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1 Introduction

Systems of singular differential equations have been a matter of increasing interest in theoretical
physics and in some technical areas such as engineering of electric networks or control theory.
The fundamental characteristic of these kinds of systems is that the existence and uniqueness
of solutions are not assured. In particular, this situation arises in mechanics when dynamical
systems described by singular Lagrangians are considered, and also when considering systems
of PDE’s associated with field theories described by singular Lagrangians (such as, for instance,
electromagnetism), as well as in some other applications related to optimal control theories. Fur-
thermore, these systems do not have a nice Hamiltonian description, since not all the momenta

are available and, in general, the equations have no solution everywhere.

Bergmann and Dirac were pioneer in solving the problem for the Hamiltonian formalism of
singular mechanical systems, by developing a constraint algorithm which gives, in the favourable
cases, a final constraint submanifold where admissible solutions to the dynamics exist (in the
sense that the dynamical evolution remains on this manifold) [9]. Their main aim was to apply
this procedure to field theories. Afterwards, a lot of work was done in order to geometrize this
algorithm. The first important step was the work by Gotay et al [15], and its application to the
Lagrangian formalism [13, 14]. Other algorithms were given later, in order to find consistent
solutions of the dynamical equations in the Lagrangian formalism of singular systems (including
the problem of finding holonomic solutions) [3, 21, 42|, and afterwards, new geometric algorithms
were developed to be applied both in the Hamiltonian and the Lagrangian formalisms, as well as
to other kinds of more general systems og singular differential equations [17, 19, 20, 37, 41, 44].

The Lagrangian and Hamiltonian descriptions of field theories is the natural extension of
time-dependent mechanics. Therefore, in order to understand the constraint algorithm for field
theories in a covariant formalism, the first step was to develop the algorithmic procedures for
time-dependent systems. This work was provided mainly in [5, 6, 16, 27, 30, 31, 35, 36, 38, 50].

There are several alternative models for describing geometrically first-order classical field the-
ories. From a conceptual point of view, the simplest one is the k-symplectic formalism, which
is the generalization to field theories of the standard symplectic formalism used as the geomet-
ric framework for describing autonomous dynamical systems. In this sense, the k-symplectic
formalism is used to give a geometric description of certain kinds of field theories: in a local
description, those theories whose Lagrangians or Hamiltonians depend on the fields and on
the partial derivatives of the fields, or the corresponding moments, but not on the space-time
coordinates [40]. The foundations of the k-symplectic formalism are the k-symplectic mani-
folds [1, 2, 32]. Historically, it is based on the so-called polysymplectic formalism developed
by Giinther [18], who introduced the concept of polysymplectic manifold. Then, k-symplectic
manifolds are polysymplectic manifolds which have Darboux-type coordinates [32]. A natural
extension of this formalism is the k-cosymplectic formalism, where k-cosymplectic manifolds are
used to describe geometrically field theories involving space-time coordinates or analogous ones,
on the Lagrangian or the Hamiltonian [33, 34]. This is the generalization to field theories of the
cosymplectic formalism geometrically describing non-autonomous mechanical systems. One of
the advantages of these formalisms is that one only needs the tangent and cotangent bundle of
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a manifold to develop them.

It is worth noting that G. Sardanashvily et al [12, 47] developed a polysymplectic formalism
for classical field theories which differs from the one proposed by Giinther. (See also [22] for
more details on the polysymplectic formalism.) In addition, we must remark that the soldering
form on the linear frames bundles is a polysymplectic form, and its study and applications to
field theory constitute the n-symplectic formalism developped by L. K. Norris [39, 43].

Working within the framework of the k-symplectic description for these theories, we present
in this paper a geometric algorithm for finding the maximal submanifold where there are con-
sistent solutions to the field equations of singular theories. This algorithm is a generalization
of the presymplectic constraint algorithm for presymplectic dynamical systems [15], and gives
an intrinsic description of all the constraint submanifolds. The problem is stated in a generic
way for k-presymplectic Hamiltonian systems, in order to give a solution to both Lagrangian
and Hamiltonian field theories, as well as other possible kinds of systems of partial differential
equations. In this framework, the solutions to these equations are given geometrically by inte-
grable k-vector fields in the manifold where the equations are stated. In this way, a constraint
algorithm can be developed giving a sequence of submanifolds which, in the best case, ends
in some final constraint submanifold where field equations have consistent solutions (k-vector
fields), although not necessarily integrable. The general problem of integrability is not addressed
in this paper, only discussed in the examples. Finally, Lagrangian and Hamiltonian field theo-
ries are particular cases where the above results are applied straightforwardly, although in the
Lagrangian case the problem of finding holonomic solutions must be also analized. In addition,
the unified Lagrangian-Hamiltonian formalism of Skinner—Rusk [49], which was adapted recently
for k-symplectic field theories [45], constitutes a framework where this algorithm is applied in a
very natural way. A description of constraint algorithms for other geometrical models of field
theories (multisymplectic) was made in [10, 11, 28, 29].

The paper is organized as follows. In section 2 k-symplectic structures are reviewed, as well
as the corresponding Hamiltonian systems. Section 3 is devoted to k-presymplectic Hamiltonian
systems and the presymplectic constraint algorithm. In section 4 the particular case of field
theories described by a Lagrangian function is considered, either in Lagrangian or in Hamiltonian
formalism. Finally, the application to the Skinner—Rusk formalism and two examples are studied

in section 5.

Manifolds and maps are assumed to be smooth. Sum over crossed repeated indices is under-
stood.

