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Generalization of the Equivalence Between Physical
Optics and Aperture Integration for Radiation From

Open-Ended Structures

Juan M. Rius and Krzysztof A. Michalski

Abstract—The theorem of equivalence between the Kirchhoff aperture
integration (AI) and the physical-optics (PO) approach applied to the inte-
rior walls of a open-ended waveguide [1] is generalized in this letter to the
case of any open-ended structure (OES).

Index Terms—Apertures, physical optics (POs), waveguides, open-ended.

I. INTRODUCTION

In a recent letter [1] Maciet al. use equivalence principle con-
cepts [2] to prove the equivalence between the physical optics (PO)
and Kirchhoff–Kottler approximations for the radiated field of an
open-ended waveguide. The purpose of this letter is to present a more
general theorem, of which the theorem of Maciet al. is a special
case. The new theorem applies to the aperture fields and interior wall
currents corresponding to an arbitrary open-ended structure, for which
modal fields cannot in general be defined. In addition, some insight
is given on the physical meaning of the radiated fields computed by
aperture integration (AI) or PO approaches.

II. DEMONSTRATION

Consider an open-ended structure (OES) with perfectly electrically
conducting (PEC) walls, as illustrated in Fig. 1(a). The OES, which
may be of finite or semi-infinite extent, is excited by impressed electric
and magnetic currents,Ji andM i, respectively. The resulting electric
and magnetic fields are denoted byE andH , respectively. For later ref-
erence, the exterior and interior surfaces of the OES walls are denoted
by Sex andSin, respectively and the mathematical surface covering
the OES aperture bySa. Furthermore, the exterior and interior regions
are denoted byV ex andV in, respectively.

According to the equivalence principle [2], the field (E, H) in V ex

may be found from the problem shown in Fig. 1(b), where the surface
currents are given as
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in which n̂ is a unit surface normal vector directed intoV ex. If the
fields radiated byJex

s
and (Ja

s
, Ma

s
) are denoted by (Eex, Hex) and

(Ea, Ha), respectively, then
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The field (E, H) in V in may be found from the equivalent problem
shown in Fig. 1(c) [2], whereJa

s
andMa

s
are given by (2) and (3),

respectively, and

J
in

s
= n̂�H onSin (5)

in which n̂ points intoV in. If the fields radiated byJin
s

and (Ji,M i)
are denoted by (Ein,Hin) and (Ei, Hi), respectively, then
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(E;H) in V in
(6)

or, equivalently,

E
i +E

in
; H

i +H
in =

(Ea; Ha) in V ex

(E + Ea; H +Ha) in V in
(7)

which leads to the conclusion that the field inV ex due to the aperture
currents (Ja

s
,Ma

s
) is equal to the field due to the currents in the interior

of the OES, namely the induced currentJin
s

and the impressed currents
(Ji, M i).

Note that the currents of the external and internal equivalent prob-
lems radiate in the absence of the OES. Hence, the “impressed field”
(Ei,Hi) should not be confused with the modal-incident field, which
satisfies the boundary conditions at the OES walls.

An important observation regarding (7) is that this relationship holds
even if there are material objects present outside the OES of Fig. 1(a).
Consider, for example, the infinite waveguide of Fig. 1(d), which is
obtained by extending the waveguide of Fig. 1(a). Let us denoteSv =
S + S0 the new virtual surface of Fig. 1(d), which partially superim-
poses with the actual surfaceS.

Clearly, the internal equivalent problem of Fig. 1(c) is equally appli-
cable to both the original structure of Fig. 1(a) and its extended version
of Fig. 1(d). Hence, the following theorem: the field due to the aper-
ture currents (Ja

s
,Ma

s
) is, inV ex, equal to that radiated by the interior

wall currentJin
s

plus the impressed fieldirrespective of whether the
field (E, H) used to compute the equivalent currents is derived from
the OES (i.e., open-ended waveguide) or the extended structure (i.e.,
infinite waveguide).That is, the theorem is valid for any field distribu-
tion (E, H) that satisfies the wave equation inV in and the boundary
conditions inSin. There is an infinity of such field distributions, each
satisfying different boundary conditions inV ex.

When (E,H) is taken to be a modal field propagating in the extended
structure, the equivalent currents are easily determined and the field in
V ex may be approximately computed by integrating eitherJin

s
or Ja

s

andMa

s
against the free-space Green’s functions. Maciet al. refer to

these two approaches as POs and Kirchhoff–Kottler aperture integra-
tion, respectively. Since a modal field is source free, the impressed field
(Ei, Hi) is absent in (7) and the above theorem specializes to that of
Maci et al., which states that the PO and Kirchhoff-Kottler aperture in-
tegration are equivalent inV ex. As is evident from (4), both approaches
neglect the contribution of the exterior wall current,Jex

s
.

Although arbitrary, the unique virtual surfaceSv of Fig. 1(d) which
has a practical sense in most cases is that for which the field solution is
known in analytical form whenSv has the same boundary conditions
of the original surface onS, Fig. 1(a), and arbitrary boundary condi-
tions onS0. The above closed-form solution is usually obtained when
the field inSv is expressed in terms of modes. In this case, the gener-
alization presented in this letter is the same as that suggested in [3] and
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Fig. 1. (a) OES. (b) External equivalent problem. (c) Internal equivalent problem. (d) Extended structure. The virtual surfaceS partially superimposes with the
actual surfaceS.

that can be simply expressed invoking the modal currents in place of
the PO currents.

