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SUMMARY

Key Words: CAT(« ) Space, Fixed Point, Iterative Process, Strong Convergence, A-
Convergence, Hyperbolic Space.

This thesis consists of seven chapters. In the first chapter, some basic definitions and
theorems are given. In the second chapter, some fundamental definitions and
theorems related to the concepts of CAT( k) space and hyperbolic space, are given.

In the first part of the third chapter, the strong and A-convergence of the SP-iteration
process are studied for nonexpansive mappings in a CAT(0) space. In the second part
of this chapter, the strong and A-convergence of an iteration process for
approximating a common fixed point of nonexpansive mappings are proved in a
uniformly convex hyperbolic space.

In the first part of the fourth chapter, the strong and A-convergence of the S-iteration
process are proved for mappings satisfying condition (C) in a CAT(0) space. In the
second part of this chapter, the strong and A-convergence of the new three-step
iteration process are examined for mappings of this type in a CAT(0) space. In the
last part of it, some results on the strong and A-convergence of the S-iteration and the
Noor iteration processes are given for nonself mappings in a CAT(0) space.

In the first part of the fifth chapter, the strong and A-convergence of some iteration
process are proved for k -strictly pseudo-contractive mappings in a CAT(0) space. In
the second part of this chapter, a new class of mappings is introduced and the A-
convergence of the new multi-step iteration and the S-iteration processes are
examined for mappings of this type in a CAT(0) space. Also some results on the
strong convergence of these iteration processes are obtained for contractive-like
mappings in a CAT(0) space. In the last part of it, the strong convergence of the
modified S-iteration process is studied for asymptotically quasi-nonexpansive
mappings in a CAT(0) space.

In the first part of the sixth chapter, the strong and A-convergence theorems of the
modified S-iteration and the modified two-step iteration processes are given for total
asymptotically nonexpansive mappings in a CAT(0) space. In the last part of it, some
results on the strong and A-convergence of the modified SP-iteration process are
obtained for total asymptotically nonexpansive mappings in hyperbolic spaces.

In the last section of this thesis, the main results, which were obtained, are
summarized.

vii



CAT(x) VE HIPERBOLIK UZAYLARDA SABIT NOKTALARA
ILISKIN BAZI A-YAKINSAMA VE KUVVETLI YAKINSAMA
TEOREMLERI

OZET

Anahtar Kelimeler: CAT(x) Uzayi, Sabit Nokta, Iterasyon Yontemi, Kuvvetli
Yakinsama, A-Yakinsama, Hiperbolik Uzay.

Bu tez calismasi yedi boliimden olugmaktadir. Birinci boliimde, bazi temel tanim ve
teoremler verildi. Ikinci boliimde ise, CAT( k) uzay1 ve hiperbolik uzay kavramlari
ile ilgili baz1 temel tanim ve teoremler verildi.

Ucgiincii béliimiin ilk kisminda, CAT(0) uzayinda genislemeyen déniisiimler icin SP-
iterasyon yonteminin kuvvetli ve A-yakinsamasi calisildi. Ayn1 bolimiin ikinci
kisminda ise, diizgliin konveks hiperbolik uzayda bir iterasyon yoOnteminin
genislemeyen dontisiimlerin ortak sabit noktasina kuvvetli ve A-yakinsamasi
ispatlandu.

Dordiincii boliimiin ilk kisminda, CAT(0) uzayinda (C) sartin1 saglayan doniisiimler
icin S-iterasyon yonteminin kuvvetli ve A-yakinsamasi ispatlandi. Ayni bolimiin
ikinci kisminda, CAT(0) uzayinda yine bu doniisiimler i¢in ti¢c adimli bir iterasyon
yonteminin kuvvetli ve A-yakinsamasi incelendi. Son kisminda ise, yine CAT(0)
uzaymnda kendi iizerine olmayan doniisiimler icin S-iterasyon ve Noor iterasyon
yonteminin kuvvetli ve A-yakinsamasi iizerine bazi sonuglar verildi.

Besinci boliimiin ilk kisminda CAT(0) uzayinda k-strictly pseudo contractive
dontistimler icin bazi iterasyon yontemlerinin kuvvetli ve A-yakinsamasi ispatlandi.
Ayn1 boliimiin ikinci kisminda, yeni bir donilisim smifi tanimlandi ve CAT(0)
uzayinda bu doniisiim sinifi i¢in ¢ok adimli bir iterasyon ve S-iterasyon yonteminin
A-yakinsamasi incelendi. Ayni zamanda CAT(0) uzayinda contractive-like
doniistimler i¢cin bu iterasyon yontemlerinin kuvvetli yakinsamasi iizerine bazi
sonuclar elde edildi. Son kisminda ise, CAT(0) uzayinda asimptotik quasi
genislemeyen doniigsiimler icin modified S-iterasyon yonteminin kuvvetli
yakinsamasi caligildi.

Altinct bolimiin ilk kisminda, CAT(0) uzayinda total asimptotik genislemeyen
doniistimler i¢in modified S-iterasyon ve modified iki adimli iterasyon yontemlerinin
kuvvetli ve A-yakinsama teoremleri verildi. Son kisminda ise, hiperbolik uzayda
total asimptotik genislemeyen doniisiimler i¢cin modified SP-iterasyon yonteminin
kuvvetli ve A-yakinsamasi {izerine bazi sonuglar elde edildi.

Son boliimde ise elde edilen temel sonuglar 6zetlendi.

viii



CHAPTER 1. INTRODUCTION

In this section; review of the literature, some definitions and preliminaries, which are

necessary throughout this thesis, are given.
1.1. Basic Facts and Definitions

Definition 1.1.1. [1] A metric space is a pair (X,d), consisting of a nonempty set X
and a metric function d:XxX —R such that, for all x,y,z in X, the following

conditions hold,
(M1) d(x,y)=0 ifand only if x=,

(M2) d(x,y)=d(y,x),

(M3) d(x,z)<d(x,y)+d(y,z).

Example 1.1.2. [2] Let X =R, the set of all real numbers. For x,ye X, define
d(x,y)=|x—)|. Then (X,d) is a metric space. This is called the metric space R

with the usual absolute metric.

Example 1.1.3. [3] The metric space R?, called the Euclidean plane, is obtained if

we take the set of ordered pairs of real numbers, written x=(x,,x,), y=(3,,),) and

the Euclidean metric defined by d(x,y)= \/ (=) +(x,—y,)" .

Definition 1.1.4. [1] Let (X,d) be a metric space. A sequence x={x,} is called a
convergent sequence (with limit /) if for every & >0, there exists N =N(&) such

that d(x ,/)<e, forall n=N.We write x, >/ (n—>) or lim__ x, =/.



Definition 1.1.5. [1] Let (X,d) be a metric space. A sequence x={x } is called a
Cauchy sequence if d(x,x, )—0(mm—>x), ie., for all £>0, there exists

N =N(¢) such that d(x ,x,)<¢& forall nm>N.

Remark 1.1.6. [1] A convergent sequence in a metric space has a unique limit. Every
convergent sequence is also a Cauchy sequence, but not conversely, in general. If a
Cauchy sequence has a convergent subsequence then the whole sequence is

convergent.

Definition 1.1.7. [1] A metric space (X,d) is called complete if every Cauchy
sequence is convergent (to a point of X). Explicitlyy, we require that if

d(x,,x,)—>0 (n,m—0), then there exists x € X such that d(x,,x) >0 (n—00).

Example 1.1.8. [1] The set of real numbers R with the usual metric forms a

complete metric space.

Definition 1.1.9. [1] Let (X,d) and (Y, p) be metric spaces. Then 7: X —Y is
called continuous at x, € X if for every &>0, there exists 0 =0(&,x,) >0 such that
d(x,x,) <0 implies p(T(x),T(x,)) <&. The mapping 7T is called continuous on X

if it is continuous at each point of X .

Definition 1.1.10. [4] Let 7 be a mapping from a metric space (X,d) into another
metric space (¥, p). Then T is said to be uniformly continuous on X if for given
>0, there exists 0 =0(¢)>0 such that p(T(x),7(y)) <& whenever d(x,y) <0
forall x,yeX.

Definition 1.1.11. [1] A linear space over a field [, is a nonempty set X with two

operations:

+:XxX—>X cFx X > X
(x,y)>x+y (A,x) > Ax



such that for all A, €T and elements (vectors) X, ),z € X we have

D) x+y=y+x,
(i) x+(y+z2)=(x+y)+z,
(iii)  there exists @ € X such that x+0=0+x=x,
(iv)  there exists (—x) € X such that x+(—x)=(—x)+x=6,
(v) 1l-x=x,
vi)  Ax+y)=Ax+Ay,
(vii)  (A+p)x=Ax+ ux,
(viii)  (Au)x=A(ux).

If F=R, X is called real linear space and if F = C, X is called complex linear

space.

Definition 1.1.12. [1] Let X be a (real and complex) linear space. The function

I|: X >R

x =]

satisfies the following conditions for all x,y€ X and A €T,

i) |r=0=x=0,
i) A =[x

3

(i) e <+

Then, the function ||| is called a norm, the pair of (X AN ) is also called a normed

linear space.

Example 1.1.13. [1] ([a,b] is a normed space with |x| = max |x(¢)| for ¢ €[a,b].



Definition 1.1.14. [1] A Banach space X is a complete normed linear space.

Completeness means that if

x, —X,|| >0 (m,n—o0) where x, € X, then there

exists x € X such that |x, —x| >0 (n—>00).

Example 1.1.15. [1] R,C, (,.,(, (p=1), ¢, ¢, andCla,b] are Banach spaces.

Definition 1.1.16. [4] Let X be a linear space over field C. An inner product on X

is a function (.,.) : X x X — C with the following three properties:

(i) (xx)>0 forall xe X and (x,x)=0 if and only if x = 6;

(i)  (x,y)=(y,x) , where the bar denotes complex conjugation;

(i) (ax+pBy,z)=a(x,z)+p(y,z) forall x,y,z€ X and o, BC.

The ordered pair (X ,<.,.>) is called an inner product space. Sometimes, it is called a

pre-Hilbert space. <x, y> is called inner product of two elements x, y € X.

Remark 1.1.17. [1] Each inner product space is a normed linear space under

RN

Definition 1.1.18. [1] A Hilbert space H is a complete inner product space, i.e., a

Banach space whose norm is generated by an inner product.

Example 1.1.19. [3] The n-dimensional Euclidean space R" is a Hilbert space with
inner product defined by

(X, V) =X+ X0, +. 4 X0,

where x=(x,,X,,...,x,) and y=(, 55, 1,)-



1.2. Some Basic Notations of Fixed Point Theory

Definition 1.2.1. [5] Let X be a nonempty set and 7: X — X be a self mapping.
We say that x € X is a fixed point of 7" if T(x)=x and the set of all fixed points of

T is denoted by F(T).

Example 1.2.2. [5]

(i) If X=R and T(x)=x"+5x+4, then F(T)={-2};
(i) If X=R and T(x)=x"—x, then F(T)=1{0,2};
(iii) If X=R and T(x)=x+2, then F(TI)=J;

(iv) If X=R and T(x)=x, then F(T)=R.

Definition 1.2.3. [5] Let X be any nonempty set and 7": X — X be a self mapping.

For any given xe€X, we define 7"(x) inductively by 7°(x)=x and

T (x)=T(T"(x)); we call T"(x) the n” iteration of x under 7. In order to

simplify the notations we will often use 7Tx instead of 7(x).

Definition 1.2.4. [5] The mapping 7" (n>1) is called the n” iteration of 7 . For any
X, € X, the sequence {x,} ., X givenby x =Tx , =T"x,, n=1,2,... is called the
sequence of successive approximations with the initial value x,. It is also known as

the Picard iteration starting at X, .

For a given self mapping the following properties obviously hold:

(1) F(T)c F(T"), foreach neN;
(i) F(T")={x}, forsome neN = F(T)={x}.

The inverse of (ii) is not true, in general, as shown by the next example.



Example 1.2.5. [5] Let 7:{1,2,3} —>{1,2,3}, T(1)=3, T(2)=2 and 7(3)=1. Then
F(T*)=1{1,2,3} but F(T)={2}.

Definition 1.2.6. [5] Let (X,d) be a metric space. A mapping 7: X — X is called

(i)  Lipschitzian (or L -Lipschitzian) if there exists a constant L >0 such that
d(Tx,Ty)< Ld(x,y), forall x,y € X;
(ii)  (strict) contraction (or a-contraction) if T is a -Lipschitzian, with a €[0,1);
(iii)  nonexpansive if T is 1-Lipschitzian;

(iv)  contractive if d(Tx,Ty)<d(x,y), forall x,y e X, x # y.

Remark 1.2.7. The class of contractive mappings includes contraction mappings,
whereas the class of nonexpansive mappings is larger than contractive mappings.

Moreover, each nonexpansive mapping is a Lipschitzian mapping.

Remark 1.2.8. [4] If T is a Lipschitzian mapping, then 7 1is a uniformly

continuous.

Definition 1.2.9. [4] Let (X,d) be a metric space. A mapping 7: X — X is called
(i)  quasi-nonexpansive if F(T)#=J and d(Tx,p)<d(x,p) for all xe X and
peF(D);
(i)  asymptotically nonexpansive if there exists a sequence {k } —[l,00) with
lim & =1 suchthat d(T"x,7"y) <k d(x,y) forall x,yeX and neN,;
(i)  uniformly L-Lipschitzian if there exists a constant L>0 such that

d(T"x,T"y)<Ld(x,y) forall x,yeK and neN.

Remark 1.2.10. [4] The class of quasi-nonexpansive mappings and asymptotically
nonexpansive mappings includes nonexpansive mappings. Moreover, each
asymptotically nonexpansive mapping is a uniformly L-Lipschitzian mapping with

L = SupneN{kn} .



Definition 1.2.11. [6] Let (X,d) be a metric space. A mapping 7: X — X is called
asymptotically quasi nonexpansive if there exists a sequence {u, }<[0,00) with
lim, ,_ u, =0 and such that

d(T"x,p) <(1+u,)d(x, p)
forall xe X and pe F(T)# Q.

Remark 1.2.12. [6] The class of asymptotically quasi-nonexpansive mappings is
larger than that of quasi-nonexpansive mappings and asymptotically nonexpansive

mappings.

Definition 1.2.13. ([7, Definition 2.1]) Let (X,d) be a metric space. A mapping

T:X —>X is called total asymptotically nonexpansive if there exist non-negative

real sequences {x }, {v,} with g —0,v, >0 (nm—>0) and a strictly increasing

continous function ¢ :[0,00) —[0,0) with £(0)=0 such that

d(T"x,T"y) <d(x, ) +v,6(d(x, ) + 4,

forall x,ye X and neN.

Remark 1.2.14. [7] Each asymptotically nonexpansive mapping is a total
asymptotically nonexpansive mapping with v, =k —1, u =0, VneN, {(¢)=t,
Vt>0.

Definition 1.2.15. [8] Let (X,d) be a metric space. A mapping 7: X — X is said to

satisfy condition (C) if
%d (x,Tx) <d(x,y) implies d(Tx,Ty) < d(x, y),

forall x,yeX.

Remark 1.2.16. [8]

(1)  Every nonexpansive mapping satisfies condition (C).



(i)  Assume that a mapping 7 satisfies condition (C) and has a fixed point. Then
T is a quasi-nonexpansive mapping.
Eaxmple 1.2.17. [8] Define a mapping 7' on [0,3] by

0 ifx#3
X=1 .
1 ifx=3.

Then T satisfies condition (C), but 7' is not nonexpansive.

Eaxmple 1.2.18. [8] Define a mapping 7' on [0,3] by

T — 0 %fx;t?)
2 ifx=3.

Then F(T)#Q and T is quasi-nonexpansive, but 7' does not satisfy condition (C).

Definition 1.2.19. [9] Let K be a nonempty subset of a metric space (X,d). A
mapping 7': K — K is said to be demi-compact if for any bounded sequence {x,} in

K such that lim,__ d(x,,7(x,))=0 there exists a subsequence {xnk} of {x,} such

that lim, x, ~pekK.

Definition 1.2.20. [10] Let K be a nonempty subset of a metric space (X,d). A

mapping 7: K — K is said to satisfy condition (I) if there exists a non-decreasing

function f:[0,00) —[0,00) with f(0)=0 and f(r)>0 for all » €(0,00) such that

d(x,T(x))> f(d(x,F(T))) forall xek.

Remark 1.2.21. It is clear that the condition (I) is weaker than both the compactness

of K and the demi-compactness of the nonexpansive mapping T.

Definition 1.2.22. [11] A sequence {x,} in a metric space (X,d) is said to be Fejér
monotone with respect to K (a subset of X)) if d(x,,,,p)<d(x,,p) forall peK
and neN.



Lemma 1.2.23. [11] Let K be a nonempty closed subset of a complete metric space

(X,d) and let {x } be Fejér monotone with respect to K. Then {x, } converges

strongly to some p €K ifand only if im,,_ d(x, ,K)=0.

1.3. Some Iteration Processes

Definition 1.3.1. [5] Let (X,d) be a metric space, K be a closed subset of X and
T:K—K be a self mapping. For a given x, € X, the Picard iteration is the
sequence {x, } defined by

x,=T(x,))=T"(x), neN. (1.3.1)

The sequence defined by (1.3.1) is known as the sequence of successive

approximations.

When the contractive conditions are slightly weaker, then the Picard iterations
doesn’t need to converge to a fixed point of the operator 7', and some other iteration
procedures must be considered.

Example 1.3.2. [5] Let K=[0,1] and 7:[0,1]—>[0,1], 7x=1—x for all x<[0,1].

Then T is nonexpansive, T has a unique fixed point, F(T ):{%}, but, for any

xoza;tz, the Picard iteration (1.3.1) yields an oscillatory sequence

) . . 1
a, 1—a, a, 1—a, .... Since this sequence is not convergent for aiz, then the

Picard iteration (1.3.1) no longer converge to a fixed point of 7.

Definition 1.3.3. [12] Let (X,d) be a metric space, K be a nonempty convex subset
of Xand T:K — K be a self mapping. Let {&, } be a sequence of real numbers in

[0,1]. For an arbitrary x, € K, define a sequence {x,} in K by

xn+l = (1_an)xn +CZnTxn9 n EN‘ (1.3.2)
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Then {x } is called the Mann iteration.

Example 1.3.4. [5] Let Kz{%,Z} and 7:K > K, Tx=l, for all x e K. Then the
X

Mann iteration (1.3.2) converges to the unique fixed point of 7.

Definition 1.3.5. [13] Let K be a nonempty convex subset of a metric space (X,d)
and 7:K —K be a self mapping. Let {¢,} and {£ } be two sequences of real

numbers in [0,1]. For an arbitrary x, € K, define a sequence {x, } in K by

{xnﬂ = (l_an)xn +anTyn7 (1 3 3)

Y, =(=F)x, +f,Tx,, neN.

Then {x } is called the Ishikawa iteration.

Remark 1.3.6. [5] Despite this apparent similarity and the fact that, for S =0, the

Ishikawa iteration (1.3.3) is reduced to the Mann iteration, there is not a general
dependence between convergence results for the Mann iteration and the Ishikawa

iteration.

Definition 1.3.7. [14] Let K be a nonempty convex subset of a metric space (X,d)
and 7:K — K be a self mapping. The Noor iteration, starting from x, €K, is a

sequence {x,} in K defined by

xn+1 :(l_an)xn +anTyn’
yn :(l_ﬁn)xn +IBnTZn’ (1'3'4)
Zn :(l_yn)xn +7/nT'xn’ n EN’

where {&,}, {£5,} and {y, } are three sequences of real numbers in [0,1].
Remark 1.3.8. If we take y, =0 for all neN, (1.3.4) is reduced to the Ishikawa

iteration and we take S =y, =0 for all neN, (1.3.4) is reduced to the Mann

iteration.
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Definition 1.3.9. [15] For a convex subset K of a metric space (X,d) and a self
mapping 7' on K, the iterative sequence {xn} of the S-iteration process is generated

from x; € K and is defined by

(1.3.5)

xn+1 :(l_an)Txn +anTyn
yn = (l_ﬂn)xn +ﬂnTxn’ n EN’

where {¢,} and {f } are sequences in [0, 1].

