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1 Introduction

The k-symplectic and k-cosymplectic formalisms are the simplest geometric frameworks for
describing classical field theories. The k-symplectic formalism [13] 25] (also called polysymplec-
tic formalism) is the generalization to field theories of the standard symplectic formalism in
autonomous mechanics, and is used to give a geometric description of certain kinds of field the-
ories: in a local description, those whose Lagrangian and Hamiltonian functions do not depend
on the coordinates in the basis (in many of them, the space-time coordinates). The founda-
tions of the k-symplectic formalism are the k-symplectic manifolds intoduced in [2 B [4]. The
k-cosymplectic formalism is the generalization to field theories of the standard cosymplectic
formalism for non-autonomous mechanics, |21} 22], and it describes field theories involving the
coordinates in the basis on the Lagrangian and on the Hamiltonian. The foundations of the
k-cosymplectic formalism are the k-cosymplectic manifolds introduced in [21, 22]. One of the
advantages of these formalisms is that only the tangent and cotangent bundle of a manifold are
required for their development. (A brief review of k-symplectic and k-cosymplectic geometry
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is given in Section 2.2]). Other different polysymplectic formalisms for describing field theories
have been proposed in [10} 111 [15] 23], 26] 27, [30].

In these formalisms, the field equations (Hamilton-de Donder-Weyl and Euler-Lagrange equa-
tions) can be written in a geometrical way using integrable k-vector fields. However, although
integral sections of integrable k-vector fields (i.e., integrable distributions) that are solutions
to the geometrical field equations are proved to be solutions to the Hamilton-de Donder-Weyl
or the Euler-Lagrange equations, the converse is not always true. This also occurs when other
geometric descriptions of classical field theories in terms of multivector fields are considered (see
[7, 8, 28] for details in the case of multisymplectic field theories). Here we prove that, in the
k-cosymplectic formalism, every solution to the Hamilton-de Donder-Weyl equations is, in fact,
an integral section of an integrable k-vector field that is a solution to the geometrical field equa-
tions in the Hamiltonian formalism. Nevertheless, in the k-symplectic Hamiltonian formalism,
this is no longer true, unless some additional conditions on the solutions to the Hamilton-de
Donder-Weyl are required. All these features are discussed in Sections 2.3] 2.4 2.5 B.2], and [331

After reviewing the k-cosymplectic Hamiltonian formalism in Section 2.4], Section 2.5 contains
other relevant results of this work. In particular, the relation between the k-cosymplectic and
the k-symplectic Hamiltonian formalism is studied here, proving the equivalence between k-
symplectic Hamiltonian systems and a class of k-cosymplectic Hamiltonian systems: the so-called
autonomous k-cosymplectic Hamiltonian systems. This generalizes the situation in classical
mechanics, where the symplectic formalism for describing autonomous Hamiltonian systems
can be recovered as a particular case of the cosymplectic Hamiltonian formalism when systems
described by time-independent Hamiltonian functions are considered.

A more general geometric framework for describing classical field theories is the multisym-
plectic formalism [5, 12}, 24], first introduced in [16] [I7, [I8], which is based on the use of mul-
tisymplectic manifolds. In particular, jet bundles are the appropriate domain for stating the
Lagrangian formalism [31], and different kinds of multimomentum bundles are used for devel-
oping the Hamiltonian description [9, (14, [19]. (A brief review of multisymplectic Hamiltonian
and Lagrangian field theories is given in Sections A1l [£2] and B.1).

Multisymplectic models allow us to describe a higher variety of field theories than the k-
cosymplectic or k-symplectic models, since for the latter the configuration bundle of the theory
must be a trivial bundle; however, this restriction does not oocur for the former. Another goal of
this paper is to show the equivalence between the multisymplectic and k-cosymplectic descrip-
tions, when theories with trivial configuration bundles are considered, for both the Hamiltonian
and Lagrangian formalisms. In this way we complete the results obtained in [20], where an
initial analysis about the relation between multisymplectic, k-cosymplectic and k-symplectic
structures was carried out. This study is explained in Sections 4.3l and

All manifolds are real, paracompact, connected and C'*°. All maps are C'°°. Sum over crossed
repeated indices is understood.

2 k-symplectic and k-cosymplectic Hamiltonian formalisms

2.1 k-vector fields and integral sections

(See [21] and [29] for details). If M is a differentiable manifold, let T} M = TM® .*. @TM be
the Whitney sum of k copies of TM, and T]%J: TklM — M its canonical projection. TklM is
usually called the k-tangent bundle or tangent bundle of k'-velocities of M.
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Definition 1 A k-vector field on M is a section X: M — TklM of the projection TjJ.

Giving a k-vector field X is equivalent to giving a family of k£ vector fields Xq,..., X, on M
obtained by projecting X onto every factor; that is, X4 = 740X, where 74: TklM — T'M is the
canonical projection onto the A™-copy TM of T, klM . For this reason we will denote a k-vector
field by X = (X1,..., Xg).

Definition 2 An integral section of the k-vector field X = (X1,..., Xy) passing through a point
z € M is a map ¢: Uy C RF — M, defined on some neighborhood Uy of 0 € R*, such that

$(0) =z, ¢.(t) (%L) = Xa(p(t)) , foreverytelUy 1<A<Kk.

A k-vector field is said to be integrable if there is an integral section passing through every point
of M.

Remark: k-vector fields in a manifold M can also be defined more generally as sections of
the bundle A*(TM) — M (i.e., the contravariant skew-symmetric tensors of order k in M).
The k-vector fields defined in Definition [Il are a particular class: the so-called decomposable or
homogeneous k-vector fields, which can be associated with distributions on M. We remark that
a k-vector field X = (Xy,..., X}) is integrable if, and only if, {X7,..., X} define an involutive
distribution on M. (See [7] for a detailed exposition on these topics).

2.2 k-symplectic and k-cosymplectic manifolds

(See [21] and [29] for details).

Definition 3 (Awane [2]) A k-symplectic structure on a manifold M of dimension N = n+kn
is a family (wd,V;1 < A < k), where each w? is a closed 2-form and V is an integrable
nk-dimensional distribution on M such that

(i) wiyxy =0, (i)  Nf_, kerw® = {0} .

Then (M,w?,V) is called a k-symplectic manifold.