2 k-symplectic Hamiltonian systems

2.1 k-symplectic manifolds. The bundle of k!-covelocities

Definition 1. A k-symplectic structure on a differentiable manifold M of dimension N =

n + kn is a family (w',...,w"; V), where each w? is a closed 2-form, and V is an integrable
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nk-dimensional tangent distribution on M such that

(i)  wvxv =0 for each A,

(i)  Nk_; Kerw? = {0}.
Then (M,w?,V) is called a k-symplectic manifold.

Theorem 1. [1, 32]. Let (w?,V) be a k-symplectic structure on M. For every point of M there
exists a neighbourhood U and local coordinates (¢',p*) (1 <i<mn, 1< A<k) such that, on U,
; 0 0
A i A
w™ =dq" N\dp;, V:<,...,> .
’ 8p21 apf 7 n

2ttty

These are called Darboux or canonical coordinates of the k-symplectic manifold.

The canonical model of a k-symplectic manifold is (T}C)*Q =T*Qa .*. ®T*Q, the bundle of
k!-covelocities of an n-dimensional differentiable manifold @, which has the natural projections

A (TPQ — TQ ; =50 (TH'Q — Q
(q;aé,...,a’;) — (q;an) ; (q;aé,...,a’;) = q

(T4)*Q is endowed with the canonical forms
04 = (70, Wt = (r)'w = —(7")*do = —do”,
where 6 and w are the Liouville 1-form and the canonical symplectic form on T*Q.

If (¢%) (1 < i < n) are local coordinates on U C @, the induced coordinates (¢*, p?) (1 <
A <k)on (71'612)_1((]) are given by

. . 9
F(gal...at) =g, plaal,... ) =a <

Then we have

94 = pf‘dqi, w? =dg' A dpiA.
Thus, the triple ((Tk)*Q,wA,V), where V = Ker wa, is a k-symplectic manifold, and the
natural coordinates in (T})*@ are Darboux coordinates.

2.2 k-vector fields and integral sections

Let T,ch =TM& . k. ®TM be the bundle of k'-velocities of a differentiable manifold M. Tt is

endowed with the natural projections

A TiM - TM ;. g TiM - M

(Q7U1q7"'>vkq) = (q;UAq) ; (Q>U1q>' "7qu) = q

(1)

Definition 2. A k-vector field on a manifold M is a section X: M — TkM of the projec-

. 1
tion Tj;.

Therefore, giving a k-vector field X is the same as giving k vector fields X1,..., X, on M,
obtained as X4 = 74 o X. We denote X = (X1,..., Xg).
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Remark The term k-vector field on M is more often applied to the sections of the bundle
AFTM — M, that is, contravariant skew-symmetric tensor fields of order k. The k-vector fields
X = (Xi,..., X)) used here lead to a particular class of such tensor fields, the decomposable

ones, X1 A ... A Xg, which can be associated with distributions on M.

Definition 3. An integral section of the k-vector field X = (X1,...,Xk) is a map ¢: J — M,
defined on an open set J C RF, such that

0
Tgo oA T X409,
where t = (t',...,t*) denote the canonical coordinates of R¥.

Equivalently, an integral section satisfies the equation
¢ =X oo,

where ¢V : J — T,ﬁM is the first prolongation of ¢ to T}gM defined by

60 (1) = (¢(t),T¢ (;L) T (5’6‘,:)) .

A k-vector field X is integrable if every point of M belongs to the image of an integral section
of X.

In coordinates, write X4 = Xil . The ¢ is an integral section of X if, and only if, the

i
following system of partial differential equations holds:

oLk ;
= Xi(6).

Proposition 1. A k-vector field X = (X1,...,Xk) is integrable if, and only if, [Xa,Xp] =0
for each A, B.

This is the geometric expression of the integrability condition of the preceding differential

equation (see, for instance, [26] or [8]).

2.3 Hamiltonian systems

Definition 4. Let (M,w?,V) be a k-symplectic manifold, and o € QY (M) a closed form.

(M,w?,V,q) is said to be a k-symplectic Hamiltonian system.

As « is closed, for every point of M there exists a neighbourhood U C M and a function
H € C*(U) such that a = dH on U. This function is called a local Hamiltonian function. If o
is exact, then H € C*°(M) is called a (global) Hamiltonian function. These functions are unique

up to a constant on each connected component of M. From now on, we will write o = dH.

The Hamilton—de Donder-Weyl (HDW) equation for a map ¢: J — M (J C RF) is

i)t =dH oy (2)
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In canonical coordinates this reads

ovt  OH oy OH

o~ apl oA o

where ¢ = (wl,wlA) Recall that, according to our conventions, a sum ), is understood

whenever the index A appears twice in upper and lower position.

In order to give an alternative geometrical interpretation of these equations, we introduce the
set X% (M) of those k-vector fields X = (Xi,..., X)) on M which are solutions of the geometric
field equation

i(X4)w? = dH. (3)

For k-symplectic Hamiltonian systems, solutions of equation (3) always exist (this is a con-
sequence of the lemma and the theorem in the next section). They are neither unique, nor
necessarily integrable.

-0
In canonical coordinates of M, writing X4 = (XA)laqi + (XA)ZBW’ equation (3) reads
(2
0H A4 OH ;
= xad, ZE(x)
o7 (Xa)i, o (Xa)

This geometric field equation for X is an alternative formulation of the HDW equation in
the following sense:

Proposition 2. Let X = (Xi,...,Xy) be an integrable k-vector field in M. FEvery integral
section 1: J — M of X satisfies the HDW equation (2) if, and only if, X € Xk (M).