Remark 1.3.10. [15] The S-iteration process (1.3.5) is independent of the Mann and
Ishikawa iteration processes. The rate of convergence of S-iteration process is similar
to the Picard iteration process, but faster than the Mann iteration process for

contraction mappings.

Definition 1.3.11. [16] Let K be a nonempty convex subset of a metric space (X, d)
and 7:K —K be a self mapping. Let {¢, } and {f} be two sequences of real

numbers in [0,1]. For an arbitrary x, € K, define a sequence {x } in K by

xn+1 :(l_an)yiz+anTyn9
yn :(l_ﬁn)xn +ﬁnTxn’ nEN.

Then {x } is called the new two-step iteration.

(1.3.6)

Remark 1.3.12. If we take 8, =0 for all n €N, the new two-step iteration (1.3.6) is

reduced to the Mann iteration.

Definition 1.3.13. [17] Let K be a nonempty convex subset of a metric space (X,d)
and 7: K — K be a self mapping. Define a sequence {x, } in K by
xn+1 = (1 _an)yn +anTyn’
yn :(l_ﬂn)zn_'_ﬂnTZn’ (1-3.7)
Zn :(l_yn)xn +7/nTxn’ n EN’
where x, €K, {«,}, {f,} and {y,} are sequences in [0,1]. Then {x } is called the

SP-iteration.
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Remark 1.3.14. [17] The Mann, Ishikawa, Noor and SP-iterations are equivalent and
the SP-iteration converges better than the others for the class of continuous and non-
decreasing functions. Clearly, the new two-step and Mann iterations are special cases

of the SP-iteration.



CHAPTER 2. THE CAT(x) SPACE AND THE HYPERBOLIC
SPACE

In this section; some fundamental definitions and lemmas related to the concepts of

CAT(« ) space and hyperbolic space, are given.

2.1. The CAT(«x) Space

The terminology “CAT(x)” was coined by Gromov [18]. The initials are in honor of
E. Cartan, A. D. Alexanderov and V. A. Toponogov whom considered similar

conditions in varying degrees of generality.

Definition 2.1.1. [19] Let (X,d) be a metric space. A geodesic path joining x € X
to ye X (or, more briefly, a geodesic from x to y) is a map ¢ from a closed
interval [0,/]cR to X such that ¢(0)=x, c(/)=y and d(c(¢),c(t")=|t—t'| for
all £,t'€[0,/] (in particular, /=d(x,y)). The image of ¢ is called a geodesic

segment with endpoints x and y. When it is unique, this geodesic is denoted by

[x,v].
_c
/ N
D)=y
*—o
0 / c(0)=x

Figure 2.1. The geodesic segment

Definition 2.1.2. [19] The space (X,d) is said to be a geodesic metric space (or,

more briefly, a geodesic space) if every two points of X are joined by a geodesic,
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and X is said to be a uniquely geodesic space if there is exactly one geodesic joining

x to y forall x,yeX.

Definition 2.1.3. [19] Given » >0, a metric space (X,d) is said to be r-geodesic if
for every pair of points x, y € X with d(x,y)<r, there is a geodesic joining x to y

and X is said to be a r-uniquely geodesic if there is a unique geodesic segment

joining each such pair of points x and y.

Definition 2.1.4. [19] Let (X, d) be a geodesic space. A subset Y of X is said to be

convex if Y includes every geodesic segment joining any two of its points.

Definition 2.1.5. [19] Given a real number «, let M denote the following metric

Spaces:

(i) if k=0 then M is the Euclidean plane R?;
(i)  if <O then M? is the real hyperbolic space H* with the metric scaled by a
factor of 1/ J=x;
(iii)  if £>0 then M is the 2-dimensional sphere S with the metric scaled by a

factor of 1/ Jr.

Definition 2.1.6. [19] The diameter of M is denoted by

Vs
— k>0,

D.=<«x

+0  x<0.

Definition 2.1.7. [19] A geodesic triangle A(x,),z) in a geodesic metric space
(X,d) consists of three points x,y,z€eX and three geodesic segments

[x,v], [v,z], [z,x]. A comparison triangle of A(x,y,z) is a geodesic triangle
A(x,v,2)=A(x,y,z) in M’ with vertices x, ¥, z such that d(x,y)=d(x,y),

d(y,z)=d(y,z)and d(z,x)=d(z,x). The point ]_9 € [)_c, )_/] is called a comparison
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point in A for pelx,y] if d(x, p)=d(x, p). Comprasion points on [y,z] and [z,x]

are defined similarly.

Remark 2.1.8. [19] If k<0 then such a A always exists; if x> 0then it exists

provided the perimeter d(x,y)+d(y,z)+d(z,x) of A is less than 2D _; in both

cases it is unique up to isometry of M.

Definition 2.1.9. [19] Let X be a geodesic space and let x be a real number. Let A
be a geodesic triangle in X with perimeter less than 2D_. Let A in M? be a
comparison triangle for A. Then X is said to satisfy the CAT( x) inequality if for all

p,q €A and all comparison points p,g €A,

d(p,q) <d(p,q).
Y y
JAN
p P
N
q Tz ;C - z
X q

Figure 2.2. The CAT( x ) inequality

Definition 2.1.10. [19]

(iv) If k<0, then X is called a CAT(x ) space (more briefly, “ X is CAT(x)”)
if X is a geodesic space all of whose geodesic triangles satisfy the CAT(x)
inequality.

(v) If >0, then X is called a CAT(x) space if X is D_-geodesic and all

geodesic triangle in X' with perimeter less than 2D_ satisfy the CAT(x)

inequality.
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Example 2.1.11. It is well known that any complete, simply connected Riemannian
manifold having non-positive sectional curvature is a CAT(0) space. Other examples
include Pre-Hilbert spaces (see [19]), Euclidean buildings (see [20]), R -trees (see
[21]), the complex Hilbert ball with a hyperbolic metric (see [22]) and many others.

Metric spaces
Banach Spaces

Hilbert
spaces

' Hyperconvex

/ metric spaces

TN

9,

CAT (0) spaces

Figure 2.3. The relation between some spaces

Hilbert spaces (in which the CAT(0) inequality is an equality); the only Banach
spaces that are CAT(0). RR-trees; the only hyperconvex metric spaces that are

CAT(0).

Fact 2.1.12. If x,),,y, are points in a CAT(0) space and if y, is the mid-point of the

segment [, ), ], then the CAT(0) inequality implies that

1 1 1
d(xayo)2 Szd(xayly +§d(x:y2)2 _Zd(ylsyz)z-

This is the (CN) inequality of Bruhat and Tits [23]. In fact (see [19, p.163]), a
geodesic metric space is a CAT(0) space if and only if it satisfies the (CN) inequality.
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Remark 2.1.13. ([19, p.165]) It is worth mentioning that the results in a CAT(0)
space can be applied to any CAT( k) space with x <0 since any CAT( k) space is a

CAT(x") space for every x'> k.

Fact 2.1.14. ([24, Lemma 2.3]) Let X be a CAT(0) space and let x,y € X such that

x#y. Then

[x, y]={(1-0)xD1y;z €[0,1]}.

Lemma 2.1.15. ([24, Lemmas 2.4, 2.5]) Let X be a CAT(0) space. Then the

following inequalities hold:

() d((1-)x®ty,z) <(1-1)d(x,2) +1d(1, ),
(i)  d((1-H)x®ty,z)’ <(1-)d(x,2)* +1d(y,z)’ —t(1—-)d(x, y)’,

forall 7 €[0,1] and x,y,ze X .

Lemma 2.1.16. ([25, Lemma 2.7]) Let X be a complete CAT(0) space and let
x e X . Suppose that {¢ } is a sequence in [a,b] for some a,b<(0,1) and {x }, {y,}

are sequences in X such that

limsupd (x,,x)<r, limsupd(y,,x)<r, limd((1-z,)x, ®t,y,,x)=r

n—>0 n—>0

for some »>0. Then lim_ ,_ d(x,,y,)=0.

Fixed point theory in a CAT(0) space has been first studied by Kirk (see [26, 27]). He
showed that every nonexpansive mapping defined on a bounded closed convex
subset of a complete CAT(0) space always has a fixed point. Since then the fixed
point theory in a CAT(0) space has been rapidly developed and many papers have
appeared (see [23, 28-30]). It is worth mentioning that fixed point theorems in a
CAT(0) space (especially in IR -trees) can be applied to graph theory, biology and

computer science (see [21, 31-34]).

We now give the definition and collect some basic properties of the A-convergence.
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Definition 2.1.17. [35] Let {x } be a bounded sequence in a metric space X . For

xe X, we set
r(x,{x,})=lmsup, , d(x,x,).

The asymptotic radius 7({x, }) of {x, } is given by

(i, 1) =inf{r(x, {x, }) 1 x € X3,

and the asymptotic radius 7, ({x,}) of {x } with respectto K < X is given by

re({x, ) =infir(x, {x, 1) : x € K.

The asymptotic center A({x,}) of {x } is the set

A(ix, 1) =x e Xr(x{x,}) = r(ix, 1)},

and the asymptotic center A, ({x, }) of {x } with respect to K — X is the set

A (,3) = e e K (e, {x, 1) =7 (36, 1))

Proposition 2.1.18. ([35, Proposition 3.2]) Let {x } be a bounded sequence in a
complete CAT(0) space X and let K be a closed convex subset of X, then A({x,})

and A, ({x, }) are singletons.

The notion of A-convergence in a general metric space was introduced by Lim [36].
Kirk and Panyanak [37] used the concept of A-convergence introduced by Lim [36]
to prove on the CAT(0) space analogs of some Banach space results which involve
weak convergence. Further, Dhompongsa and Panyanak [24] obtained the A-
convergence theorems for the Picard, Mann and Ishikawa iterations in a CAT(0)

space.

Definition 2.1.19. ([36, 37]) A sequence {x, } in a CAT(0) space X is said to be A-
convergent to xe€X if x is the unique asymptotic center of {u } for every
subsequence {u,} of {x }.In this case, we write A—lim,___x =x and x is called

the A-limit of {x }.
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Remark 2.1.20. [37] Every CAT(0) space satisfies the Opial property, i.e., if {x } is

asequence in K and A-lim,_ x, =Xx, then for each y(#x) ek,
limsup, ., d(x,,x)<limsup, , d(x,,»).

Lemma 2.1.21. ([37, p.3690]) Every bounded sequence in a complete CAT(0) space

always has a A-convergent subsequence.

Lemma 2.1.22. ([38, Proposition 2.1]) Let K be a nonempty closed convex subset
of a complete CAT(0) space and let {x } be a bounded sequence in K. Then the

asymptotic center of {x } isin K.

Lemma 2.1.23. ([24, Lemma 2.8]) If {x } is a bounded sequence in a complete
CAT(0) space with A({x,})={x}, {u,} is a subsequence of {x } with A({u,})={u}

and the sequence {d(x,,u)} is convergent then x = 1.

Nanjaras and Panyanak [35] gave the concept of " —" convergence and a connection

between this convergence and A-convergence.

Definition 2.1.24. [35] Let C be a closed convex subset of a CAT(0) space X and
{x,} be a bounded sequence in C. Denote the notation

{x } ~woSd(w)=inf . D(x) (2.1.1)
where ®(x)=limsup, d(x,,x).

Proposition 2.1.25. ([35, Proposition 3.12]) Let C be a closed convex subset of a
CAT(0) space X and {x,} be a bounded sequence in C. Then A—lim,, x =w

implies that {x } —w.
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2.2. The Hyperbolic Space and Relation with the CAT(0) Space

Kohlenbach [39] introduced the hyperbolic spaces, defined below, which play a

significant role in many branches of mathematics.

Definition 2.2.1. A hyperbolic space (X,d,W) is a metric space (X,d) together
with a mapping W : X x X' x[0,1] > X satisfying

(W) d(z,W(x,y,A) <(1-A)d(z,x)+ Ad(z, y),

(W2) d(W(x, 9,20, W(x, 9, ) = |4 = A|d(x, ),
(W3) W(x,y,A)=W(y,x,1-1)
(W4) dW(x,z, ), W (y,w, 1)) <(1-A)d(x, y)+Ad(z,w)

forall x,y,z,we X and A, 4,4, €[0,1].

Definition 2.2.2. A subset K of a hyperbolic space X is convex if W(x,y,A)eK
forall x,ye K and A€[0,1].

Remark 2.2.3. If a space satisfies only (W1), it coincides with the convex metric
space introduced by Takahashi [40]. The concept of hyperbolic space in [39] is more
restrictive than the hyperbolic type introduced by Goebel and Kirk [41] since (W1)-
(W3) together are equivalent to (X,d,W) being a space of hyperbolic type in [41].
Also it is slightly more general than the hyperbolic space defined by Reich and
Shafrir [42].

Remark 2.2.4. The class of hyperbolic spaces in [39] contains all normed linear
spaces and convex subsets thereof, IR -trees, the Hilbert ball with the hyperbolic
metric (see [22]), Cartesian products of Hilbert balls, Hadamard manifolds and
CAT(0) spaces (see [19]), as special cases.
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Example 2.2.5. [43] Let B,, be an open unit ball in a complex Hilbert space (,(.))

with respect to the metric (also known as the Kobayashi distance)

1
kBH (X, y) = argtanh (1 - O'(X, y))2 5
where

_ A=A
G(X,y) ‘1—<x,y>‘2

forallx,yeB,.

Then (B,,,k, ,W) is a hyperbolic space where W(x,y,A) defines a unique point
HoRB,, y

(1-A)x® Ay in a unique geodesic segment [x, y] forall x,y e B,,.

Definition 2.2.6. A hyperbolic space (X,d,W) is said to be

(i)  [40] strictly convex if for any x,ye X and A€[0,1], there exists a unique
element z € X such that d (z,x) =Ad(x,y) and d(z,y)=(1-A)d(x, ),

(ii)  [44] uniformly convex if for all u,x,y€ X, r>0 and ¢ €(0,2], there exists
0€(0,1] such that d(W(x, y,%),uj <(1-9)r whenever d(x,u)<r,

d(y,u)<r and d(x,y)=¢r.
Remark 2.2.7. [30] A uniformly convex hyperbolic space is strictly convex.

Definition 2.2.8. [43] A mapping 77:(0,0)x(0,2]—(0,1], which provides such a for
given >0 and £€(0,2], is called modulus of uniform convexity. We call 7

monotone if it decreases with » (for a fixed ¢), ie, Ve>0, Vi 2=r>0,

n(ry, &) <n(r,&).

It is known that uniformly convex Banach spaces and even CAT(0) spaces enjoy the
property that “bounded sequences have unique asymptotic centers with respect to
closed convex subsets”. The following lemma is due to Leustean [45] and ensures

that this property also holds in a complete uniformly convex hyperbolic space.
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Lemma 2.2.9. ([45, Proposition 3.3]) Let (X,d,W) be a complete uniformly convex
hyperbolic space with monotone modulus of uniform convexity 77. Then every
bounded sequence {x } in X has a unique asymptotic center with respect to any

nonempty closed convex subset K of X .

Lemma 2 2.10. ([46, Lemma 2.5]) Let (X,d,W) be a uniformly convex hyperbolic
space with monotone modulus of uniform convexity 77. Let x€ X and {&,} be a

sequence in [a,b] for some a,be(0,1). If {x,} and {y,} are sequences in X such

that

limsupd (x,,x)<r, limsupd(y,,x)<r, lim,_, d(W(x,,y, a,).x)=r

n—0 n—»00

for some » >0, then lim_,_ d(x,,y, )=0.

Lemma 2.2.11. ([46, Lemma 2.6]) Let K be a nonempty closed convex subset of a

uniformly convex hyperbolic space and let {x,} be a bounded sequence in K such

that A({x })={y} and r({x,})=p. If {y,} is another sequence in K such that

hrn‘m% r(ym7{‘xn})=p9 then lirnmﬁooym Zy



CHAPTER 3. SOME CONVERGENCE RESULTS FOR
NONEXPANSIVE MAPPINGS

In this section, some strong and A-convergence theorems for nonexpansive mappings

are proved.

3.1. The Strong and A-Convergence of SP-Iteration for Nonexpansive Mappings
on CAT(0) Spaces

In this subsection, we prove the strong and A-convergence theorems of SP-iteration

for nonexpansive mappings on a CAT(0) space.

Now, we apply the SP-iteration in a CAT(0) space for nonexpansive mappings as

follows.

Definition 3.1.1. Let X be a CAT(0) space, K be a nonempty convex subset of X

and 7:K — K be a nonexpansive mapping. The SP-iteration, starting from x, € K,
is the sequence {x } defined by

xn+1 :(l_an)yn ®anTyn9
v, =(1=-)z,® LIz, (3.1.1)
z, =(1=-y)x, @y Ix,, neN,

where {¢,}, {f,} and {y,} are sequences in [0,1].

Lemma 3.1.2. ([37, Proposition 3.7]) Let K be a nonempty closed convex subset of
a complete CAT(0) space X and f:K — X be a nonexpansive mapping. Then the

conditions, {x } A-converges to x and d(x,f(x ) —0, imply xeK and

f(x)=x.
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Lemma 3.1.3. Let K be a nonempty closed convex subset of a complete CAT(0)

space X and T:K-—>K be a nonexpansive mapping with F(T)#=J. Let

{a,} and {f,} be sequences in [0,1], {y,} be a sequence in [g,1-¢&] for some

£€(0,1) and {x,} be defined by the iteration process (3.1.1). Then

(viy lim, _ d(x,,p) exists forall peF(T),
(vii)  lim, , d(x,,Tx,)=0.

Proof. (i) Let pe F(T). By (3.1.1) and Lemma 2.1.15(i), we have

d(z,,p)=d((1-7,)x,®y,Ix,, p)
<(1-y,)d(x,, p)+7y,d(Ix,, p)
<(1-y,)d(x,, p)+7,d(x,, p)
=d(x,, p).

Also, we get

d(y,,p)=d((1-4,)z, ® 5,1z, p)
<(1-4)d(z,, p)+B,d(1z,, p)
<(1-4)d(z,, p)+B,d(z, p)
=d(z,,p)

Then we obtain
d(y,,p)<d(x,, p).

Using (3.1.1) and Lemma 2.1.15(1), we have

d(x,.,p)=d(1-a,)y,®a,1y,,p)
<(I-a)d(y,,p)+a,d1y,,p)
<(1-a,)d(y,,p)+a,d(y,,p)
=d(y,,p)-

Combining (3.1.4) and (3.1.5), we get

d(x,.1, p) <d(x,, p).

(3.1.2)

3.1.3)

(3.1.4)

(3.1.5)
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This implies that the sequence {d(x ,p)} is non-increasing and bounded below, and

so lim,__d(x, ,p) exists for all pe F(T). This completes the proof of part (i).

(ii) Let
lim,_ d(x,,p)=c. (3.1.6)
Firstly, we will prove that lim _,_d(y,p)=c. By (3.1.5) and (3.1.6),

liminf,__ d(y,, p)=c. Also, from (3.1.4) and (3.1.6), limsup, . d(y,, p)<c. Then

we obtain

lim ., d(y,,p)=c (3.1.7)

Secondly, we will prove that lim ___d(z , p)=c. From (3.1.2) and (3.1.3), we have

n—>0 n

d(y,,p)<d(z,,p)<d(x,, p).
This gives
lim,, d(z,,p)=c (3.1.8)

Next, by Lemma 2.1.15(i1),

d(Zn’p)z :d((l_yn)xn C-Dj/nTxn!'[))z
S(1_7/;1)61(‘)(:;1’p)2 +7/nd(Txn’p)2 _yn(l_yn)d(xn’Txn)z
S(1_}/11)61(')(:111'p)2 +7/nd(xn9p)2 _yn(l_yn)d(xn’Txn)z
:d('xn’p)2 _]/11(1_7/n)d(xn’Txn)2'

Thus,
y,(1=y)d(x,,Tx, )’ <d(x,, p)* —d(z,, p)’,

so that

2 1 2 2
d(x,Tx,) sm[dm,p) ~d(z,.p) |

<—[de.py~dGz,. 7]
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Now wusing (3.1.6) and (3.1.8), limsupd(x,,7x,)<0 and hence,

n—0

lim, . d(x, ,7x,)=0. This completes the proof of part (ii).

