UNIFIED FORMALISM

FOR NON-AUTONOMOUS MECHANICAL SYSTEMS

MAR{A BARBERO-LINAN* ARTURO ECHEVERRIA-ENRIQUEZ!

Departamento de Matemdtica Aplicada IV
Edificio C-3, Campus Norte UPC
C/ Jordi Girona 1. 08034 Barcelona. Spain

DAvVID MARTIN DE DIEGO?
Instituto de Ciencias Matemdticas (CSIC-UAM-UCM-UC3M)
C/ Serrano 123. 28006 Madrid. Spain
MIGUEL C. MuN0Oz-LECANDA? NARCISO ROMAN-ROYT

Departamento de Matemdtica Aplicada 1V
Edificio C-8, Campus Norte UPC
C/ Jordi Girona 1. 08034 Barcelona. Spain

February 29, 2008

Abstract

We present a unified geometric framework for describing both the Lagrangian and Hamil-

tonian formalisms of regular and non-regular time-dependent mechanical systems, which is
based on the approach of Skinner and Rusk [18]. The dynamical equations of motion and
their compatibility and consistency are carefully studied, making clear that all the character-
istics of the Lagrangian and the Hamiltonian formalisms are recovered in this formulation.
As an example, it is studied a semidiscretization of the nonlinear wave equation proving the

applicability of the proposed formalism.
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1 Introduction

In 1983 Skinner and Rusk introduced a representation of the dynamics of an autonomous me-
chanical system which combines the Lagrangian and Hamiltonian features [18]. The aim of this
formulation was to obtain a common framework for both regular and singular dynamics, ob-
taining simultaneously the Hamiltonian and Lagrangian formulations of the dynamics. Over the
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years, however, Skinner and Rusk’s framework was extended in many directions. So, Cantrijn et
al [2] extended this formalism for explicit time-dependent systems using a jet bundle language.
In [6] an extension of this formalism to other kinds of more general time-dependent singular dif-
ferential equations was given. Cortés et al [3] used the Skinner and Rusk formalism to consider
vakonomic mechanics and the comparison between the solutions of vakonomic and nonholonomic
mechanics. Finally, in [4, 9, 15] the Skinner-Rusk model was developed for classical field theories.

The aim of this paper is to continue the study of the the Skinner-Rusk formalism for time
dependent mechanical systems (Section 3), now, carefully studying the dynamical equations of
motion and the submanifolds where they are consistent, and showing how the Lagrangian and
Hamiltonian descriptions are recovered from this unified framework (Sections 4,5).

The case of field theories was independently developed in [4, 9], and improves the construction
given in [2], as it is discussed in Section 7.

As a new application, we analyze the case of semidiscretizations of field theories in Section 6.
These methods are designed by numerical schemes that respect physical principles preserved by
the continuous systems, specially those described by partial differential equations (PDEs). In this
case, there are not only a time dependence (as in ordinary differential equations) but also posses
an spatial dependence. Many integration methods, in particular in Hamiltonian dynamics, starts
by discretizing the spatial structure (spatial truncation) obtaining a finite dimensional system of
ordinary differential equations (ODEs) retaining some physical properties of the original system
(see [8]). For simplicity, we restrict ourselves to a particular semidiscretization of the nonlinear
wave equation [10, 13] obtaining a unique solution of the dynamics on the secondary constraint
submanifold.

All the manifolds are real, second countable and C*°. The maps are assumed to be C*°. Sum
over repeated indices is understood.

2 Non-autonomous Lagrangian and Hamiltonian systems

(See [5, 7, 12, 14, 16] for more details). In the jet bundle description of non-autonomous dy-
namical systems, the configuration bundle is 7: E —— R, where E is a (n + 1)-dimensional
differentiable manifold endowed with local coordinates (t, ¢*), and R has ¢ as a global coordinate.
The jet bundle of local sections of 7, J'r, is the velocity phase space of the system, with natural
coordinates (t,q’,v"), adapted to the bundle 7: E — R, and natural projections are

e Jir —=E , al: Jir —=R.

(If E=R x Q, where Q is a n-dimensional differentiable manifold, then J'7m ~ R x TQ).

A Lagrangian density £ € 2%(J'7) is a 7#!-semibasic 1-form on J!, and it is usually written

as £ = Ldt, where L € C®(J'7) is the Lagrangian function determined by £. Throughout this
paper we denote by dt the volume form in R, and its pull-backs to all the manifolds.

The Poincaré-Cartan forms associated with the Lagrangian density £ are defined using the
vertical endomorphism V of the bundle J!7 (see [5, 17])

O =iWV)AL+ L e QY J'n) ; Qp=-dO, e 2?(J 7).