Theorem 1 (Awane [2]) Let (w?,V;1 < A < k) be a k-symplectic structure on M. For every
point of M there exists a local chart of coordinates (qi,p?), 1<i<n,1< A<k, such that

0 0

A i A
—dg ndp?t , v=(2, .. . L

> ; 1<A<E

geeey

The canonical model for this geometrical structure is ((Tkl)*Q,wA,V), where ) is a n-
dimensional differentiable manifold and (T})*Q = T*Q® .*. ®T*Q is the Whitney sum of k
copies of the cotangent bundle T*(), which is usually called the k-cotangent bundle or bundle
of k'-covelocities of ). We use the following notation for the canonical projections:

i ()Q-TQ g ()'Q—Q :  (1<A<K),
(here 74 is the canonical projection onto the A-copy T*Q of (Tkl)*Q) So, if ¢ € @ and
(al ..,o/;) € (TH*Q, we have

Q-

):Oéq ) ﬂ'Q(Oéq,...,Oéq):q (1§A§k)
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I , 1 <4 < n, are local coordinates on U C @, the induced local coordinates (¢, p:') on
(Wé)_l(U) = (T}})*U are given by
)

The canonical k-symplectic structure in (7})*@ is constructed as follows: we define the
differential forms

' 0
? A/ 1 k A
:(J(Q) y D (aq,...,aq):aq <a_qz

04 = (70, wr=EYYw ; 1<A<Ek, (1)
where 6 is the Liouville 1-form on T*(Q) and w = —d# is the canonical symplectic form on T*Q.
Obviously w? = —d#4. In local coordinates we have

HA:pf‘dqi , wA:dqi/\dp;4 ; 1 <A<LE. (2)

The canonical k-symplectic manifold is ((7}})*Q,w?, V') where V = ker (7122)*

Definition 4 Let M be a differentiable manifold of dimension k(n+ 1) +n. A k—cosymplectic
structure is a family (n?, Q4 V) (1 < A < k), where n® € QY (M), Q4 € 2%(M), and V is an
nk-dimensional distribution on M, such that

Lot A At £0, iy =0, Q=0

2. (Nk_ kern) N (MK _ ker Q4) = {0},  dim(nk_, ker Q1) = k.

3. The forms n and Q4 are closed, and V is integrable.

Then, (M,n*,Q4,V) is said to be a k-cosymplectic manifold.

For every k-cosymplectic structure (n, @4, V) on M, there exists a family of k vector fields
{Ra} 1<A<k, which are called Reeb vector fields, characterized by the following conditions

(RN =65 | i(R)QP =0 ; 1<AB<k.

Theorem 2 (Darboux Theorem): If M is a k—cosymplectic manifold, then for every point of
M there exists a local chart of coordinates (tA, ql,pf), 1< A<k, 1<i<n, such that

IEREE)

. 0 0
A A A i A
=dt Q% =dq" ANdp; =( —, ..., — .
! ’ ! b Y <api1’ ’3pf>,' n

The canonical model for these geometrical structures is (R* x (T})*Q,n4, Q4, V). If (¢4) are
coordinates in R, and (¢*) are local coordinates on U C @, then the induced local coordinates
(t4, ¢, pft) on RF x (T})*U are given by

)

Considering the canonical projections (submersions), we have the commutative diagram:

th(tag o) =th . d'(tog...0p) =d'(a) p?<t,aé,...,a’;>=a?<a—qi
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T2 R x T*Q
7?5‘ T2
A
(T)Q . ™Q

1
TQ

In particular, if ¢t = (t',...,t*) € R*, ¢ € Q and (t,a}l, e ,o/;) € RF x (Tkl)*Q, we have

_2(t7 Oéé, ’O/i) = (0%7 s aalg) ) ﬁ-?(t) O‘é) ’O/i) = (ag)
’ﬁ-%(t7 aé? ’aq) = q ) ﬁ?(t7 aé? ?aq) = t
T (t,a}l,. ,o/;) t ) ﬁA(t,aé,...,a];) = (tA,an)

The canonical k-cosymplectic structure in RF x (T}H)*Q is constructed as follows: we define
the differential forms

= GEHrart , et=Ghe , Q=G 'w ;3 1<A<k. (4)
Obviously Q4 = —d©4. In local coordinates we have
nt=att , et=pldd , Q'=ddndp! ; 1<A<k (5)

The canonical k-cosymplectic manifold is (R x (Tkl)*Q, n, Q4 V) where V = ker (7g),, and

0
locallyV:<—> — 1 <A<LE
A Ao = )
op; 1<A<k, 1<i<n ot
which are defined intrinsically in R* x (T})*@ and span locally the vertical distribution with
respect to the projection 7o; i.e., the distribution generated by ker (72)..

. Moreover, the Reeb vector fields are R4 =

Finally, taking into account (II), (), and the commutativity of the diagram (3]), we have that
o4 =m0t | Ql=mwt ; 1<A<k. (6)

Furthermore, the vector fields spanning the distributions ¥ on R¥ x (Tkl)*Q, and V on (Tkl)*Q
are also To-related.

2.3 k-symplectic Hamiltonian systems

Consider the k-symplectic manifold ((T}})*Q,w?,V), and let H € C*°((T}})*Q) be a Hamiltonian
function. ((T})*Q, H) is called a k-symplectic Hamiltonian system. The Hamilton-de Donder-
Weyl equations (HDW-equations for short) for this system are the set of partial diferential
equations:
k .

0H oA OH  oy* .

_ i tial ik 1<i<n, 1< A<k 7
an Z atA Y ap? 8tA7 I —Z—n7 — — ) ( )

A=1
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where 1: RF — (TH)*Q, ¥(t) = (¥'(t), ¥{}(t)), is a solution.

We denote by X% ((T})*Q) the set of k-vector fields X = (Xi,...,Xy) on (T})*Q which are

solutions to the equations
k

S i(Xa)wt = dH (8)
A=1

In a local system of canonical coordinates, each X 4 is locally given by

. 0 0
Xa=(Xa)l=+(X))P— , 1< A<k, 9
a=( A)OqZ ( A)ZapiB < A< (9)
then, using (2]), we obtain that the equation (&) is equivalent to the equations
k

oOH A OH ,
- = — Xa); — = (Xa)' 1<i<n. 10
g Azz:l( A)z ) 8]7;4 ( A) ) S1sn ( )

The existence of k-vector fields that are solutions to (8)) is assured, and in a local system of
coordinates they depend on n(k? — 1) arbitrary functions. Nevertheless, they are not necessarily
integrable, and hence the integrability conditions imply that the number of arbitrary functions
will in general be less than n(k? — 1).

Proposition 1 Let X = (X1,...,X}) be an integrable k-vector field in (T})*Q and 1: RF —
(TH*Q an integral section of X. Then ¥(t) = (V'(t),v{}(t)) is a solution to the HDW-equations
(@) if, and only if, X € XX,(TH*Q).

(Proof):  If b(t) = (¢i(t),#(t)) is an integral section of X, then

oLl ; ot A

— = (Xpg) L — (Xp)t. 11

otB ( B ) ) otB ( B )z ( )
and therefore (0] are the HDW-equations (). |

Remark: It is important to point out that the equations (7)) and (8]) are not equivalent,
because there is no way to prove that every solution to the HDW-equations (7)) is an integral
section of some integrable k-vector field of X% ((7}})*Q), unless some additional conditions are
required. In particular, we could assume the following condition (which holds for a large class
of mathematical applications and physical field theories):

Definition 5 A map 1: RF — (T}})*Q, solution to the equations (7), is said to be an admissible
solution to the HDW-equations for a k-symplectic Hamiltonian system ((T{)*Q, H), if Im1 is
a closed embedded submanifold of (T})*Q.

We say that ((T})*Q, H) is an admissible k-symplectic Hamiltonian system if all the solu-
tions to its HDW-equations are admissible.

Proposition 2 FEvery admissible solution to the HDW-equations (7) is an integral section of an
integrable k-vector field X € Xk ((TH)*Q).

