field X associated with system
(1). Since I is an invariant of X we have that VI; € S. Then, for each (x,y,7) e F?X UCF?3 we
have that VI; will be a combination of VI, and VI, (except possibly a subset of Lebesque measure
zero). So for every (x,y,t) € F2X UCF3 expression (14) is proved.

Now we prove statement (b). For each (x,y,?) € F2X UCF? (except possibly a subset of
Lebesque zero measure) the following holds.

From relation (14) we have that

I3, = Cil1 + Coly,y,
13)7 = Cllly + CZIZ}”

;= Cily, + Colyy, (15)

and derivating the first equation of (15) with respect to y and substracting the derivating of the
second equation of (15) with respect to x we obtain

Clyllx - Clxlly + C2y12x - C2x12y =0. (16)

In a similar way we get

Cidiy = Crdy+ Col — Coidy, =0,

Cltlly_clyllt+ C2t12y_C2y121=0' (17)

Now multiplying the first equation of (17) by I, and substracting Eq. (16) multiplied by I,, we
obtain

(IyCy, = I i)+ (LI, = Dyl ) C + (I Coy = 15,Coy) 1, = 0. (18)
By similar arguments we also have

(1 Cy = L Ci )Ly + (Il = 115, Cry + (1, Coy = 15,Co ) 1, = 0,

(1,Cyy = Ly C\ )y, + (Ll = I1,h,) Cyy + (1 Coy = 1, Cr ) 1, = 0. (19)
Now adding the Eq. (18) and the second of (19) and substracting the first of (19) we get that

L, Ly I
Ly L, I,|=0
Clx Cly Clt

So for each (x,y,f) e F2X UCTF? (except perhaps a subset of Lebesque zero measure) VC; be-
longs to the two-dimensional vector space generated by {VI,,VI,} and (if not a constant) also
satisfies (Cy,,Cy,) # (0,0). Hence C, (if not a constant) is an invariant of system (1). Similarly C,
(if not a constant) is also an invariant of system (1). O
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C. Jacobi multiplier

For a planar vector field of the form

J J
X=ple,y)—+q0xy)—,
ox ox

where p and g are C' functions we define an integrating factor R=R(x,y) to be a C' function
satisfying

X(R)=-div(X)R or div(Rp,Rq)=0,

with div(X)=p,+g,. If the integrating factor R is defined in an open and simply connected set then
there is a first integral H=H(x,y) of the planar system associated with this integrating factor.
Hence, the existence of an integrating factor for a planar vector field means integrability. For
higher dimensions the concept of the integrating factor is generalized via the Jacobi multiplier (see
Ref. 15).

Remark 7: The following holds.

(1) The existence of a Jacobi multiplier M of the nonautonomous differential system (1),
written also as

X=dx/dt=P, y=dyldt=Q, t=didt=1,

is associated with the existence of the divergence-free nonautonomous differential system

X=dxldt=MP, y=dyldi=MQ, i=dt/di=M.

Hence the Jacobi multiplier M represents a change in time and yields to a divergence-free
system.

(i)  Due to the relation X(M)=—div(X)M the set M=0 is an invariant surface in F>X U (maybe
not polynomial in the variables x and y) with cofactor —div(X) for the differential system
(1), which means that the set M=0 is formed by orbits of the system.

The following proposition follows from ideas of Ref. 3.
Proposition 8: The following statements hold.

(a) If the differential system (1) has two independent Jacobi multipliers M| and M, on the open
subset W of 2 X U, then on the open set W\{M,=0} the function M,/ M, is an invariant.

(b)  The existence of an invariant I € CX(W,F) and of a Jacobi multiplier M implies that system
(1) restricted to every surface I(x,y,t)=C, with C € I, is integrable in the sense that such
restricted system has an integrating factor of the form R=R(x,F(x,t;C),t)=(M/I,)
X(x,F(x,t;C),t) if y=F(x,t,C) is the solution of I(x,y,t)=C.

