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Abstract

This paper is devoted to the study of the feedback passivity property in nonlinear discrete-time
systems. The relative degree and zero dynamics of the non-passive system are related to the
feedback passivity of the system. Two main results are presented. First, some relative degree-
related properties of passive systems in general form are stated. Second, sufficient conditions in
order to render a multiple-input multiple-output (MIMO) system passive by means of a static state
feedback control law are obtained.
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1. Introduction, motivations

The study of dissipativity-related concepts in the nonlinear discrete-time setting is an interesting
field in which many problems remain unsolved. This is the case of the problem of rendering
nonlinear discrete-time systems dissipative (passive) by means of a static state feedback control
law or the study of the relative degree properties of nonlinear discrete-time dissipative (passive)
systems.

The action of rendering a system dissipative (passive) by means of a static state feedback is known
as feedback dissipativity (feedback passivity or passification). Systems which can be rendered
dissipative (passive) are regarded as feedback dissipative (feedback passive) systems. In this paper,
the feedback passivity problem is considered for MIMO nonlinear discrete-time systems in general
form. Sufficient conditions for this class of systems to be feedback passive are obtained by means
of the relative degree and zero dynamics of the original system. These results are also rewritten for
those systems which are affine in the input.

This paper follows the same approach given in Byrnes and Lin 1993 and Byrnes and Lin 1994, Lin
(1993) and Navarro-Lopez and Fossas-Colet (2002) in the sense that the feedback passivity
problem is based on the properties of the relative degree and zero dynamics of the non-passive
system, with the difference that in Byrnes and Lin 1993 and Byrnes and Lin 1994, Lin (1993) and
in Navarro-Lopez and Fossas-Colet (2002) the problem of feedback losslessness and the problem
of feedback passivity is treated, respectively, for affine-in-input nonlinear systems with the
restriction of considering storage functions V such that V(f(x)+g(x)u) are quadratic in u. Therefore,
the results here presented can be considered as an extension to the passivity general case of those
given in Byrnes and Lin (1994) and Navarro-Lopez and Fossas-Colet (2002). In addition, the
feedback passivity methodology presented in this paper is an alternative to those proposed in
Navarro-Lopez (2002), Navarro-Lopez, Sira-Ramirez, and Fossas-Colet (2002b) and Navarro-
Lopez, Fossas-Colet, and Cortés (2002a). In Navarro-Lopez (2002), Navarro-Lopez et al. (2002b)
and Navarro-Lopez et al. (2002a), the feedback dissipativity problem is treated for single-input
single-output (SISO) nonlinear discrete-time systems which are non-affine in the states and the
control input. Furthermore, the conditions proposed in these works are different in essence to those
given here; the methodologies presented in Navarro-Lopez (2002), Navarro-Lopez et al. (2002b)
and Navarro-Lopez et al. (2002a) are based on the basic dissipativity inequality. In Navarro-Lopez
(2002), the discrete-time version of the speed-gradient algorithm is used. Two methodologies of
approximate type are given in Navarro-Lopez et al. (2002a), the underlying idea is that the control
which makes the system dissipative is based on the control that makes the storage energy function
V invariant or on the control that renders the system lossless.

Conditions for a system to be feedback passive can be obtained by means of the properties of the
relative degree and the zero dynamics of the system. This idea is inherited from the continuous-
time setting, where the study of the properties of the relative degree and zero dynamics of a passive
system has played an important role in understanding problems such as feedback passivity or the
stabilization of passive systems (see Byrnes, Isidori, & Willems, 1991). As the passivity property is
an input—output property, the relative degree and zero dynamics of a passive system will present
distinctive features. For general discrete-time systems, the implications of dissipativity and
passivity in the relative degree and the zero dynamics have not been established yet; they have,
however, been studied for the losslessness and passivity nonlinear affine-in-input case (see Byrnes
& Lin, 1994; Navarro-Lopez & Fossas-Colet, 2002, respectively) and the passivity linear case (see



Byrnes & Lin, 1994; Monaco & Normand-Cyrot, 1999). In this paper, the properties of the relative
degree and the zero dynamics of passive nonlinear discrete-time systems in general form will be
related to the feedback passivity property.