(Proof):  Let ¢: R¥ — (T})*Q be an admissible solution to the HDW-equations (7). By
hypothesis, Im ¢ is a k-dimensional closed submanifold of (Tkl)*Q. As ¢ is an embedding, we
can define a k-vector field X|pm ¢ (at support on Im ), and tangent to Im 1, by

Xa(@(t)) = (). (1) (a%()
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which is a solution to (8)) on the points of Im v, since (I0]) holds on these points as a consequence
of (@) and (II)). Furthermore, by hypothesis, Im ) is a closed submanifold of (Tkl)*Q; therefore
we can extend this k-vector field X|iy 4 to an integrable k-vector field X € X% ((T})*Q) in such
a way that this extension is a solution to the equations (§) (remember that these equations
have solutions everywhere on (T})*Q), and which obviously has 1 as an integral section. This
extension is made at least locally, and then the global k-vector field is constructed using partitions
of unity. [

In this way, for admissible k-symplectic Hamiltonian systems, the field equations (§]) are a
geometric version of the HDW-equations (7).

2.4 k-cosymplectic Hamiltonian systems

Consider the k-cosymplectic manifold (R* x (T})*Q,n*, Q4,V), and let H € C®(RF x (T}})*Q)
be a Hamiltonian function. (R¥ x (T})*Q,H) is called a k-cosymplectic Hamiltonian system.
The HDW-equations for this system are the set of partial diferential equations:

OH = O OH O

P A AT A
of ot opA Ot

1<A<k 1< i<n. (12)

where the solutions 1 (t) = (t,¢(t), %7 (t)) are sections of the projection 7y, : R¥ x (T})*Q — RF.

We denote by X%, (RF x (T}1)*Q) the set of k-vector fields X = (X,...,Xy) on RF x (T}1)*Q
wich are solutions to the equations

k
S iX)Q =dH - > RaM)n* , n*(Xp)=05; 1<AB<k. (13)

Since Ry = 0/0t* and n* = dt#, then we can write locally the above equations as follows

k k

o OH _

> (X =dH - Z?t—Ath . dtY(Xp) =63 ; 1<AB<Ek. (14)
A=1

hS
Il
—

In a local system of coordinates, X4 are locally given by

and, using (2]), we obtain that the equations (I3]) are equivalent to the equations

OH S N\i oH v \A v . \B B
=X =) (Xt (Xw)P =08, (16)
op; 9 A=1

The existence of k-vector fields that are solutions to (I4) is assured, and in a local system
of coordinates they depend on n(k? — 1) arbitrary functions, but for integrable solutions the
number of arbitrary functions is, in general, less than n(k? — 1).

Proposition 3 Let X = (Xi,...,Xg) be an integrable k-vector field in RF x (TH*Q and
P RF — R* x (TH*Q an integral section of X. Then (t) = (t,4'(t),¢(t)) is a solution
to the HDW-equations (I12) if, and only if, X € X¥ (R* x (T}1)*Q).
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(Proof):  If i(t) = (t,4'(t),{ (t)) is an integral section of X, we have that

o0F _ L e
at—B = (XB) © o¢B = (XB)?a (17)
and therefore we obtain that (I€) are the HDW-equations (7). |

Furthermore we have:

Proposition 4 Every section ¢: RF — RF x (TH*Q of the projection that is a solution to the
HDW-equations (I2) is an integral section of an integrable k-vector field X € X5 (R* x (T}})*Q).

(Proof): Let ¢: Uy C R¥ — RF x (Tkl)*Q be a section of the projection 7 that is a solution
to the HDW-equations (IZ). We have that ¢ is an injective immersion and Im4) is a closed
submanifold of R* x (TH)*Q, since Im 1) = graph ), for ¢ = T 0 ¢: RF — (T)*Q. Then the
construction of the integrable k-vector field in R x (Tkl)*Q, which has ¢ as integral section and
is a solution to (I3]), follows the same pattern as in proposition 2 [

So the equations ([3]) are a geometric version of the HDW-equations([I2]).

2.5 Autonomous k-cosymplectic Hamiltonian systems

Following a terminology analogous to that in mechanics, we define:

Definition 6 A k-cosymplectic Hamiltonian system (R¥ x (T})*Q,H) is said to be autonomous

if L(RA)Hza—ti:O,forlgAgk.

ot

Observe that the condition in definition [6] means that H does not depend on the variables
t4, and thus H = 73 H for some H € C®((T}})*Q).

For an autonomous k-cosymplectic Hamiltonian system, the equations (I3]) become

k
d Xt =dH , n*(Xp)=0p; 1<AB<k. (18)
A=1

Therefore:

Proposition 5 Every autonomous k-cosymplectic Hamiltonian system (RF x (TH*Q, H) defines
a k-symplectic Hamiltonian system ((Tkl)*Q, H), where H = w5 H, and conversely.

We have the following result for solutions to the Hamilton-de Donder-Weyl equations:

Theorem 3 Let (R* x (T}})*Q,H) be an autonomous k-cosymplectic Hamiltonian system and let
(TH*Q, H) be its associated k-symplectic Hamiltonian system . Then, every section v: RF —
RE x (TH*Q, that is, a solution to the HDW-equations (I3) for the system (R* x (T})*Q,H)
defines a map ¢: RF — (Tkl)*Q that is a solution to the HDW-equations (7) for the system
(TH*Q, H); and conversely.
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(Proof):  Since H = 73 H we have

o _oH oM _oH
o¢ ~og ° apt  apt

(19)

Let ¢0: RF — RF x (Tkl)*Q be a section of the projection 7, which in coordinates is expressed
as ¥(t) = (t,9(t),{(t)). Then we construct the map ¢ = T2 o ¢: R¥ — (T}})*Q, which in
coordinates is expressed as 1(t) = (¥'(t), v () = (¥'(t), ¥ (t)). Then, if 1) is a solution to the
HDW-equations (I2)), from (I9) we obtain that 1) is a solution to the HDW-equations ().

Conversely, consider a map ¢: RF — (T}1)*Q. We define ¢ = (Idgx, 1) : RF — RF x (TH)*Q.
Furthermore, if 1(t) = (¥'(t), ¥ (t)), then ¥(t) = (¢, (t), (), with ¢i(t) = ¥i(t) and
YA (t) = ¥(t) (observe that, in fact, Im+ = graph). Hence, if ¢ is a solution to the HDW-
equations (7)), from (I9) we obtain that 1 is a solution to the HDW-equations (I2)). [ |

For k-vector fields that are solutions to the geometric field equations (8) and (I8]) we have:

Proposition 6 Let (RF x (TH*Q,H) be an autonomous k-cosymplectic Hamiltonian system

and let ((T})*Q, H) be its associated k-symplectic Hamiltonian system. Then every k-vector
field X € Xk (T}1)*Q) defines a k-vector field X € Xk (R* x (T})*Q).

Furthermore, X is integrable if, and only if, its associated X is integrable too.