Proof: Statement (a) follows directly by the definitions of the Jacobi multiplier and the in-
variant. Now we prove statement (b). Let I=1(x,y,7) be an invariant of system (1) and C e F.
Then, by the definition of invariant, without loss of generality we may assume that /, # 0. From
the implicit function theorem we can solve locally the relation I(x,y,r)=C with respect to the
variable y, y=F(x,¢;C). Then on the level set I(x,y,7)=C system (1) goes over to

%= P(x,F(x,1;0),1),

. 20)
r=1. (
Claim: The planar system (20) has the integrating factor
M
R=R(x,F(x,t;C),t)=I—(x,F(x,t;C),t). (21)

Y
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Now we prove the claim. Since M=M(x,y,1) is a Jacobi multiplier of system (1) we have that
(PM),+(OM),+M,=0, or equivalently

(P12) +{012) +(12) =0
ny X yl_" y yly t '

Taking into account that /=1(x,y,) is an invariant of system (1) the above relation becomes

M M M
(Ply—) —<—(PIX+1,)) +<1y—) =0,
L/, \1, S\,

Y y Yy

M M M M
\P—| -1\ P—| +1| =] -1| =] =0.
’ I.V X Iy y I)’ t Iy y

Now since 1, # 0 (locally) we can divide the above relation by I, and we obtain

M\ L[ M M\ (M
P—| -=Ep—] +|=]) -*—] =0.
L), L\ ), \n/), 1\1

yoy

or equivalently,

But on the level set I(x,y,)=C when I,# 0 we have that y=F(x,#;C), and so we obtain

I I
(PR), - I—"(PR)y +R, - I—’Ry =0,
y y

or equivalently
(PR),— F(PR),+R,— F,R, = 0. (22)
Since (PR),=R,=0 [see (20) and (21)], we get

(PR),+R,=0.

Hence R is an integrating factor of system (20). In short, we have proved the claim. So the planar
system (20) is integrable and this completes the proof of the proposition. O

D. Exponential factors

We recall that an exponential factor of system (1) satisfies relation (5).

Proposition 9: If exp(g/h) is an exponential factor with cofactor L for the differential system
(1) and if h is not a constant, then h=0 is an invariant surface with cofactor K, and g satisfies the
equation X(g)=gK,+hL.

Proof: Let F(x,y,)=exp(g/h) be an exponential factor with cofactor L for the differential
system (1). Then we have

hX(g) — gX(h)

LF = X(F) :FX(%) =P

So we obtain hX(g)-gX(h)=h*L. From this equation and since 4 and g are relative prime over
C'(U,F)[x,y], we obtain that i divides X(h). Let K,=X(h)/h and note that K, = 6X—1. Then
h=0 is an invariant surface for the differential system (1) with cofactor K, and g satisfies X(g)
:gKh+hL. O

Proposition 10: For the real differential system (1) the complex function exp(g/h) with h,g
e CN(U,C)[x,y] is an exponential factor with cofactor L € C'(U,C)[x,y] if and only if the complex
Sunction exp(g/ h) is an exponential factor with cofactor L.

Proof: We assume that the function F(x,y,7)=exp(g/h) is an exponential factor with cofactor
L of the real differential system (1). Hence X(F)=LF, and conjugating it we obtain
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d g/h J g/h) 9 a/h
p exp(g )+ 0 exp(g )+ exp(g/h)
ax dy at

=L exp(g/ﬁ),

where we have taken into account that P and Q are real polynomials in the variables x and y. So

from this equation we obtain that exp(g/ h) is an exponential factor with cofactor L for the real
differential system (1). In a similar way we prove the converse. O

IV. PROOF OF THEOREM 1

First we prove the following three lemmas.

Lemma 11: If F=e® with g € C' _(U,F)[x,y] is an exponential factor of (1) with cofactor L,
then F=e""$ is also an exponential factor of (1) with cofactor g+ uL.

Proof: The proof is trivial and follows by the definition of the exponential factor (5). O

Lemma 12: Suppose that the differential system (1) of degree m admits the invariant surfaces
fi=0 with cofactors K;#0 for i=1,...,p; q exponential factors F;=exp(g;/ h;) with cofactors L;
# 0 and h; nonconstant polynomial for j=1,...,q. Let G € CY(U,I) with ng. If system (1) has
an invariant or a Jacobi multiplier of the form