A Lagrangian L is regular if {2 has maximal rank; elsewhere L is singular. In natural coordinates
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we have V = (dg' — v'dt) ® 8(?11' ® gt, and
oL _ . oL
= dg* — ' — L) dt
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L is regular if and only if (€., dt) is a cosymplectic structure on J'7. This means that Q. and
dt are closed and Q7 A dt is a volume form (see [11]).

The regularity condition is equivalent to det < (gj)) £ 0, for every 4 € J'm. Geometrically,

The Lagrangian problem consists in finding sections ¢: R ——= FE of 7w, characterized by
(1) i(X)Qe =0 , for every X € X(J'm)

where jl¢ : R —— J!7 is the 1-jet extension of ¢. In natural coordinates, if ¢(t) = (¢, ¢'(t)),
this condition is equivalent to demanding that ¢ satisfies the Euler-Lagrange equations

d (oL
o dt \ Ovt
where jl¢(t) = (t,¢'(t), $'(t)). Assuming that these sections are integral curves of vector fields
in J'7 the corresponding equations for these vector fields are

oL
0q*

0 , (fori=1,...,n)

e

i(Xe)Qe=0 , i(Xp)dt=1 (1)

where X, € X(J') is holonomic (recall that a vector field in J17 is said to be holonomic, or also
a second order differential equation (SODE for simplicity), if its integral curves are holonomic;
that is, canonical liftings of sections ¢: R —— FE). In the regular case, there is a unique solution
to these equations. In the singular case the existence of a solution is not assured, except perhaps
on some submanifold (or subset) of J'7, where the solution is not unique, in general.

Consider now the extended momentum phase space T*E, and the restricted momentum
phase space which is defined by J'7* = T*E/7*T*R. Local coordinates in these manifolds are
(t,q%,p,p;) and (¢, ', p;), respectively. Then, the following natural projections are

gt —FE |, #l=gort:J¢*—R , wT'E—sJ7* |, p:T'E—=R.
Let © € QYT*E) and Q = —dO € 2?(T*E) be the canonical forms of T*E whose local
expressions are 4 '
O=pd¢" +pdt , Q=d¢"Adp; +dt Adp.

(In the particular case £ = R x @, we have T*E ~ R x R* x T*Q, and J'7* ~ R x T*Q
and introducing the projections pri: T*(R x Q) — R x R*, pro: T*(R x Q) — T*Q, we
have © = pri©, + pr;O¢g and Q = priQ, + priQg; where Q, = —dO, € 2%(R x R*) and
Qg = —dOg € 2%(T*Q) denote the natural symplectic forms of R x R* and T*Q).

Being O, € 2'(J'7) wl-semibasic, we have a natural map FL: Jim —> T*E, given by

FL®G) = O.(7) (2)
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which is called the extended Legendre map associated to the Lagrangian density £. The re-
stricted Legendre map is FL = po FL: J'm — J'n*. Their local expressions are

S e . oL S oL
FLt=t , FLq=q¢ , FLp=— , FLp=L-vo
vt v

) . OL

FLt=t , FLG=¢ , FL'p = Do

or, in oth/e\l;zvords, ﬁ(t, qlﬁ)* = (t,¢", L — v ngi, gULi) and FL(t,q¢',q") = (t, ¢, gﬁ)- Moreover,
we have FL © = Of, and FL Q= Q.
The Lagrangian £ is regular if, and only if, 7L is a local diffeomorphism. As a particular

case, L is a hyper-regular Lagrangian if 7L is a global diffeomorphism.

If £ is a hyper-regular Lagrangian, then P = ﬁ(J 17) is a 1-codimensional, u-transverse
embedded submanifold of T*E, with natural embedding jo: P — T*E, which is diffeomorphic
to Jir*. ‘This diffeomorphism is the inverse of p restricted to P, and also coincides with the
map h = FLoFL™!, when it is restricted onto its image (which is just P). This map  is called
a Hamiltonian section, and is used to construct the Hamilton-Cartan forms in J'm* by making

Op=hec'(J'7*) |, QU =hr"Qc2?(J'r").

Locally, the Hamiltonian section h is specified by h(t,¢',p;) = (t,q', —H,p;), where H is the
local Hamiltonian function given by H = p;(FL™Y)*v! — (FL~1)*L. The local expressions are

Op =pidg' — Hdt , Qp=d¢' Adp; +dH Adt.
Of course FL*O), = Of, and FL*Qy = Q.
The Hamiltonian problem consists in finding sections of 7!, 1: R —— J'7*, characterized by
P i(X)Q, =0 , forevery X € X(Jln¥) .