Note however that equations (2) and (3) cannot, in general, be considered as fully equivalent:
a solution to the HDW equations may not be an integral section of some integrable k-vector
field on M. Solutions 1 that are integral sections of some X € XX (M) will be called admissible,

and we will restrict our attention to them.

3 k-presymplectic system and constraint algorithms

3.1 k-presymplectic Hamiltonian systems

To consider singular field theories we have to drop some assumptions in the definition of a k-
symplectic structure. So, a family (w',...,w*) ok k closed 2-forms on a smooth manifold M
will be called a k-presymplectic structure; accordingly, (M,w?) will be called a k-presymplectic

manifold.

The simplest example of a k-presymplectic manifold is provided by any submanifold of a
k-symplectic manifold: the pull-back of the k 2-forms by the inclusion map yields k£ 2-forms on
the submanifold.

In some particular k-presymplectic manifolds one can find Poisson-like coordinates, but it is
an open question to characterize the necessary and sufficient conditions for these coordinates to

exist.
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Given a closed 1-form a € 2Y(M), (M,w?, a) is said to be a k-presymplectic Hamiltonian
system. As above, we will write & = dH (locally or globally).

Then we can also consider the Hamilton—de Donder—Weyl equation i(wf;) )wA = dH o), and
also the set X%, (M) of k-vector fields X that satisfy the geometric field equation i(X 1) w? = dH.

For k-presymplectic systems the existence of solutions of this equation is not assured every-
where on M. We will analyze the existence of solutions on a certain submanifold of M.

3.2 Statement of the problem

The problem we wish to solve arises from the Lagrangian and Hamiltonian k-presymplectic
formalisms in field theories, although other kinds of systems could also be stated in this way.

Statement. Let (M, wA,dH) be a k-presymplectic Hamiltonian system. We want to find a
submanifold C of M and integrable k-vector fields X = (X1,..., X) € X*¥(M) such that

(X 4w ~ dH (4)
(this means equality on the points of C') and
X is tangent to C

(this means that X1, ..., Xy are tangent to C).

As stated in the introduction, we will focus on the consistency of the equation and will not
address the integrability condition in generality.

Given a submanifold C' of M, with natural embedding jo: C — M, let TFjc: TiC —
T}CM be the natural extension of jo to the k-tangent bundles, and denote its image as T,{:C =
Tk (TLC).

We can define the map
b : TiM — T*M 5)
(p7 Upl""vvpk) = (p’/l:(/UAp)w;?)

and denote by (TC)#; the annihilator of the image of TLC' by by; that is,
(TC)j; = pr(TrC))° = {up € TM | Y(vp1, . .., vpk) € TEC, (Zi(va)w;,up> = 0}.

We call (TC’)&c the k-presymplectic orthogonal complement of TC in T+ M.

In particular, for C = M we have:

k
Lemma 1. (TM)j; ={(p,up) € TM | uy € m Kerwﬁ}
A=1

(Proof) For every p € M and (vp1,...,v) € (T})pM, if u, € ﬂ]j‘:l Kerw;j‘, then we have
(i(vAp)wl’,“)(up) = —i(vap) i(up)z,uzg4 =0, and therefore u, € (TpM)i.
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Conversely, if u, € (TpM);C, then (i(vap)ws')(up) = 0 for every (vpt,...,vpr) € (Th)pM.

Then taking any (vp1,0,...,0) with v,; # 0 we conclude that u, € Ker w;; and analogously for

the others. [ |
The main result is the following:

Theorem 2. Let C be a submanifold of M. The following conditions are equivalent:

o there exists a k-vector field X = (X1,...,X;) € X¥(M), tangent to C, such that equation
(4) holds

o i(Y,)(dH), =0 foreverypeC,Y, € (TpC)j;. (6)

(Proof) (=) If there exists a k-vector field X = (X1,..., X}) € X*(M), tangent to C such
that equation (4) holds, then, for every p € C and Y), € (TpC')j;,

0 = [i(Xap)wy 1(Yp) = i(Yp) i(Xap)wy' = i(Yp)(dH), .

(«<=) If (6) holds, then
(dH), € [(TC’)i]O = [[bk(T}ciC)]O]O - bk(TkC),

and hence there exists (Xp1, ..., Xpk) € (T}),C such that (4) holds. |

3.3 k-presymplectic constraint algorithm

The application of the above result leads to an algorithmic procedure which gives a sequence of
subsets ... C C; C...Co C C1 C M. We will assume that:

Assumption. Every subset C; of this sequence is a regular submanifold of M.

These submanifolds are sequentially obtained from the analysis of the consistency of a linear
equation, namely eq. (4) at each point:

i(Xap)wy = (AH),.

First, C1 — M is the submanifold of M where this equation is consistent:
Cy = {p € M | 3X,, such that i(Xa,)w; = (dH),}.

So, there exist k-vector fields X on M which satisfy equation (4) on the sumbanifold C;. How-
ever, in general these X may not be tangent to C'y. Therefore, we consider the submanifold

Cy = {p € C1 | 3X,, € TL(C}) such that i(Xap)ws = (dH),},
and so on. Following this process, we obtain a sequence of constraint submanifolds

== Oy —=Cr— M
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where, taking into account Theorem 2, each submanifold C; is geometrically defined by
C;={peCj_1]i(Yy)(dH), = 0 for every Y, € (TpC’j_l)ﬁ;}.