The paper is organized as follows. Section 2 revisits the basic definitions about passive systems for
the discrete-time case. Section 3 is devoted to the properties of the relative degree and zero
dynamics of passive nonlinear discrete-time systems. Section 4 deals with the feedback passivity
problem through the relative degree and zero dynamics properties. In addition, the results given are
rewritten for the affine-in-input case. Conclusions and comments on future works are given in the
last section.

2. Basic definitions

This section introduces some basic definitions concerning the notions of passivity in the discrete-
time setting. These concepts are an adaptation of those given in the continuous-time case (Willems,
1972).

Let a system of the form
x(k+1)=f(x(k),u(ky), ¥
y(ky=h(x(k),u(ky), "

where / @ R" x R" = R" apd h © R" x R" — R"are smooth maps, and €7+ = {0.1.2....}.. Let
(X,1) be a fixed point of the system. There is no loss of generality in considering (%.7) = (0,0),
f(0,0)=0 and h(0,0)=0.

Definition 1. A positive definite %#*function ¥ : R” — R such that V(x)=0 <> x=0 is addressed as

storage function.

From now on, det(Hess(V(X))|x=0)#0 is assumed.

Definition 2. System ((1a) and (1b)) is said to be locally passive if there exists a storage function V
such that

V(if(x,u))—V(x) < W uu, Yoou)e X x U @

with 2" X % a neighbourhood of x=0, u=0.

Lemma 3. Let a system of form ((1a) and (1b)) be locally passive. Then, there exists a storage
function V' : 2 — R such that the functions ¢1 : & X% — R ¢2 : X x U — R,

@106U=VOO+h (wu-V(f(x,u) @
@206UW=V(X)+h"(x,u)u

have a local minimum at x=0, u=0.



Proof. V(x,u) €2 x U
V(X)+h"(x,u)u > V(x)-V(F(x,u))+h"(x,u)u > 0.

The first inequality is due to the positiveness of V. The second one to the local passivity of the
system. Then, @,(X,U) > @;(X,u), 7(x.u) €2 X % Since ¢,(0,0)=¢2(0,0)=0, ¢; and ¢, attain a local
minimum at X=0, u=0.

Definition 4. Let 1 : 4 X % — % pe a smooth function. A nonlinear static state feedback
control law u=n(x,v) is regular if for all (x.v)E€Z X % it follows that on/ov is invertible. The
system X(k+1)=f(x(k),n(x(k),v(k))) is referred to as the feedback transformed system.

Definition 5. Consider system ((1a) and (1b)) and assume that there exists a storage function V(X).
The system is said to be locally feedback passive if there exists a regular static state feedback
control law of the form u=n(x,v), with v as the new input, defined in a neighbourhood 4 X % of
x=0,v=0, such that the feedback transformed system is locally passive.

3. Relative degree and zero dynamics of passive nonlinear discrete-time systems

In this section, the relative degree and zero dynamics of nonlinear passive discrete-time systems are
analysed.

The relative degree and zero dynamics for nonlinear discrete-time systems have been studied for
systems with outputs independent of the inputs (see Monaco and Normand-Cyrot 1987 and
Monaco and Normand-Cyrot 1988). This paper focuses on systems with outputs dependent of the
inputs. The definition for relative degree is the same as that given in Byrnes and Lin (1994).

Definition 6. A system of form ((1a) and (1b)) is said to have local relative degree zero for all the
dh(x,u)

du

outputs at x=0, u=0 if i-0 is non-singular.

Definition 7. Consider system ((1a) and (1b)). Let 2\ and Y be neighbourhoods of x=0 and u=0,
respectively, such that f(x.u) € 21 ¥(x,u) € 21 X% Consider #* : 41 — % the control which makes

h(x,u"(x))=0. The zero dynamics of the system is defined in 2 by the map f (X)=f(x,u"(x)).

Definition 8. A system of form ((1a) and (1b)) has locally passive zero dynamics if there exists a
storage function V locally defined in a neighbourhood 1 of x=0 in R” such that

V(f(u ) < V(x), Yxei, @



with u” as given in Definition 7.