This condition leads to the Hamilton equations which, if 1 (t) = (¢, ¢*(t), p;(t)), in natural coor-
dinates are
dq’ _OH
dt N 3])1'

dpi  OH

T oq'

Y (

Assuming that these sections are integral curves of vector fields X;, € X(J'7*), the corresponding
equations for these vector fields are

i(Xh)Qh =0 , 'L'(Xh)dt =1.

As a final remark, it can be proved that solutions to the Lagrangian and Hamiltonian prob-
lems are equivalent, in the sense that they are FL-related; that is,

b=FLojl¢ ; TFLoX;=X,oFL. (3)

For regular, but not hyper-regular systems, the results are the same, but only locally on
open neighbourhoods at every point, instead of J'7*.

A singular Lagrangian £ is almost-regular if: P = FL(J'7) is a closed submanifold of J!7*
(let 7: P — Jl7* be natural embedding), FL is a submersion onto its image, and for every
y € Jlm, the fibres FL 1(FL(y)) are connected submanifolds of J'7.

If £ is an almost-regular Lagrangian, the submanifold P of J L7* is a fibre bundle over F
and M. In this case the p-transverse submanifold j: P — T*FE is diffeomorphic to P. This
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diffeomorphism is denoted by fi: P —— P, and is just the restriction of the projection u to P.
Then, taking the Hamiltonian section h = jo i~!, we define the forms

0) =h'0 ; Q) =h*Q

which verify that ]—"Lé@% = O, and fﬁgQ% = QO (where FLy is the restriction map of FL
onto P). Then, the Hamiltonian problem and the equations of motion are stated as in the
hyper-regular case. Now, the existence of a solution to these equations is not assured, except
perhaps on some submanifold of P, where the solution is not unique, in general.

3 Unified formalism

We define the extended jet-momentum bundle VW and the restricted jet-momentum bundle W,
W=JrxgTE |, W,=JnxgJn*
with natural coordinates (t,¢*, v, p,p;) and (¢, q*,v%, p;), respectively. Natural submersions are
W —=Jn ppW—-TE, p,p: W—>F, p,: W—>R (4)
Py W, —= Jlr | Py W, —= Jlr* | P Wy ——=E, pl: W, —=R,

with 7t opy =7t opops = p,. For y € Jim, p € T*E, and [p] = u(p) € J17*, there is also the
natural projection
[TV W — W,
@p) — (@)

The bundle W is endowed with the following canonical structures:

Definition 1 1. The coupling 1-form in W is the p,-semibasic 1-form Ce 2Y(W) defined
as follows: for every w = (j'¢(t),a) € W (that is, a € T;E (w)E) and V € T W, then

C(V) = a(Ty(dop,)V).
2. The canonical 1-form ©yy € 2Y(W) is the p,-semibasic form defined by Oy = p5O.
The canonical 2-form is Qyy = —dOy, = p5Q € 22(W).

Being C a p,-semibasic form, there is C' € C>°(W) such that C = Cdt. Note also that Qyy is
degenerate, its kernel being the po-vertical vectors; then (W), Qyy) is a presymplectic manifold.

The local expressions for Oy, {2y, and C are

Ow =pidg' +pdt , O =—dp;Adgd —dpAdt , C=(p+p')dt.

~ Given a Lagrangian density £ € Q' (J ), we denote £ = piL € 2'(W), and we can write
L = Ldt, with L = pjL € C*(W). We define a Hamiltonian submanifold

Wo={weW | Lw)=C_C(w)}.

So, W) is the submanifold of W defined by the regular constraint function C — L =0, which is
globally defined in W using the dynamical data and the geometry. In local coordinates it is

A~

C—L=p+pnv' —L(t,¢,v7)=0.
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The natural embedding is j9: Wy — W. We have the projections (submersions), see diagram (5):
Wy — Jlm, pS: Wy —=T*E p%: Wo——F , pg: Wo—R
which are the restrictions to Wy of the projections (4), and
py = popy: Wo—=J'r*.
Local coordinates in Wy are (t,q",v", p;), and we have that

tvqia‘viv‘pi) - (t)qi7lvi7L _Uzpzupl)
(t> qz,,l)z7pi) = (tvql7L - ’Ulpiapi) .

—~

p(l)(ta ql,vl,Pz) = (tquavz) , Jo
/38(75, qzavzapi) = (tvqlapi) y P

NO

Proposition 1 W is a 1-codimensional j,,, -transverse submanifold of W, diffeomorphic to W,.