(Proof):  Let X = (Xi,...,X;) € X5(TH*Q). For every A = 1,...,k, let X4 € X(R* x
(T}H)*Q) be the suspension of the corresponding vector field X4 € X((T})*Q), which is defined
as follows (see [1], p. 374, for this construction in mechanics): for every p € (T}})*Q, let 7134: R —
(Tkl)*Q be the integral curve of X4 passing through p; then, if to = (¢J,... ,tlg) € R*, we can
construct the curve ﬁg‘: R — RF x (T})*Q, passing through the point p = (t,p) € RF x (TH*Q,
given by WpA(tA) = (8, ..., tA 18tk 4, (1Y) Therefore, X4 is the vector field tangent to
”ypA at (tp,p). In natural coordinates, if X 4 is locally given by (@), then X4 is locally given by

-9 vy g9 _ 0 iy yi0 5 0
XA—atA+(XA) 8qi+( A); ap?—atA—l—wQ .

Observe that X4 are ﬁg_—proje_ctable vector fields, and (72)«Xa = X4. In this way we have
defined a k-vector field X = (X1, ..., Xy) in R¥ x (T})*Q. Therefore, taking (@) into account,

k k k
DX —dH =D i(Xa)mw? — d(FsH) = 75()  i((m2)« Xa)w? —dH) =0,
A=1 A=1 A=1

since X = (X1,...,Xy) € X5, (T}))*Q), and therefore X = (X1,...,Xy) € X5, (R* x (T}})*Q).

Furthermore, if ¢: RF — (T})*Q is an integral section of X, then 1: RF — RF x (TH*Q
such that ¢ = (Idgk,?) (see Theorem B is an integral section of X.

Now, if 1 is an integral section of X, the equations (7)) hold for ¢ (t) = (¢, (t), ¥ (t)) and,
as (Xa)! = 75(Xa)" and (X4)2 = 75(X )2, this is equivalent to saying that the equations (IT))
hold for (t) = (¥*(t),%#(t)); that is, ¢ is an integral section of X. ]

Remark: The converse statement is not true. In fact, the k-vector fields that are solution
to the geometric field equations (I8]) are not completely determined, as the equations (16 show,
and then there are k-vector fields in X% (R¥ x (T}})*Q) that are not 7o-projectable (in fact, it
suffices to take their undetermined component functions to be not ma-projectable). However, we
have the following particular result:
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Proposition 7 Let ((Tkl)*Q,H) be an admissible k-symplectic Hamiltonian system, and (R* x
(Tkl)*Q,H) its associated autonomous k-cosymplectic Hamiltonian system. Then, every inte-
grable k-vector field X € X (R* x (T}1)*Q) defines an integrable k-vector field X € X% ((T)*Q).

(Proof): If X € X% /(R* x (T}})*Q) is an integrable k-vector field, denote by S the set of its
integral sections (i.e., solutions to the the HDW-equations (I2])). Let S be the set of maps
¥: RF — (T1)*Q associated with these sections by Theorem B which are admissible solutions to
the HDW-equations (), by the hypothesis that ((7}})*Q,w®, H) is an admissible k-symplectic
Hamiltonian system. Then, by proposition 2] we can construct an integrable k-vector field
X € Xk ((T}H)*Q) for which S is its set of integral sections (which are admissible solutions to
the HDW-equations (T))). ]

3 k-symplectic and k-cosymplectic Lagrangian formalisms

(See [25], 29] for details on the construction of this formalism).

3.1 Canonical structures in the bundles 7} Q and R* x T}'Q

Consider the bundle Té: T Q — Q‘(see Section 2.1]). If (¢*) are local coordinates on UcCq ‘ghen
the induced local coordinates (¢*,v*), 1 <i<mn,in TU = (Té) L(U) are given by q¢'(vy) = ¢'(q),
vi(vg) = v4(q'), and the induced local coordinates (¢*,vYy), 1 <i <n,1 < A <k, in T}U =
(Té)_l(U) are given by

qi(vlqv cee avkq) = ql(q)v Uil(vlqv cee ,’qu) = UAq(qi) .

For a vector Z, € T,Q, and for A = 1,... k, we define its vertical A-lift, (Z,)"4, at the point
(V1gs-- -, Ukq) € T!Q, as the vector tangent to the fiber (Té)_l(Q) C T} Q, which is given by

d
(Zq)VA(’Ulq, .. ;"UA) = E(Ulq, S VA—145 VA, + SanvA-‘rlq7 .. 7vkq)’8:0 .
In local coordinates, if X, = a’ i we have (Z,)"4(vig,...,vpy) = aii . Then
) q aqz q’ q q’ ) q a?}% (Ulq,---,vkq) 9

the canonical k-tangent structure on TkIQ is the set (S',...,S*) of tensor fields of type (1,1)
defined by

S W) (Zug) = (7)s(w) (Zu)) 2 (wq)  for wy € TRQ, Zu, € Ty (T} Q) A=1,.... k.

In local coordinates we have

0

GgA _
ot A

(20)
The Liouville vector field A € X(T!Q) is the infinitesimal generator of the following flow

V:RxTIQ — TQ Y(s,v1,,. .., 0k,) = (€°V1,,..., €V, ),

and in local coordinates it has the form

k
A:ng 0

A=1
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Now, consider the manifold J 7k of 1-jets of sections of the trivial bundle 7px : RF x Q — RF,
which is diffeomorphic to R¥ x Tle, via the diffeomorphism given by

JlﬁRk — Rk XTk%Q

1 1 (21)
]tqszt(IdevQSQ) - (t7U17"'>Uk)7

where ¢Q RF E) RF % Q E Q, and vyg = (¢Q)*(t)(8tA ) for 1 < A < k. We denote by
7"&2: RF x TkIQ — @ the canonical projection. If (

)

q") are local coordinates on U C @, then the
induced local coordinates (¢4, ¢%,v%) on (7"&2) YU) =Rk x TU are
tA(t,Ulq, ey Ukg) = 4 qi(t,vlq, e Ukg) = a'(q); vg(t,vlq, e Ukg) = quq(qi) .

We consider the extension of S4 to R* x T le, which we denote by S4, and they have the
same local expressions (20). Finally, we introduce the Liouville vector field A € %(RF x Tle),
which is the infinitesimal generator of the following flow

Rx (RFxTIQ) — RF x T1Q
(57 (t7 Vigy .- - avkq)) - (t7 esvltp R 7esvkq) ’

and in local coordinates it has the form

3.2 k-symplectic Lagrangian formalism

Let L € C*°(T!Q) be a Lagrangian function.

A family of forms Hf € YT, le), 1 < A <k, is introduced by using the k-tangent structure
of Tle, as follows
04 =dLoS* 1<A<k

and hence we define wf = —dﬁf. In coordinates
oL , oL 0%L , , 0*L , -
Hf: : , wfqu”\d( .>: —dg' Ndg) + ———dg' Advy; .
ov'Yy vy 9¢? 0’y vpdvy

We can also define the Energy Lagrangian function associated to L, Ep € C*(T, le), as By, =

A(L) — L. Tts local expression is
8L

oYy

Finally, the Legendre map FL: TQ — (T}})*Q was introduced by Giinther [13], and we rewrite
it as follows: if (vi,,...,vk,) € (T}}),Q

EL—'UA

d
[FL(vy,, ... ,qu)]A(wq) = EL(vlq,...,qu + 5Wq, -+ ., Uk, )| s=0,
for each A =1,...,k. We have that F'L is locally given by
L oL
o) — (o). 23)
A
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Furthermore, from (2)) and (23]) we obtain that

04 = FL*0* | wi = FL*w? (24)

The Lagrangian L is said to be regular if ( ) is a non-singular matrix at every point of

T!Q. Then, from Z3) and @24) we get:

oY 81)3

Proposition 8 Let L € COO(TIQ) be a Lagrangian. The following conditions are equivalent:

1) L is regular. 2) FL is a local diffeomorphism. 3) (T}Q,wi, V), where V = KET(Té)*, is
a k-symplectic manifold. [ |

A Lagrangian function L is said to be hyperregular if the corresponding Legendre map FL
is a global diffeomorphism. If L is regular, (T1@Q, L) is said to be a k-symplectic Lagrangian
system. If L is not regular (Tle, L) is a k-presymplectic Lagrangian system.