For every j > 1, Cj is called the jth constraint submanifold.

If we denote by X(Cj)i the set of vector fields Y in M such that Y}, € (TpC’j)i, then one
can obtain constraint functions {¢,} defining each C; from a local basis {Z1,..., Z,} of vector
fields of %(Cj_l)i by setting &, = i(Z,)dH.

The technical procedure to obtain these constraints is the following:

To obtain a local basis {Z1,..., Z,} of vector fields of ﬂi:l Kerw?.

To apply Theorem 2 to obtain a set of independent constraint functions ¢, = i(Z,)dH,
defining Cy — M.

To calculate X = (X7y,...,X}), solutions to (4) on Cj.

e To impose the tangency condition of Xj,..., X} on the constraints &,.

To iterate the last item until no new constraints appear.
This is the k-presymplectic constraint algorithm. We have two possibilities:

e There exists an integer j > 0 such that Cj;1 = C; = Cy. In this case, C is called the final
constraint submanifold, and there exist a family of k-vector fields X/ = (X { pee oy X ,{ ) in
M, tangent to Cy, such that (3) holds on CY, that is,

[i(X})w? — dH]|c, = 0. (7)
This is the situation which is interesting to us.

e There exists an integer j > 0 such that C; = (). This means that the equations have no

solution on a submanifold of M.

4 k-symplectic field theory

4.1 The bundle of k'-velocities

The Lagrangian formalism of k-symplectic field theories uses the bundle of k!-velocities of a
manifold as phase space. First we introduce the canonical structures which this manifold is

endowed with.

Let T}ﬁQ = TQ® .*. ®TQ be the bundle of k'-velocities of @, with natural projections
T4 TiQ — TQ and Té: TiQ — @, given in (1).
If (¢*) are local coordinates on U C @, the induced coordinates (¢*,v%) on (Té)*l(U ) are

¢ (vig-- - ong) =0 (@), Va(vig -, Vkg) = vag(d).
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For Z, € T,Q, its vertical A-lift at (vig,...,Ukq) € TiQ is the vector (Z,;)V4, tangent to the
fiber (Té)_l(q) C TiQ, given by

d
(Zq)vA (Vigs .-+, Ukq) = Is sg(})h]’ e V(A1) VAq T 5Zg, V(A4 1)gs - - - 5 VUkq)

; 0

o,
If Z, =a'——| , then (Z,)V4(vig, ..., Vpg) = ' — .
! (Z4)" (v1q ka) OV | (v1g,10kq)

3qi q

The canonical k-tangent structure on Tle is the set (S, ..., S¥) of tensor fields of type (1,1)
defined by

S we)(Zuy) = (Tuy (15)(Zu,)) ™ (wy)
for wy = (vig, ..., V) € T,%Q, Zy, € qu(Tle).

In coordinates we have S4 = 81‘?1 ® dg'.
A

The Liouville vector field A € X(TLQ) is the infinitesimal generator of the flow 1: R x
Ti:Q — TiQ
Y(83V1g, -+ > Ukq) = (€°V1g, - . ., € Upq).
Observe that A = A1 + ...+ Ay, where each Ay € %(T}(Q) is the infinitesimal generator of
the flow ¢: R x TLQ — TLQ

A
w (87 Vigs - +» qu) = (Ulqa ceey 'U(Afl)(p €S’UAq, U(A+1)q7 s ,'qu)

0
81}2 '

In local coordinates we have A = Zﬁle Ay =Yy

Now we want to characterize the integrable k-vector fields on 7} le such that their integral
sections are first prolongations ¢(*) of maps ¢: R¥ — Q. Remember that a k-vector field in Tle
is a section I': T} Q — TH(T1Q) of the canonical projection TTIQ" THT!Q) — T!Q. Then:

Definition 5. A second order partial differential equation (SOPDE) is a k-vector field T' =
(T'1,...,T%) on Tk}Q which is also a section of the projection Tlei Tk1 (Tle) — Tle; that is,

Tyrol = ld7ig

or, what is equivalent, Ty, T - T s(wq) = vaq, for wy = (vig, ..., Vkq) € TlQ.
If the local expression of the k-vector field I' = (I'y) on T, Q is 'y = (T'4) EY + (I‘A)Ba—i,
S q U
then I is a SOPDE iff (I'y)" = v':
o 9 9
T z’ 0} = vl — + (T'4)% —
Alq',vy) UAaqz ( A)Basz

where (T'4)% are functions locally defined in T}Q.

Ify: R¥ — T1Q is an integral section of T' = (I'y, ..., '), locally given by ¥ (t) = (¥(t), ¥%5(¢)),
then from the last expression and Definition 3 we deduce

OV _ i OB _ by
Sl =i, S| = b)),
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Proposition 3. Let I' = (I'1,...,['x) be an integrable SOPDE. If v is an integral section of T
then 1 = ¢, where ¢V is the first prolongation of the map ¢ = 7o ): R¥ 4, Tk}Q 5 Q, and
¢ is a solution of the system of second order partial differential equations

2 13 )
soror(®) = (T (610, 550 0

Conversely, if ¢: R¥ — Q is any map satisfying (8), then o) is an integral section of T' =
(Tise..,Th).

From (8) we deduce that if T is an integrable SOPDE then (T'4)% = (I'p)4.