(Proof) For every (y,p) € Wy, we have L(y) = Il(gj, p) = C’(gj, p), and
(Hyy ©20) (5 P) = 113 (9, P) = (¥, 1(P)) -
First, p,,, o go is injective: let (1, p1), (J2, P2) € Wo, then we have
(ki ©30) (1, P1) = (byy © 30) (G2, P2) = (U1, 1(P1)) = (§2, (P2)) = T = Y2, pu(p1) = p(p2)
hence L(y1) = L(y2) = C’(gjl, p1) = C’(gg, p2). In a local chart, the third equality gives
p(p1) + pi(p1)v' (71) = p(P2) + pi(P2)v" (7o)

but p(p1) = p(p2) implies p;(p1) = pi([p1]) = pi([P2]) = pi(p2); then p(p1) = p(p2), and p1 = pa2.

Second, p,,, ©jo is onto, then, if (7, [p]) € W;, there exists (3, q) € j0(Wp) such that [q] = [p].
In fact, it suffices to take [q] such that, in a local chart of Jim xp T*E =W

pi(a) = pi([p]) , p(a) = L(@) — pi([P)v'(7) -

Finally, since Wj is defined by the constraint function C-L and, as ker pyy, = {a%} locally

and — (C' — L) =1, then W) is [, -transversal. ]

As a consequence of this result, the submanifold Wy induces a section h: W, —=W of the
projection Mw Locally, h i is spe(:lﬁed by giving the local Hamiltonian function H = —L + p;v';
that is, h(t ¢, vl pi) = (t,¢' 0 ~H ,pi)- In this sense, h is a Hamiltonian section of Lo -

So we have the following dlagrarn

Jir
Py P
P1
"
Wp W YW,
oh
Lol o)
0 T"E .
P2 P2
1
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Remark: Observe that, from the Hamiltonian u,,-section h: W, —= W in the extended
unified formalism, we can recover the Hamiltonian pu-section h = jop ':P —= T*E in the
standard Hamiltonian formalism assuming that £ is almost-regular. In fact, given [p] € J'7*,
the section h maps every point (7, [p]) € (p5) " ([p]) into py [p2(h(7, [p]))]- Now, the crucial

. 0
point is the projectability of the local function H by ps. However, Doi being a local basis
v

N L
for ker po., H is po-projectable if, and only if, p; = gi’ and this condition is fulfilled when
/l} —_—
[p] € P =ImFL C J'x*, which implies that pa[h((ph)~'([p]))] € P = ImFL C T*E. Then,
the Hamiltonian section h is defined as

h([p]) = (p2 0 M)~ ()] = (Go A~")([p]) , for every [p] € P.

So we have the diagram

P 7 T™FE o w
1M - g " R
e 57 i

7) 7 Jl7T>l< o WT’

P2

For (hyper) regular systems this diagram is the same with P = Im FL = J!7*.

Finally, we can define the forms
B0 = 70w = p'0 € 2'Wo) , Qo = 550w = py Q2 € 22(W)
with local expressions
Qo = (L — piv')dt + pidg® , Qo = d(piv' — L) Adt — dp; A dg’ (6)

and we have the presymplectic Hamiltonian systems (Wy, Qo) and (W,,2,.), with Q, = E*QO.

4 The dynamical equations for sections

Now we establish the dynamical problem for the system (Wp, ) which, as a consequence of
the diffeomorphism stated in Proposition 1, is equivalent to making it for the system (W, Q,).

The Lagrange-Hamiltonian problem associated with the system (W, €)y) consists in finding
sections of pﬂ?{, Yp: R —= W), which are characterized by the condition

G i(Yo)2 =0 . for every Yo € X(Wp) . (7)

This equation gives different kinds of information, depending on the type of the vector fields Yy
50

involved. In particular, using pJ-vertical vector fields, denoted by xVe 2)(W0), we have:

Lemma 1 IfY) € %v(ﬁg)(Wo), then i(Yo)Q is p%-semibasic.

(Proof) A simple calculation in coordinates leads to this result. In fact, taking { 6?;1' } as a local

basis for the py-vertical vector fields, and bearing in mind (6) we obtain the pﬂg—semibasic forms

(0N, (. oL
Z(avi>90—(z W)dt
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As an immediate consequence, when Yy € XV 8)()/VO), condition (7) does not depend on the
derivatives of 1g: it is a pointwise (algebraic) condition. We can define the submanifold

Wi ={(5,p) € Wo | i(Vo)(Q0)5,p) =0, for every Vo € V(55)(09)}

where V(p9) denotes the p)-vertical vectors. W is called the first constraint submanifold of the
Hamiltonian pre-multisymplectic system (W, 2y), as every section 1y solution to (7) must take
values in W;. We denote by 71: W) — W), the natural embedding.

oL
Locally, W is defined in Wy by the constraints p; = ot Moreover:
v

Proposition 2 W, is the graph of FL; that is, Wy = {(g],ﬁ(g)) eEW | yeJir}.