The Euler-Lagrange equations for L are:

> .2 () V-2
18‘4 oYy le(t) -~ Oqt

whose solutions are maps ¢: R¥ — Tle that, as a consequence of the last group of equations
([25)), are first prolongations to Tle of maps ¢ = Té ow: R¥ — @Q; that is, ¢ are holonomic. This

vis(so(t))zg;’; , 1<i<n,1<A<Ek (25

©(t)

means that ¢ = ¢(!) where
oM RF - TIQ
t = o) = (6:(1) (g

PRRENCIEARY

Let %’z(Tle) be the set of k-vector fields I' = (I'y,...,I'y) in T1Q, wich are solutions to
k
> iTa)wi =dEg. (26)
A=1

Ifry = (FA)iaiqi + (FA)%% locally, then T is a solution to (Z6) if, and only if, (I'4)’ and
B

(T4)k satisfy

0L 0L . 0L : . 0%L OL
(a' e ->(FA)J— —— (Ta)p = v]%—a—qi

qiov’y  0g?0vy o' Ovl A@q’@v%
0*L , 0%L
T L)t = vy
OvyOvYy OvyovYy

If the Lagrangian is regular, the above equations are equivalent to

OL

L . O%L , . .
y (FA)’Bza—qi ;o (Ta) =0y .

— VU, + - -
0q? OvYy A o'y Ov,

The last group of these equations is the local expression of the condition that I' is a SOPDE (see
[25]), and hence, if it is integrable, its integral sections are first prolongations oM RF — Tle
of maps ¢: R¥ — @, and using the first group of equations, we deduce that ¢(!) are solutions
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to the Euler-Lagrange equations (25]). If L is not regular then, in general, the equations (25]) or
(26)) have no solutions anywhere in 7@, but they do in a submanifold S of 7T} @ (in the most
favourable situations). Moreover, solutions to (2] are not SOPDE necessarily.

We define admissible solutions to the Euler-Lagrange equations and admissible k-symplectic
Lagrangian systems in the same way as in the Hamiltonian case (definition [Bl). Then the state-
ment of Proposition 2] can be proved analogously for these admissible solutions. This proof holds
for regular k-symplectic Lagrangian systems, and for the non-regular case the proof is still valid
considering the submanifold S of (T}})*@ where the Lagrangian field equations have solutions.

3.3 k-cosymplectic Lagrangian formalism and autonomous k-cosymplectic
Lagrangian systems
Let £ € C®(RF x Tle) be a Lagrangian .

A family of forms ©2 € 2YRF x TQ), 1 < A < k, is introduced by using the k-tangent
structure of R* x Tle, as follows

O2=dLoS4 1<A<k ,

and hence we define Qé = —d@é. In coordinates
oL . . L - - %L - ; oL ,
Od="d¢ , M =—""d¢'Ad¢’ + ———d¢' Ndv), + ———dg' AdtP . (27
‘ vy ! £ Og? Ov'y 1 1 v, 00y 1 s otBov', q (27)

We can also define the Energy Lagrangian function associated to £, £, € C®(RF x Tle) as

Er = A(L) — L, whose local expression is

oL B
(%f4

Ep =Y

Finally, the Legendre map FL: RF x TkIQ — RF x (Tkl)*Q, is defined as follows:
FL@# Vg3 Vk) = (te oy [FL(E V1G] 0 2)

where

d
[FL(t,vig,.-. ,vkq)]A(wq) = %ﬁ (t,vlq, ey VA T SWg, . ,fukq)) ls=0,

for each A =1,...,k; and it is locally given by

o oL
FL:(t g, o) — (tA,qa ) . (28)
a'UA
It is obvious that
02 =FL'04, QF=FLQ%, 1<A<k . (29)

Observe that FL=1d , x FL: RF x TIQ — R¥ x (T})*Q, (see (@), 24) and (29)).
oL
oty vy,

point of R¥ x T1Q. Then, from (&), @8) and (Z9) we deduce the following proposition (See [22]):

The Lagrangian £ = L(t5, ¢, v%) is regular if the matrix ( ) is not singular at every

Proposition 9 Let £ € C®(R* x Tle) be a Lagrangian. The following conditions are equiva-
lent:

1) L is regular. 2) FL is a local diffeomorphism. 3) (RF x TkIQ,th,QA,V), where V =
ker (7o)«, s a k-cosymplectic manifold.
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A Lagrangian function £ is said to be hyperregular if the corresponding Legendre map F L is
a global diffeomorphism. If £ is regular, (R* x TLQ, L) is said to be a k-cosymplectic Lagrangian
system. If £ is not regular, (R* x T le, L) is a k-precosymplectic Lagrangian system.

The Euler-Lagrange equations are (25)), but now the Lagrangian is £ = L(t5, ¢/ ,v%), and
their solutions are sections @: RF — R¥ x T,CIQ of the natural projection R¥ x Tle — RF, which
are first prolongations to R” x Tle of sections ¢: R — @ of the natural projection R¥ x Q — RF:
that is, @ are holonomic. This means that ¢ = ¢!} where

Pl RF — RFxTIQ

¢ o) = (1O 0 () )

Furthermore, we denote by X% (RF x T} Q) the set of k-vector fields T' = (T'y,...,T%) in R¥x T} Q,
that are solutions to the equations

k
> iTa)Qr =dé - §jaﬁaA, At Tp) =06 ; 1<AB<k. (30)
A=1

In a local system of natural coordinates, if

_ _ 0 - ;0 _ ., 0
— B_~¥ i 7 i
Fa=(Ta) 58 T T4) ag t (TA)B&)}-3 (31)
then T is a solution to (B0) if, and only if, (['4)* and (I"4)%; satisfy
_ _ . 0L . 0L _ . 0L o*L
LB =68 . (Ta) _ = _ (D) —=— =0y —
(I'a) A (I'a) o, ~ A aiBau, (I'a) ool o0~ AT vt
0*L ; N 0*L p 0°L _ . 0L oL
s, 4~ T+ o i t Tbgass =5, (Y

When L is regular, we obtain that (['4)" = vfé‘, and the last equation can be written as follows

L PL L pow PL 0L
otAovi, " Aogkau, - VP ockov, — gt

(33)

then T is a SOPDE (see [22]), and hence, if it is integrable, its integral sections are holonomic and
they are solutions to the Euler-Lagrange equations for £. If £ is not regular, the existence of
solutions to the equations (25) for £ or to (B0) is not assured, in general, except in a submanifold
of T}Q (in the most favourable situations). Moreover, solutions to (B0 are not SOPDE necessarily.