The properties of the relative degree and zero dynamics of locally passive systems of form ((1a)
and (1b)) are established as follows:

Proposition 9. Let system ((1a) and (1b)) be locally passive. Then,

dhi(x)
ax; x=0 0

(i) if Vj=I1,...,m, there exists ie {1,...,n}, such that u=0 , then the system has local

relative degree zero at x=0, u=0.

(ii) If the system has local relative degree zero at x=0, u=0 then the zero dynamics of system ((1a)

and (1b)) locally exists at x=0 and is locally passive.

Proof.
(i) Since the system is locally passive, there exists a storage function V(X)>0 such that
V(X)=0 < x=0 and
V(f(x,u))— V(x)—h'(x,u)u <0,
Vix,u)e ¥ x . )
From Lemma 3 function ¢, has a local minimum at x=0, u=0. Consequently, the eigenvalues of the

Hessian matrix of ¢, at X=0, u=0 must be positive or zero. This condition will now be checked. The

Hessian matrix of @, at x=0, u=0 takes the following form:

*v (ah(x,u))T
Ox? x=0 0x x=0
u=>0
Oh(x,u) | (ﬁh(x,n))T
Ox f;g cu ;\:0 dut ﬁz% ©

By linear changes of coordinates X=@(x)=Mx gnd 4=Y(u)= N“, Eq. (6) is rewritten as

Hess( ¢, (%, 1)) i=0

u=

~ T
o (H60)
ox =0

_ =0
Oh(X, i)

ox

D,

(M



where  AED)=h(¢™'(X),y'(@)  and D;, D, stand for the diagonal matrices

(0V (@~ '(X)))/0%, (Oh(%, i))/ou, respectively, evaluated at X = 0. ## = 0. By hypothesis, V has

a local minimum at x=0 and det(Hess(V(X))|x-0)#0. Furthermore, Sylvester's condition applied to the

minor of the Hessian matrix of @, corresponding to {1, Xt} yields
\ ., Ohj(x,u)
/l.l et /l.n ,.17
=0

a5

n Al g
_Z Oh;(x,u)

© x=0
i=l i=0 ®)

R il 5 0;

where Aq,...,An are the eigenvalues of D, and the hat symbol denotes that the term is not present.

Since Jie {1,...,m} such that

Ohy(%,it)
OX;

x=0
=0

Ohi(%, i)

A
ou ;

=0
the function =0 must be different from zero; otherwise, (8) would be strictly negative.

Note that conditions

Ohy(X, i
Jie{1,...,m} such that # # 0,
0X; _
Cso
and
_ _ Ohj(x,u
di e {l1,...,m} such that L #0
ax,- x=0
u=0
are equivalent.
dh(x, zt);
(i1) If the system has locally relative degree zero at x=0, u=0, it follows that, o 1= is non-

singular and h(0,0)=0, then by the implicit function theorem, there exists ¥ X = U with X
4 neighbourhoods of x=0 and u=0, respectively, such that h(x,u’(x))=0, ¥x € Z" and the set
7 = {(x,u)|h(x,u) = 0}

is not empty. Consequently, the zero dynamics of system ((1a) and



(1b)) locally exists in a neighbourhood of x=0 in R". As system ((1a) and (1b)) is locally passive,

relation (5) is met. Setting u=u" relation (5) yields relation (4).

Remark 10. If there exists a storage function V such that the zero dynamics of a system is locally
passive, the system does not have to be locally passive with the same storage function. On the
contrary, if there exists a storage function V such that the system is locally passive, then the zero
dynamics of the system is locally passive for the same storage function V, see Proposition (9).

Remark 11. The hypothesis in Proposition (9.1) is necessary. There are SISO systems of form
((1a) and (1b)) with relative degree zero at X=0, u=0 which are locally passive and

Oh(x, u) |

u | x=0
!

is singular. For instance,
x(k+1)=ax(k)+bu(k),
y(ky=h(x(k),u(k)=u’(k),

where @.b€R and a*+b’<l. Consider V(x)=x’; then, the system is locally passive. Namely, the

function

P, u)=V(f(x,u)) — V(x) — h(x,u)u
=(a® — 1)x* 4 2abxu® + (B* — D

2
:—(\/l —a*x — ab uz)

V1—a?
22
+(“bg—u—§ﬂw
1l —a

2 a2 B2
=—(J—l—a2x— ab H2>_1 a bu4

vl—flz

has a local maximum at x=0, u=0 for some neighbourhood of x=0, u=0. Nevertheless,

Jh(x,u) |

du | x=0
u=>0

4. The feedback passivity problem

This section is devoted to rendering a system of form ((1a) and (1b)) passive by means of a static
state feedback control law.