Now, we give the A-convergence theorem of SP-iteration in a CAT(0) space.

Theorem 3.1.4. Let X,K,T.{x },{f,},{7,}.1x,} satisty the hypotheses of Lemma

3.1.3. Then the sequence {x,} A-converges to a fixed point of 7.

Proof. By Lemma 3.1.3, we have lim, , d(x,,7x,)=0. Also, lim,__d(x,, p) exists
forall pe F(T). Thus {x } is bounded. Let W,(x, ) =UA({u,}), where the union is
taken over all subsequences {u,} of {x }. We claim that W,(x)cF(T). Let
ueW,(x,). Then, there exists a subsequence {u,} of {x } such that A({u, })={u}.
By Lemmas 2.1.21 and 2.1.22, there exists a subsequence {v,} of {u } such that
A-lim, , v =veK. By Lemma 3.12, veF(T) By Lemma 3.1.3(i),
lim, , d(x,,v) exists. Now, we claim that # =v. On the contrary, assume that u #v.

Then, by the uniqueness of asymptotic centers, we have

limsupd(v,,v) <limsupd(v,,u)

n—>0 n—>0

<limsupd(u,,u)

n—>0

<limsupd(u,,v)

n—0

= limsupd(x,,v)

n—0

=limsupd(v,,v).

n—0

That is a contradiction. Thus u=ve F(T) and W,(x,) < F(T). To show that the
sequence {x } A-converges to a fixed point of 7, we will show that W,(x,)
consists of exactly one point. Let {u } be a subsequence of {x } with A({u, })={u}
and let A({x })={x}. We have already seen that u=v and veF(7). Finally, we
claim that x =v. If not, then the existence of lim, . d(x,,v) and the uniqueness of

asymptotic centers imply that
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limsupd(v,,v) <limsupd(v,,x)

n—>x0

<limsupd(x,,x)

n—0

<limsupd(x,,v)

n—>0

=limsupd(v,,v),

n—0

a contradiction and hence x=ve F(T'). Therefore, W,(x,)={x}. As a result, the

sequence {x,} A-converges to a fixed point of 7.

We give the strong convergence theorems on CAT(0) space as follows.

Theorem 3.1.5. Let X,K,T.{x },{f,},{7,}.1x,} satisty the hypotheses of Lemma
3.1.3. Then the sequence {x,} converges strongly to a fixed point of 7" if and only if

liminf d(x, , F(T)) = 0.

Proof. If {x} converges to peF(T), then Ilim,  d(x,6p)=0. Since
0<d(x,F(T))<d(x,, p), we have liminf . d(x ,F(T))=0.

Conversely, suppose that limgf d(x,,F(T))=0.Now, d(x,,,,p)<d(x,, p) gives
inf d(xn+1 ’ p) < lnf d(xn > p))
peF(T) peF(T)

which means that d(x,.,,F(7))<d(x,,F(T)) and so lim, d(x, F(T)) exists.
Thus, by hypothesis, lim, . d(x,,F(7))=0. Next, we will show that {x } is a

Cauchy sequence in K. Let &>0 be arbitrarily chosen. Since

lim,  d(x,,F(T))=0, there exists a constant 7, such that

d(x,,,F<T)><§,

for all m>m,. In particular, inf{d(xno, p):peF(T)} <§. Thus there exists

p" €F(T) such that
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d(x,

0

“ &

<Z.
.P) >
Now, for all m,n=n,, we have

dx,, .x)<d(x, ,p)+dx,p")< 2d(xn0,p*) < 2(%) =&

Hence {x } is a Cauchy sequence in a closed subset K of a complete CAT(0) space
X, it must be convergent to a point in K. Let lim_,_x =peK. Now,
lim, d(x,,F(T))=0 gives that d(p,F(I)) =0 and the closedness of F(T) forces
p tobe in F(T). Therefore, the sequence {x,} converges strongly to a fixed point
pofT.

Theorem 3.1.6. Let X, K {c },{f,}.{7,},{x,} satisfy the hypotheses of Lemma

3.1.3 and 7:K — K be a nonexpansive mapping satisfying condition (I). Then the

sequence {x, } converges strongly to a fixed point of 7.

Proof. By Lemma 3.1.3(i), lim,

n—>0

d(x,, p) exists for all pe F(T). Let this limit be
c, where ¢>0. If ¢=0, there is nothing to prove. Suppose that ¢ >0. As proved in
Theorem 3.1.5, lim, , d(x,,F(T)) exists. Also, by Lemma 3.1.3(ii), we have

lim, . d(x,,Tx, )=0. It follows from condition (I) that
lim, ., /(d(x,, F(TY) <lim,_,, d(x,,T,)=0.
That is,
lim, ., /(d(x,, F(T))=0.

Since f:[0,00) —[0,00) is a non-decreasing function satisfying f(0)=0, f(»)>0

for all 7 €(0,%0), therefore we obtain

lim, ., d(x,. F(T))=0.

The conclusion now follows from Theorem 3.1.5.
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Since SP-iteration is reduced to the new two-step iteration when ¢, =0 forall neN
and to the Mann iteration when ¢, =8, =0 for all n €N, we obtain the following

corollaries.

Corollary 3.1.7. Let X,K,T,{y,} satisfy the hypotheses of Lemma 3.1.3 and {x }
be defined by the iteration process (1.3.6). Then the sequence {x,} A-converges to a
fixed point of 7. Further, if {x } is defined by the iteration process (1.3.2), the

sequence {x,} A-converges to a fixed point of 7.

Corollary 3.1.8. Let X,K,{y,} satisfy the hypotheses of Lemma 3.1.3, 7: K - K
be a nonexpansive mapping satisfying condition (I) and {x,} be defined by the
iteration process (1.3.6). Then, the sequence {x } converges strongly to a fixed point
of T. Also, if {x,} is defined by the iteration process (1.3.2), the sequence {x }

converges strongly to a fixed point of 7.

3.2. The Strong and A-Convergence of an Iteration Process for Nonexpansive

Mappings in Uniformly Convex Hyperbolic Spaces

In this subsection, we establish some strong and A-convergence theorems of an
iteration process for approximating a common fixed point of three nonexpansive

mappings in a uniformly convex hyperbolic space.

Khan, Cho and Abbas [47] introduced a new iteration process in Banach spaces. We

now modify this iteration in hyperbolic spaces as follows.

Definition 3.2.1. Let K be a nonempty convex subset of a hyperbolic space X and

T,S,0 be three nonexpansive self mappings on K. The sequence {x,} is defined by

x €K,
xn+1 = W(Txn b Syn ’ an )9 (3.2.1)
yn+] :W(xn’an)ﬂn)a nENa
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where {& } and {f } are real sequences in (0,1).

Remark 3.2.2. It is worth mentioning that the iteration process (3.2.1) coincides with

the iteration process of Khan, Cho and Abbas [47] when W(x,y,)=(1-a)x+ay
and X is a uniformly convex Banach space. Moreover, this iteration is reduced to
the S-iteration process of Khan and Abbas [48] in a CAT(0) space if
Wx,y,a)=(1-a)x@ay and T=S=Q. It is also reduced to Ishikawa iteration
when 7=17, S=(Q, Mann iteration when 7’=(Q=/ and Picard iteration when
=S, 0=1

We give the following key lemmas.

Lemma 3.2.3. Let K be a nonempty, closed and convex subset of a hyperbolic space

X and T,S,0 be three nonexpansive self mappings on K with F'# . Then the

sequence {x, } defined by (3.2.1) is Fejér monotone with respect to F.

Proof. Let p e F. Using (3.2.1), we have

d(y,,p)=dW(x,,0x,,3,), p)
<(1-4)d(x,, p)+ B,d(Ox,, p)
<(1-g)d(x,,p)+p,d(x,,p)
=d(x,,p). 3.2.2)

Thus from (3.2.2), we get

d(anrl’p) = d(W(Txn’Syn’an)’p)
S (l_an)d(Txn’p)+and(Syn’p)
S (l_an)d(xn’p)+and(yl1’p)
S (1_a11)d(xn’p)+and(xn’p)
:d('xnﬁp)'

Hence {x,} is Fejér monotone with respect to F.
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Lemma 3.2.4. Let K be a nonempty, closed and convex subset of a uniformly

convex hyperbolic space X with monotone modulus of uniform convexity n and
T,5,0 be three nonexpansive self mappings on K such that
d(x,,8¢,)<d(Ix,,Sx,) and FF#O. Let the sequence {x,} be as defined in (3.2.1).
Then

lim, , d(x,,Tx,) =lim, ,, d(x,,S,)=lim, ,, d(x,,0Ox,)=0.

Proof. Let p e F. By Lemma 3.2.3, it follows that lim_,_ d(x, ,p) exists. We may
assume that lim_,_d(x,,p)=r. The case r=0 is trivial. Next, we deal with the

case »>0. By (3.2.2), we obtain

limsupd(Sy,, p) <limsupd(y,, p)

n—w0 n—>0

<limd(x,,p)=r.

Moreover, we have limsupd(7x,, p) <r. Since

limd(x,,,, p) =limdW(Ix,,Sy,,z,), p)=r,
Lemma 2.2.10 gives
limd(7x,,Sy,)=0. (3.2.3)

Next

d(anrl’p) S (l_an)d(Txn’p)+and(Syn’p)
<(-a)d(Ix,,Sy)+(1-a)d(Sy,,p)+a,d(Sy,, p)
<d(y,.p)+(-a,)d(Ix,,5,)

yields that liminf,__ d(y,, p)=r. But by (3.2.2), limsup, , d(y,, p) <r.Hence

hrn‘n—>00 d(yn’p) zhrnn—)oo d(W(xn’an’ﬂn)’p) =7

Since limsup, ., d(Qx,,p)<r and lim_ . d(x,, p)=r, Lemma 2.2.10 guarantees

lim __ d(x,,0x,)=0. (3.2.4)
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By virtue of (3.2.4), we get

d(an’Syn) Sd('x}’l’yﬂ)

=d(x,,W(x,,0x,, )
<pd(x,,0x)—>0 asn—owo. (3.2.5)

From the hypothesis d(x,,Sx, ) <d(Tx,,Sx,), we have

d(x,,5,)<d(Tx,,Sx,)
<d(Tx,,Sy,)+d(Sy,,Sx,).

It follows from (3.2.3) and (3.2.5) that lim_,_ d(x,,Sx,)=0. Since
d(x,,Ix )<d(x, ,S )+d(Sx,,Sy,)+d(Sy,,Tx,),

we conclude that lim, , d(x,,7x,) =0. The proof is completed.

Now we prove the A-convergence of the iteration process defined by (3.2.1) in a

hyperbolic space.

Theorem 3.2.5. Let K, X,7,S,0 and {x } be the same as in Lemma 3.2.4. Then the

sequence {x,} A-convergestosome p € F.

Proof. It follows from Lemma 3.2.3 that lim_, d(x,, p) exists for each p € F. This
implies that the sequence {x } is bounded. Hence {x,} has a A-convergent
subsequence. We now prove that every A-convergent subsequence of {x } has a
unique A-limit in /. Let u and v be the A-limits of the subsequences {u, } and
{v,} of {x,}, respectively. Then, A({u,})=1{u} and A({v,})={v}. By Lemma 3.2.4,

we have

lim, du,Tu)=lm, d(u,Su)=lm, du,QOu)=0. (3.2.6)
We claim that u € F. So, we calculate

d(Tu,u,))<d(Tu,Tu,)+d(Tu,,u,)
<d(u,u,)+d(Tu,,u,).
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Taking limsup on both sides of the above inequality and using (3.2.6), we have

r(Tu,{u,}) =limsupd(Tu,u,) <limsupd(u,u,)=r(u,{u,}).

n—>»0 n—>0

By the uniqueness of asymptotic centers implies that 7u =u. A similar argument

shows that Su=wu and Qu =u. This means that u € F'. By the same method, we can

also prove that v € F'. Finally, we claim that u =v. If not, then by the uniqueness of

asymptotic centers, we have

limsupd(x,,u)=limsupd(u,,u)

n—0 n—>0

<limsupd(u,,v)

n—0

=limsupd(x,,v)

n—>0

=limsupd(v,,v)

n—0

<limsupd(v,,u)

n—>0

=limsupd(x,,u).

n—>0

a contradiction and hence u=veF. Consequently, {x } A-converges to a point in

F.

Next we discuss the strong convergence of the iteration process defined by (3.2.1) in

a hyperbolic space.

Theorem 3.2.6. Let K, X,7,S,0 and {x } be the same as in Lemma 3.2.4. Then

{x,} converges strongly to some p € F if and only if liminf, __ d(x,,F)=0.

Proof. Necessity is obvious. Conversely, suppose that liminf,  _ d(x,,F)=0. It
follows from Lemma 3.2.3 that lim . d(x,F) exists. Thus by hypothesis,
lim, d(x,,F)=0. Again by Lemma 3.2.3, {x } is Fejér monotone with respect to

F. Thus Lemma 1.2.23 implies that {x } converges strongly to a point p in F.

Remark 3.2.7. In Theorem 3.2.6, the condition liminf , d(x, ,F)=0 may be

replaced with limsup, . d(x,,F)=0.
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Example 3.2.8. Let R be the real line with the usual absolute metric and

2x+1
4

T,5,0:R—R be three mappings defined by 7T(x)=1-x, S(x)= and

Q(x):%. It is noticed in [47, p.10] that 7 and S satisfy the condition

d(x,,S8¢,)<d(Tx,,Sx,). Additionally 7,5 andQ are nonexpansive mappings.

and ﬁnzi for all neN. Thus, the

2n+1 3n+1

Clearly, F :{%} Set «a, =

conditions of Lemma 3.2.4 are fulfilled. Therefore the results of Theorem 3.2.5 and

Theorem 3.2.6 can be easily seen.

Khan and Fukhar-ud-din [49] introduced the so-called condition (A4') for two

mappings and gave an improved version of it in [50] as follows.

Definition 3.2.9. Two mappings 7,S:K — K with F#J are said to satisfy the
condition (A') if there exists a non-decreasing function f:[0,00) —>[0,00) with
f(0)=0,f(r)>0 for all re(0,00) such that either d(x,7x)> f(d(x,F)) or
d(x,8x)= f(d(x,F)) forall xeK.

This condition becomes condition (I) whenever S =7. We can modify this definition

for three mappings as follows.

Definition 3.2.10. Let 7, S and Q be three nonexpansive self mappings on K with

F #. These mappings are said to satisfy condition (B) if there exists a non-

decreasing function f:[0,00) —[0,00) with f(0)=0, f(r)>0 for all » €(0,0) such

that d(x,7x) > f(d(x,F)) or d(x,8x)= f(d(x,F)) or d(x,0x)> f(d(x,F)) for all
xek.

The condition (B) is reduced to the condition (A') when Q=T. We use the

condition (B) to study strong convergence of {x } defined in (3.2.1).
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Theorem 3.2.11. Let K, X,7,S5,0 and {x,} be the same as in Lemma 3.2.4. If

T,8S,Q satisfy the condition (B), then {x, } converges strongly to a point in F.

Proof. By Lemma 3.2.3, im,_,_ d(x,,F) exists. Also, by Lemma 3.2.4,
lim _, d(x,Tx)=lm . d(x,6Sx,)=lim, , d(x, Ox,)=0.

By using the condition (B), we get lim

n

. f(d(x,,F))=0. Since f is a non-
decreasing function with f(0)=0, it follows that lim, , _ d(x,,F)=0. Therefore

Theorem 3.2.6 implies that {x } converges strongly to a point in F .

Now, we obtain the following strong convergence theorem.

Theorem 3.2.12. Under the assumptions of Lemma 3.2.4, if one of the mappings

7,S and Q is demi-compact or K is compact, then {x } converges strongly to a

point in F'.

Proof. It is clear that the condition (B) is weaker than both the compactness of K

and the demi-compactness of one of the nonexpansive mappings 7,S and Q.

Therefore we have the result by Theorem 3.2.11.

Remark 3.2.13.

(i) Theorems 3.2.5, 3.2.6, 3.2.11 extend the corresponding results of Khan and
Abbas [48] from CAT(0) space to the general setup of uniformly convex
hyperbolic spaces.

(i1))  Theorems 3.2.5, 3.2.6, 3.2.11, 3.2.12 contain the corresponding theorems

proved for the Ishikawa iteration when 7'=1,5 =, for the Mann iteration
when 7'=Q=1 and for the Picard iteration when 7'=S,0=1. Then these

theorems improve and generalize some results of Dhompongsa and Panyanak

[24].
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If we take Q=T in Theorems 3.2.5, 3.2.6, 3.2.11, 3.2.12 we get the following

corollary, yet it is new in the literature.

Corollary 3.2.14. Let K be a nonempty, closed and convex subset of a uniformly

convex hyperbolic space X with monotone modulus of uniform convexity 7 and
T,S be two nonexpansive self mappings on K such that F#J. Let the sequence

{x } be defined by

x €Kk,
X0 =W, 5,,2,), (3.2.7)
Yot =W (x,,Tx,, B,), neN.
(i)  Then the sequence {x,} A-convergestosome p € F.
(if) Then {x } converges strongly to some pefF if and only if
liminf,__ d(x,,F)=0 or limsup, . d(x,, F)=0.
(iii) If 7 and S satisfy the condition (A4'), then {x } converges strongly to a

point in F'.
(iv)  If one of the mappings 7" and § is demi-compact or K is compact, then

{x,} converges strongly to a point in £".

Remark 3.2.15. Note that the iteration process (3.2.7) has two nonexpansive
mappings 7, S and the condition d(x,,Sx,)<d(7Tx,,Sx ) doesn’t need to get

convergence of this iteration.



CHAPTER 4. SOME CONVERGENCE RESULTS FOR
MAPPINGS SATISFYING CONDITION (C)

In this section, some strong and A-convergence theorems for mappings satisfying

condition (C) are proved in CAT(0) spaces.

4.1. The Strong and A-Convergence of S-Iteration in CAT(0) Spaces

In this subsection, we prove the strong and A-convergence theorems of S-iteration

process for mappings satisfying condition (C) in a CAT(0) space.

Khan and Abbas [48] modified the S-iteration process in CAT(0) spaces for

nonexpansive mappings as follows.

Definition 4.1.1. Let K be a nonempty, closed, convex subset of a CAT(0) space X

and 7': K — K be a nonexpansive mapping. The sequence {x } is defined by

x, €Kk,
X, ,=(1-a)lx ®aly, 4.1.1)
yn = (l_ﬂn)xn 6_>ﬂ;17wxn’ n EN’

where {& }, {f5,} are the sequences such that a<¢ ,[5, <b for all neN and for

some a,be(0,1).

Lemma 4.1.2. [51] Let K be a closed convex subset of a complete CAT(0) space X
and 7:K — K be a mapping satisfying condition (C). Then,

d(x,Ty) <3d(x,Tx)+d(x,y) forall x,yeK.

Before proving strong and A-convergence theorems, we need the following lemmas.
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Lemma 4.1.3. Let K be a nonempty, closed, convex subset of a complete CAT(0)

space X, T:K — K be a mapping satisfying condition (C) and {x, } be a sequence
defined by the iteration process (4.1.1). If F(T)#, then lim,__ d(x,,p) exists for

all peF(T).

Proof. Set y =(1-8)x, ®LTx,, neN. Since T is a mapping satisfying
condition (C) and p e F(T), we have d(Ty,,p)<d(y,,p) and d(Tx,, p)<d(x,, p)

for all n € N. By combining these inequalities and Lemma 2.1.15(i), we get

d(xn+l’p) = d((l_an)Txn @anTynap)
S (l_an)d(Txl1’p)+a)1d(Tyn7p)
<(1-a)d(x,, p)+a,d(y,, p). 4.1.2)

Also,

d(y,,p)=d((1-,)x, ®B,Ix,, p)
<(1-8)d(x,, p)+ B,d(Ix,, p)
<(1-B)d(x,,p)+B,d(x,, p)
=d(x,, p). (4.1.3)

Using (4.1.2) and (4.1.3), we have
d(x,,,p)<d(x,, p).