I=f) ...f;‘prl’“l .. Fﬁ;qeG =f,(x,y, )M - -fp(x,y,t))‘P(’)Fl(x,y,t)”l(’) "'Fq(x,y,t)'“q(’)ec(’),
(23)

then N, u; € ¥ for all i=1,...,p and j=1,...,q
Proof: First we note that

P X(f q ) 14 ) q
X(D) = X(f}1 - frFi - Frae%) = 2 i f’ E E v g+ 2 N log fi+ 2 log F; |1
i=1 i Jj=1 j i=1 j=1

p q 4 q
= (E MK+ 2wl + g+ 2 N, log fi+ 2 i, log F;)L
i=1 Jj=1 i=1 Jj=1

Note that if X,:O and ,a]:O for all i=1,...,p and all j=1,...,q, then N € I. Now we assume

that for some i or some j we have that Xﬁt 0 or w;#0.
If the function 7 is an invariant then we have that X(7)=0, or equivalently

p q p q P q
E)\iKi"‘EMij"'g:—zxi Ingi—E/lj log Fj=_210g(1_[f?i)_2ﬂj%~ (24)
i=1 j=1 i=1 j=1 i=1 j=1 i

Note that the left hand side of (24) is a polynomial in CY(U,F)[x,y]. If some \;#0 then
SP log(TTf) is a series in x and y with coefficients in C'(U,F). Hence, \;=0 for all \;

=1,...,p. If some g, # 0 then from relation (24) we can write
p q
Hh Ex,»Ki+2u,L,+g+Eu,h =g (25)
k Jj=1 i= Jj=1 Jj=1
JFk j#k

and this equality is a contradiction because by the definition of the exponential factor (5) we have
that g, and &, are coprimes in C'(U,F)[x,y]. Hence s, #0 for all k=1,....q

If the function [ is a Jacobi multiplier then in relation (24) we just add on the left hand side the
divergence of the system which is a polynomial of C,L_l (U,I")[x,y] and the proof follows using the

same arguments. O
Lemma 13: Suppose that the d{ﬁerential system (1) of degree m admits the invariant surfaces
fi=0 with cofactors K;#0 for i=1,...,p; q+r exponential factors F;=exp(g;/h;) with cofactors

L;#0 for j=1,....q+r and such that h;e C'(U,F) and Sg;<m— lfOI‘J g+1,....,q+r. Let G
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e C\(U,F) with G=g. If system (1) has an invariant or a Jacobi multiplier of the form (23), then

]ﬁl\l .. .f;pF/i’“l e ngFq+l ... ﬁquG (26)

is also an invariant or a Jacobi multiplier with N € F for all i=1,...,p and j=1,...,q where
F is defined as in the statement of Lemma 11.

Proof: We repeat the proof of Lemma 12 for the invariant or the Jacobi multiplier (26). [
Proof of Theorem 1: The proof of Theorem 1 follows directly by Lemmas 12 and 13. O
V. PROOF OF THEOREM 2

We denote by Cr]n—l(U ,F)[x,y] the vector subspace of C'(U,F)[x,y] formed by the polynomi-
als in the variables x and y of degree at most m—1 and coefficients in C'(U,F). We note that
dimei(y ) Co_y (U, F)[x,y]=m(m+1)/2. Let K=K(x,y,t)=2ﬁ;iok,~j(t)xiyj eC (U, M[x,y]. We
consider the isomorphism

Coror(U.F) [, y] — C (U)o
given by

K — (koo(1),k10(1) ko1 (2), .. oKy 0(8) Ky 1 (8), - iK1 (1))

i.e., we identify the linear vector spaces C!,_,(U,F)[x,y] and C'(U,[F)""+D72,

Lemma 14: Assume that K, ... K, e C'(U,F)[x,y]\{0}.

(a)  Ifthere is (xy,yy.t) € U such that W.(xy,y9,t) # 0, then K, ... ,K, are linearly independent
over .

(b) Ifthe set{K,,...,K,} satisfies the condition W* for some s €{2,3,...,r}, then there exists a
subset of s elements linearly dependent over .

Proof: We consider ¢y, ...,c, € I such that ¢,;K;+---+c,K,=0. Then the system

C1K1+ .”+CrKV=O’

aKi+ - +c,K =0,

CIK(lr_l) + T + chir_l) = 07

is a linear system in the variables c,...,c, € I. The determinant of this linear system is
Kl cee Kr
K’ . K’
We=WIK...kl=| ' |,
-1 -1
K(lr ) ... K(rr )
where K'=0K/dt. Note that W, belongs to C'(U,F)[x,y].
If there is (xg,yo.%;) € U such that W,(xy,y¢,%) #0 then ¢;=-+-=c¢,=0 and therefore the
polynomials K, ...,K, are linearly independent over I'. So statement (a) is proved.