The following Lemma is introduced for the sake of clarity.

Lemma 12. If A0, V i=1,...,n, then there exists ks>0 such that ¥ ke (0,ks)



kiy - 0 ka, s ka
0 }t; n kani ’E‘an.s
D=
kaiy e ka2 4 kbyy kb
kalg e kaﬂg kbql e 2 + kb_g_g‘
> 0. )

Proof. The determinant can be written as
D=K"(2°\;... Aptrouk+. .. +ask’),

where @ are constants related to A, &y, by, with j=1,...,s, i=1,...,n, r=1,...,s, I=1,...,s. Then, taking

X 24 ... A, — &
k¢=min < 1,
o | + << + o

with 0 < &<1 it s concluded that

D > k' g — |k — - — |ask*)
> K2 e — |k — - — |as|k)
= k" [2521 ceely — k(|3€1| + -4+ |:x§|)] = k"> 0.

Theorem 13. Let a system of form ((1a) and (1b)) with locally passive zero dynamics and local
relative degree zero at x=0, u=0. Consider V as the storage function on the zero dynamics. Assume
that det(Hess(V(x)—V(f(x,0)))|x=0)#0, then the system is locally feedback passive.

Proof. Since rank((oh(x,u))/ou)=m in a neighbourhood of x=0, u=0 and h(0,0)=0, the implicit
function theorem applied to h(x,u)=v guarantees the existence of a function n(x,v) defined in a
neighbourhood of Xx=0, v=0 such that h(x,n(x,v))=v. Thus, system ((1a) and (1b)) can be rewritten as

x(k + 1) = f(x(k ) n(x(k), v(k))) = f(x(k), v(k)),

yke) = h(x(k), n(x(k),v(k))) = v(k). 10

The goal is to prove that system (10) is locally passive at x=0, v=0 with respect to the new input
variable v. Note that the zero dynamics is defined by

x(k +1) = f((x(k),0).



By hypothesis, there exists a storage function V(X) in a neighbourhood of x=0 for which

V(f(x,0)) — V(x)<0. an

Let V(x) = kV(x), with k>0 a constant. It will be shown that, for an appropriate k,
V(f@0) = V(x)—vTv <0
in a neighbourhood of x=0, v=0. This is equivalent to proving that the function
m
d(x,0) = v} +V(x) = V(f(x,0))
i=1

has an isolated local minimum at x=0, v=0. Since V(X) has an isolated local minimum at x=0,
¢(x,V) has a critical point at X=0, v=0. Namely, the partial derivatives are

dpeev)| |V~ V| afuxn) |
o |x=0 | Ox; 0z Ox; -
! =0 ! h=1 “h |z=0 ! x=0
- = =0
dp(x,v) _ |2y i oV o f n(x,v) —0
= |20, — — A =
0vr pa o1 OFhlz=0 auvy ] =0 ’
=

with i=1,...,n, r=1,...,m. In order to obtain the Hessian matrix of ¢(X,v) at x=0, v=0, the following
terms are computed:

*p(x,v) i Vil 4 PV Afn of
v Neen A Z A . ) ’
0x;iox; |x=0 dx;i0x 0zp0z; Oxi Ox

jOXi }‘=0 jOUXi i <hUZ} i J ng
=

52cf)(x,v) Z 62V (7]';, c?-_f;
0v,0x; | x=0 0zp0z; 0Ox; Ovy, ’

=0 I,l" x:g
v=

~2 , 2 AT AT

d“P(x,v) _ 25 p oV afy df
- - = 4 rs - - - |
Ovs0v, | x=0 0z;,0z; Ov, O

U

=0 1l x=0
v=0

with Zn = fa(X,0), z1 = f1(x,0), h=1,...n, I=1,...,n, i=1,...,n, j=1,...,n, r=1,...,m, s=1,...,m. &
is equal to one if r=s, and otherwise zero. Note that