Definition 7 A k-cosymplectic (or k-precosymplectic) Lagrangian system is said to be au-

Er
=0 or, what is equivalent, 5A = =0,1<A<k.

tonomous if

oA
Now, all the results obtained in Section can be stated and proved in the same way,
considering the systems (RFxT}Q, £) and (T} Q, L) instead of (RFx (T}))*Q, H) and ((T}})*Q, H).

Finally, the k-symplectic and k-cosymplectic Lagrangian and Hamiltonian systems are re-
lated by means of the Legendre maps F'L and FL.
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4 Multisymplectic Hamiltonian formalism

4.1 Multisymplectic manifolds and multimomentum bundles
(See, for instance, [9]).

Definition 8 The couple (M,), with Q € Q¥ M) (2 < k+ 1 < dim M), is a multisym-
plectic manifold if Q is closed and 1-nondegenerate; that is, for every p € M, and X, € T, M,
we have that i(X))$, = 0 if, and only if, X, = 0.

A very important example of multisymplectic manifold is the multicotangent bundle A*T*Q
of a manifold @), which is the bundle of k-forms in @), and is endowed with a canonical multisym-
plectic (k + 1)-form. Other examples of multisymplectic manifolds which are relevant in field
theory are the so-called multimomentum bundles: let 7: E — M be a fiber bundle, (dim M = k,
dim E = n + k), where M is an oriented manifold with volume form w € Q¥(M), and denote
by (t4,¢") (1 < A <k, 1 < n) the natural coordinates in E adapted to the bundle, such that
w=dt' A...AdtF = d¥t. First we have AST*E = M, which is the bundle of k-forms on E van-
ishing by the action of two m-vertical vector fields. This is called the extended multimomentum
bundle, and its canonical submersions are denoted by

kKiMr—E ; E=wmok: Mr—M

We can introduce natural coordinates in Mz adapted to the bundle 7: E — M, which are

denoted by (t4,¢', p#, p), and such that w = d*¢. Then, denoting dF1A = <(9ti‘4> d*t, the

elements of M can be written as p{‘ dg* AdF=1t4 + pdFt.

M is a subbundle of A*T*E, and hence M is also endowed with canonical forms. First
we have the “tautological form” © € Q¥(Mm), which is defined as follows: let (z,a) € AST*E,
with x € F and a € A';T;E; then, for every Xi,..., Xm € T(y o) (M), we have

O((z,))(X1,...,Xm) = a(x)(T(w,a)/i(Xl), . ,T(w’a)li(Xm)) (34)
Thus we define the multisymplectic form
Q= —dO € Q" (M) (35)
and the local expressions of the above forms are
0 =pidg' Ad* g +pdFt, Q= —dpt Adgt AdFTE, — dp A dFE (36)

Consider 7*A*T* M, which is another bundle over E, whose sections are the m-semibasic k-forms
on E, and denote by J'7* the quotient A’;T*E Jm*ARFT* M. J'7* is usually called the restricted
multimomentum bundle associated with the bundle 7: E — M. Natural coordinates in J'7*
(adapted to the bundle 7: E — M) are denoted by (¢4, ¢*, pi!). We have the natural submersions
specified in the following diagram
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4.2 Multisymplectic Hamiltonian formalism

The Hamiltonian formalism in J'7* presented here is based on the construction made in [5] (see
also [6] and [9]).

Definition 9 A section h: J'n* — M of the projection p is called a Hamiltonian section.
The differentiable forms Oy := h*© and Qp, := —dOp, = h*Q are called the Hamilton-Cartan k
and (k + 1) forms of J'7* associated with the Hamiltonian section h. (J'7*,h) is said to be a
Hamiltonian system in J'7*.

In natural coordinates we have that h(t4,q¢’,pf) = (t4,¢',pf,p = —H(t*,¢%,p{")), and
H € C®(U), U C J'n*, is a local Hamiltonian function. Then we have

0, = pidg' AdF Tty — HARE, Qp = —dp Adgt AdF TV, + dH A dRE

The field equations for these multisymplectic Hamiltonian systems can be stated as
P i(X)Q, =0 , forevery X € X(Jin*) (37)

where t¢: M — J'7* are sections of the projection & that are solutions to these equations. In
natural coordinates, writing ¥(t) = (t,%(t), %7 (t)), we have that this equation is equivalent to
the Hamilton-de Donder-Weyl equations for the multisymplectic Hamiltonian system (J'7*, h)
5o oH 9y

220 <A<k 1< i<n.
ot gpt T ad R s (38)

oH B
oq* n

We denote by X¥(J17*) the set of k-vector fields X = (X71,..., X}) in J'7* which are solution
to the equations

Z(X)Qh = z(Xl) . Z(Xk)Qh =0 |, z()_()w = Z(Xl) - z(Xk)w =1, (39)

(we denote by w = d*¢ the volume form in M and its pull-backs to all the manifolds. The
contraction of k-vector fields and forms is the usual one between tensorial objects).

In a system of natural coordinates, the components of X are given by (%), then ;(X)w = 1
leads to (X4)P =1, for every A, B =1,...,k, and hence the other equation (39) gives

LSS S AL EE N (40

The existence of k-vector fields that are solutions to (B9)) is assured, and in a local system of
coordinates they depend on n(k? — 1) arbitrary functions, but the number of arbitrary functions
for integrable solutions is, in general, less than n(k? — 1).

Proposition 10 Let X = (Xl,...,)_(:k) be an _z'ntegrgble k-vector field in J'm* and : M —
JI* an integral section of X. Then ¥(t) = (t,4'(t), 2 (t)) is a solution to the equations (33),
and hence to (37), if, and only if, X € X¥(Ji7).

(Proof):  If i(t) = (t,4"'(t),{ (t)) is an integral section of X, we have that

o oyt
(%—B—(XB) S

and therefore we obtain that (40) are the HDW-equations (38]). |

= (Xp)# (41)

/]
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4.3 Relation with the k-cosymplectic Hamiltonian formalism

In order to compare the multisymplectic and the k-cosymplectic formalisms of field theory, from
now on we consider the case when 7: E — M is the trivial bundle RF x @ — R*. Then we
can establish relations among the canonical multisymplectic form on Mm = AST*(R* x Q),
the canonical k-symplectic structure on (Tkl)*Q, and the canonical k-cosymplectic structure on
RE x (T1H)*Q (see also [20]). First recall that in M = R¥ we have the canonical volume form
w=dt' A... AdtF = d¥t. Then:

Proposition 11 1. M = AST*(RF x Q) is diffeomorphic to R¥ x R x (T})*Q.
2. Jir* is diffeomorphic to R¥ x (T}H)*Q.

(Proof ):

1. Consider the canonical embedding 2;: Q — R*x @ given by i;(¢) = (¢, ¢), and the canonical
submersion ps: R¥ x Q@ — Q. We can define the map

T MT*RFxQ) — RFxRx(T}H)*Q
;)

Qt,q) —  (t,p, aé, -

where

~a i( i‘
o= Yo \ o a0tk ()
0 0 0 0
A _ . _—
aq (X) - O4(t,q) <8t1‘(t,q)7.”’ 8tA_1‘(t,q)7(Zt)*X7 8tA+1 (t,q)7...7atk‘(t,q)> ) X € %(Q)

(no:ne that ¢4 and p are now global coordinates in the corresponding fibres). The inverse
of ¥ is given by
r,q) = P A 0) + (P2) (o) N Ealrg) -

Thus, ¥ is a diffeomorphism. Locally W is written as the identity.