Since W,=0 without loss of generality we can assume that

Ki=ci(DK+ -+ ¢ (DK,

K: = Cl(t)Ki + e +CX_1([)K,

s—1°
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I SN (37 ¢ RN () (27)

Derivating the row j and using the row j+1, for j=1,...,5-2, we get

ciK + - +c._ (K, =0,

ciKj+ - +c_(0K,_, =0,

(K + kel (DK =0. (28)
Since W,_; #0, from the last linear system in the variables c{(), ... ,c/(f) we obtain that c{()
=-+-=c;_()=0. So cj(t)=c; e I for j=1,...,s—1. But from the first equation of (27) not all the
constants c; are zero. Hence statement (b) is proved. O

Proof of Theorem 2: First we prove statement (a). Clearly the function (8), namely, I
=I(x,y,1), is an invariant of system (1) if and only if X(I)=0 where X is given by (2). Then from
the equalities

p q p q
X(f; X(F;
UL S ’)+g)1=<2x,»1<i+2u,~Lj+g)1
= i=1 Jj=1

X(I)=X(f}l‘l...f;prl’“l...ngeG)=< ;
1 fi j=1 F;

=0,
the first part of statement (a) follows.
Suppose that X is a real vector field. Now if among the invariant surfaces of X a complex

conjugate pair f=0 and =0 occurs (i.e., Im f#0) then the invariant (8) has a real factor of the
form f*f*, which is the multivalued real function

Im

[(Re f)* + (Im f)?]Re? exp(— 2Im A\ arctan(—f>> ) (29)
Re f

If among the exponential factors of X a complex conjugate pair F(x,y,f)=exp(h/g) and
F(x,y,t)=exp(h/g) occurs, then (exp(h/g))*“(exp(h/g))* is a real factor of (8) of the form

ool oo

In short the function (8) is real, and the proof of statement (a) is completed.
(b) Clearly the function (8), namely, M(x,y,1), is a Jacobi multiplier of system (1) if and only
if X(M)=-div(X)M where X is given by (2). Then we have

p q
=M div(X) = X(M) = X(f}! -+ fyrF{it -+ Fhae0) = (E xﬁ% +> ,uj}ifﬁ + g)M
i=1 i J=1 J

p q
= (E )\iKi+ El ,U/]L]+g)M,
j:

i=1

the first assertion of statement (b) holds. The second assertion is similar to statement (a).
Now we assume that we are under the assumptions of statement (c). Let K be the divergence
of system (1). All polynomials (in the variables x and y) K, L;, and K belong to the vector space
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Crln_l(U,JF)[x,y] of dimension m(m+1)/2 over C'(U,F). Therefore we have p+¢+1 polynomials
K;, L;, and K in C,ln_l(U,F)[x,y]. Since from our assumptions we have p+qg+1=m(m+1)/2+1,
either K is a linear combination of the polynomials K; and L; or a linear combination of those
polynomials is zero. Hence, there exists A;, u; € C'(U,IF) not all of them zero satisfying equality
(10) in the first case, and in the second case we obtain the equality (11). Hence statement (c) is
proved.

Now we assume that we are under the assumptions of statement (d). Note that the m(m
+1)/2+1 polynomials Kl,...K,,,Ll,...,LqEC,ln_l(U,F)[x,y] must be linearly dependent over
C'(U,F), and so relation (11) holds. In particular, if property YW* holds then due to Lemma 14(b)
we have that a subset of the polynomials K, ...,K),,L,,...,L, must be linearly dependent on k.
Hence, due to statement (a) of Theorem 2 the proof of statement (d) is completed.

Statement (e) follows easily using similar arguments to statement (d). Moreover, the indepen-
dence of the two invariants is due to their construction.