(Proof) Consider § € J'7, let ¢: R —= E be a representative of 3, and p = 3—"\2(@) For every
U € Tr R, consider V' = Tri;¢(U) and its canonical lifting V = Tﬁl(g)jqu(U). From the
definition of the extended Legendre map (2) we have (Tym!)* (f L(y)) = (©r)y, then

i(V)(Tym' ) (FL@)) = i(V)(©Or)y
Furthermore, as p = ﬁ(gj), we also have that

iVUTy ) (FLG)) = i(Tr i o@))(Tyn?)'pl = i((Tym' )« (Tri ()5 ¢(U)))p
= i(Tﬁl(g)¢(U))p =i(V)p.
Therefore we obtain
iU)(¢*p) = i(U)[(5'¢)*(Or)g]

and bearing in mind the definition of the coupling form C, this condition becomes

iU)(C(,p)) = i(U)[(7'$)*Oc)g] -

Since it holds for every U € Tz » R, we conclude that é(gj,p) = [(j'¢)*O©,]y, or equivalently,
é(y, p) = f)(yj,p), where we have made use of the fact that ©, is the sum of the Lagrangian
density £ and a contact form ;(V)dL (vanishing by pull-back of lifted sections). This is the
condition defining Wy, and thus we have proved that (7, F E( )) € Wh, for every § € Jlm; that
is, graph F FL C Wy. Furthermore, graph F. FL and W are defined as subsets of Wy by the same

= 0. So we conclude that graph F FL=W. |

local conditions: p; — 50

As W is the graph of 3—"\2, it is diffeomorphic to J'mw. Every section 1)p: R —= W) is
of the form vy = (¥z,¥n), with 1z = pY o ¥g: R —— Jlr, and if 1 takes values in W,
then Yy = FLo Pr: R ——= T*E. In this way every constraint, differential equation, etc. in
the unified formalism can be translated to the Lagrangian or the Hamiltonian formalisms by
restriction to the first or the second factors of the product bundle.

However, as was pointed out before, the geometric condition (7) in Wy, which can be solved
only for sections 1)g: R ——= W) C W, is stronger than the Lagrangian condition ¢} i(Z)Q, = 0,
(for every Z € X(J'7)) in J'm, which can be translated to Wi by the natural diffeomorphism
between them. The reason is that, as p{ is a submersion, and W), is a p{-transversal submanifold
of Wy (as a consequence of Proposition 2), we have the splitting 71 TWy = TW; @, 75V (pY),
71: W1 — W) being the natural embedding. Therefore the additional information comes from
the pY-vertical vectors, and is just the holonomic condition. In fact:
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Theorem 1 Let ¢y: R —= W)y be a section fulfilling equation (7), Yo = (Y, ¥n) = (wc,ﬁo
Yr), where 1 = pY o1py. Then:

1. @Y is the canonical lift of the projected section ¢ = ,0% op: R ——= E (that is, V¥, is a
holonomic section).

2. The section p = j¢ is a solution to the Lagrangian problem, and the section o1y =
poFLos =FLojl¢ is a solution to the Hamiltonian problem.

Conversely, for every section ¢: R —s E such that j'¢ is a solution to the Lagrangian problem

(and hence FL o j'¢ is a solution to the Hamiltonian problem) we have that the section g =
(jrp, FLo jl¢), is a solution to (7).

(Proof) 1. Taking {8%2} as a local basis for the p{-vertical vector fields:

2< 0 )Qozvidt—dqi
opi

so that for a section 1y we have

0 - 0¢°
-l ()0 - (- 4)s

and thus the holonomy condition appears naturally within the unified formalism. So we have