2. It is a straighforward consequence of the above item because

Jin* = NST*E/m* AFT* M ~ RF x R x (T})*Q/R ~ R* x (T}H*Q

Next, using a procedure analogous to that in the above proof, we can give the

Relationship between the canonical geometric structures in R* x R x (T}H)*Q and
in (T;)"Q.
Let 7: (T1)*Q — R* xR x (T}})*Q be the natural embedding of (7}})*@ into R¥ x R x (T}})*Q

as the zero-section of the bundle R* x R x (T}})*Q — (T}1)*Q. Starting from the canonical forms
© and Q in Mm ~ RF x R x (T}})*Q we can define the forms 64 on (T})*Q, 1 < A < k, by

0 0 0 0
A *
0 (X) = J |:® <ﬁ7"'>atA_lyj*XyatA_Fl)"'aﬁ)]

_ _<]* [Z (%)...i(%)(@m#‘)b(m , X eX((T)'Q) -
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Then for X,Y € X((T})*Q), we get the 2-forms w” on (T})*Q given as

0 0 0 0
A A *
w (X7Y) = —d9 (X,Y):j |:Q <]*X7@778tA—17‘7*Y78tA+17’ﬁ)]
0 0
_ _1\k+1 * | . . A
= (-1 (y [z (o) i (57 @A )D(X,Y). (42)

From (B6]) we obtain the local expressions

94 = pAdqi , wA = dqi A dpg4 .

%

Furthermore, we have the involutive distribution V' = ker (ﬂ'é?)*, and hence (w4, V;1 < A < k)
is the canonical k-symplectic structure in (T})*Q.

Conversely, starting from this k-symplectic structure in (Tkl)*Q we can obtain the canonical
forms in Mrm ~ R* x R x (T})*Q, by doing

O =pd*t + o304 ANd¥ "y, Q= —dO = —dp A dFt + oswt AdF Ty (43)
where o: RF x R x (T}})*Q — (T})*Q is the canonical submersion.
Summarizing, we have proved that:

Theorem 4 The canonical multisymplectic form on Mm ~ RF x R x (TH*Q and the 2-forms
of the canonical k-symplectic structure on (T})*Q are related by (72), and {f3).

Relationship between the canonical geometric structures in R* x R x (TH*Q and
in R* x (T1)*Q.

In an analogous way, we can also relate the canonical geometric structures in R* xR x (Tkl)*Q
and in R¥ x (T})*Q. In fact, denoting by i: RF x (T})*Q — RF x R x (T})*Q the natural
embedding of R¥ x (T}})*Q into R* x R x (T}})*Q as the zero-section of the bundle y: R¥ x R x
(TH*Q — R* x (T}})*Q; then from the canonical forms © and Q in Mm ~ RF x R x (T}})*Q we
can define the forms ©4 on R¥ x (T})*Q as follows: for X € X(RF x (T})*Q), and 1 < A < k,

. 0 0 -0 0
A % ; _
0%4(X) = i [6<8t1"”’(‘%A—l’l*X’atA“"”’(‘)tkﬂ

- <i* [z (%) i (%)(@ A th)D (X)

Then, for X,Y € X(R¥F x (T})*Q), we obtain the 2-forms Q4 on R¥ x (T}})*Q,

- S 0 0 — 0 0
A 104 _ . g . s
Q*X,)Y) = —-do?(X,Y) =i {Q<1*X’atl"”’8tA—1’1*Y’8tA+1"”’875’“)]
w0 e _

(These forms have the same coordinate expressions as 4 and w?). Furthermore, although the 1-
forms n? are canonicall}_f defined on R¥ x (T, kl)*Q, we can recover them from the multisymplectic
form © as follows: for X € X(R*F x (T}})*Q),

_ o 0 0 - 0 0
A _ (_1\k—A:x :
AX) = (—1)F 4 [Q <_ap’_at1"”’atA—1"*X’ atA+1""’atk>] . (45)
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whose coordinate expressions are n* = dt?*. These forms can also be defined by introducing the
canonical embedding

g REX(TH'Q — RFxRx(T})Q
(t,ak,...,a) —  (t,1,0,,...,0,)

and then making

NN 9 _ 9 9 ; .

0 >, and hence (n4,Q4,V;1 <

Furthermore, we have the involutive distribution V = ker (73). = <8t—A

A < k) is the canonical k-cosymplectic structure in R* x (T})*Q.

Conversely, starting from this k-cosymplectic structure in R* x (7, kl)*Q we can obtain the
canonical forms in Mm ~ R*¥ x R x (T}})*Q, by doing

O =pd*t+53504nd" 1ty , Q=-dO0 =—dpAdFt+as04 AdF T, (47)
where 72: R*¥ x R x (T})*Q — (T})*Q is the canonical submersion.

Summarizing, we have proved that:

Theorem 5 The canonical multisymplectic form on Mmx ~ R¥ x R x (T})*Q and the 1 and
2-forms of the canonical k-cosymplectic structure on RF x (TH*Q are related by {4), Z3) (or

(40)), and {Z7).

Relationship between the canonical geometric structures in Ji7* ~ R* x (T})*Q.

It is important to point out that, as the bundle pu: Mm ~ RF x R x (Tkl)*Q — Jir* ~
RF x (T})*Q is trivial, then Hamiltonian sections can be taken to be global sections of the
projection p by giving a global Hamiltonian function H € C*°(R* x (T1)*Q). Then we can also
relate the non-canonical multisymplectic form with the k-cosymplectic structure in R¥ x (T, kl)*Q
as follows: starting from the forms Oy, and Qj, in R* x (T}})*Q, we can define the forms ©4 and
04 on RF x (T1)*Q as follows: for X,Y € X(RF x (T})*Q), and 1 < A < k,

04(X) = —<¢ (%).m(%) (@h/\th)> (X)

QYX,)Y) = —doMX,Y) = (—1)k! (Z (%)...i<%> (Qh/\th)> (X,Y), (48)

and the 1-forms n? = dt* are canonically defined.

Conversely, starting from the canonical k-cosymplectic structure on R* x (Tkl)*Q, and from
‘H, we can construct

Op = —Hd*t+04Ad" "ty , Q=—-dOo=dHAd*t+ QA A"ty (49)
So we have:

Theorem 6 The multisymplectic form and the 2-forms of the canonical k-cosymplectic structure
on Jin* =~ RF x (T})*Q are related by ([{8) and (Z9).
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Finally, the following result about the solutions to the Hamiltonian equations establishes the
complete equivalence between both formalisms:

Theorem 7 A k-vector field X = (X1,...,X) in Ji7* ~ R* x (T})*Q is a solution to the
equations (I3) if, and only if, it is also a solution to the equations (39); that is, XF(RF x
(T3)*Q) = X (R" x (T}1)*Q).