Now we prove statement (f). Let N=m(m+1)/2. We denote by {v;,...,Uns}
={f],...,fp,F],...,Fq}. Let s be the dimension of the vectorial subspace of C,ln_l(U,JF)[x,y]
generated by the cofactors K, ...,Ky,3 of v,...,uy,3. Clearly s=N. Now in order to simplify
the explanation of the proof and the notation we assume that s=N and that K, ..., Ky are linearly
independent in C,ln_l(U ,)[x,y] over C!(U,F). If s<N the proof could follow using the same
arguments.

For each r € {1,2,3} there exists a vector (o7, ...,0%,1) € CX*!(U,F) such that

oK+ -+ oKy + Ky,,=0. (31)

From the definition of v; we get that K;=X(v;)/v;. Hence, relation (11) holds.
In particular, if property W* holds for the subsets {K,...,Ky,Ky,,} for r=1,2,3, then we
have that (¢, ...,a%,1) e CN*! for r=1,2,3. Hence, from (31) and statement (a) we have that

X(log(v‘lri aE v;\’,;’vNH)) =0.

This means that the functions I,=10g(vf;- . -vK,’er Nar) Tor r=1,2.3 are invariants of the vector field
X.
Since f;,g;,h; € CA(U,F)[x,y] the invariants I; € CA(W,F) for i=1,2,3. By Lemma 6 state-
ment (a) we have that there are C,,C, € C2(W,I) such that
VI3=C1V11+C2V12. (32)

We claim that C; and C, are not both constants.
If C, and C, are both constants then from relation (32) we have that

VI3 = V(Clll + Czlz),

and therefore

13 = Clll + C212+ log C3

for some constant C3. Hence

3 3 1 1 2 2
a g, g g, g (o8
log(v]1- - vMUNs3) = Cp log(v]! - - v MUNL ) + Co log(v]! -+ VMU N,,) +log C, (33)
and so
3 3 1 1
1. yON — Croy...,,Cion,Cy
vyt oo = Gy Un "Uniis
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But from this relation we have that vy,3; depends on vy, ...,Uy,Un.1,Uns2 Which is a contradiction
with the assumptions of Theorem 2. Hence, at least one of C; and C, is not a constant. Without
loss of generality we may assume that C| is not a constant. Then, from Lemma 6 statement (b) we
have that C| is also an invariant of system (1). Now, solving the linear system (32) we obtain that

I3x 12x

and using the expressions /,=log(v{' - -vMvy,,) for r=1,2,3 we get that C, is a rational function.
This completes the proof of statement (f).

Statement (g) follows in a similar way to the previous statements. In short, the proof of
Theorem 2 is done. (]

VI. EXAMPLES

Here we present some illustrative examples.
Example 1: We consider the linear system

X=x+sint, y=x+A(r), (34)

where A € C'(U,F). We are interested in finding the possible invariant surfaces of degree 1 of the
form f=f,o(t)x+fo,(£)y+foo(t) with cofactor K=kgy(1) where fi.f10-fo1-koo € C'(U,F). Note that
relation Pf+Qf,+f,—Kf=0 yields to the following differential system:

Jor—koafor1 =0,
Fro+fro+ for = keaf10=0,

foo + fio sin 7+ f1A — koofoo = 0,

with general solution

foi(£) = CelK000dr

Fro(t) == Cyelkoo0dt 4 0, o I=1+K00(0)d1

e—t

foolt) = 7(— 2C5 cos te'+ C, cos t+ C, sin  — 2C3<f A(t)dt) e'+ 2C1e’>efk00(’)d’.
In particular system (34) has the two invariant surfaces,

CoS t+8in ¢

f1:—x+y—cost—fA(t)dt, f2=x+T+e’,

with cofactors K;=0 and K,=1. So, since K;=0 it follows that f; is an invariant. Note that system
(34) has divergence equal to div=1=K, and so due to Theorem 2 statement (b) we obtain the
Jacobi multiplier
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1 2
M=—= , .
f>» 2x+cost+sint+2e

Additionally, for g,=—1 we have that K,+g,=0 and so according to Theorem 2 statement (a)
system (34) has a second invariant

cos t+sin ¢
L=fre= <x + 5 + et>e_t.

Remark 15: In general, for the vector field (2) of degree m having an invariant surface f
=0 of degree k in the variables x and y, with cofactor K, the relation Pf+Qf,+f,—Kf=0 ylelds
to a system of (m+k ) differential equations of first order with ( ) variables and with ( ) free
coefficients coming from the cofactor K.