Finally, using the canonical k-tangent structure of Tle, we have that a k-vector field I =
(T1,...,T%) on T}Q is a SOPDE if, and only if, SA(I'4) = Ay (A fixed).
4.2 k-symplectic Lagrangian field theory
Let L € C®(TLQ) be a Lagrangian function. We define the Lagrangian forms
07 =t(SY) odL € QYTIQ), wi = —doy € N¥(TLQ) .
and the Lagrangian energy function
Ep =A(L) — L € C®(T}Q) .

OLY o oL
c% av, ) T “Aa

We introduce the Legendre map of L, which is its fibre derivative FIL: T} Q — (TH)*Q. Tt
can be defined as follows: for ¢ € Q, uq € T4Q, (vig,-..,Vkq) € (Tk)qQ,

They have local expressions Hf =

[FL(vig, .., 0kq)) (ug) = —L(vig,- .., vaq + SUq,- - ., U, )|s=0-

ds
o oL

Locally, FL(q*,vY) = <qz, 6’) Furthermore, we have that 07 = FL*(4), wi! = FL*(w?).
VA

Definition 6. The Lagrangian L is regular if the following equivalent conditions hold:

*L ‘ :
1. —— | is everywhere nonsingular.
o'y Ov,

2. The second fibre derivative FL: T}Q — (T})*Q ® (T})*Q is everywhere nonsingular.
3. FL is a local diffeomorphism.

4. (TkQ,wL,V Ker TTQ) is a k-symplectic manifold.

The Lagrangian L is called hyperregular if F'L is a global diffeomorphism.
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We must point out that, in field theories, the notion of regularity is not uniquely defined (for
other approaches see, for instance, [4, 7, 23, 24, 25]).

Our purpose, however, is the study of singular Lagrangians, i.e., those which are not regular.
Following [13], we will deal with singular Lagrangians satisfying some regularity conditions:

Definition 7. A singular Lagrangian L is almost-regular if
1. P = FL(TLQ) is a closed submanifold of (T})*Q.
2. FL is a submersion onto its image.

3. The fibres FL~(p), for every p € P, are connected submanifolds of T}CQ.

If L is regular, (T}CQ,wf,EL) is a k-symplectic Lagrangian system, otherwise it is a k-
presymplectic Lagrangian system. Therefore, (T}CQ, wf, dEy) is a k-symplectic or a k-presymplectic
Hamiltonian system, depending on the regularity of L.

In a natural chart of TLQ we have the Euler-Lagrange (EL) equations for L, which are

> L
o)) ¢

whose solutions are maps ¢: RF — T}CQ that are first prolongations to T}CQ of maps ¢ =

vilelt) = 90 Q

9 (9oL
oA \ ovly wt)

7612 o@: RF — @Q; that is, ¢ are holonomic. We will show that these equations can be given a

geometric interpretation using the k-presymplectic structure.

Indeed, consider a map ¢: RF — T}CQ which is holonomic. Then the Euler-Lagrange equa-
tions for ¢ can be also written as
i\ )t = dEy . (10)

As in our general discussion on k-presymplectic Hamiltonian systems, a convenient way to
represent the solutions of these equations can be set in terms of k-vector fields. Let us introduce
the set X% (TLQ) of k-vector fields T' = (T'y,..., ') in T}Q which are solutions of

i(Cp)wi = dEy . (11)

IfTy = (FA)iaaqi + (FA)iBafi locally, then (11) is equivalent to

B
’L 2L , ’L ; - 0%L L
( — _85],81.)(%]_ T = oo - g
0q*0v)y q’ 0V o'y vy 0q*Ovy q
0’L , 2L .
PR Ta) = ﬁUZA' (12)
OvovYy Ovp vy

If, in addition, T is required to be a SOPDE, i.e. (I'4)" = v%, then the above equations are

equivalent to

L 9’L _ 0L

v, + ————(Ta)p = —.
0gi vy avgava( ) oq’
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These equations imply that, if I' is an integrable SOPDE, its integral sections are holonomic and

they are solutions to the EL-equations.

If L is regular, solutions to (11) always exist, although they are neither unique, nor necessarily
integrable. However, if T' is integrable, then the second group of equations (12) imply that its
integral sections are holonomic and they are solutions to the EL-equations. Hence I is a SOPDE.

If L is not regular then, in general, equations (11) have no solutions everywhere in T}CQ but,
in the most favourable situations, they do in a submanifold of T}CQ which is obtained by applying
the k-presymplectic constraint algorithm developed in Section 3.3. Nevertheless, solutions to
equations (11) are not necessarily SOPDE’s (unless it is required as an additional condition). In
addition, if they are integrable, their integral sections are not necessarily holonomic, and thus
they are not solutions to the EL-equations (9). The geometric analysis of this problem must
be done in a separate way. (For the multisymplectic formalism of field theories, a study of this
problem can be found in [29]).

4.3 k-symplectic Hamiltonian field theory

The Hamiltonian formalism of k-symplectic regular field theories uses the bundle of k'-covelocities

of a manifold as phase space.

So, consider the k-symplectic manifold ((T})*Q,w?,V), and let H € C®((T1)*Q) be a
Hamiltonian function. Then ((T1)*Q,w?,dH) is a k-symplectic Hamiltonian system.