This implies d(x,, p) is non-increasing and bounded below, and so lim,  d(x,, p)

exists for all p € /. This completes the proof.

Lemma 4.1.4. Let X,K,T,{x,} satisfy the hypotheses of Lemma 4.1.3. Then, F(T)

is nonempty if and only if {x } is bounded and lim,_ d(x,,7x, )=0.

Proof. Suppose that F(T) is nonempty and p € F(T). Then, by Lemma 4.1.3,

lim . d(x,,p) exists and {x } is bounded. Set

lim, , d(x,, p)=c 4.1.4)
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and y, =(1-4)x,® L Ix,, for neN. We first prove that lim_ _ d(y,,p)=c. By

(4.1.2), we have

This gives that

or

This implies that

d(xn+1’p) < (1_a11)d(‘xn’p)+and(.yn’p)'

a,d(x,, p)<d(x,,p)+a,d(y,,p)—d(x,,,, p)

d(x,,,p)sd(y,,,p)+ai[d(xn,m—d(xwp)]

n

sd(yn,m%[d(xn,m—d(x,,ﬂ,p)].

c<liminfd(y,, p). 4.1.5)

By (4.1.3) and (4.1.4), limsup, , d(y,,p)<c. By combining this inequality and

(4.1.5), we get

lim, . d(v,,p)=c. (4.1.6)

Next, by Lemma 2.1.15(i1),

d(v,,p) =d((1-p,)x,® B,Ix,, p)’

Thus

so that

<(1-B)d(x,, p)* + B,d(Tx,, p — ,(1- B)d(x,.Tx,)?
<d(x,, p)’ —f,(1- B)d(x,. Tk, .

B,(1=B)d(x,,Ix,)* <d(x,, p)* =d(y,, p)’

d(x,,Tx,)’ < d(x,.py’ —d(v,.p)’ |

1
ﬂn(l—ﬂn)[

1 2 2
Sml:d(xnap) _d(ynﬁp) :I
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Using (4.1.4) and (4.1.6), we get limsup, . d(x,,Tx, )<0. Hence,
lim, ,, d(x,.Tx,) =0.

Conversely, suppose that {x } is bounded and lim, d(x, ,7x )=0. Let
A({x,})={x}. Then xeK, by Lemma 2.1.22. Since 7 is a mapping satisfying

condition (C), we have, by Lemma 4.1.2,
d(x,,Tx)<3d(x,,Tx,)+d(x,,x),
which implies

limsupd(x,, Tx) <limsup[3d(x,, Tx,) +d(x,, x)]

n—>0 n—0

=limsupd(x,,x).

n—0

By the uniqueness of asymptotic centers, we get 7x=x. Therefore, x is a fixed

point of 7". This completes the proof.
Now, we prove the A-convergence theorem of S-iteration process in CAT(0) space.

Theorem 4.1.5. Let X,K,T,{x } satisfy the hypotheses of Lemma 4.1.3 with

F(T)#Q. Then {x } A-converges to a fixed point of 7.

Proof. Lemma 4.1.4 guarantees that the sequence {x } is bounded and
lim,, d(x,,Tx,)=0. We claim that W, (x,) = F(T). Let ueW,(x,). Then, there
exists a subsequence {u,} of {x } such that A({u,})={u}. By Lemmas 2.1.21 and
2.1.22, there exists a subsequence {v, } of {u } such that A—lim v =veK. Since
lim,  d(v,,7v,)=0 and T is a mapping satisfying condition (C), then, by Lemma
4.1.2,

dw,,v)<3dv,,1Tv,)+d(v,,v).

By taking limsup and using the Opial property, we obtain ve F(7). By Lemma

4.1.3, {d(x,,v)} converges. Then, by using Lemma 2.1.23, we have u=ve F(T).
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This shows that W, (x,) < F(T). Next, we show that W, (x,) consists of exactly one
point. Let {u# } be a subsequence of {x } with A({u })={u} and let A({x })={x}.
We have already seen that u =v and ve F(T). Since ueW,(x,)c F(T), {d(x ,u)}
converges. Again, by using Lemma 2.1.23, x=u e F(T). Therefore, W,(x,)={x}.

As aresult, the iteration sequence {x, } A-converges to a fixed point of 7.

We briefly discuss the strong convergence of S-iteration process in a CAT(0) space

setting in Theorems 4.1.6 and 4.1.7.

Theorem 4.1.6. ([52, Theorem 3.4]) Let X,K,7,{x } satisfy the hypotheses of
Lemma 4.1.3 and 7: K — K be a mapping satisfying condition (I) with F(T)#O.

Then, {x,} converges strongly to a fixed point of 7.

Theorem 4.1.7. Let X,K,T,{x } satisfy the hypotheses of Lemma 4.1.3 with
F(T)#Q and K be compact subset of X . Then, {x } converges strongly to a fixed

point of 7.

Proof. Lemma 4.1.4 guarentees that {x } is bounded and lim d(7x,x )=0.

Since K is compact, there exists a subsequence {xnk} of {x } such that

X, —>Z€ K. By Lemma 4.1.2, we have

a’(xnk,Tz) <3d(x ,Txnk)+d(xnk,z) for all £ e N.

ﬂk
Letting k—o0, we have {xnk} converges to 7z. This implies 7z=z, that is

zeF(T). By Lemma 4.1.3, we have lim__ d(x,,z) exists, thus z is the strong
limit of the sequence {x }. As a result, the iteration sequence {x,} converges

strongly to a fixed point of 7.
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4.2. The Strong and A-Convergence of New Three-Step Iteration in CAT(0)

Spaces

In this subsection, we apply a new three-step iteration process into a CAT(0) space
and present some results on the strong and A-convergence of the new three-step

iteration for mappings satisfying condition (C) in a CAT(0) space.

Karakaya et. al. [53] established a new three-step iteration method in a Banach space.

We modified this iteration process into a CAT(0) space as follows.

Definition 4.2.1. Let K be a nonempty, closed, convex subset of a CAT(0) space X
and 7: K — K be a mapping satisfying condition (C). The new three-step iteration

sequence {x, } is defined by

x ek,
X, =(-a,= )y, ®a,Ty, ® L1z,
v,=(-a,-b)z, ®a,Tz, ®bTx,, 4.2.1)

z =(l-c)x, ®c,Ix,, neN,

Where {an + bn }:lo=l > {an + ﬂn }w {Cn }:lo=l - [03 1]'

n=1°

Remark 4.2.2. [53] Some special cases of the new three-step iteration process given

by (4.2.1), as follows.

(i) Ifc,=1and o= =a,=b,=0 for all neN, then (4.2.1) is reduced to
the Picard iteration.

(i) If ¢,=p =a,=b,=0 for all neN, then (4.2.1) is reduced to the Mann

iteration.
(ii) If ¢,=b,=0 and a,+f, =1 for all neN, then (4.2.1) is reduced to the S-

iteration.

(iv)y If a,=a,=b,=0 forall neN, then (4.2.1) is reduced to the new two-step

iteration.
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(v) If B, =b,=0 forall neN, then (4.2.1) is reduced to the SP-iteration.

Lemma 4.2.3. ([54, Lemma 2.5 (1)]) Let X be a CAT(0) space. Then
d(z,,2)< D ad(z;,2),
i=1

where  o;,,....a, €[0,1]  with Z:;lai =1, zzeX, 1<i<mn and

z, =04z, Pz, D..0a,z,.

We give a basic property of the new three-step iterative sequence {x } defined by

(4.2.1) for mappings satistying condition (C).

Lemma 4.2.4. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and T:K —K be a mapping satisfying condition (C) with F(T)#J.

Assume that {x} be a sequence defined by (4.2.1) such that

{a,} 0,040, b A8 s e e <[0,1]. Then lim,  d(x,, p) exists for each
peF(T).

Proof. Since T is a mapping satisfying condition (C) and p € F(T'), we have
%d(p,Tp) =0<d(p,z) forallze K.

It implies that d(1p,Tz) <d(p,z) for all z€ K . Then, by Lemma 2.1.15(i), we get

d(z,,p)=d((1-c,)x, ®c,Ix,, p)
<(l-c¢,)d(x,, p)+c,d(Ix,, p)
<(l-¢,)d(x,, p)+c,d(x,, p)
=d(x,,p). 4.2.2)

Also, by Lemma 4.2.3, we obtain
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d(y,,p)=d((1-a,-b,)z,®a,lz, ®b,Ix,, p)
<(1-a,-b,)d(z,,p)+a,d(Iz,, p)+b,d(Ix,, p)
<(1-a,-b,)d(z,,p)+a,d(z,, p)+bd(x,, p)
<(1-b,)d(x,,p)+b,d(x,, p)
=d(x,,p). (4.2.3)

Similarly, we have

d(XnH’p) Zd((l_an _ﬂn)yn @anTyn ®IBnTZn’p)
<(1-p)d(y,,p)+B,d(z,, p). @.2.4)

By combining (4.2.2), (4.2.3) and (4.2.4), we obtain
d(x,,,p)<d(x,, p). (4.2.5)

This implies that lim,__ d(x,, p) exists for each pe F(T).

By using Lemmas 2.1.16 and 4.2.4, we prove the other property of the iterative
sequence (4.2.1) for mappings satisfying condition (C).

Lemma 4.2.5. Let K be a nonempty closed convex subset of a complete CAT(0)
space X, T:K —>K be a mapping satisfying condition (C) with F(T)#< and

{x } be a sequence defined by (4.2.1). If {a } ,.{b} . {o,} -, <[0,1] and

n=1° n=1°

B {c,}r, <la,b] for some a,be(0,1), then lim __ d(x,,7x,)=0.

n=1°

Proof. Let p e F(T). By Lemma 4.2.4, there exists at least one ¢ €[0,00) such that

lim, , d(x,p)=c. (4.2.6)

The case ¢=0 is trivial. Next, we deal with the case ¢>0. First, we prove that

lim, . d(z,, p)=c. By (4.2.3) and (4.2.4), we have

d(xnﬂap) < (1_ﬁn)d(yn’p)+ﬂnd(zn’p)
< (1_ﬂn)d(xnap)+ﬂnd(znap)-

It follows that

ﬂnd(xn’p) < d(Xn,p) +IBnd(Zn9p) _d(xn+1’p)
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or

d(xn,p)sd(zn,p)+ﬂi[d(xn,p>—d(xwp>]

n

<d(z,. )+ [, p)-d(x,0 )

This gives c<liminfd(z,,p). Also, from (4.2.2) and (4.2.6), we obtain
n—>0

limsup, ., d(z,, p)<c. Then we get lim_ . _d(z ,p)=c. Since d(Ix,,p)<d(x,, p)
for all neN, by (4.2.6), we obtain

limsupd(7x,, p)<c.

n—>0

Also, we have

c=limd(z,, p)=limd((1-c,)x, ®c,Ix,, p).

By Lemma 2.1.16, we can conclude that lim,_, d(x,,7x,)=0.

Theorem 4.2.6. ([55, Theorem 8]) Let K be a nonempty closed convex subset of a
complete CAT(0) space X and 7:K — K be a mapping satisfying condition (C)
with F(T)#<. Assume that {x } be a sequence defined by (4.2.1) such that
{a, 350010, 504, 1m0 <[0,1] and {4,370, {c, ), <[a.b] for some a,b€(0,1). Then

{x,} A-converges to an element of /(7).

We now discuss the strong convergence of the new three-step iteration for mappings

satisfying condition (C) in a CAT(0) space setting.

Theorem 4.2.7. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and 7:K — K be a mapping satisfying condition (C) with F(T)#O. Let

{x } be a sequence defined by 4.2.1) such that

{an ::1 > {bn }::1 o {an ::1 o {ﬁn }:1021 s {Cn }OO - [09 1] . Then {xn} Converges Strongly to a

n=1

fixed point of 7' if and only if liminf d(x,, F(T))=0.
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Proof. Necessity is obvious. Conversely, suppose that liminfd(x, ,F(7))=0. It

follows from Lemma 4.2.4 that lim _, d(x ,F(T)) exists. Thus by hypothesis,
lim,_, d(x,F(T))=0. Again by Lemma 4.2.4, {x } is is Fejér monotone with
respect to F(T). Since T is quasi-nonexpansive, it is known by [29, Lemma 1.1]
that F(7) is always closed. Thus Lemma 1.2.23 implies that {x } converges

strongly to a point p in F(T).

Remark 4.2.8.

(i) In Theorem 4.2.7, the condition liminf . d(x ,F(7))=0 may be replaced
with limsup, . d(x ,F(T))=0.
(i) Theorem 4.2.7 generalizes Theorem 2 of [56] since every nonexpansive

mapping satisfies condition (C) and (4.2.1) is reduced to the SP-iteration
when B, =5, =0 forall neN.

(ii1)) Theorem 4.2.7. is an extension of Theorem 2 of [48] since every
nonexpansive mapping satisfies condition (C) and (4.2.1) is reduced to the S-

iteration when ¢, =b, =0 and «, + 3, =1 forall neN.

Theorem 4.2.9. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and 7:K — K be a mapping satisfying condition (C) with F(T)#J. For

arbitrary x, €K, let {x} be a sequence defined by (4.2.1) such that
{a, > 40,37 e}y, <[0,1] and {B},{c,}-, <[a,b] for some a,be(0,1).

n=1° n=1° n=1 n=1° n=1

(i) If T is demi-compact, then {x } converges strongly to a fixed point of 7.

(i) If T satisfies condition (I), then {x } converges strongly to a fixed point of

T.

Proof. (i) It follows from Lemma 4.2.4 that {x } is a bounded sequence. Also, by

Lemma 4.2.5, we have lim, _d(x,,Tx )=0. Then, by the demi-compactness of T,



47

there exists a subsequence {xnk} of {x,} such that x, —>z€K as k —oo. The rest

of the proof closely follows the proof of Theorem 4.1.7.

(i) It follows from Lemma 4.2.4 that lim, ,  d(x,,F(T)) exists. Further, by the

condition (I) and Lemma 4.2.5, we have limd(x,,F(7))=0. The conclusion now

follows from Theorem 4.2.7.

Remark 4.2.11. If we take «,=a,=b,=0 for all neN, the new three-step

iteration is reduced to the new two-step iteration. Then theorems in this subsection

contain the corresponding theorems proved for the new two-step iteration.

4.3. The Strong and A-Convergence Theorems for Nonself Mappings on CAT(0)

Spaces

In this subsection, we study the S-iteration and the Noor iteration processes for

nonself mappings satisfying condition (E) on a CAT(0) space.
In 2011, Falset et. al. [57] introduced condition (E) as follows.

Definition 4.3.1. ([57, Definition 2]) Let K be a bounded closed convex subset of a

complete CAT(0) space X. A mapping 7: K — X is called to satisfy condition(E,)

on K, if there exists g>1 such that

d(x,Ty) < ud(x, Tx)+d(x, ),

for all x,y e K. The mapping T is said to satisfy condition (E) on K whenever T

satisfies condition (£,) for some z>1.

Remark 4.3.2. [57] Every mapping satisfying condition(C) satisfies condition (E).

Now, we apply the S-iteration and the Noor iteration processes in a CAT(0) space for

a nonself mapping satisfying condition (E) as follows.
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Definition 4.3.3. Let K be a nonempty closed convex subset of a complete CAT(0)
space X with the nearest point projection P from X into K. Let 7:K —> X be a
nonself mapping satisfying condition (E) with F(T)#<. Then, we give the

following iteration processes;

x €k,
X, = P((1-a,)Tx, ®a,1y,) 4.3.1)
v, =P((1-)x,®BIx,), neN,

and

x ek,

xn+1 :P((l_an)xn @anTyn))

Y, =P((A-5)x,® [,Iz,),

Z, = P((l_j/n)xn ®7/nTxn)a n EN,

4.3.2)

where {o,},{f,} and {y,} are real sequences in [&,1—¢&] for some ¢€(0,1).

Lemma 4.3.4. ([19, Proposition 2.4]) Let K be a convex subset of X which is

complete in the induced metric. Then for every x € X, there exists a unique point
P(x)eK such that d(x,P(x))=inf {d(x, V): yeK}. Moreover, the mapping

x — P(x) is nonexpansive retract from X onto K.

Lemma 4.3.5. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and 7:K —>X be a nonself mapping satisfying condition (E) with
F(T)#OD. Let {«,} and {f,} be real sequences in [&,1—¢&] for some ¢€(0,1) and

{x,} be defined by the iteration process (4.3.1). Then,

(i) lim,_, d(x,x") exists forall x" € F(T).
(i) lim, , d(x,,7Tx,)=0.

Proof. (i) Suppose that F(T) is nonempty and x" € F(T). Since the nearest point

projection P:X — K is nonexpansive by Lemma 4.3.4 and 7 is a mapping

satisfying condition (E), we have
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d(y,,x")=d(P((1-f,)x, ® B,Ix,), Px)
<d((1-p,)x,® B,Tx,),x")
<(-p)d(x,.x" )+ B,d(Ix,,x)
<(A=)d(x,,x)+ B, (ud(Tx",x") +d(x,,x"))
=(1-4)d(x,,x)+ B,d(x,,x")
=d(x,,x"). 4.3.3)

Also, we have

d(x,..,x")=d(P(1-a,)Tx, ®a,Ty,), Px")
<d((l-a)Ix, @, 1y,,x")
<(l-e)d(Ix,,x")+a,dTy,,x")
< (1=, (d (T X )+ d (x,,2)) + 0, (ud (T 5 )+ d (3, )
=(1-a)d(x,,x)+a,d(y,,x). (4.3.4)

Using (4.3.3) and (4.3.4), we obtain

d(x, ., x)<d(x,x).

+1°

This implies that lim,_,_d(x ,x") exists for all x" € F(T). This completes the proof

of part (1).
(i1) Let

lim,  d(x,,x")=c. 4.3.5)
If ¢ =0, by the condition (E) for some z>1, we obtain

d(x,,Tx,) <d(x,,x")+d(x",Tx,)
<d(x,,x" )+ pd(x", Tx")+d(x,,x").
Therefore, lLm, , d(x,,7x,)=0. Let c¢>0. Firstly, we will prove that

lim,_ d(y,,x")=c. From (4.3.4), we have

dx,.,x)<(1-a)d(x,,x)+a,d(y,,x").

+19

This gives that

ad(x,x)<d(x,x)+ady,x)-d(x,,,x")
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or
* * 1 * *
d(x,.x") <d(y,,x)+—[d(x,,x)~d(x,.,.x") |
a)‘l
<d () [ d (3 ~d (5,06) |

&

This shows
¢ =liminf d(x,, x*) <liminf d(y,,x") + ﬁml[d(xn,x*) —d(x,,,x") |
n—»%0 n—00 n—wo &

so that

¢ <liminfd(y,,x"). (4.3.6)

By (4.3.3) and (4.3.5), we get limsup, ., d(y,,x")<c. By combining this inequality
and (4.3.6), we obtain

lim, , d(y,,x)=c 4.3.7)
By Lemma 2.1.15(i1), we get

d(y,,x') =d(P((1-B,)x, ® B,Tx,), Px')’
<d((1-p,)x,®B,Ix,.x’)’
<(1-8)d(x,,x") + B,d(Tx,,x")’ = B,(1- B,)d(x,, Tx,)’
<(1-B)d(x,,x") + B,(ud(Tx",x") +d(x,,x")* - B,(1- B)d(x,,Tx,)’
=(1=B)d(x,,x)" + Bd(x,,x)" = B,(1- B)d(x,, Tx,)*
=d(x,,x")" = B,(1-B,)d(x,,Ix,)".