. dq' 0L
that ¢0 = (tquudqtvavi

(j'6, FL o j'9), for ¢ = (t.4') = pl o th.
2. Consider the diagram

>, since g takes values in Wi, and hence it is of the form 1y =

Since sections 1g: R ——= W) solution to (7) take values in W, we can identify them with
sections 91 : R —— W;. These sections 1y verify, in particular, that ] i(Y1)2; = 0 holds for
every Y7 € X(Wy). Obviously g = 71 0 1)1. Moreover, as W is the graph of ﬁ, denoting
by pi = p% 0 71: Wi — J'7 the diffeomorphism which identifies Wy with Jlnx, if we define
0 = 710, we have that Q1 = p}*Q,. In fact; as (p})~1(y) = (7, FL(7)), for every § € J'r,

then (p3 o710 (p})™H)(9) = FL(J) € T*E, and hence

Q= (pyogo(pr) )" 2=1[((p1)"")* 0 g5 0 nd* ]2 = [((p1) )" 0 51]% = ((p1) )" .
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Now, let X € X(J'7). We have
(71¢) i(X)Q = (P} 0v0)"i(X)Qc = (p] 0 10 ¥1)"i(X)Qs
(p1 0 ¥1)"i(X)Q = 91 i((p1)s X)(p1" Q) = Y1 i (Y1)
= ¢1i(Y1)(1920) = (Y1 © 1) i(Y0)Q0 = ¥54(Y0)$20 (8)

where Yy € X(W)p) is such that Yy = 71.Y1. But as ¢ i(Yy)Q = 0, for every Yy € X(W)), then
we conclude that (j1¢)*i(X)Qz = 0, for every X € X(J 7).

Conversely, let j'¢: R —= J'7 such that (j'¢)*i(X)Q, = 0, for every X € X(J!x), and
define 1g: R —= W) as ¥ = (j'¢, FL o j'¢) (observe that 1y takes its values in W;). Taking
into account that, on the points of Wi, every Yy € X(Wj) splits into Yy = Y + Y, with

Y € (W) tangent to Wy, and Y2 € %V(p(l))(l/\)o), we have that
¥gi(Y0) 0 = 45 i(Yg ) + 15 (Y50 = 0
since for Y the same reasoning as in (8) leads to
b i(Y9)Q0 = (5'9)"i(Xg)Qe = 0

(where X¢ = (p1).Y), and for Y, following the same reasoning as in (8), a local calculus gives
% (2 S A Od
Yoi(Ye)Q0 = (70)" || filw) {va — p dt| =0

0 —
since j'¢ is a holonomic section and Y02 = fia—. The result for the sections 1y = FL o jl¢ is
Pi

a direct consequence of the first equivalence relations (3). |

Remark: The results in this section can also be recovered in coordinates taking an arbitrary

local vector ﬁeldlf():f;—i-fiazi-i-gia(zi +hi£)i€%(W0),then
o oL . OL .
(Yp)Qy = — ;dv® ‘dp; — =—dqg* — _dv*
i(Y0)20 f(p vt vidp = 5 2da (%ZU>

—f aL.depz- +4 pi—a—L. dt + h(v'dt — dg')
aql 8’1}1

and, for a section 1) fulfilling (7),

(dp; 0L ; oL . dg
0=¢3i(%)90={f2<£—aqi>+g <pi_8vi>+hi< —é)]dt (9)

reproduces the holonomy condition, the restricted Legendre map (that is, the definition of the
momenta), and the Euler-Lagrange equations. The coefficient of the component f vanishes as a
consequence of the last equations.

Summarizing, the equation (7) gives different kinds of information, depending on the verti-
cality of the vector fields Y| involved. In particular, we obtain equations of three different classes:

0
1. Algebraic (not differential) equations, in coordinates p; = —» Which determine a subset

W of Wy, where the sections solution must take their values. These can be called pri-
mary Hamiltonian constraints, and in fact they generate, by p projection, the primary
constraints of the Hamiltonian formalism for singular Lagrangians, i.e., the image of the
Legendre transformation, FL(J'7w) C Jix*.
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i
2. The holonomic differential equations, in coordinates v* = —q, forcing the sections solution

g to be lifting of m-sections. This property reflects the fact that the geometric condition
in the unified formalism is stronger than the usual one in the Lagrangian formalism.

3. The classical Euler-Lagrange equations, in coordinates

d (OL\ 0L &¢ L d¢ L IL (10)
dt \ Ovt Q¢

= 9viov d2 T 0giov dt | dtovi  ag

which are obtained from @

at oq’

using the previous equations.