In particular, if (T}CQ,wf, dEy) is a Lagrangian system, then:

e If L is hyperregular, we may define the Hamiltonian H = E,oFL™!, and ((T})*Q, wA, dH)

is the k-symplectic Hamiltonian system associated with L.

e If L is almost-regular, let P be the image of the Legendre map, and j9: P — (T,lg)*Q the
corresponding embedding, and denote by F'Lg: T}CQ — P the restriction of the Legendre
map defined by j90 F'Lyg = F L. Then, the condition of almost-regularity implies that there
exists Ho € C°°(P) such that (FLo)*(Hp) = Er. Furthermore, we can define wj' = 75(w™).
With these definitions, the triple (P, wé‘, dHy) is the k-presymplectic Hamiltonian system
associated with L, and the corresponding Hamiltonian field equation (3) is

i(XQ)wi = dHy

where XY = (X7,..., X?) (if it exists) is a k-vector field on P. Once again, in general, this
equation has no solutions everywhere in P but, in the most favourable situations, they do
in a submanifold of P which is obtained applying the k-presymplectic constraint algorithm
developed in Section 3.3.
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5 Applications and examples

5.1 The Skinner—Rusk unified formalism for k-symplectic field theory

The so-called Skinner—Rusk formalism [48, 49] was developed in order to give a geometrical
unified formalism for describing mechanical systems. It incorporates all the characteristics of
Lagrangian and Hamiltonian descriptions of these systems. This formalism has been generalized
to the k-symplectic description of first-order field theories in [45]. Next we outline the main
features of this formalism.

Let us consider the direct sum T} Q @ (T})*Q (of vector bundles over Q), with coordinates
(qi,vi‘,pf‘), and denote by pri: Tle fast (Tkl)*Q — Tle and pro: T,{}Q fas) (Tk})*Q — (Tkl)*Q the
canonical projections. In this manifold, we have some canonical structures.

First, if ((wo)1,...,(wo)x) is the canonical k-symplectic structure on (T})*@Q, its pull-back

through pro yields a k-presymplectic structure (4, ...,Q%) on T2 Q @ (T}})*Q: the 2-forms are
defined by Q24 = (pra2)*(wo)a-

We can also define the so-called coupling function C: T} Q & (T}})*Q — R by

C(vigs - Vkgs aé, . ,aZ) = (a?,qu).

Now, consider a Lagrangian L € C°°(Tle). We can define a Hamiltonian function H €
C(TIQ & (T})°Q) as H = C — pri(L):

H(vigs - -+ Vg a;, ce oz’;) =C(vigs -+, Vkg acll, .. ,a];) — L(vig, - -, Vkq),

which in local coordinates reads H = o vy — Lg%, vYy).

Then (T le e (T, kl)*Q,Q A,H) is a k-presymplectic Hamiltonian system; where ﬂlj‘:lﬂ A is
0
locally generated by the vector fields {82} We look for the solutions of its HDW equation
Va
which are integral sections 1: RF — TrQ & (T})*Q of some integrable k-vector field Z =
(Z1,...,2Zy) on TEQ & (T}H)*Q, satisfying

’LZAQA:dH. (13)

This equation gives various kinds of information. In fact, writing locally each Z4 as

9 ! o
i = (Z4) —— 4+ (Z4)e—— + (Z4)F——
A= (Za) aqz+( A)BQU%H A)i o’

equation (13) amounts to the following conditions:

0L
N 81}%

; ; oL
bl = o orr (Za) =vh, (Zn)f = Fopn.

The first group of equations are algebraic rather than differential, and they define a sub-
manifold My, of TQ &¢ (T})*Q where the equation (13) has solution. These constraints can

0
also be obtained by computing i Jor dH, as noted in the discussion of the k-presymplectic
v
A
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constraint algorithm. Observe that the submanifold My, is just the graph of the Legendre
map F'L defined by the Lagrangian L, and hence it is diffeomorphic to T, le. We denote by
70 M, — TQ &¢ (T}H)*Q the natural embedding.

The second group of equations are a holonomy condition which means that the k-velocity
part of the integral sections of the k-vector field Z is the lift of a section ¢: R¥ — Q.

The third group of equations establishes some relations among some of the coefficients (Z4) f;
of the vector fields Z4.

Given a solution Z = (Z1,..., Zy) of equation (13), the vector fields Z4 are tangent to the

oL

submanifold My, if, and only if, the functions £ Zi pf — W o prl) vanish at the points of
VB

My, for every A, B, j (the symbol £ denotes the Lie derivative). Taking into account the above

results, this is equivalent to

L . 9L
(Za)? y

I Ovpdgt A (%fg(%lc( a)e (14)

In general, equations (13) have not a unique solution. If L is regular, taking into account
the above results, one can define local k-vector fields (Z1,...,Zx) on a neighborhood of each
point in M, which are solutions to (13). The vector field Z4 may be locally given by

, , 10L

Za) =0y, (Za)P=-—06%

( A) A> ( A)z k Og A

with (Z A)iB given by equation (14). Then, using a partition of the unity, one can construct global
k-vector fields which are solutions to (13). When the Lagrangian L is singular one cannot assure
the existence of consistent solutions for equation (13). Then, in the best cases, the constraint

algorithm will provide a constraint submanifold Py where these solutions exist.

If Z is an integrable k-vector field solution to (13), then every integral section of Z is of
the form ¢ = (Yr,y), with ¢ = prio: RF — T!Q, and as ¢ takes values in My, then
Yy = FLoyr; in fact,

OL
’ 81)3'4

Yr(t) = (prz o 9)(t) = (¥'(8), 4 (1) = (W(t) > = (FLoyr)(t).