Therefore,
B.(1-B)d(x,,Tx,) <d(x,x") —d(y,,x")

so that

d(x ,Tx, ) < M[d(xn,x*)z —d(y,.x')]

Sé[d(xn,x*)z—d(yn,x*)z].
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Using (43.5) and (43.7), we get limsup,  d(x,7x )<0. Hence,

lim, _, d(x,,Tx )=0. This completes the proof of part (ii).

Now, we give the A-convergence theorem of the S-iteration process in a CAT(0)

space.

Theorem 4.3.6. Let X,K,T,{c,},{f,},{x,} satisty the hypotheses of Lemma 4.3.5.

Then the sequence {x } A-converges to a fixed point of T.

Proof. By Lemma 4.3.5, the sequence {x } is bounded and lim , d(x,

n o

Ix,)=0.
We claim that W, (x )< F(T). Let ueW,(x, ). Then, there exists a subsequence
{u,} of {x } such that A({u })={u}. By Lemmas 2.1.21 and 2.1.22, there exists a
subsequence {v } of {u } such thatA—lim_ v =veK. Since T is a mapping
satisfying condition (E) and we get

dv,, v)<pudv,,Tv,)+d(v,,v)

for some pu>1.Also lim,, d(v,,7v,) =0, we get

limsupd(v,,Tv) <limsup(ud(v,,Tv,)+d(v,,v))

n—m n—»0

=limsupd(v,,v).

By using the uniqueness of asymptotic center, we obtain v F(T). The rest of the

proof closely follows the proof of Theorem 4.1.5.

We briefly discuss the strong convergence of the S-iteration process in a CAT(0)

space.

Theorem 4.3.7. ([58, Theorem 3.4]) Let X,K,T.{x,},{f, },{x,} satisty the

hypotheses of Lemma 4.3.5 and 7' be a mapping satisfying condition (I). Then the

sequence {x,} converges strongly to a fixed point of 7.
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Theorem 4.3.8. Let X,K,T.{,},{f,},{x,} satisfy the hypotheses of Lemma 4.3.5
and K be a compact subset of X . Then the sequence {x } converges strongly to a

fixed point of 7.

Proof. By Lemma 4.3.5(ii), we have lim, , d(x,,7x,)=0. Since K is compact,

there exists a subsequence {xnk} of {x } such that X, —>Z€ K. Since T is a nonself
mapping satistying condition (E), we have

d(xnk,Tz) < yd(xnk,Txnk)+d(xnk,z)

for some >1, for all k €N. Letting kK —> 00, we have {xnk} converges to 7z. This

implies 7z =z, that is z € F(T). By Lemma 4.3.5(i), we have lim,_,_ d(x,,z) exists,
thus z is the strong limit of the sequence {x }. Therefore the sequence {x }

converges strongly to a fixed point of 7'.

Lemma 4.3.9. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and 7:K—>X be a nonself mapping satisfying condition (E) with
FT)#9D. Let {a,}, {#,} and {y,} be real sequences in [g,1—¢] for some

£€(0,1) and {x,} be defined by the iteration process (4.3.2). Then,

(1) lim,  d(x,,x") exists forall x" € F(T).
() tim,_,, d(x,.T%,)=0.

Proof. (i) Suppose that F(T) is nonempty and x" € F(T). By Lemma 4.3.4, the

nearest point projection P: X — K is nonexpansive mapping. By the condition (E)

for some @ >1, we obtain
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d(z

n’

x")=d(P(1-7,)x, ®y,Ix,),Px’)
<d((1-y,)x, @y, Ix,),x")
S (l_yn)d(xn’x*)+7nd(Txn3x*)
S (]‘_}/n)d(xn’x*)+7/n(/'ld(Tx*9‘x*)+d(xn9x*))
=(-y)d(x,,x)+y,d(x,,x")
=d(x,,x"). 4.3.9)
Similarly, using by (4.3.9), we have
d(y,,x)<d(x,,x"). (4.3.10)

Also, we get

d(x,,,x)=d(P(1-a,)x, ®a,1y,), Px")
<d((l1-a,)x, @a,Ty,,x")
<(I-a,)d(x,.x)+a,d(1y,,x")
<(-a)d(x,x)+a,(ud(Tx,x")+d(y,,x"))
=(l-a,)d(x,x)+a,d(y,,x*) 4.3.11)

Using (4.3.10) and (4.3.11), we obtain d(x,

n+12

x")<d(x,,x"). This implies that
lim,__ d(x,,x") exists for all x" € F(T). This completes the proof of part (i).
(i) Let

lim,  d(x,,x")=c. 4.3.12)

If ¢=0 then we have lim,_, d(x,,7x,)=0. Let ¢>0. By the same method in the

proof of Lemma 4.3.5(i1), we obtain
lim,  d(y,,x")=c. (4.3.13)
Similarly, using by (4.3.13), we have

lim,  d(z,,x")=c. 4.3.14)

n—>0
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By Lemma 2.1.15(ii), we get
d(z,,x") =d(P(1-y,)x, ®y,Tx,),Px")’

<d((1-7,)x, ®7,Tx,),x")’
<(1-7,)d(x,,x")" +7,d(Tx,,x")" =y,(1-y,)d(x,, Tx,)’
<(1-7,)d(x,,x7)" +7,(ud(Ix",x") +d(x,,x")) = ,(1=7,)d(x,, Tx,)’
=(-y)d(x,,x ) +y,d(x,,x) —y,(1-y)d(x,,Tx,)’
=d(x,,x") ~y,(1-7,)d(x,, Tx,)".

This gives that

7,(1=y)d(x,,Tx, )’ <d(x,x) —d(z,,x")’

or

1
d(xn’Txn)2 S—— d(xi19'x*)2 _d(zn’x*)2
7,,(1—7n)[ ]

1

<
&

[a’(xn,x*)2 —d(zn,x*)z].

Using (4.3.12) and (4.3.14), we obtain lim, , d(x, ,7x,)=0. This completes the

proof of part (ii).

We give following theorems related to the strong and A-convergence of the Noor
iteration process which their proofs are similar arguments of Theorem 4.3.6,

Theorem 4.3.7 and Theorem 4.3.8, respectively.

Theorem 4.3.10. Let X,K,T,{x, },{B,}.,{7,},{x,} satisfy the hypotheses of Lemma

4.3.9. Then the sequence {x,} A-converges to a fixed point of 7.

Theorem 4.3.11. Let X,K,T.{e, },{/,},{7,},{x,} satisfy the hypotheses of Lemma
43.9. If T satisfies condition (I) then the sequence {x } converges strongly to a

fixed point of 7.
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Theorem 4.3.12. Let X,K,T,{x },{f,},{7,},{x,} satisfy the hypotheses of Lemma
4.3.9.1f K is a compact subset of X then the sequence {x,} converges strongly to a

fixed point of 7.

Remark 4.3.13. It should be noted that Theorems 4.3.6-4.3.12 contain the

corresponding theorems proved for a mapping satisfying condition (C).



CHAPTERS. THE CONVERGENCE RESULTS FOR SOME
ITERATIVE PROCESSES IN CAT(0) SPACE

In this section, the strong and A-convergence theorems of some iteration processes

are proved in a CAT(0) space.

5.1. The Strong and A-Convergence of Some Iterative Algorithms for k& -Strictly
Pseudo-Contractive Mappings

In this subsection, we prove the A-convergence theorems of the cyclic algorithm and
the new multi-step iteration for & -strictly pseudo-contractive mappings and give also
the strong convergence theorem of the modified Halpern’s iteration for these

mappings in a CAT(0) space.

Definition 5.1.1. [59] Let H be a real Hilbert space and let C be a nonempty closed
convex subset of H. A mapping T:C—>H is said to be k-strictly pseudo-

contractive if there exists a constant k €[0,1) such that

||Tx—Ty||2 S”x—y”2 +k|(I-T)x—(-T)y 2 Vx,yeC.

Remark 5.1.2. [59] The class of k -strictly pseudo-contractive includes the class of
nonexpansive mappings 7 on C as a subclass. That is, 7' is nonexpansive if and

only if 7 is 0 -strictly pseudo-contractive.

Definition 5.1.3. [59] The mapping 7 is said to be pseudo-contractive if k=1 and

T is said to be strongly pseudo-contractive if there exists a constant 4 €(0,1) such

that 7— A/ is pseudo-contractive.
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Remark 5.1.4. [59] The class of k -strictly pseudo-contractive mappings falls into
the one between classes of nonexpansive mappings and pseudo-contractive

mappings.

Remark 5.1.5. [60-62] The class of strongly pseudo-contractive mappings is

independent from the class of k& -strictly pseudo-contractive mappings.

Many authors have been devoted the studies on the problems of finding fixed points
for k -strictly pseudo-contractive mappings (see, [59, 63-65]). Motivated by these
results, we define the concept of k -strictly pseudo-contractive mapping in a CAT(0)

space as follows.

Definition 5.1.6. Let C be a nonempty closed convex subset of a CAT(0) space X .
A mapping T:C—C is said to be k-strictly pseudo-contractive if there exists a
constant k£ €[0,1) such that

d(Tx,Ty)* <d(x,y)* +k(d(x,Tx)+d(y,T))*, Vx,yeC. (5.1.1)

Glirsoy, Karakaya and Rhoades [66] introduced a new multi-step iteration in a

Banach space. We modified this iteration in a CAT(0) space as follows.

Definition 5.1.7. Let C be a closed convex subset of a CAT(0) space X . For an
arbitrary fixed order k> 2,

x, €C,

X, =(1-2,)y,®a,ly,,

==y, ©B,Ty,,

¥ =(1=5)y, ® BTy,

== e,
vt =01=-4x, @ BT, n>0,

n

or, in short,
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x, €C,
xn+1 = (l_an)y:z ®anTyrlz’
yvo=(=-B)y ®@p1y, " i=12,.,k=-2, (5.1.2)

vy =0=5x, @B, Tx,, n20.

n

By taking k=3 and k=2 in (5.1.2), we obtain the SP-iteration and the two-step

iteration, respectively.

Acedo and Xu [67] introduced a cyclic algorithm in a Hilbert space. We modify this
algorithm in a CAT(0) space as follows.

Definition 5.1.8. Let x, €C and {¢,} be a sequence in [a,b] for some a,be(0,1).
The cyclic algorithm generates a sequence {x,} in the following way:

X = agXy D (1=, Ty,
X, = oy ©(1-a)Tx,,

Xy = Oy Xy D(1—ay )T xy,

Xy = Xy D=y )Tixy,

or, in short,

X, =a,x, O(l-a,)T,x,, n=0, (5.1.3)

n]”*n>

where 7;,,=1;, with i=n(modN),0<i<N-1. By taking 7,,=T for all n in

(5.1.3), we obtain the Mann iteration.

By using the convergence defined in (2.1.1), we obtain the demiclosedness principle

for k -strictly pseudo-contractive mappings in a CAT(0) space.

Theorem 5.1.9. Let C be a nonempty closed convex subset of a complete CAT(0)
space X and T:C—C be a k-strictly pseudo-contractive mapping such that
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ke[O,%j and F(T)#=. Let {x,} be a bounded sequence in C such that

A-lim, __ x, =wand lim,,_ d(x,7x,)=0.Then Tw=w.

Proof. By the hypothesis, A—lim , x =w. From Proposition 2.1.25, we get
{x } —=w. Then we obtain A({x })={w} by Lemma 2.1.22 (see [35]). Since

lim,  d(x,,Tx,)=0, then we get

®(x) =limsupd(x,,x) =limsupd(Tx,,x) (5.1.4)

n—0 n—0

forall xeC.In (5.1.4) by taking x=Tw, we have

O(Tw)’ = limsupd(Tx,, Tw)’

<limsup{d(x,,w)* +k(d(x,,Tx,)+d(w,Tw))’}
<limsupd(x,,w)” +k limsup(d(x,,Tx, ) +d(w,Tw))’

=O(w)* +kd(w,Tw)’. (5.1.5)

The (CN) inequality implies that

X, >

2
d( W@ij s%d(xn,W)er%d(xn’TW)z—id(w’TW)z'

Letting n — o0 and taking limsup on the both sides of the above inequality, we get

2
@(W@;ij < %q)(w)2 +%(D(T Wy _%d(w’ -
Since A({xn}) ={w}, we have

w®Tw
2

D(w)* < CD( jz < %CI)(W)2 +%(I)(Tw)2 —%d(w, Tw)*

which implies that

d(w, Tw)* <20(Tw)* —2D(w)*. (5.1.6)
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By (5.1.5) and (5.1.6), we get (1—2k)d(w,Tw)* <0. Since k € [O,%j, then we have

Tw=w as desired.

Now, we prove the A-convergence of the new multi-step iteration for k -strictly

pseudo-contractive mappings in a CAT(0) space.

Theorem 5.1.10. Let C be a nonempty closed convex subset of a complete CAT(0)

space X and 7:C—>C be a k-strictly pseudo-contractive mapping such that
ke{O,%j and F(T)#J. Let {a,} and {#}, i=1,2,...,k—2 be sequences in [a,b]

for some a,b€(0,1) and k<1-b. Let {x,} be a sequence defined by (5.1.2). Then

the sequence {x } is A-convergent to a fixed point of 7.

Proof. Let p e F(T). From (5.1.1), (5.1.2) and Lemma 2.1.15(ii), we have

d(x,,,p)’ =d((1-a,)y, ®a,1y,, p)’
<(-a,)d(y,p)* +e,d(1y,, p)’ —a,(~-a,)d(,,T,)’
<(-a,)d(y,, p)’ +a,{d(y,, p)* +kd(y,,7y,)*} —a,(-a,)d(y,, Ty,)’
=d(y,,p)’ —a,(1-a,)-k)d(,.1y,)
<d(y,,p)".

Also, we obtain

d(y,,p)’ =d((1-,)y; ® BTy, p)’
<(1-B)d(y;, p)* +B,d(Ty,, p)* = B,(-p)d(y,,Tv,)’
<(A=B)d(y;, p)* + B Ad(y,, p)* +kd(y,,Ty,)} = B,(1- g)d(y,, Ty, )’
=d(y,,p) - B, (A-B)—-kd(y;, Ty,
<d(y,,p).

Continuing the above process we have

d(x,,,p)<d(y;,p)<...<d(y,", p) <d(x,, p). (5.1.7)



61

This inequality guarentees that the sequence {x,} is bounded and lim d(x,,p)

exists for all p e F(T). Let lim, ., d(x,, p)=r. By using (5.1.7), we get

lim, , d(yy",p)=r.

By Lemma 2.1.15(ii), we also have

d(y,",p)’ =d((1-,")x, ® B, Tx,, p)’
<(1-g7Nd(x,,p) + B,"d(Ix,, p)’ = B, (1= B, )d(x,, Tx,)’
<(1-g7d(x,, p)’ + B, Hd(x,, p)* +kd(x,,Tx,)’}
=B (4=p,d(x,, Tx,)?
=d(x,,p)’ = p," (1= B, —k)d(x,,Tx,)’,

which implies that

5 1 2 k-1 N2
d(x,,Tx,) Sm[d(xn,p) —d(y, > p)']

Thus lim,  d(x,,Tx )=0. To show that the sequence {x } is A-convergent to a
tixed point of 7', we prove that W,(x,) c F(T) and W,(x,) consists of exactly one
point. Let ue€W,(x,). Then, there exists a subsequence {u } of {x } such that
A({u,})=1{u}. By Lemmas 2.1.21 and 2.1.22, there exists a subsequence {v,} of
{u,} such that A—lim, , v =veK. By Theorem 5.1.9, we have ve F(T) and by
Lemma 2.1.23, we have u=ve F(T). This shows that W,(x,) = F(T). Now we
prove that W, (x,) consists of exactly one point. Let {1 } be a subsequence of {x }
with A({u,})=1{u} and let A({x,})={x}. We have already seen that u=v and
ve F(T). Finally, since {d(x,,v)} is convergent, we have x=ve F(T) by Lemma

2.1.23. This shows W,(x,) = {x}. This completes the proof.

Also, we prove the A-convergence of the cyclic algorithm for & -strictly pseudo-

contractive mappings in a CAT(0) space.

Theorem 5.1.11. Let C be a nonempty closed convex subset of a complete CAT(0)
space X and N 2>1 be an integer. Let, for each 0<i<N-1, T:C—C be k-
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strictly ~ pseudo-contractive mappings for some 0<k < % Let

k=max{k;0<i<N-1}, {o,} be a sequence in [a,b] for some a,be(0,1) and
k<a.Let F=nF(T)#J. For x,eC, let {x} be a sequence defined by
(5.1.3). Then the sequence {x } is A-convergent to a common fixed point of the

family {7},

Proof. Let p e F. Using (5.1.1), (5.1.3) and Lemma 2.1.15(ii), we have

d(x,,,p)" =d(a,x, ®(1-a,)T,x,, p)’
<a,d(x,,p)" +(1-a,)d(T,x,, p)’ —a,(1-a,)d(x,.T,x,)’
<a,d(x,,p) +(1-a)Wd(x,, p)’ +kd(x,, T,,x,)"} —o,(1-a,)d(x,, T;,x,)”
=d(x,,p)’ -(1-a,)a, - k)d(x,,T,x,)’ (5.1.8)
<d(x,,p)’.

This inequality guarentees that the sequence {x,} is bounded and lim . d(x,,p)

exists for all p e F. By (5.1.8), we also have

1
(1-a,)a, —k)

1 2 2
Sm[d(xnap) _d(xn+19p) :I

d(xn’TEn]xn )2 = [d(xn,p)z _d(xn+l9p)2:|

Since lim,  d(x, , p) exists, we obtain lim_ . d(x,,T x )=0. The rest of the proof

no> > [n]"n

closely follows the proof of Theorem 5.1.10.

Hu [68] introduced a modified Halpern’s iteration. We modify this iteration in a

CAT(0) space as follows.

Definition 5.1.12. [69] For an arbitrary initial value x,€C and a fixed anchor
u € C, the iterative sequence {x, } is defined by

xn+1 = anu®(1_an)yn’

V, = A, x,® Y Ix,, n=0, (.1.9)
l-e, l-o

n
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where {&, },{f,},{y,} are three real sequences in (0,1) satisfying o, + 3, +y, =1.

Remark 5.1.13. [69] Clearly, the iterative sequence (5.1.9) is a natural generalization

of the well known iterations.

(i) Ifwetake £, =0 forall n in (5.1.9), then the sequence (5.1.9) is reduced to

the Halpern’s iteration in [70].

(i)  If we take «, =0 for all n in (5.1.9), then the sequence (5.1.9) is reduced to

the Mann iteration.

Definition 5.1.14. [71] A continous linear functional # on (_, the Banach space of

bounded real sequences, is called a Banach limit if |]=s(1,1,.)=1 and

/’l(an) = /’l(anJrl) for all {an };O:l = Eoo .
Lemma 5.1.15. ([71, Proposition 2]) Let {a,,a,,...; €, be such that z(a, )<0 for

all Banach limits x and limsup, . (a,,, —a,)<0. Then, limsup, , a, <0.

+1

Lemma 5.1.16. Let C be a nonempty closed convex subset of a complete CAT(0)
space X, T:C—C be a k-strictly pseudo-contractive mapping with &k €[0,1) and

S:C—C be a mapping defined by Sz=kz®(1-k)Iz, for zeC. Let ueC be
fixed. For each f €[0,1], the mapping S, : C — C defined by

S;z=tu®(1-0)Sz=tu®(-t)(kz®(1-1)Iz), forzeC,
has a unique fixed point z;, € C, that is,

Zy :St(Zt):l‘u(‘D(l—l‘)S(Zt). (5.1.10)

Proof. As it has been proven in [72], if T is a k -strictly pseudo-contractive mapping

with k£ €[0,1), S is a nonexpansive mapping such that F(S)= F(T). Then, from

Lemma 2.1 in [73], the mapping S; has a unique fixed point z, € C.
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Lemma 5.1.17. Let X,C,T and S be as in Lemma 5.1.16. Then, F(T) = if and
only if {z,} given by (5.1.10) remains bounded as £ — 0. In this case, the following

statements hold:

(1) {z;} converges to the unique fixed point z of 7" which is nearest to u,

(2) d(u,z)’ < ud(u,x,)* for all Banach limits g and all bounded sequences
{x } with im,_d(x ,7x,)=0.