Example 2: We consider the differential system

2
X -1
x=t—§+x2+y2—1, y=r (35)

for t#0 and let f,=x*>+y>—1, f,=y—1, and f;=y+1. Note that system (35) has the three algebraic
surfaces f1=0, f,=0, and f;=0 invariants with cofactors K;=2x+2y/f*, K,=(y+1)/#>, and K;
=(y—1)/1*, respectively. Let g;=—3/¢*> and G,=3/t. Direct computation shows that

—K] +K2—2K3+diV(X)+g] =0.

So according to Theorem 2 statement (b) system (35) has the Jacobi multiplier

S, (y- e

AR P =D+ DY
Additionally, for g,=2/#> and G,=-2/t note that

Ky-K,+g,=0,

and therefore by Theorem 2 statement (a) system (35) admits the invariant

f3 G2 (y + 1)6‘
fz -1
Note that /,=—2¢7*"/(y—1)?. Hence on the level set I(x,y,)=C we have that y=(C+e™>")/(C

—e Y =F(x,t;C). If we restrict system (35) on the surface /(x,y,#)=C we obtain a planar differ-
ential system in the variables x and ¢ (in general is not polynomial),

I(x,y,1) =

—xe M+ CPx + X = 20X e + O + ACHPe ™!
(C _ 6—2/1)2t2 ’

X=

i=1.

According to Proposition 8 statement (b) this system is integrable because it has the integrating
factor

M _ e—l/t(c_ e—2/t)

Iy | yererc) T (e - 20K Y+ CPxP 4 4CeTY)

R=

Example 3: We consider the differential system
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x=x, y=—t+y%. (36)

System (36) has the invariant surfaces f;=x, f,=y Airy Ai(r)+Airy Ai(l,7) and f3
=y Airy Bi(¢) +Airy Bi(1,#) with cofactors K;=1, K,=y, and K3=y respectively. Here, Airy Ai
and Airy Bi are the Airy functions Ai and Bi, see for more details Ref. 1. System (36) has
divergence equal to 2y+1. We note that

—KI—KZ—K3+diV=O,

and so by Theorem 2 statement (b) system (36) admits the Jacobi multiplier

1 1
M= e 7= X Airy Ai(r) + Airy Ai(L0)(y Airy Bi(7) + Airy Bi(L1)”

Additionally, since

K, +1=0, K,-K;=0,

from Theorem 2 statement (a) we have that system (36) admits the two invariants

e e f> y Airy Ai(z) + Airy Ai(1,7)
Ii=—=— and L="= B 3 B ; .
fi ox f3 ¥ Airy Bi(r) + Airy Bi(1,7)

Therefore, system (36) is a completely integrable system.
Example 4: For t# 0 we consider the differential system

. . v
X=x", y=—t+7. (37)

System (37) has the four invariant surfaces f,=x, fo=tx+1, f3=y Bessel K(0,—1)+Bessel K(1,
—1)t, and f,=y Bessel 1(0,7)+Bessel I(1,¢)r. The functions Bessel I and Bessel K are the modified
Bessel functions of the first and second kinds, see Ref. 1. The invariant surfaces have cofactors
K,=K,=x and K3=K,=y/t, respectively. Hence, by Theorem 2 statement (a) system (37) has the
two invariants

tx+1
Il=é= N

fi X

_Js v Bessel 1(0,1) + Bessel I(1,#)t
" f;  yBessel K(0,— 1) +Bessel K(1,— )¢’

I
Note that system (37) has divergence equal to 2x+2y/t and we have

—2K1—2K3+diV:0,
—Kl—Kz—K3—K4+diV:0,

—KI—K2—2K3+diV:O,

Hence by Theorem 2 statement (b) system (37) admits the Jacobi multipliers

1 1 1
Mi=—=5, My=—"— My=—7,....
fif5 Sifofsfa fifaf3
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Example 5: The one-parametric family

xX=x’, )}=—2+y, (38)

with a € I has the invariant surfaces f,=x, f,=a—2e'y, and f;=2tx>+1 with cofactors K,;=x?,