Yr(t)
Furthermore, it can be proved (see [45]) that 17, is the canonical lift ¢(1) of the projected section
¢ =TQoprio: R* — @, which is a solution to the Euler-Lagrange field equations, and that, if
L is regular, then ¢y = F'L o1y, is a solution to the Hamilton-De Donder-Weyl field equations,
where the Hamiltonian H is locally given by H o F'L = Ey. In the almost-regular case, this last
result also holds, but the sections ¢, ¥y, and ¥y take values not on My, Tle and (Tkl)*Q, but
in the final constraint submanifold Py and on the projection submanifolds pri(Py) — Tle and
pra(Py) — (T})*Q, respectively.

In this way, every constraint, differential equation, etc. in the unified formalism can be

translated to the Lagrangian or the Hamiltonian formalisms by restriction to the first or the
oL

,UZ

second factors of the product bundle. In particular, the constraint conditions pf — opr; =0

generate, by pro-projection, the primary constraints of the Hamiltonian formalism for singular
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Lagrangians (i.e., the image of the Legendre transformation, FL(T}Q) C (T})*Q), and they are

the primary Hamiltonian constraints.

5.2 Example 1

Let us study a simple example, the electromagnetic field in 2 dimensions. The base manifold
is Q = R?, with local coordinates (¢',¢?), and k = 2. The induced coordinates on T%]R2 are

(¢', ¢ v}, vl, v}, v3). The electromagnetic field Lagrangian is L = (vl + v%)? (see [25]).

The canonical 2-tangent structure on T3R? (S! S?), is St = W ® dg' + % ® dg? and
1 1

S? = ® dg* + 3 2 ® dg?, and the Liouville vector field reads as A = Ay + Ay = vf

23 13 23
Ulail)%+v287v%+v2aifvg

o
vy

The Lagrangian forms are
0] =dLoS' = (vy +vi)dg® , 67 =dLoS?= (v)+v?)dq,
1 =—df} =d® Advy +dF Adv? , wi = —df? =dg' Advl +dg! A doi,
and the Lagrangian energy function is

1 1
Ep=A(L)— L= (v3 +17)* — 5(”% +0f)? = 5(“5 +7)%.
9 9
v}’ ovl

presymplectic Hamiltonian system.

Since Kerw! N Kerw? = < >, L is not regular and (T3R?, (w},w?),dEL) is a 2-

The field equation is
i(X1)wh 4 i(Xo)w? = dEL,

for a 2-vector field X = (X7, X5) on TR

If we write in coordinates

5 ) ) ) 9 0
X, = (Xl)lﬁ+(X1)287(]2+(X1)%871}%+(X1)58U1 (X;)? P +(X1)32 a2

5 ) ) ) 9 P
X2 = (X2 )13 1 (X2)287qg + (XQ)%(‘)T;% + (XQ)%(‘)T)% + (XQ)%(‘)T;% + (XQ)gaT}%,

then the field equation reads as
(X1)*(dvg+dvi)—((X1)3+(X1)T)dg® +(X2) (dvy+dof) = ((X2)p+(X2)T)dg" = (vy+07)(dvy+doy).
We obtain that

(X1)? + (X2)! = vy + 01, (X1)3+(X)T=0, (X2);3+ (X2)]=0.

Since dEy, € (Kerw: NKerw?)?, there are no constraints and the equation has solutions at the
whole manifold TsR?. The general solution has the form

) ) 0 ) o 0
et (¥ 4+ A) s+ Bz +Cor —C=s + D

_ 1 s
X1 = (%) dq’ dq? v} v} o} ov3’
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0 0 0 0 0 0

where (X1)!,(X2)%, A, B,C, D, E,F and G are arbitrary functions.
In order that the integral sections of solutions be holonomic,

(X)) =01, (X2)?=7v3, A=0, C=FE and D=-F,

and, furthermore, we must also demand that [X;, Xa] = 0.

Now we will study the Hamiltonian formalism. Let (q',q?, pi,p?,pi,p3) be the induced
coordinates on (T3)*R?. The Legendre map FL: TiR? — (T3)*R? locally reads

FL(¢", ¢* vi,v3,01,v3) = (¢', ¢, p1 = 0,pT = v3 + v3,py = vy + v7,p3 = 0).

The image of FL, P := FL(T}Q) = {p} = 0,p? = 0,p? = pi}, is a submanifold of (T})*R2.
Let 70(¢", ¢ p) = (¢*,¢%0,p,p,0) be the natural embedding and FLg: T:Q — P the restric-
tion of the Legendre map. We have the Hamiltonian function Hy = %pQ (which is such that
(FLo)*Hy = Er), and the 2-forms

wp = gow' = 75(dg" Adpl + dg? Adph) = dg® A dp,
wh = gw? = 75(dg* Adp? + dg® A dp3) = dg' A dp.

With these definitions, (P, w}, w3 dHy) is the 2-presymplectic Hamiltonian system associated
with L. The corresponding Hamiltonian field equation is

i(Y1)wg + i(Yz)w) = dHo,

where Y = (Y1, Y>) is a 2-vector field on P.

If, in coordinates,

0 0 0
Yl - (Yl)laiql + (Yl)zaiqg + (Y1)0%7

0 0 0
Yo = (YQ)IOTH + (Y2)26712 + (YQ)O%’

the equation is
(Y1)%dp — (Y1)°dg” + (Y2)'dp — (Y2)’dg' = pdp

and we obtain
M)+ ) =p, N)°=0, (¥2)’=0.