Proof. If F(T)+#<, then we have F(S)=F(T)#J. Also, if im, _d(x,,7x )=0,

we obtain that

d(xn > an) = d(x

n>

e, ®(1-k)Tx, ) <(1-k)d(x,, Tx,) >0 as n—>o,

Thus, from Lemma 2.2 in [73], the rest of the proof of this lemma can be seen.

Lemma 5.1.18. ([74, Lemma 2.1]) Let {a,} be a sequence of non-negative real

numbers satisfying the condition
an+l < (1 _7/)1)an +7/no-n’ Vn 2 0’

where {y,} and {o,} are sequences of real numbers such that

(1) {7} <101 and Y7, =0

< 00,

(2) either limsup, , o, <0 or Z 7,0,
n=1

Then, lim, . a, =0.

Theorem 5.1.19. Let C be a nonempty closed convex subset of a complete CAT(0)
space X and T7:C—C be a k-strictly pseudo-contractive mapping such that

0£k<1i<1 and F(T)#. Let {x,} be a sequence defined by (5.1.9).

n

Suppose that {«, },{f,} and {y,} satisfy the following conditions:

€1 lim_,, a =0,
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) Ya, =,
n=l1

(C3) im, , B, #k and lim,__ y, #0.

Then the sequence {x, } converges strongly to a fixed point of 7.

Proof. We divide the proof into three steps. In the first step we show that {x }, {y,}
and {7x,} are bounded sequences. In the second step we show that
lim,, d(x,,Tx,)=0 Finally, we show that {x } converges to a fixed point z € F(T)

which is nearest to u .

First step: Take any p € F(T), then, from Lemma 2.1.15(ii) and (5.1.9), we have

A0, PP <P, py 4L (T, ) - Pils g, v,

a, (I-a,)
glﬂn d(x,, p)* e (d( D)’ +kd(x,,Tx,)?) - B d(x,,Tx,)*
-a, (I-a,)’
—d(x.. )’ _%(%—kj d(x,,Tx, )
Sd(xn,p)z.

Also, we obtain

d(x,.,,p)’ <, d(u, p)’ +(-a,)d(y,, p)’ —a,(-a,)d(u,y,)’
Sand(u,p)z+(1—an){d(xn,p)2—%(%—k}d(xnfxn)z}
—a,(1-a,)d(u,y,)’
= a,d(w.p) +(1-a,)d(x,.p ~, (1 L —kjd(x,,,Tx,,f
—a,(-a)du,y,) (5.1.11)
<a,d(u,p)’ +(1-a,)d(x,, p)’
<max{d(u, p)’ ,d(xn,p) }.

n

By induction,

d(x,,,, )’ <maxid(u, p)’,d(x,, p)’}.
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This proves the boundedness of the sequence {x }, which leads to the boundedness

of {Ix,} and {y,}.

Second step: In fact, we have from (5.1.11) (for some appropriate constant A >0)
that

d(x,..p)’ <e,du,p)’ +(1-a,)d(x,, p)’ -7, [L—kjd(xnaTxn)z

l-«,
= an(d(ua p)2 _d(xnap)z) +d(xnap)2 =V (IL_de(xnaTxn)z
_an

<a,M+d(x,.p) -7, [li—de(xn,Txn)z,
-

n

which implies that

-«

n

7,1( ﬂn_—kjd(x,,,Txn)z —a,M <d(x,, p)’ —=d(x,,,, p)". (5.1.12)

If 7}1[1,3" —kjd(xn,Txn)z—anMSO,then
—q

n

aﬂ
n( i —kJ
l-«,

and hence the desired result is obtained by the conditions (C1) and (C3).

d(x,,Tx,)" < M,

If %(1 b —kjd(xn,Txn)z—anM>0,then following (5.1.12), we have
-

n

i{n (% —kj (s, T —anM} <d(3, ) —d(3,.0,pY <, Y-

s

{J/n( 2 —kjd(xn,Txn)z—anM}<oo,

l-«,

Il
o

n

Thus
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lim{n (IL —kj d(x,,Tx,) —a,M } =0.
n—0 —Q

Then we get
lim . d(x,,Tx )=0. (5.1.13)
Third step: Using the condition (C1) and (5.1.13), we obtain

d(x

n+l’xn) S d('xn+l’Txn)+d(Txn’xn)

<adu,Ix)+(1-a)d(y,,Ix,)+d(Ix,,x,)

-«

n

< and(u,Txn)+(1—an)[Ld(xn,Txn)]+d(Txn,xn)
=a,du,Tx,)+ (B, +Dd(x,,Tx,) >0 asn — .

Also, from (5.1.13), we have

d(x,y )< lid(xn,Tx”) 50 asn—>o. (5.1.14)
_an

Let z=1lim,_ z,, where z; is given by (5.1.10) in Lemma 5.1.16. Then, z is the

t—0

point of F(T) which is nearest to u. By Lemma 5.1.17(2), we have
w(d(u,z)’ —d(u,x,)*)<0 for all Banach limits x. Let a,=d(u,z)’ —d(u,x,).

Moreover, since lim,_, d(x,

n+12

x,)=0, we get

limsup, . (a,,, —a,)=0.

+1

By Lemma 5.1.15, we obtain

limsup, . (d(u,2)’ —d(u,x,)*) <0. (5.1.15)
It follows from the condition (C1) and (5.1.14) that
limsup, . (d(u,z)’ —(1—ea,)d(u,y,)*) =limsup,  (d(u,z)* —d(u,x,)*) (5.1.16)
By (5.1.15) and (5.1.16), we have

limsup,  (d(u,z)* —(1—a,)d(u,y,)*) <0. (5.1.17)

We observe that
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d(x,.,2)" <a,dw,z)’ +(1-a,)d(y,,2)" -a,(-a,)dwu,y,)’
<a,d(u,z)* +(1-a,)d(x,,2)* —a,(1-,)d(u, y,)*
=(-a,)d(x,,2)" +a,[d(u,2)’ -(1-a,)dw,y,)’]

It follows from the condition (C2) and (5.1.17), using Lemma 5.1.18, that
lim_, d(x,,z)=0. This completes the proof of Theorem 5.1.19.

We obtain the following corollary as a direct consequence of Theorem 5.1.19.

Corollary 5.1.20. Let X, C and 7 be as Theorem 5.1.19. Let {&,} be a real
sequence in (0,1) satisfying the conditions (C1) and (C2) of Theorem 5.1.19. For a
constant o €(k,1), an arbitrary initial value x, € C and a fixed anchor u € C, let the

sequence {x, } be defined by
X, =au®(l-a,)(ox, ®(1-0)Ix,), n=>0. (5.1.18)

Then the sequence {x } is strongly convergent to a fixed point of 7".

Proof. If, in proof of Theorem 5.1.19, we take S =(1-¢,)0 and

7, =(—a,)(1-0), then we get the desired conclusion.

Remark 5.1.21. Theorem 5.1.19 contains the strong convergence theorems of the
iterative sequences (5.1.9) and (5.1.18) for nonexpansive mappings in a CAT(0)
space. Also, this theorem contains the corresponding theorems proved for these

iterative sequences in a Hilbert space.

5.2. The Strong and A-Convergence of New Multi-Step and S-Iteration

Processes

In this subsection, we introduce a new class of mappings and prove the
demiclosedness principle for mappings of this type in a CAT(0) space. Also, we
obtain the strong and A-convergence theorems of new multi-step and S-iteration

processes in a CAT(0) space.
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Definition 5.2.1. [75] Let 7' be a self mapping on a metric space X . The mapping

T is called a contractive-like mapping if there exist a constant 6 €[0,1) and a
strictly increasing and continuous function ¢:[0,00) —[0,00) with @0)=0 such

that, forall x,ye X,
d(Tx,Ty) <od(x,y) +e(d(x, Tx)). (5.2.1)

Remark 5.2.2. [75] This mapping is more general than those considered by Berinde
[76, 77], Harder and Hicks [78], Zamfirescu [79], Osilike and Udomene [80].

By taking o =1 in (5.2.1), we define a new class of mappings as follows.

Definition 5.2.3. [81] The mapping 7T is called a generalized nonexpansive mapping

if there exists a non-decreasing and continuous function @:[0,00) —[0,00) with

@(0)=0 such that, forall x,ye X,

d(Tx,Ty) <d(x, y)+@(d(x, Tx)). (5.2.2)

Remark 5.2.4. For x € F(T) in (5.2.2), we have

d(x,Ty)=d(Tx,Ty) <d(x,y)+o(d(x,Tx)) =d(x, y).

Fact 5.2.5. [81] If X is an interval of R, then F(7) is convex. The same is also

true in each space with unique geodesic for each pair of points (e.g. metric trees or

CAT(0) spaces).

Remark 5.2.6. In the case ¢(¢f)=0 for all #€[0,), it is easy to show every

nonexpansive mapping satisfies (5.2.2), but the inverse is not necessarily true.

Example 5.2.7. [81] Let X =[0,2], d(x,y)=|x—y

, ¢(t)=t and define T by

0 ifx#2,

e) :{1 if x=2.
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By taking x=2 and y=1.5, we have
d(T(Q2),T(1.5) =1<15=d(2,1.5)+p(d(2,T(2)))
but
d(T(2),T(1.5)=1>0.5=d(2,1.5).

Therefore T is a generalized nonexpansive mapping, but 7 is not nonexpansive

mapping.

Remark 5.2.8. Both a contractive-like mapping and a generalized nonexpansive

mapping doesn’t need to have a fixed point, even if X is a complete.

Example 5.2.9. [81] Let X =[0,0), d(x, y)=|x—)| and define T by

1 if 0<x<0.8,
0.6 1f 0.8 <x <+oo.

T(x)={

It is proved in [66] that T is a contractive-like mapping. Similarly, one can prove
that 7' is a generalized nonexpansive mapping. But the mapping 7' has no fixed

point.

Remark 5.2.10. By using (5.2.1), it is obvious that if a contractive-like mapping has
a fixed point then it is unique. However, if a generalized nonexpansive mapping has

a fixed point then it doesn’t need to have unique.

Example 5.2.11. [81] Let R be the real line with the usual absolute metric and let
K =[—-1,1]. Define a mapping 7: K — K by

x, if x€[0,1],

Ix)= {—x, if x e[-1,0).

Now, we show that 7 is a nonexpansive mapping. In fact, if x,y<[0,1] or

x,y €[—1,0), then we have

|Tx—Ty|=|x—)|.
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If xe[0,1] and y €[-1,0) or x€[-1,0) and y €[0,1], then we have
|Tx—Ty| = |x+y| <|x—y|.

This implies that 7' is a nonexpansive mapping and so 7 is a generalized

nonexpansive mapping with ¢(¢) =0 for all # €[0,00). But F(T)={xeK;0<x<1}.

By using the convergence defined in (2.1.1), we obtain the demiclosedness principle

for the new class of mappings in a CAT(0) space.

Theorem 5.2.12. Let K be a nonempty closed convex subset of a complete CAT(0)
space X and let 7:K—>K be a generalized nonexpansive mapping with

F(T)#Q. Let {x,} be a bounded sequence in K such that A—lim, _ x =w and
lim . d(x,Tx,)=0.Then Tw=w.

Proof. By the hypothesis, A—lim,  x, =w. From Proposition 2.1.25, we get
{x }—w. Then we obtain A({x,})={w} by Lemma 2.1.22. Since

lim . d(x,,Tx,)=0 then we have

®d(x) =limsupd(x,,x) =limsupd(Tx,, x) (5.2.3)

for all x € K. By taking x =7w in (5.2.3), we have

O(Tw) = limsupd(Tx,,Tw)

n—>0

<limsup{d(x,, w)+@(d(x,,Tx,))}

n—x0

<limsupd(x,,w)+ (p(limsup d(x,,Tx, ))

n—0 n—0

= limsupd(x,,w)

n—0

=D(w).

The rest of the proof closely follows the pattern of Proposition 3.14 in Nanjaras and

Panyanak [35]. Hence 7w=w as desired.
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Now, we prove the A-convergence of the new multi-step iteration process for the

new class of mappings in a CAT(0) space.

Theorem 5.2.13. Let K be a nonempty closed convex subset of a complete CAT(0)

space X, T:K —>K be a generalized nonexpansive mapping with F(7)# < and

let {x} be a sequence defined by (5.1.2) such that {a,}, {#}<[0,1],

i=1,2,...,k—2 and {$:"'} =[a,b] for some a,be(0,1). Then the sequence {x,} A-

converges to the fixed point of 7'.

Proof. Let p e F(T). From (5.1.2), (5.2.2) and Lemma 2.1.15(i), we have

d(x,,,p)=d(1-a,)y, ®a,Ty,,p)
<(l-a,)d(y,,p)+a,d(1y,,p)
<(I-a)d(y,, p)+a,{d(y,, p)+ed(p,Tp))}
=d(y,.p)-

Also, we obtain

d(y,,p)=d((1- )y, ® p,1v;, p)
<(1-)d(y;,p)+ p,dTy,, p)
<(1-B)d(y;, p)+ B,Ad(y;, p)+@(d(p,Tp))}
=d(y;,p).

Continuing the above process, we have

d(x,,,,p)<d(y,,p)<d(y;,p)<...<d(y,”, p) <d(x,. p).

(5.2.4)

This implies that lim,__ d(x,, p) exists for all pe F(T). Let lim,_ _ d(x,p)=r.

By using (5.2.4), we get

lim, ,, d(y,", p)=r.

By Lemma 2.1.15(ii), we also have
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d(v, ", py =d((1-B,")x, ® B, ' Tx,. p)’
<(1-4,)d(x,,p)’ + B, d(Tx,. p)’ = B, (1= B, Hd(x,, Tx,)’
<(1=4,)d(x,, p)* + B, Hd(x,, p) + Ad(p, Tp))}*
=B (1= B7Hd(x,. Tx, )’
=d(x,,p)" =B, (1= B)d(x,,Ix,)",

which implies that

1

d(x,,Tx,)" <
a(1-b)

[d(x,,p)" —d(y,", p)’].

Thus lim, . d(x,,7x,)=0. To show that the sequence {x } A-converges to a fixed
point of 7', we prove that W,(x )< F(T) and W,(x,) consists of exactly one point.
Let ueW,(x,). Then, there exists a subsequence {u, } of {x } such that
A({u,})={u}. By Lemmas 2.1.21 and 2.1.22, there exists a subsequence {v, } of
{u,} such that A—lim v =veK. By Theorem 5.2.12, ve F(T). By Lemma
2.1.23, we have u=ve F(T). This shows that W,(x,) < F(T). Now, we prove that
W,(x ) consists of exactly one point. Let {u,} be a subsequence of {x } with
A({u,})={u} and let A({x,})={x}. We have already seen that u=v and ve F(T).
Finally, since {d(x,,v)} converges, by Lemma 2.1.23, x=v e F(T). This shows that

W, (x,) = {x}. This completes the proof.

We give following theorem related to the A-convergence of the S-iteration process

for the new class of mappings in a CAT(0) space.

Theorem 5.2.14. Let K be a nonempty closed convex subset of a complete CAT(0)
space X, T:K —K be a generalized nonexpansive mapping with F(7)# < and

let {x } be a sequence defined by (4.1.1) such that {& },{8,}[a,b] for some

a,b €(0,1). Then the sequence {x,} A-converges to the fixed point of 7.

Proof. Let p e F(T). Using (4.1.1), (5.2.2) and Lemma 2.1.15(i), we have
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d(x,,,p)=d((1-a,)Ix, ®a,Ty,, p)
<(l-a,)d(Tx,,p)+a,d(1y,, p)
<(I-a Md(x,, p)+o(d(p,Ip)} +a,d(y,. p)+ (d(p,Ip))}
=(-a,)d(x,,p)+a,d(y,,p). (5.2.5)

Also, we obtain

d(y,,p)=d((1-5,)x,® p,Tx,, p)
< (l_ﬂn)d(‘xn9p)+ﬂnd(Txn’p)
<(1=£,)d(x,, p)+ p,d(x,, p)+o(d(p,Tp))}
=d(x,,p). (5.2.6)

From (5.2.5) and (5.2.6), we have d(x,.,p)<d(x,,p). This implies that

lim,_, d(x,, p) exists forall pe F(T). Let

lim . d(x,p)=r. (5.2.7)
Now, we prove that lim,_,_ d(y,, p) =r. By (5.2.5), we have
d(xn+1’p) S (l_an)d(xn’p)+and(.yn7p)'
This gives that

a,d(x,,p)<d(x,,p)+a,d(y,,p)—d(x,,,p)

or

(5, P) £, p) + (A3, )=, )

n

<d(y,. p)+%[d(xnap)—d(xn+1ap)]-

This gives r<lminf _d(y,p). By (52.6) and (5.2.7), we obtain

limsup, ., d(y,, p) <r. Then, we get

lim,  d(y,,p)=r.

By Lemma 2.1.15(i1), we also have
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d(y,,p) =d((1-p,)x,® B,Ix,, p)’
<(1-B)d(x,, p)* + Bd(Tx,, p) = B,(1- B,)d(x,, Tx,)’
<(1-B)d(x,, p)’ + B{d(x,. p)+Ad(p, Tp))}* - B,(1- B,)d(x,, Tx,)’
=d(x,,p)" - B,(1-B,)d(x,,Ix,)’,

which implies that

1
a(1-b)

d(x,,Tx,)’ < [d(x,,p)" =d(y,,p)’].

Thus lim, , d(x,,7Tx,)=0. The rest of the proof follows the pattern of the above

theorem.

Now, we prove the strong convergence theorem of the new multi-step iteration

process for a contractive-like mapping in a CAT(0) space.

Theorem 5.2.15. Let K be a nonempty closed convex subset of a complete CAT(0)

space X, T:K — K be a contractive-like mapping with F(7)# < and let {x,} be

a sequence defined by (5.1.2) such that {¢,} <[0,1), Zan =0 and {#}[0,1),
n=0

i=1,2,...,k—1. Then the sequence {x } converges strongly to the unique fixed point

of T.

Proof. Let p be the unique fixed point of 7. From (5.1.2), (5.2.1) and Lemma
2.1.15(1), we have

d(x,..,p)=d(1-a,)y, ®a,Ty,, p)
<(1-a,)d(y,, p)+a,d(Ty,, p)
<(1-a,)d(y,, p)+a,{5d(y,, p) +@d(p,Tp))}
=(1-a,)d(y,, p)+a,6d(y,, p)
=[1-a,(1-0)d(y,, p)-

Also, we obtain
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d(y,,p)=d((1-5)y, ® BTy,,p)
<(1-B)d(y;,p)+p,dTy,, p)
<(1-)d(y;, p)+ p,{5d(y;, p)+p(d(p,Tp))}
=(1=B)d(y,,p)+B,6d(y;,p)
=[1-4,0-8)1d(y;, p)-

In a similar fashion, we can get

d(y;,p)<1- 4 (1-6)ld(y,, p).

Continuing the above process we have

d(x,., p) <[1-0,(1-0)[1-B,(1-9[1- B, (1-5)]..[1- B (1-0)ld(y, ", p).

(5.2.8)
In addition, we obtain

d(yy ", p)=d((1-,")x, ® B, "' Tx,, p)
<(1-B7Nd(x,, p)+ B d(Ix,, p)
<(1-B7Nd(x,, p)+ B {6d(x,, p) +p(d(p, Tp))}
=(1-£,)d(x,, p)+ B,75d(x,, p)
=[1-5,"(1-6)ld(x,, p)- (5.2.9)

From (5.2.8) and (5.2.9), we have

d(x,,, p)<[1-a,(1-0)[1-B,(0-)[1-£;(1-5)]..
[1-4,2(1=-8)[1- 4, (1-5)ld(x,, p)
<-ea,(1-0)ld(x,, p)

gf[[l—o;,(l—é)]d(xo,p)

‘(l‘ﬁ)i’lj

<e 77 d(x,,p). (5.2.10)

Using the fact that 0<6 <1, &, €[0,1] and Zan =00, we get that
n=0

7(17§)ia ;

. j:O —
lim, e 0.
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This together with (5.2.10) implies that lim,  _ d(x,,p)=0. Consequently

x, = p € F(T) and this completes the proof.