5 The dynamical equations for vector fields

Proposition 3 The problem of finding sections solutions to (7) is equivalent to finding the
integral curves of a vector field Xo € X(Wp), which is tangent to Wy and satisfies that

i(X0)Q =0 , i(Xp)dt=1. (11)

(Proof) In a natural chart in W), the local expression of a vector field Xy € X(W)) is

0 .0 0
. — + H;—.
aq* +a ovt + Op;

o .
X(]:fa—FFZ

Then, the second equation (11) leads to f = 1, and the first gives

coefficients in dp; : F' = v° (12)
: . ; oL
coefficients in dv' : p; = 5y (13)
rUZ
, oL
coefficients in d¢* : H; = o (14)
0L < oL .
coefficients in dt : —F" g +G' (pi — W) +Hv'=0. (15)
. ; ; . . i dqi i dv’
Now, if ¥g = (t,q¢"(t),v"(t), pi(t)) is an integral curve of Xy, we have that F* = o G' = e
d .
H; = %, and then (see equation (9)):

e Equations (12) are the holonomy condition.
e The algebraic equations (13) are the compatibility conditions defining W .
e Using (12) and (13), equations (14) are the Euler-Lagrange equations (10).

e Taking into account (12) and (14), equation (15) holds identically.

Observe that the condition that X¢ (if it exists) must be tangent to W; holds also identically
from the above equations, since

oL 0’L . 0*L 0’L
0= <pi B W) B _8vi8ij C Otovd aqiavjv " dgi

are the Euler-Lagrange equations again. Observe that, if L is a regular Lagrangian, these equa-
(2

: . : ; _dv o : :
tions allow us to determine the functions G* = —. If L is singular, then a constraint algorithm

dt

(on W)
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must be used in order to obtain a final constraint submanifold W; (if it exists) where consistent
solutions exist, that is, Xo must be tangent to Wy (see [2] and Section 6 for details). ]

Now, the equivalence of the unified formalism with the Lagrangian and Hamiltonian for-
malisms can be recovered as follows, where Xy, (W) is the set of vector fields on Wy with
support in Wj.

Theorem 2 Let Xy be a vector field in Wy which is the solution to the equations (11). Then
the vector field X € X(J'x), defined by Xz op{ = Tp{o Xy, is a holonomic vector field solution
to the equations (1).

Conversely, every holonomic vector field solution to the equations (1) can be recovered in this
way from a vector field Xo € Xy, Wo).

(Proof) Let X be a vector field on W), which is a solution to (11). As sections 1p: R —= W)
solution to the geometric equation (7) must take value in W, then Xy can be identified with
a vector field X7: Wy —— TW; (i.e., Ty1 0 X1 = Xolw,), and hence there exists X : Jim
—— T(J'7) such that X7 = T(pi)~' o Xz € X(W1). Therefore, as a consequence of the
item 1 in Theorem 1, for every section ty solution to (7), there exists X2 € X(j'¢(R)) such
that Tpp 0 X2 = Xcljigm), where 74: jl#(R) ——= E is the natural embedding. So, X is
7l-transversal and holonomic. Then, bearing in mind that 7iQy = p}*Q,, we have

71 1(X0)Q0 = i(X1) (57%) = i(X1) (p1* Q) = p1”i(X )
then §(X,)Qr = 0 because §(Xo)Qo = 0. A similar reasoning leads us to prove that, if §(Xo)dt =
1, then §(X,)dt = 1.

Conversely, given a holonomic vector field X, from (X )2, = 0, and taking into account
the above chain of equalities, we obtain that i(X()Qo € [X(W1)]° (the annihilator of X(W))).
Moreover, X being holonomic, Xy is holonomic, and then the extra condition (Yp) i(Xo)Q20 = 0

is also fulfilled for every Y; € .’fv(p?)(Wg). Thus, remembering that j;TWy = TW; &w, 25V (p?),
we conclude that §(Xo)Qo = 0. To prove that if {(Xz)dt = 1, then i(Xo)dt = 1 is trivial. [ |

Finally, the Hamiltonian formalism is recovered using the second equivalence relations (3).
The proof for the almost-regular case follows in a straightforward way.

6 An example: spatial semidiscretization of the nonlinear wave
equation

Consider the nonlinear wave equation given by

_d (0o dg

where u : U C R? — R, u(t,z) and o and g are smooth functions and we impose periodic
boundary conditions u(t,z) = u(t,z + K), K > 0. Different choices of the functions o and g
idealize one-dimensional models for fluids and materials.

Equation (16) corresponds to the Euler-Lagrange equation derived extremizing the action

functional
T K o/q
U / / <2uf —o(t,ug) — g(t, u)) dtdx,
o Jo

2
where we will assume in the sequel the regularity condition — # 0.

ou?

xT
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One basic idea towards a geometric discretization [8, 10, 13] of this type of equations is first
to introduce an spatial truncation, that reduce the PDE (16) to a system of ODEs preserving
many of its geometrical properties. Hence, we replace the z-derivative in the Lagrangian by a
simple difference (for simplicity, we will work with a uniform grid of N + 1 points, h = K/N)
as follows:

N-1
L(t, ui, (u)t :Z[ <W>2—0<t,w>—g<t,w>

In a more convenient notation, we are working with the Lagrangian function L : R x
TRN+! — R:

)

N-1

Lt ) = 3 |5 (5912) < )~ (0 072) .