P o) Phx)

Seither .. S5, B
0x;0x; | x=0 0x;0x; (2

k)

where ¢(x)=$(x,0), Furthermore, matrix (12) is symmetric, thus it can be diagonalized by an

appropriate linear change of coordinates. The eigenvalues of (12) are positive because $(x) has a



local minimum at X=0 and the determinant of the Hessian matrix at Xx=0 is different from zero by
hypothesis. In the new coordinates, the Hessian matrix of ¢(X,v) evaluated at X=0, v=0 is

( k).] 0 ka“ kal,,, \
0 e kﬁvu kanl e kanm
kay, - kan 24+kbyy - kbim
\kal_m PR kﬂ'm” kbnl] PR 2 + kb_mr” (13)

with A;, i=1,...,n the eigenvalues of matrix (12). The first n diagonal leading minors are positive
since >0, V i=1,...,n. Furthermore, using Lemma 12, it is obtained

kiy - 0 kay kas
0 e kg kay T kaps
> 0,
kayj, -+ kam 2+kbyy - kb s
kal.\‘ e kam’ kb,\‘l v 2 + kb.\‘.\‘

V ke (0,ks). Finally, consider k =min{ki,....k} and ¥ = £V. Then, by applying Sylvester's test to
(13), o(x,v) has a strict local minimum at x=0, v=0. To conclude with, the existence of a new
storage function for the feedback transformed system to be locally passive at Xx=0,v=0 has been
shown.

Remark 14. In Theorem 13, the condition of local relative degree zero of the system is essential in
order to prove the existence of a control which passifies the system. If this condition was removed,
the feedback passivity of the system would not be assured.

Corollary 15. Consider a system of the form
X(k+1D)=f(x(K)+g(x(K)u(k), (1
y(ky=h(x(k)+Ix(kpu(k),

where x € R” u, yER" § g h, J are smooth maps and /(x) € R", g(x) € R™*"  h(x) € R"
J(x) € R™™ §0)=0, h(0)=0. Let

u=a(X)+pxyv

10



be a static state feedback control law with a(x) and B(x) smooth functions such that a(0)=0 and B(x)
is invertible for all x € R". Consider V a storage function on the zero dynamics and assume that
det(Hess(V(X)—V(f(x)))|x=0)#0. If system ((14a) and (14b)) has locally passive zero dynamics and
local relative degree zero at x=0, then the system is locally feedback passive by means of a regular
feedback control law of form (15).

5. Conclusions

The characteristics of the relative degree and zero dynamics of discrete-time nonlinear systems in
general form have been related to the feedback passivity property. These characteristics have been
used to give sufficient conditions to render systems of this class passive by means of a static state
feedback control law. The conditions given for the general case have been rewritten for nonlinear
systems which are affine in the control input. The relative degree and zero dynamics properties of
passive systems have also been given.

All these results can be considered as the extension to the passivity general case of those given in
Byrnes and Lin 1993 and Byrnes and Lin 1994, Lin (1993), Navarro-Lopez and Fossas-Colet
(2002) where the feedback losslessness (Byrnes and Lin 1993 and Byrnes and Lin 1994; Lin, 1993)
and feedback passivity (Navarro-Lopez & Fossas-Colet, 2002) problems are treated for affine-in-
input nonlinear systems requiring V(f(x)+g(x)u) to be quadratic in u.

There is a great variety of dissipativity-related problems remaining unsolved in the discrete-time
setting. Feedback dissipativity is an appealing problem to be solved in order to give desirable
energy-like properties to systems whose output does not depend on the input. The analysis of the
relative degree and zero dynamics of dissipative systems would be required for this purpose.

Acknowledgements

The authors gratefully acknowledge the efforts of the anonymous reviewers, who gave valuable
comments to improve the paper final version.

11



References

Byrnes, C.I., Isidori, A. and Willems, J.C., 1991. Passivity, feedback equivalence, and the global
stabilization of minimum phase nonlinear systems. IEEE Transactions on Automatic Control
36, pp. 1228-1240.