Remark 5.2.16. In Theorem 5.2.15, the condition Zan =00 may be replaced with
n=0

0

Z‘ﬂr’l =oo fora fixed i=1,2,....k—1..

n=0

We give the strong convergence theorem of the S-iteration process for a contractive-

like mapping on a CAT(0) space as follows.

Theorem 5.2.17. Let K be a nonempty closed convex subset of a complete CAT(0)
space X, T:K — K be a contractive-like mapping with F(7)# < and let {x,} be

a sequence defined by (4.1.1) such that { },{f,} =[0,1]. Then the sequence {x }

converges strongly to the unique fixed point of 7.

Proof. Let p be the unique fixed point of 7. From (5.1.2), (5.2.1) and Lemma
2.1.15(1), we have

d(x,,,p)=d((1-a)Ix, ®a,Ty,, p)
<(I-a,)d(Ix,,p)+a,d(y,. p)
<(1-a,)Ndd(x,, p)+@ld(p,Ip)} +,16d(y,, p)+¢(d(p,Tp))}
=(1-a,)dd(x,,p)+a,0d(y,, p). (5.2.11)

Similarly, we obtain

d(y,,p)=d((1-,)x, ®B]Ix,, p)
<(1-B)d(x,, p)+ B,d(Tx,, p)
<(1-4)d(x,, p)+ p,{6d(x,, p)+ ¢(d(p,Tp))}
=(1-p)d(x,, p)+ B,0d(x,, p)
=(1-p,(1-0))d(x,, p)
<d(x,, p). (5.2.12)

Then from (5.2.11) and (5.2.12), we get that
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d(xn+1’p) < (1 _a11)5d(xn9p) +an5d(yn’p)
<(l-a,)dd(x,, p)+a,0d(x,, p)
<od(x,,p)

<o6™d(x,, p).

If 6(0,1), we obtain lim . d(x,,,p)=0. Thus we have x —>peF(T). If

0 =0, the result is clear. This completes the proof.

5.3. The Strong Convergence of Modified S-Iteration Process for Asymptotically

Quasi-Nonexpansive Mappings

In this subsection, we prove the strong convergence theorems of the modified S-
iteration process for asymptotically quasi-nonexpansive mappings on a CAT(0)

space.

Agarwal, O’Regan and Sahu [15] introduced the modified S-iteration process which
is independent of those of the modified Mann iteration [82] and the modified

Ishikawa iteration [83]. We give this iteration process in a CAT(0) space as follows.

Definition 5.3.1. [84] Let K be a nonempty closed convex subset of a complete
CAT(0) space X, T:K —>K be an asymptotically quasi-nonexpansive mapping
with F(T)#O. The sequence {x, } is defined by

x ek,
xn+l = (1_an)Tnxn @anTnyn7 (5'3'1)
v, =(1=-b)x, ®bT"x,, neN.

By taking 7" =T for all n €N in (5.3.1), we obtain the S-iteration process.

Lemma 5.3.2. [85] Let {a,} and {u,} be two sequences of positive real numbers

satisfying

an+1 S (1 + un )an
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forall neN. If Zun <oo, then lim, , a, exists.
n=1

Theorem 5.3.3. Let K be a nonempty closed convex subset of a complete CAT(0)

space X, T:K—>K be an asymptotically quasi-nonexpansive mapping with

F(T)#< and {u,} be a non-negative real sequence with Zun <o, Suppose that

n=l1

{x } is defined by the iteration process (5.3.1). If

liminf d(x,, F(T))=0 or limsupd(x,,F(T)) =0,

n—0

then the sequence {x } converges strongly to a fixed point of 7.

Proof. Let pe F(T). Since T is an asymptotically quasi-nonexpansive mapping,

there exists a sequence {u, } €[0,0) with lim_,_ u =0 and such that
d(T"x, p) <(1+u,)d(x, p)

for all xe K and p e F(T). By combining this inequality and Lemma 2.1.15(i), we

get
d(yn’p) = d((l_bn)xn @bnTan,p)
S (l_bn)d(xn9p)+bnd(Tn'xn9p)
<(1=b,)d(x,, p)+b,(1+u,)d(x,, p)
=({+b,u,)d(x,, p). (5.3.2)
Also,

d(x,.,,p)=d(1-a,)T"x,®a,I"y,,p)
<(1-a,)d(T"x,, p)+a,d(T",. p)
<(1-a,)(1+u,)d(x,, p)+a,(1+u,)d(y,, p)
<(1-a,)(1+u,)d(x,. p)+a,(+u,)1+bu,)d(x,, p)
<(1-a,)(1+u,)d(x,, p)+a,(+u,)d(x,, p)
=(+u)1-a,+a,+au,)d(x,,p)
<(I+u,)d+u,)d(x,, p)
=(1+u,)d(x,, p). (5.3.3)
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When x>0 and 1+x<e", we have (1+x)2 <e**. Thus,

d(xn+m b p) S (1 + un+m4 )2 d(xnwnfl H p)
<&M (X, )

<e ¥ d(x,p).

n+m-1
2 u
Let e Z":” =M. Thus, there exits a constant M >0 such that
d(xn+m > p) S Md(xn > p)

forall n,meN and p e F(T). By (5.3.3),

d(x,.., p) < (1+u,)d(x,, p).

This gives

d(x,,, F(D) <(1+u,)d(x,, F(T)) = (1+2u, +u,)d (x,, F(T)).

00

Since Zun <oo, we have Z(Zun +u’)<o. Lemma 532 and
n=l1

n=1

liminf d(x,, F(T))=0 or limsupd(x,,F(T))=0 gives that

limd(x,, F(T)) = 0. (5.3.4)
Now, we show that {x } is a Cauchy sequence in K. Since limd(x,,F(T))=0, for
each &> 0, there exists n, €N such that

&
M +1

d(x,, F(T))<

for all n>n,. Thus, there exists p, € F(T') such that
dx ,p)<—2— forall n>n
P !

and we obtain that
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d(xn+m7‘xn) S d(xn+m7p1)+d(pl7xn)
<Md(x,,p)+d(x,,p)
=M +1d(x,,p,)

<(M+l)ﬁ=g

for all m,n>n,. Therefore, {x,} is a Cauchy sequence in K. Since the set K is
complete, the sequence {x } must be convergence to a point in K. Let
lim, , x = peK. Here after, we show that p is a fixed point. By lim___ x = p,

for all & >0, there exists 7, €N such that

al 5.3.5
A P) < 550 (53:5)

for all n>n,. From (5.3.4), for each & >0, there exists n, €N such that

&
d(x ,F(T <7
O ) = S 3)
for all n>n,. In particular, inf{d (xn3 ,p):peF(T)} < 2(%13”1) . Thus, there must
exist p* € F(T) such that
* 1
d(x,% ,pH)< m for all n> n,. (5.3.6)

From (5.3.5) and (5.3.6),

d(Ip,p)<d(Ip,p)+d(p",Tx, ) +d(Tx, . p") +d(p",x, ) +d(x,, ., p)
<d(Tp,p)+2d(Ix,, p")+d(x,, p’) +d(x,, )
<(+u)d(p,p’)+2(1 +u1)d(xn3,p*) +d(xn3,p*) +d(xn3,p)
<(+u)d(p.x, )+ (+u)d(x, . p)+2041)d(x, ')

+d(x,. p)+d(x, . p)
=2+w)d(x, , p)+(4+3u)d(x, , p*)

E E
<(24u)— 4 (443u)— =g
( ”‘)2(2+u1) ( ”‘)2(4+3u1) &
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Since ¢, is arbitrary, so d(Ip,p)=0, ie., Tp=p. Therefore, peF(T). This

completes the proof.

Remark 5.3.4. Let the hypotheses of Theorem 5.3.3 be satisfied and 7: K — K be
an asymptotically nonexpansive or quasi-nonexpansive mapping. Since the class of
asymptotically quasi-nonexpansive mappings includes quasi-nonexpansive mappings

and asymptotically nonexpansive mappings, then the sequence {x } converges

strongly to a fixed point of 7'.
Now, we give the following corollaries which have been proved by Theorem 5.3.3.

Corollary 5.3.5. Under the hypotheses of Theorem 5.3.3, T satisfies the following

conditions:

(1) lim, _ d(x,,Tx,)=0.
(2) If the sequence {z, } in K satisfies lim,__ d(z,,71z,)=0, then
liminf d(z,, F(T))=0 or limsupd(z,, F(T))=0.

n—0

Then the sequence {x, } converges strongly to a fixed point of 7.

Proof. It follows from the hypotheses that lim, . d(x ,7x )=0. From (2),

liminf d(x,, F(T))=0 or limsupd(x,,F(T)) =0,

Therefore, the sequence {x } must converge to a fixed point of 7" by Theorem 5.3.3.

Corollary 5.3.6. Under the hypothesis of Theorem 5.3.3, T satisfies the following

conditions:
(1) lim,  d(x,,Tx,)=0.
(2) There exists a function f :[0,00) —[0,00) which is right-continuous at 0,

f(0)=0and f(r)>0 forall »> 0 such that
d(x,Tx)> f(d(x,F(T))) forall xeK.
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Then the sequence {x } converges strongly to a fixed point of 7.

Proof. It follows from the hypotheses that

lim £(d(x,, F(T))) <limd(x,,Tx ) =0.

That is, lim £ (d(x,,F(T)))=0. Since f:[0,00)—>[0,00) is right-continuous at 0
and f(0)=0, therefore we have limd(x,,F(T))=0. Thus, liminfd(x, 6 F(T))=0
and limsupd(x,,F(T))=0. By Theorem 5.3.3, the sequence {x,} converges

n—0

strongly to ¢, a fixed point of 7'. This completes the proof.

Now, we give the following theorem which has a different hypothesis from Theorem

5.3.3.

Theorem 5.3.7. Let K be a nonempty closed convex subset of a complete CAT(0)

space X, T:K—>K be an asymptotically quasi-nonexpansive mapping with

F(T)#< and {u,} be a non-negative real sequence with Zun <o, Suppose that

n=l1

{x } is defined by the iteration process (5.3.1). If T is demi-compact and

lim, d(x,,Tx,)=0, then the sequence {x,} converges strongly to a fixed point of

T.

Proof. From the hypothesis, we have lim, , d(x,,7x,)=0. Also, since 7 is demi-

compact, there exists a subsequence {xnk} of {x,} such that X, D€ K. Hence,
d(p,Tp)= llcimd(xnk ,Txnk) =0.

Thus, p e F(T). By (5.3.3),

d(x,.,,p) <(+u,) d(x,, p) = (1+2u, +u,)d(x,, ).
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By Lemma 5.3.2, lim, d(x,p) exists and X, =D e F(T) gives that

x, = p € F(T). This completes the proof.



CHAPTER 6. SOME CONVERGENCE RESULTS FOR TOTAL
ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS

In this section, the strong and A-convergence theorems for total asymptotically

nonexpansive mappings are proved.

6.1. The Strong and A-Convergence of Some Iterative Algorithms in CAT(0)

Spaces

In this subsection, we get some results which are related to the strong and A-
convergence of the modified S-iteration and the modified two-step iteration for total

asymptotically nonexpansive mappings on a CAT(0) space.

Thianwan [16] introduce the two-step iteration process in a Banach space. We give

the modified two-step iteration process in a CAT(0) space as follows.

Definition 6.1.1. Let K be a nonempty bounded closed convex subset of a complete
CAT(0) space X, T: K — K be a total asymptotically nonexpansive and uniformly
L-Lipschitzian mapping. The sequence {x,} is defined by

x €K,
X0 =(-a)y,®aTl"y, (6.1.1)
v, =(1-=b)x,®bT"x,, neN.

If b, =0 for each neN, then (6.1.1) is reduced to the modified Mann iteration

process. By taking 7" =T for all n€N in (6.1.1), we obtain the two-step iteration

process.
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Chang et al. [7] proved demiclosedness principle for total asymptotically

nonexpansive mappings in CAT(0) spaces as follows.

Lemma 6.1.2. ([7, Theorem 2.8]) Let K be a closed convex subset of a complete
CAT(0) space X and let 7:K — K be a total asymptotically nonexpansive and

uniformly L-Lipschitzian mapping. Let {x } be a bounded sequence in K such that

lim,  d(x,,7Tx,)=0 and A—~lim,__ x, =w. Then Tw=w.
The following lemma is crucial in the study of iteration processes in metric spaces.

Lemma 6.1.3. ([86, Lemma 2]) Let {a,}, {b,} and {0} be sequences of non-
negative real numbers satisfying the inequality
a,,<(1+o)a, +b,.

n+l

If Z5n <oo and an <oo, then lim_ _, a, exists.
n=l1

n=1

We prove the A-convergence theorem of the modified S-iteration process in a

CAT(0) space.

Theorem 6.1.4. Let K be a nonempty bounded closed convex subset of a complete
CAT(0) space X, T: K — K be a total asymptotically nonexpansive and uniformly
L-Lipschitzian mapping with F(7)#< and let {x,} be a sequence defined by

(5.3.1). If the following conditions are satisfied:

00 00 00
(1) Zvn < o0, E U, < o0, Zan < oo
n=l1 n=1

n=1
(ii) there exists a constant A" >0 such that {(r) <M r,r>0;

(iii) {bn} is the sequence in [0,1];

(iv) Zsup {d(z,T"z): z € B} <oo for each bounded subset B of K ;

n=1



87

(v) there exist constants b,c €(0,1) with 0<bh(1—c) < % such that {a } c[D,c].

Then the sequence {x,} A-converges to a fixed point of 7.

Proof. We divide the proof of Theorem 6.1.4 into three steps.

Step 1. First we prove that limd(x,, p) exists for each pe F(T). In fact for each
peF(T), by Lemma 2.1.15(i), we have
d(yn’p) = d((l_bn)xn (_anTnxn’p)
S(1_bn)d(xn7p)—i_bnd(wan’p)
<(=b)d(x,, p)+b,{d(x,, p)+v,(d(x,, p) + 1,}
<(+by,M*)d(x,, p)+b,u,
<(A+v,M"d(x,,p)+ i,

Also, we obtain

d(x,,,p)=d((1-a,)T"x, ®a,T"y,,p)
<(I-a,)d(T"x,,p)+a,d(T"y,,p)
<(I-a)d(x,, p)+v,¢(d(x,, p))+ 4,5 +a,Ld(y,, p)
<(1=a){(1+v, MW, p)+ p, 1+ a, LAy, M (x, p)+ 1)
={-a,)1+v,M")+a,L(1+v,M")}d(x,, p)+(1+a,(L-1)4,
={l+a,(L-1)+v M (1+a, (L-1)}d(x,, p)+(1+a,(L-1)u,.

It follows from condition (i) and Lemma 6.1.3 that limd(x,, p) exists.

Step II. Next we prove that

limd(x,,Tx,)=0. (6.1.2)

In fact, it follows from Step I that for all pe F(T), limd(x,, p) exists, so we can

assume that limd(x,, p) =r. Since
n—»0
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d(T"y,,p)=d(T"y,,T"p)
<d(y,,p)+v,¢d(y,,p)+H,
<+v,M)d(y,,p)+ 4,
SA+v, M) {(1+v,M")d(x,, p)+ 1} + 4,
=(1+v M )YA+v,M*)d(x,, p)+2+v,M" )y,

then we have limsupd(7"y,, p) <r. Similarly, we obtain limsupd(7”x,, p) <r. On
the other hand, since
limd((1-a)I"x, ®a,T"y,,p)=limd(x,,,,p)=r,

by Lemma 2.1.16, we have

limd(T"x,,T"y,) =0. (6.1.3)

Since
d(xn+l’ Tnxn) S d((l _an )Tn'xn G_)anTwyn ’Tn'xn) S and(Tnyn’Tn'xn)

from (6.1.3), we obtain

}li_r)gd(xnﬂ,T”xn) =0. (6.1.4)
From condition (iv), we have
limd(x,,T"x,) =0. (6.1.5)
Hence from (6.1.4) and (6.1.5), we get
limd(x,,x,.,)=0. (6.1.6)

Since T is a uniformly L-Lipschitzian mapping, from (6.1.5) and (6.1.6) we have
that

d(x,,Tx,) <d(x,,X,,)+d(x,,, "%, ) +d(T""x,,,T""x,)+d(T""x,,Tx,)
<d(x,,x,)+d(x, ., T""x )+Ld(x, ,x )+ Ld(T"x,,x,)
= (1 + L)d(xn > ‘x}’H—l ) + d(“x}

n+19

T, )+Ld(T"x,,x,)—0 asn—>ow,

The equation (6.1.2) is proved.
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Step III. To show that the sequence {x } A-converges to a fixed point of 7, we
prove that W, (x,) < F(T) and W,(x,) consists of exactly one point. Let u e W, (x,).
Then, there exists a subsequence {u, } of {x } such that A({u,})={u}. By Lemmas
2.121 and 2.1.22, there exists a subsequence {v,} of {u} such that
A-lim,, v, =veK. By Lemma 6.1.2, ve F(T). Since {d(u,,v)} converges, by
Lemma 2.1.23, u=ve F(T). This shows that W,(x,) < F(T). Now we prove that
W,(x,) consists of exactly one point. Let {u } be a subsequence of {x } with
A({u,})={u} and let A({x })={x}. We have already seen that u=v and ve F(T).
Finally, since {d(x,,v)} converges, by Lemma 2.1.23, x=v e F(T). This shows that

W, (x,) = {x}. This completes the proof.

Now we give an example of such mappings which are total asymptotically

nonexpansive and uniformly L-Lipschitzian as in Theorem 6.1.4.

Example 6.1.5. Let R be the real line with the usual absolute metric and let

K =[-1,1]. Define two mappings 7,S:K — K by

2sinY, if xe[0,1]

T(x)= and S(x) :{
2sing, if xe[-1,0)

x, if xe[0,1]
—x, 1f xe[-1,0).

It is proved in [87, Example 3.1] that both 7" and S are asymptotically nonexpansive
mappings. Therefore they are total asymptotically nonexpansive and uniformly L-

Lipschitzian mappings. Additionally, F(7)={0} and F(S)={xe K;0<x<1}.

We give the characterization of strong convergence for the modified S-iteration

process in a CAT(0) space as follows.

Theorem 6.1.6. Let X,K,7,{a },{b,},{x } satisfy the hypotheses of Theorem 6.1.4.
Then the sequence {x,} converges strongly to a fixed point of 7' if and only if

liminf d(x,, F(T)) =0.
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Proof. Necessity is obvious. Conversely, suppose that liminfd(x,,F(7))=0. As

proved in Teorem 6.1.4 (Step I), for all pe F(T),
d(x,.., p) < {+a,(L=D)+v,M (1+a,(L-D)id(x,, p)+(1+a,(L-D),.
This implies that

d(x,

1+12

F(D) <{l+a,(L-1)+v M (1+a,(L-1)d(x,,F(T)+(1+a,(L-1)u,.

By Lemma 6.1.3, lim_, d(x F(T)) exists. Thus by hypothesis

lim, . d(x,,F(T))=0. The conclusion now follows from Theorem 3.1.5.

Theorem 6.1.7. ([88, Theorem 3]) Let X,K,7,{a,},{b,},{x,} satisfy the hypotheses

of Theorem 6.1.4 and let 7" be a mapping satisfying condition (I). Then the sequence

{x,} converges strongly to a fixed point of 7.

Remark 6.1.8. Theorems 6.1.4, 6.1.6, 6.1.7 contain the some results of Khan and
Abbas [48, Theorems 1-3] since each nonexpansive mapping is a total asymptotically

nonexpansive mapping.

Now, we give the A-convergence theorem of the modified two-step iteration process

in a CAT(0) space.

Theorem 6.1.9. Let X,K,7,{b,} satisfy the hypotheses of Theorem 6.1.4, {a } be a
sequence in [0,1] and let {x } be a sequence defined by (6.1.1). If the conditions (i)-
(iv) in Theorem 6.1.4 are satisfied, then the sequence {x,} A-converges to a fixed

point of 7.