(Proof):  The proof is immediate, bearing in mind that in natural coordinates the solutions to
the equations (I3]) and ([B9)) are partially determined by the equations (I6]) and (@0]) respectively,
and these are equivalent. [

5 Multisymplectic Lagrangian formalism

5.1 Multisymplectic Lagrangian systems

(For details, see [7] and the references quoted therein). Consider the first-order jet bundle
ng: J'm — E, which is also a bundle over M with projection 7: J'r — M, and is endowed
with natural coordinates (t4,¢’, vfg), adapted to the bundle structure. A Lagrangian density is
a @-semibasic k-form on J'z, and hence it can be expressed as L = Lw, where £ € C®(J'T)
is the Lagrangian function associated with L and w. Using the canonical structures of J'm, we
can define the Poincaré-Cartan k and (k + 1)-forms, which have the following local expressions:

oL = or dg' A dF=lty, — < oL vl — £> d*t
o'y o'y
%L , , 921 . .
L = —— = Ao AdgE AdF My — — A AdgE AdFT 4+
- Qv vy B 4 g’ v’y 4 1 A

L . L oL 0L ,
— = vhdv’, A dFE+ = - ==+ _ | dg* A d¥t
v vy ATTB <5q28v§3 B 9gi otAdvY q

(Jlm, L) is said to be a Lagrangian system. The Lagrangian system and the Lagrangian func-
tion are regular if Qr, is a multisymplectic (k + 1)-form. Elsewhere they are singular (or non-
regular), and €, is a pre-multisymplectic form. The regularity condition is locally equivalent to
det( iad ) # 0, at every point in Jlr.

dviovD

The Lagrangian field equations can be stated as
(PN (X)L =0 , for every X € X(J'm) ,

where ¢: M — E are sections of the projection 7, and ¢': M — J'm are their canonical liftings,
which are solutions to these equations. In natural coordinates, writing ¢(t) = (¢, ¢'(t)), we
have that this equation is equivalent to the Euler-Lagrange equations (25 for the Lagrangian
L. Furthermore, we denote by X¥(Jl7) the set of k-vector fields T' = (I'y,...,T%) in J', that
are solutions to the equations

i =0 , iTw=1 (50)

In a system of natural coordinates the components of T are given by (B1]), then T is a solution
to (B0) if, and only if, (['4)? = 1, for every A, B = 1,....k, and (T4)" and (T'4)% satisfy the
equations ([3Z). When L is regular, we obtain that (['4)’ = v%, and the equations (B3] hold;
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then T is a SOPDE, and hence, if it is integrable, its integral sections are holonomic and they are
solutions to the FEuler-Lagrange equations for £. If £ is not regular, the existence of solutions
to the equations (Z5)) for £ or to (B0) is not assured, in general, except in a submanifold of J'm
(in the most favourable situations). Moreover, solutions to (50) are not SOPDE necessarily.

Finally, ©p, € 2'(J'7) being mg-semibasic, we have a natural map FL: J'n — M, given
by -
FL@G) =0Lu@) : get'n
which is called the extended Legendre map associated to the Lagrangian L. The restricted
Legendre map is FL = ppo FL: J'n — J'7*. Their local expressions are

FL @ (t"q'v}) — <tA,qi, OL oo 2k >
o'y o'y

FL oo (44 v)) — <tA,qi, M-) (51)
ov'y

Moreover, we have FLO = OL, and FL Q= Qp. Observe that the Legendre transformations
FL defined for the k-cosymplectic and the multisymplectic formalisms are the same, as their
local expressions (28)) and (51I) show.

5.2 Relation between multisymplectic and k-cosymplectic Lagrangian sys-
tems

In the particular case E = R* x @, we have J'm ~ RF x Tle and we can define the Energy

Lagrangian function &, as
0 0
g[/—@]L <ﬁ,,w>

; OL

whose local expression is &£ = vy — L. Then we can write

7
ovly

0L = a—ﬁ.dq" ARy —EpdRE QL =—d (
ovYy

oL
(%f4

) Adgt AdF e + dEg A dFE

In this particular case, as in the Hamiltonian case, we can relate the non-canonical La-
grangian multisymplectic (or pre-multisymplectic) form €y, with the non-canonical Lagrangian
k-cosymplectic (or k-precosymplectic) structure in RF x TkIQ constructed in Section [3.3] as fol-
lows: starting from the forms ©p, and Q. in J'7 ~ R* x Tle, we can define the forms @é and
Qé on RF x T!Q, as follows: for X,Y € X(RF x T!Q),and 1 < A <k,

04(X) = — (Z (%) i <%> (eL /\th)> (X)
—dOf = (—1)k*! <z <%> i (%) (QL A th)> (X,Y) . (52)

and the 1-forms n? = dt* are canonically defined.

QA (X,Y)

Conversely, starting from the Lagrangian k-cosymplectic (or k-precosymplectic) structure on
RF x Tle, and from £z, we can construct on RF x Tle ~ Jlx

oL = —Epdft+ 02 nd¥ "y, QL =—dOp =dE AdbE+ QF AdF Ty (53)

So we have proved that:
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Theorem 8 The Lagrangian multisymplectic (or pre-multisymplectic) form and the Lagrangian
2-forms of the k-cosymplectic (or k-precosymplectic) structure on J'm = RF x TkIQ are related

by (52) and (33).

The discussion in the above section about the Lagrangian equations proves the following
result, which establishes the complete equivalence between both formalisms:

Theorem 9 A k-vector field T = (T'y,...,T'y) in J'm ~ RF x Tle s a solution to the equations
(20) if, and only if, it is also a solution to the equations (30); that is, we have that %ﬁ(Rk X
T}Q) = Xh(R* x T}Q).

Appendix: Correspondences between the formalisms

Hamiltonian formalism

k-symplectic k-cosymplectic Multisymplectic
Phase space  (T})*Q RF x (TH*Q Mm — Jig*
canonieal g4 ¢ AL (11) Q) 04 ¢ AR x (T})*Q) 0 € AF(M)
orms
wh = —do4 04 = —de4 Q=—-do
Hamiltonians H : (T})*Q — R H:RF x (TH*Q — R h:Jin* — Mn
O, =h"0, Q, = h*Q
k
: k v voA g OH a4 o
Geom.etrlc Z (X = dH Z i(X4)Q% =dH 54 dt z()S)Qh =0
equations A=1 _ iX)w=1
A=1 dtA(Xp) = 64
(X1,..., Xk) (X1,...,Xk) - 1 %
k-vector field on (T})*@  k-vector field on R* x (T}1)*Q X kevector field on Jom
Lagrangian formalism
k-symplectic k-cosymplectic Multisymplectic
Phase space Tle R* x Tle Jtw
Lagrangians L:Tle—>]R E:kaTle—ﬂR L:J'r >R, L=_Lw
Lagrangian g1 o y1 (1) 04 ¢ AYRF x T} Q) O € AR(Jin)
forms
wit = —dot Q4 = —doe} Qp = —do,
Geometric i 3 i(TA)Q2 = dE oL dt4 J(T)QL, =0
; A — A L= L — A 2 » L=
equations Az_: iTa)wr = EL A=1 e " ot iTw=1
(T1,...,Tk) (T1,...,Tg)

L k- 1
k-vector field on T} Q k-vector field on R¥ x T1Q T k-vector field on J'7
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