2
K,=2, and K5=2x>. Additionally, system (38) has the exponential factor F,=e'*
L,=-2. We note that

with cofactor

K3—2K1=0, K2+L2=O,

and so by Theorem 2 statement (a) we can construct the two independent invariants

fi 2t +1 2
= ]7; == L= f>F = (a—2e'y)e’.
1

Additionally, since the divergence of system (38) is div=3x>+1 we have

I

—K - K3+ 3L+div=0, -3K,-1K,+div=0,

and therefore system (38) admits the Jacobi multipliers

12
\:el/x

_ Fl/z _
M, = fifs T x(e+1)°

1 1
M2 = = .
f ?f ;/2 xVa —2e'y
Example 6: The system
x=(ey+0x, y=(y+ay, (39)

has the algebraic surfaces f;=y and f,=y+a invariants with cofactors K;=y+a and K,=y. Addi-
tionally, it has the two exponential factors F 1=e"_m/y+“ and F,=¢"*“* " with cofactors L;=—¢™* and
Ly=e"xy+1x—sin t, respectively. System (39) has divergence div=(e“+2)y+t+a. According to
Theorem 2 statement (d) the cofactors K, K,, L;, and L, are linearly dependent over C*(U,F). In
particular, they are linearly dependent over C: take A;=—1, A\,=1, and u;=u,=0. Then we have

MK+ MKy + Ly + oLy + 81 =0,

with g;=a and so system (39) has the invariant

(y +a)e™
I(x,y,t) = ——.

Note that the cofactors K,, L;, and L, and the div are linearly dependent over CZ(U ,I"). Thus, for
Ny==2—-e, u,=te’+ae, and u,=0 we have

)\2[(2 + :“ILI + Msz +div=0.
Since W[K,,L,,L,,div] #0 these four polynomials are independent over I, see Lemma 14 state-
ment (a).
VII. THE HIGGS SYSTEM

In Ref. 5 the study of the black holes in the Higgs field is reduced to the study of differential
polynomial Lotka—Volterra systems,
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i=x(y-1), y=y(l+y-22"-2), i=yz. (40)

The flow of system (40) has been studied in Ref. 2 where the @ and the w limit set of the orbits
of the system are described. Note that system (40) is an autonomous system and that H
=H(x,y,f)=e'x/z is an invariant of system (40) because

. 0H 0H JH OH
H=x—+y—+zi—+—=0.
ox ay dz  dt
We consider the level sets H=h or equivalently for every & we consider the surfaces e'x/z=h.
Then on every such surface system (40) can be written into the form

2
e
x=x(y-1), y=y{—<ﬁ+2)x2+y+l] (41)
System (41) is a nonautonomous system of the form (1) and it has the two invariant surfaces f
=x and f,=y with cofactors K;=y—1 and K,=—(e*/h*+2)x*+y+1, respectively. Additionally, it
has the following exponential factors:

21/77,2 2
Fl =e(e /2h"+1)x +y+1’ Ll — —2x2+y2+y,

2t1,2 2 "
F2= g(e /2h"+1)x +x+)f, L2=—2x2+y2+xy—x+y,

~ (e +2h%)(e7"=1)

—t_ V1Tt
Fy=ell=hten 1= 2!

Xy,

2h% + &

t
F4 — e—y+1/e X L4 —
’ he!

Xy,

and

FS — e(1+e[x+2y+teth2+y2—e_2’v2+e’xy)/x

262t

i}

I R VT D P S, TN, TR VI |
Fﬁze[ex +(e e )y (e e Nxy]/x e(e x+e > ly)/x ,

with cofactors

(2 =272 + 4h%e™? — 4e™4h?)y? . (e' +2e7h?)xy + (4h%e™ ¥ +2)y — h?

L5 = h2 h2 s

Qe =2e7 2 —de ™R + 4e3R)y - WP’ (1+e' +2e72h> + 2h%e )xy — (e +2¢73h?)y
L6 = - h2 + h2 .
Moreover system (41) has divergence equal to div=—(e*/h*+2)x*>+3y. We note that

—2K1—K2+div+g=0,
with g(#)=—1. So system (41) has the Jacobi multiplier

e—t
)C2y '

M=
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System (41) has degree m=3. Therefore, according to Theorem 2 statement (d) the set §
={K,,K,,L,,Ls,Ly,Ls,Lg} is linearly dependent over C>(U,F). We note that condition W* does
not hold for S because the Wronskian of all the elements of S is nonzero (see Lemma 14).
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