Proof. First we will prove that limd(x,, p) exists for all pe F(T). As proved in

Theorem 6.1.4, we have

d(y,,p) <(+v,M")d(x,, p)+ 1, (6.1.7)

Since T is a uniformly L-Lipschitzian mapping, from (6.1.7) we have
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d(x,..,p)=d(1-a,)y,®aTl"y,, p)
<(1-a,)d(y,,p)+a,d(T"y,, p)
<(l-a,)d(y,,p)+a,Ld(y,, p)
=(l+a,(L-1)d(y,, p)
<(+a,(L-IN{A+v,M")d(x,, p)+ 1.}
={l+a,(L-D)+v,M (1+a,(L-1))}d(x,, p)+(1+a,(L-1))u,

It follows from Lemma 6.1.3 that limd(x,,p) exists. Next we prove that

n—»0

}llr;.} d(x,,Tx,)=0. From condition (iv), we have
}li_{lgd(xn,T”xn)=Il1i_r)1£d(yn,T"yn)=O. (6.1.8)

By the above equality, we get

dT"x,,T"y )< Ld(x,,y,)<Lbd(x,,T'x,)<Ld(x,T"x,) >0 asn—>.  (6.1.9)

Since

d(xn+l9Tnyn) Sa’((l_an).yn ®anTnyn’Tnyn) S(1_an)d(.yn’Tw.yn)

from (6.1.8), we obtain

limd(xnﬂaTnyn) = 0 (6'1'10)

From (6.1.8), (6.1.9) and (6.1.10) we have that
d(xn"an) S61(')6;1’7-%)(:}1)-i_a’(]-wxn’71}1.);n)-i_Ci(zm.yn’'xn+1) _)0 asn—oo.

The rest of the proof follows the pattern of the Theorem 6.1.4.

Remark 6.1.10. Theorem 6.1.9 contains the main result of Chang et. al. [7, Theorem
3.5] since the modified two-step iteration is reduced to the modified Mann iteration.
Also, Theorem 6.1.9 contains the main result of Nanjaras and Panyanak [35,
Theorem 5.7] since each asymptotically nonexpansive mapping is a total

asymptotically nonexpansive mapping.



92

We give following theorems related to the strong convergence of the modified two-
step iteration process which their proofs are similar arguments of Theorem 6.1.6 and

Theorem 6.1.7, respectively.

Theorem 6.1.11. Let X,K.T,{a, },{b,},{x,} satisfy the hypotheses of Theorem
6.1.9. Then the sequence {x, } converges strongly to a fixed point of 7" if and only if

liminf d(x,, F(T))=0.

Theorem 6.1.12. Let X,K,T,{a, },{b,},{x,} satisfy the hypotheses of Theorem 6.1.9
and let 7 be a mapping satisfying condition (I). Then the sequence {x } converges

strongly to a fixed point of 7.

6.2. The Strong and A-Convergence of Modified SP-Iteration Scheme in
Hyperbolic Spaces

In this subsection, we prove some strong and A-convergence theorems of the
modified SP-iteration process for approximating a fixed point of total asymptotically

nonexpansive mappings in hyperbolic spaces.

The following iteration process is a translation of the SP-iteration from Banach

spaces to hyperbolic spaces.

Definition 6.2.1. [89] Let K be a nonempty, closed and convex subset of a complete
uniformly convex hyperbolic space X with monotone modulus of uniform
convexity and 7:K — K be a uniformly L-Lipschitzian and total asymptotically

nonexpansive mapping. The sequence {x } is defined by

x ek,

'xn+l ZW(ynﬁTnyn’an)D

yn :W(ZnﬂTnZ;wﬂn)’

z, =W(x,,T"x,,7,), neN.

(6.2.1)
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Remark 6.2.2. ([90, Theorem 3.1]) Every total asymptotically nonexpansive
mapping defined on a nonempty bounded closed convex subset of a complete

uniformly convex hyperbolic space always has a fixed point.

We give A-convergence of the modified SP-iterative sequence {x,} defined by

(6.2.1) for total asymptotically nonexpansive mappings in hyperbolic spaces.

Theorem 6.2.3. Let K be a nonempty, closed and convex subset of a complete
uniformly convex hyperbolic space X with monotone modulus of uniform

convexity 77. Let 7: K — K be a uniformly L-Lipschitzian and total asymptotically

nonexpansive mapping with F(7)# . If the following conditions are satisfied:
(i) Dy, <o and Y u, <oo;

n=1 n=1
(ii) there exist constants a,b €(0,1) such that {« },{,},{7,} <[a.b];

(iii) there exists a constant M >0 such that {(r) < Mr, Vr=0,

Then the sequence {x, } defined by (6.2.1), A-converges to a fixed point of 7.

Proof. We divide our proof into three steps.
Step 1. First we prove that the following limits exist:

limd(x,, p) for each p € F(T) and limd(x,, F(T)). (6.2.2)

Since T is a total asymptotically nonexpansive mapping, by the condition (iii), we

get

d(z,,p)=dW(x,,T"x,,7,), )
<(1-y,)d(x,,p)+y,d(T"x,, p)
<(1=y,)d(x,, p)+y,4d(x,, p)+v,6(d(x,, p)+ 4, }
=d(x,,p)+yv,ed(x,, p)+7,4,
<(I+yyM)d(x,,p)+y,u, (6.2.3)

and
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dy,,p)=dW(z,T"z,p,),p)
<(1-g)d(z,,p)+p,d(T"z,, p)
<(A=p)d(z,,p)+p,1d(z,, p)+v,{(d(z,, p) + 1}
<(I+By,M)d(z,,p)+ B,u, (6.2.4)

Substituting (6.2.3) into (6.2.4) and simplifying it, we have

d(yn’p)S(1+ﬂnvnM){(1+7nvnM)d(‘xn’p)+}/n/’ln}+an:Lln
S (1+vnM(ﬂn +7/n +ﬁn7/nvnM))d(xn’p)+/'ln(an +7/n +ﬁn7/nvnM)' (6‘2'5)

Similarly, we obtain
(%, p) <1+ 0y, M)d(y,, p)+ i, (6.2.6)
Combining (6.2.5) and (6.2.6), we have
dx,,p)<(1+o)d(x,,p)+<¢, Vn2landpe F(T),  (6.2.7)
and so
d(x,.,, F() <(1+0,)d(x,,F(T) +¢,, Vn=l,

Where O-}’l = vnM(an +ﬂ}’l +7/n +VnM(anﬂn +ﬂn7/n +an7/n +an18n]/nvnM)) and
E=a,+6 +y,+vMap +pBy,+ay, +apy,v,M). By virtue of the condition
(1),

00 00
S, <o and 3, <on
n=l1 n=l1

By Lemma 6.1.3, lim,__ d(x,,F(T)) and lim,_ d(x,, p) exist for each pe F(T).

Step 2. Next we prove that lim __ d(x,,7x,)=0. In fact, it follows from (6.2.2) that
lim _, d(x,p) exists for each given peF(T). We may assume that
lim,  d(x,, p)=r. The case »=0 is trivial. Next, we deal with the case »>0.

Taking limsup on both sides in the inequality (6.2.5), we have

limsupd(y,, p) <r. (6.2.8)

n—>0

Since
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d(T"y,,p)<d(y,,p)+v,c(d(y,,p)+ 4,
<(I+vM)d(y,,p)+u,, Vn=1,

we have
limsupd(T"y,, p)<r. (6.2.9)
In addition,
limd(x,,,, p)=limdW(y,,T"y,,a,),p)=r. (6.2.10)

With the help of (6.2.8)-(6.2.10) and Lemma 2.2.10, we have
limd(y,,T"y,)=0. (6.2.11)

On the other hand, since

d(xn+l’p) Sd(xn+1’]-’nyn)—l_d(Tvnyn’p)
<(I-a)d(y,,T"y,)+(1+v,M)d(y,,p)+ 1,

we have liminf , d(y,p)=r. Combined with (6.2.8), it yields that

lim, . d(y,, p)=r. This implies that
imd(W(z,,T"z,, ,), p) =1 (6.2.12)

Taking limsup on both sides in the inequality (6.2.3), we have

lim_)sup d(z,,p)<r. (6.2.13)
Since
d(T"z,,p)<d(z,,p)+v,c(d(z,, p)+ 4,
<(I+vM)d(z,,p)+u,, Vn=1,
we have
limsupd(T"z,, p) <r. (6.2.14)

With the help of (6.2.12)-(6.2.14) and Lemma 2.2.10, we have
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limd(z,,7"z,)=0. (6.2.15)
By the same method, we can also prove that

limd(x,,T"x,)=0. (6.2.16)

n—0

By (6.2.11), we get
d(x,.,y,)<dW(,.T"y,,a,),y,) <e,d(y,,T"y,) >0 asn—ow,

In a similar way, we have

dy,,z,)<pBd(z,,T"z,) >0 asn—>oo
and

d(z,x)<ad(x,T"x)—>0 asn—wx
It follows that

dix,,,x)<d(x _,,v)+d»,z)+d(z,,x)—>0asn—>0 (6.2.17)

Since T is uniformly L-Lipschitzian, therefore we obtain

d(x,,Tx )<d(x,,x,)+d(x,,,T""x

n+l

V+d(T"'x,, , T"'x ) +d(T"'x,,Tx,)

<(1+Lyd(x,,x)+d(x, ., T""x )+ Ld(T"x,,x,).
Hence, (6.2.16) and (6.2.17) imply that
limd(x,,7x,)=0. (6.2.18)

Step 3. Now we prove the sequence {x } A-converges to a fixed point of 7. In fact,
for each pe F(T), lim, , d(x,,p) exists. This implies that the sequence {x,} is
bounded. Hence by virtue of Lemma 2.2.9, {x } has a unique asymptotic center
A.({x, })={x}. Let {u } be any subsequence of {x ,} such that A, ({u,})={u}.
Then, by (6.2.18), we have

limd(u,,Tu,)=0. (6.2.19)
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We claim that u € F(T). In fact, we define a sequence {z,} in K by z, =T"u. So,
we calculate
d(z,,u)<d(T"u,T"u)+d(T"u,,T" 'u,)+...+d(Tu,,u,)

<)+, ) + 1, + DT, T )

i=1

<(V+v,M)d(uu,)+u, + Y d(T'u,, T u,). (6.2.20)
i=1

Since 7' is uniformly L-Lipschitzian, from (6.2.20), we have
d(z,,u)<(+v M)dwu,u,)+p, +mLd(Tu,,u,).
Taking limsup on both sides of the above estimate and using (6.2.19), we have

F(z,, {u,}) = limsupd(z,,u,) <limsupd(u,u,) = r(u, {u,}).

n—>0 n—0

This implies that |r(zm,{un})—r(u,{un})|—)0 as m—>oo. It follows from Lemma

2.2.11 that im  7"u =u. Utilizing the uniform continuity of 7', we have that
Tu=T(lim,  T"u)=lim, T"'u=u.

Hence u e F(T). Moreover, lim, . d(x, ,u) exists by (6.2.2). Suppose that x #u.

By the uniqueness of asymptotic centers, we have

limsupd(u,,u) <limsupd(u,,x)

n—0 n—0
<limsupd(x,,x)
n—>0

<limsupd(x,,u)

= limsupd (u,,u)

n—»0

a contradiction. Hence x=u. Since {u } is an arbitrary subsequence of {x },
therefore A({u,})={u} for all subsequences {u,} of {x },thatis, {x } A-converges

to x € F(T). The proof is completed.

We now discuss the strong convergence of the modified SP-iteration for total

asymptotically nonexpansive mappings in hyperbolic spaces.
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Theorem 6.2.4. Let K, X,7 and {x } be the same as in Theorem 6.2.3. Suppose that
the conditions (i)-(iii) in Theorem 6.2.3 are satisfied. Then {x } converges strongly

to some p € F(T) if and only if liminf,__ d(x,,F(T))=0.

Proof. Necessity is obvious. Conversely, suppose that liminf, , d(x ,F(7))=0. It
follows from (6.2.2) that lim, , d(x ,F(T)) exists. Thus by hypothesis
lim, . d(x,, F(T))=0. Next, we show that {x } is a Cauchy sequence. In fact, it
follows from (6.2.7) that for any p € F(T)

d(x,.,,p) <(1+0,)d(x,, p)+&,, Yn=>1,

0 0
where Zan <oo and Zﬁn < oo, Hence for any posititve integers n,m, we have

n=1 n=l

d(xn+m > xn) < d(xn+m > p) + d(p9 xn) S (1 + Jn+m71 )d(xn+m7] > p) + §n+m71 + d(xn > p)

Since for each x>0, 1+x<e*, we have

d(xn+m b xn) S eo-n-%—m—l d(anrmfl s p) + §n+m71 + d(xn H p)

o 1% m—2 (o
S e e d(anrmfZ’ p) +e §n+m72 + n+m—1 + d(xn’ p)

n+m—1 n+m—1 n+m=2

% 9 9

<e i=n d(xn,p)_i_e[:nﬂ én +ei:n+2

+ eUn+M—1 §n+m—2 + n+m—1 + d(xn H p)
n+m—1

<(1+MNyd(x,,p)+N Zf;,

+...

n+l

>
where N =e¢“==!" <o, Therefore we have

ntm—1

d(x,.,.x,) <(1+N)d(x,,F(T)+N D_ & >0 asn,m—> .

This shows that {x } is a Cauchy sequence in K. Since K is a closed subset in a
complete hyperbolic space X, it is complete. We can assume that {x } converges

strongly to some point p* € K. It is easy to prove that F(T) is closed subset in K,
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sois F(T). Since lim,__ d(x,,F(T))=0, we obtain p" € F(T). This completes the

proof.

Remark 6.2.5. In Theorem 6.2.4, the condition liminf, d(x,,F(7T))=0 may be

replaced with limsup, . d(x ,F(T))=0.

Example 6.2.6. Let R be the real line with the usual absolute metric and let
K =[-1,1]. Define two mappings 7,7, : K - K by

2sinl, if xe[0,1]
T(x) = and Tz(x>={
2sin§, if xe[~1,0)

x, if xe€[0,1]
—-x, if xe[-1,0).

It is proved in [87, Example 3.1] that both 7; and 7, are asymptotically
nonexpansive mappings with k& =1, Vn>1. Therefore they are total asymptotically
nonexpansive mappings with v, =u =0, Vun2>1, {(f)=¢, V¢>0. Additionally,
they are uniformly L-Lipschitzian mappings with L=1. Clearly, F(7)={0} and
F(T)={xeK;0<x<1}. Set

g —_"
" 2n+1’

1811: n andj/n: n

forall n>1.
3n+1 P (6.2.21)

Thus, the conditions of Theorem 6.2.3 are fulfilled. Therefore the results of Theorem

6.2.3 and Theorem 6.2.4 can be easily seen.

Example 6.2.7. Let R be the real line with the usual absolute metric and let
K =[0,00). Define two mappings S,,S, :K —>K by S,(x)=sinx and S,(x)=x. It

is proved in [91, Example 1] that both S, and S, are total asymptotically

nonexpansive mappings with v :iz, M, Z%, Vn>1. Additionally, they are
n n

uniformly L-Lipschitzian mappings with L=1. Clearly, F(S;)={0} and
F(S,)={xeK;0<x<o}. Let {&,}, {5,} and {y,} be the same as in (6.2.21).
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Similarly, the conditions of Theorem 6.2.3 are satisfied. So, the results of Theorem

6.2.3 and Theorem 6.2.4 also can be received.

Theorem 6.2.8. Under the assumptions of Theorem 6.2.3, if 7' is demi-compact,

then {x } converges strongly to a fixed point of 7'

Proof. It follows from (6.2.2) that {x } is a bounded sequence. Also, by (6.2.18), we
have lim,_ _ d(x ,7x,)=0. Then, by demi-compactness of 7, there exists a

subsequence {xnk} of {x,} such that {xnk} converges strongly to some point pe K.

Moreover, by the uniform continuity of 7', we have

d(p’ Tp) = llci_l;l;}d(xnk > T‘xnk ) = O

This implies that p e F(T). Again, by (6.2.2), lim, ,_ d(x,,p) exists. Hence p is
the strong limit of the sequence {x, }.As aresult, {x } converges strongly to a fixed

point p of T'.

Theorem 6.2.9. Under the assumptions of Theorem 6.2.3, if T satisfies condition (I),

then {x } converges strongly to a fixed point of 7.

Proof. By virtue of (6.2.2), lim_ ,_d(x, ,F(T)) exists. Further, by the condition (I)
and (6.2.18), we have lim, _,_ d(x,,F(T))=0. Now Theorem 6.2.4 implies that {x }

converges strongly to a point p in F(T).

Remark 6.2.10. Theorems 6.2.3-6.2.9 contain the corresponding theorems proved

for asypmtotically nonexpansive mappings when v, =k —1, u =0, Vnzxl,

C(t)=t, Vt>0.



CHAPTER 7. RESULTS AND SUGGESTIONS

In this section, the results obtained from the previous sections of thesis will be
summarized. The third, fourth, fifth and sixth sections of this thesis equipped with

original works.

In the first part of third section, we prove the strong and A -convergence theorems of
SP-iteration for nonexpansive mappings on CAT(0) spaces. Since SP-iteration is
reduced to the new multi-step and the Mann iterations, then these results extend and
generalize some works in the literature. In the second part of third section, we get
some results on the strong and A-convergence of the iteration process of Khan et. al.
[47] for nonexpansive mappings in uniformly convex hyperbolic spaces. Moreover,
we give an example to support our reults. These results generalize some results

which is given in [24, 47, 48].

There are three parts in the fourth chapter. In the first part of it, we study the S-
iteration process for mappings satisfying condition (C) which are weaker than
nonexpansive mappings in CAT(0) spaces and generalize some results of Khan and
Abbas [48]. In the second part of this chapter, we present the strong and A-
convergence theorems of the new three-step iteration for mappings satisfying
condition (C) in CAT(0) spaces. Since every nonexpansive mapping satisfies
condition (C) and the new three-step iteration is reduced to the new two-step
iteration, S-iteration and SP-iteration processes, then these results extend and
improve some results in the literature. In the last part of it, we study the S-iteration
and the Noor iteration processes for nonself mappings satisfying condition (E) in
CAT(0) spaces. These results generalize some results of Khan and Abbas [48],
Razani and Salahifard [92] and Razani and Shabani [93].
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In the first part of fifth section, we prove the A-convergence theorems of the cyclic
algorithm and the new multi-step iteration for k-strictly pseudo-contractive mappings
and give also the strong convergence theorem of the modified Halpern’s iteration for
these mappings in a CAT(0) space. In the second part of it, we introduce a new class
of mappings and examine the properties of these mappings with some examples. We
prove the A-convergence theorems of the new multi-step iteration and S-iteration
processes for mappings of this type in a CAT(0) space. Also, we present the strong
convergence theorems of these iteration processes for contractive-like mappings in a
CAT(0) space. In the last part of it, we give the strong convergence theorems of the
modified S-iteration process for asymptotically quasi-nonexpansive mappings in a
CAT(0) space. These results presented in this section extend and improve some

works for a CAT(0) space in the literature.

In the first part of chapter 6, we get some results which are related to the strong and
A-convergence theorems of the modified S-iteration and the modified two-step
iteration processes for total asymptotically nonexpansive mappings in a CAT(0)
space. Also, an example which satisfies our main result, have been given. These
results extend and improve the corresponding ones announced by Chang et. al. [7],
Nanjaras and Panyanak [35] and Khan and Abbas [48] and many others. In the
second part of this chapter, we prove some strong and A-convergence theorems of
the modified SP-iteration process for total asymptotically nonexpansive mappings in
hyperbolic spaces by employing recent technical results of Khan et. al. [46].
Moreover, we give some examples to support our results. These results generalize

some recent results given in [17, 56].

These results related to CAT(0) space can be generalized to CAT(x ) spaces and

hyperbolic spaces. They can be researched in the future.
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