Byrnes, C. 1., & Lin, W. (1993). Discrete-time lossless systems, feedback equivalence, and
passivity. Proceedings of the IEEE 32nd conference on decision and control, San Antonio,
Texas (pp. 1775-1781).

Byrnes, C.I. and Lin, W., 1994. Losslessness, feedback equivalence, and the global stabilization of
discrete-time nonlinear systems. |[EEE Transactions on Automatic Control 39 1, pp. 83-98.

Lin, W. (1993). Synthesis of discrete-time nonlinear systems. Ph.D. thesis, Washington University,
USA.

Monaco, S., & Normand-Cyrot, D. (1987). Minimum-phase nonlinear discrete-time systems and
feedback stabilization. Proceedings of the 26th conference on decision and control, Los
Angeles (pp. 979-986).

Monaco, S. and Normand-Cyrot, D., 1988. Zero dynamics of sampled nonlinear systems. Systems
and Control Letters 11, pp. 229-234.

Monaco, S., & Normand-Cyrot, D. (1999). Nonlinear representations and passivity conditions in
discrete time. In Robustness in identification and control. Lecture notes in control and
information sciences, Vol. 245 (pp. 422-433). Berlin: Springer.

Navarro-Lopez, E. M. (2002). Dissipativity and passivity-related properties in nonlinear discrete-
time systems. Ph.D. thesis, Universitat Politécnica de Catalunya, Barcelona, Spain. ISBN: 84-
688-1941-7.

Navarro-Lopez, E. M., & Fossas-Colet, E. (2002). Dissipativity, passivity and feedback passivity in
the nonlinear discrete-time setting. 15th IFAC world congress, Barcelona, Spain.

Navarro-Lopez, E. M., Fossas-Colet, E., & Cortés, D. (2002a). Local feedback dissipativity and
dissipativity-based stabilization of nonlinear discrete-time systems. Latin American
conference on automatic control, Guadalajara, Mexico.

Navarro-Lopez, E.M., Sira-Ramirez, H. and Fossas-Colet, E., 2002. Dissipativity and feedback
dissipativity properties of general nonlinear discrete-time systems. European Journal of
Control. Special Issue: Dissipativity of Dynamical Systems. Application in Control 8 3, pp.
265-274.

Willems, J.C., 1972. Dissipative dynamical systems. Part [: General theory. Part II: Linear systems
with quadratic supply rates. Archive for Rational Mechanics and Analysis 45 5, pp. 321-351,
352-393.

12



Vitae

Eva Maria Navarro Lépez was born in Alicante, Spain. She graduated in Computer Science
Engineering and in Physics Systems Engineering in 1996 from Universitat d'Alacant. She
specialized in Celestial and Space Dynamics from 1996 to 1998 in the Department of Applied
Mathematics at Universitat d'Alacant, and in 2002, she received her Ph.D. degree in Automatic
Control and Industrial Electronics from the Institute of Industrial and Control Engineering,
Universitat Politécnica de Catalunya (UPC). From 1996 to 2000, she was a research assistant for
the Consejo Superior de Investigaciones Cientificas (CSIC) of Spain at the Institute of Industrial
Automatics in Madrid and in the Institute of Robotics and Industrial Computer Science
Applications in Barcelona. In 2002, she joined the Research Programme of Applied Mathematics
and Computer Science at the Instituto Mexicano del Petréleo (IMP), where she works in
applications of control to industrial problems. She is a member of the Mexican Researchers
System.

Her research interests include nonlinear control theory, nonlinear discrete-time dynamics,
dissipativity-related concepts, hybrid and switched systems, mechanical vibrations control.

Enric Fossas Colet was born in Aiguafreda, Catalunya (Spain) in 1959. He graduated in
Mathematics in 1981 and received the Ph.D. degree in Mathematics in 1986, both from Universitat
de Barcelona. In 1986 he joined the Department of Applied Mathematics, Universitat Politécnica
de Catalunya. In 1999 he moved to the Institute of Industrial and Control Engineering, Universitat
Politecnica de Catalunya, and to the Department of Automatic Control and Computer Engineering
where he is presently an associate professor.

His research interests include nonlinear control (theory and applications), particularly, variable
Structure systems, with applications to switching converters.

13