Since Kerw} N Kerw3 = {0}, there are no constraints and the equation has solutions at the
whole manifold P. The general solution has the form

0 1 0
H=03) 5+ (044) 5

(1 ) 5 0
5= (5= 4) g + 095

where (Y1)!, (Y2)? and A are arbitrary functions on P.
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5.3 Example 2

In this example we consider two independent variables (,s) € R?, thus k = 2. The field compo-
nents (dependent variables) are (¢,e) € @ = R x RT. The corresponding natural coordinates
of ®2TQ are written (g, €; q, gs, e, €s), and those of ©2T*Q are (q, e;pt, p*, 7!, 7%).
We consider as Lagrangian function
1 T
L= ?(%)2 + 5’”26 - 5((15)2,

with m, 7 parameters, and for instance (¢;)? is the square of ¢ with respect to the Euclidean

inner product of R?. From L we compute the Lagrangian energy

1
2e

and the Legendre map FL: &> TQ — &>T*Q:

T

(@) — T (g)? — 2m?e

E
L 2 2

1
FL((L evqtaqsaetaes) = (qa €, EQt, _T(Jsaoa[)) .

It is clear that the primary Hamiltonian constraint submanifold Py C ®?T*Q is described
by the primary hamiltonian constraints

=0, 7 =x0.
Po Po

This also shows that the Lagrangian L is almost-regular.

Hamiltonian formalism

Using (q, e, p', p®) as coordinates on the submanifold Py, its 2-presymplectic structure —the
pull-back ot the canonical 2-symplectic structure of ®?>T*Q— is given by wh = dg A dp’; and
wj = dg A dpy —in these expressions a summation over the invisible vector indices of ¢ and the

momenta is implicit. Then

0
Kerw) N Kerwf = <8>
e

The Hamiltonian function on Py is

Consider X = (X, X;), a 2-vector field on Py:

Y o ., 0 , 0
X: = Ft87q+ft%+Ft87]?t+Ft ap°

) o ., 0 , 0
Yo = Fogg gt gy T gy

(where the capital F’s are also vector functions). The Hamiltonian field equation for it is
i(Xy)wh + i(Xs)w§ = dHop:
1

S
Fdp' + Fodp® — (F{ + F7)dq = ep'dp’ — %dps +3 ((p")?* = m?) de,
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which partly determines the coefficients of X:
t 1 s t s
Fr=ep, Fs:—;P s Fy+Fg =0,

and imposes as a consistency condition the secondary hamiltonian constraint

1
2
: . (0 L((nt)2 2
this can also be obtained as { =i e dH = 5((p")* —m*) = 0.
e

Imposing the tangency of X to P; yields no more constraints and determines partly some
coefficients of X:

L, &=p'F/~0, L &=p'F =0,

from which the final dynamics on P; is given by

0 0 0
Xt = Gpaf"‘ft +Ftat+Ftas

1,9 o ., 0 )
Xs - _;paiq—’_f&?%—’_ sat Ftas’

with fi, fs, F arbitrary functions, and F}, F! arbitrary but orthogonal to p'.

Consider the particular case of d = 1 —the ¢ variable is just a scalar. The submanifold P;

is given by the constraint p' = m (or p' = —m). Then, in coordinates (g, e, p®), the dynamics
reads
0 0 0
Xy = me— + fi 2 1+ FF
+ me@q+ftae+ E o
1.0 0
X, = ——p L2
s 5 +fsy

The analysis of the integrability of the 2-vector field X = (X, X;) relies on the computation of

XX = (TR i) g (Cg fom £ 5) 5= (24, 72) 5

8 S
Setting it to zero determines F;’ = —7mf, and a set of two nonlinear PDEs for f,, fi:
8 s fs
f fs f =0,
P
afs afs 8fs aft aft _
“aq TTtae T T egp TP 9~ =0

Certainly there are solutions to this equations, as for instance the one given by f; = fs = 0.
However, it does not seem easy to give an explicit description of the whole set of these solutions.

Finally, once one has an integrable 2-vector field X, a map ©: R? — Py, (t,5) — (g, e, p®), is
an integral section iff it satisfies
dq dqg  p* Oe Oe op®

a—mea a——?a Ezft,
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Lagrangian formalism

The Lagrangian analysis can be performed in a similar way. Let us describe it more briefly.
Using natural coordinates (q,e; g, es, qs,es) on ®2TQ, the 2-presymplectic structure induced

1
by L is described by w' = — dg A dg; — —4qtdg Ade and w® = —7dg A dgs. Then
e e

Kerw! N Ker w?® :< 0 9 4 4 >

777767+ a
Oe; Oe;’ Oe Qtf)qt

An arbitrary 2-vector field X = (Xy, X) on ®2TQ reads

0 0 0 0 0 0
Xy = F%‘Tq + ft% + Fttfaqt + Ftsfaqs fttfaet + ftsia(%?
0 0 0 0 0 0
X, = F,— — + Fy—+ Fog— ot — e
s saq+fsa€+ staqt+ ssaqsfstaet+fssaes

If it has to satisfy the second-order condition, one has moreover
Fr=q, Fs=qs fi=e, [s=es.

The field equation for it is i(X;)w® + i(Xs)w® = dEL (maybe on a certain submanifold).
This determines some of the coefficients and defines just one primary Lagrangian constraint,

_ 1 ((%)2 2

5 5 —m ) The tangency to this submanifold does not yield new constraints, and
e

some functions in X remain arbitrary. This happens regardless of whether we impose the second-

order condition or not, the only difference being in the number of remaining arbitrary functions.
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