=0

' i+l _ i ' i+1 i
where w® = % and Qi+1/2 = u

notation in previous sections, we find that

,i=0...,N =1, Q = q,v. Now, following the

©o = (L(t,q',v") — pv') dt + p;dg* ,0 <i < N.

Consider now a vector field

) 9 B
oq o' H‘aTgi’

f +Fl

satisfying the equations:
ix,820 = 0, ix,dt = 1.

It is easy to deduce that:

f=1
Fi: i’
1 0o 19g
Ho= = tw®) — 299 (4 0+1/2
0 hé?ué(’w) 2gu<’ ) ; ,
1 o o _ 1 g g
H = - ) — 2wt — 2 (D g2y L Y gi12 1<i<N-1
P (gt = 57w ) = 5 (a4 g 1
Hy E@ux(’ Y ( )
and the constraints defining Wi:
1 1, . , 1
p0:§1/0+1/2, pizi(vz—1/2+vz/2)’ pN:§UN_1/2-

Since Xy must be tangent to W) then we obtain the additional conditions

_ 1ogpp, . GHGY 100 oy 199 (. o412

0 = Xolpo—5v""7) = 4 +h8um(tw) 26 <q )
1 . . G114 2Gt 4+ Gitt oo ) oo :
= X P — = 7’_1/2 1/2 — _ 1\ i—1
dg i+1/2 dg i—1/2 ;
ZJ <i< N —
<6u( q )+au(t,q Y], 1<i<N-1

_ Loy GYTIHGY 100 N1y 109 (. N_1)2

0 = Xolpn 5" )= I h ou. (t,w™1) > Bu (t,q )
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From these last equations we obtain G°,G',--- ,GV~1 in terms of GV and the additional

constraint

N-1 . ‘

-1)'— (t,w') =0

> (1)

=0
which determines the new constraint submanifold, Ws. Again, the condition of tangency of X
to Ws gives us a new constraint:

N-1 . .
; 820' : Uz+1 — 320.
2 (1) [6ux8t tw)+ =52

=0 T

(t,wi) =0.

determining the constraint submanifold, W5. From it, we obtain that

N-1 ; ;
) 830 ) Uz+1 —pt 030 )
1) | =——= (t, v’ t,w
;( ) [auxa%(’w) T aa )
o+ i\ ? 3o A Gitl i 920 .
tow') + ——— 2 (t,w') | =0
+< h > 8u%(’w)+ h 8u%(’w)
2
which uniquely determines the remaining coefficient GV form the regularity condition Wl # 0.
u

xT

7 Conclusion and outlook

Following the Skinner-Rusk model for autonomous mechanical systems, we have presented a gen-
eralized framework for describing both Lagrangian and Hamiltonian time dependent mechanical
systems.

The key tool of this construction is the coupling form which is defined using the natural
geometric structure of the manifold W = J'm x g T*E. This function allows us to define in a
natural way a submanifold Wy of W, which is diffeomorphic to W, = Jlr xg J'7*, the true
space of physical variables. Then, the compatibility of the dynamical equations stated in Wy
gives a new submanifold W; which is identified with the graph of the Legendre map F L, where
all the characteristic features of the Lagrangian and Hamiltonian formalisms of time-dependent
regular and singular non-autonomous systems are recovered.

This unified formalism constitutes an alternative but equivalent approach to that given by
Cantrijn et al in [2]. The essential difference is that, in this work, the dynamical equations are
established directly in W = J'7 x g T*E. These equations are compatible in a 1-codimensional
submanifold of W, but the dynamical solution is undetermined, even in the regular case. In
order to overcome this trouble, the authors are forced to introduce a new constraint, in such
a way that the resulting submanifold is the graph of the Legendre map. As a consequence,
they are unable to define intrinsically the submanifold of physical states Wy. In our model, the
introduction of the coupling form gets round all the above problems.

The Skinner-Rusk unified formalism which is developed here has been used to give a new
geometric framework for time-dependent optimal control problems in [1], where some interesting
examples are analyzed. Following the above example the developed formalism could be applied
to optimal control problems in partial differential equations where the spatial semidiscretization
is used to solve.
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