However, the generalized theorem presented in this paper may be
a useful tool for field estimation even if a closed-form solution is not
available for the field inSv : If this is the case, one must resort to numer-
ical methods in order to obtain a good approximation of the aperture
fields (Ea,Ha) and the aperture equivalent currents (J

a

s
,Ma

s
).

To account for the contribution ofJex
s

, one can use an alternative
formulation of the equivalence principle [2] and place a PEC wall at
S
ex in the exterior equivalent problem of Fig. 1(b). Now, in the pres-

ence of the PEC wall that corresponds to the original OES,J
ex

s
does

not radiate and (Ja
s
,Ma

s
) radiate the original field (E,H). To approxi-

mately compute the radiation of (Ja
s
,Ma

s
) in the presence of the OES,

reflections at surfaces and diffraction at edges may be taken into ac-



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 50, NO. 6, JUNE 2002 893

count by using high-frequency techniques [4], thus leading to a better
approximation than (Ea,Ha)—the free-space field of (Ja

s
,Ma

s
). Now,

the equivalence between the interior-wall currents and the aperture cur-
rents becomes approximate; the accuracy of one approximation with
respect to the other cannot be stateda priori and must be checked case
by case.
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Design and Scan Performance of Large, Probe-Fed Stacked
Microstrip Patch Arrays

R. B. Waterhouse

Abstract—A strategy is presented on how to design large, direct-con-
tact microstrip patch arrays with broad bandwidths and useful scanning
ranges. It will be shown that to maximize these characteristics the lower
layer of a stacked patch configuration must have a relatively high dielectric
constant, greater than 10 and the upper laminate must have a low dielectric
constant value. Doing so yields bandwidths in excess of 25% over a scan-
ning range of 45 in the principle planes. Such arrays may be suitable
for millimeter-wave systems such as collision avoidance radars and micro-
cellular mobile communication base stations.

Index Terms—Antenna array feeds, microstrip arrays, stacked mi-
crostrip antennas.

I. INTRODUCTION

Large, unobtrusive, and scannable/multibeam arrays are needed for
many applications, including smart antennas for mobile communica-
tion base stations and space-borne communication satellites. For these
systems narrow beamwidths are required over a reasonable frequency
band (typically 20% of the center frequency). Due to its low produc-
tion cost, low profile and ease of obtaining good polarization purity,
the microstrip patch would appear to be an ideal element for the above
mentioned array applications. However, in its conventional form, this
antenna is typically narrow band and also has limited scanning poten-
tial in large arrays due to the excitation of surface waves. These trapped
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waves cause potential scan blindnesses, limiting the coverage area of
the scannable array [1].

Several investigations have been conducted on the scanning perfor-
mance of microstrip patch arrays and also means of yielding mod-
erate impedance bandwidths over a useful scanning range (for example,
[2]). However, relatively large bandwidth/reasonably scannable con-
figurations have yet to be developed. Design strategies have recently
been presented for several variations of individual probe-fed microstrip
patches resulting in broad bandwidths (greater than 25% [3]). These
stacked patch configurations have the potential to satisfy the require-
ments for the applications given earlier, however their performance in
large arrays and their scanning abilities have yet to be investigated. It
has also been shown that by simply parasitically coupling a microstrip
patch fabricated on a low dielectric constant laminate to a driven patch
etched on a high dielectric constant material can result in a broadband,
highly efficient antenna [4]. Such a configuration would allow for the
simple integration of the antenna directly with photonic and microwave
devices and circuits, minimizing the number of layers or material tran-
sitions and interconnects required for the transceiver units. Once again,
the performance of such a microstrip antenna in a large array environ-
ment has yet to be investigated.

In this paper, a thorough, theoretical investigation of the impedance
behavior and scanning potential of probe-fed microstrip patch arrays
consisting of broad-band stacked elements will be presented. In
particular design methodologies to maximize both the bandwidth and
scanning range of these arrays will be given. It will be shown that broad
impedance bandwidths over useful scanning ranges can be achieved
depending on the choice of dielectric constant for the lower microwave
laminate. Importantly, the developed design strategy does not require
matching networks to give the resulting bandwidths and therefore
yields very simple antenna structures and avoids potential blindnesses
associated with these networks [2]. All the arrays examined were
analyzed using a full-wave spectral domain infinite array analysis.

II. THEORY AND CONFIGURATION

Fig. 1 shows the unit cell of the probe-fed stacked patch array. Here
a rectangular stacked patch element is fed by a coaxial pin located
at (�p; �p) from the center of the bottom patch. The lower patch re-
sides on a grounded dielectric layer with a dielectric constant of"r1,
a loss tangent,tan �1 and a thicknessd1. The parasitic coupled patch
is mounted on a laminate with a dielectric constant"r2, a loss tangent,
tan �2 and a thicknessd2. The unit cell size isa in the x-direction
andb in they-direction for the array. To investigate the performance of
the probe-fed stacked patch configuration, the full-wave analysis pre-
sented in [5] was used (refer to [5] for details and experimental verifica-
tion). It should be noted that althoughhi–lo configurations would typi-
cally incorporate edge feeding of the driven element, it has been shown
that edge and probe feeding these structures give similar responses [4].
Therefore, for the ease of analysis, only probe-fed configurations are
presented here.

III. PROBE-FED STACKED PATCH ARRAYS

An infinite array of probe fed rectangular stacked patches at broad-
side (� = 0

�) was designed. Here"r1 = 2:2; d1 = 0:02�c and
"r2 = 1:07 andd2 = 0:025�c, where�c is the center frequency of
the band of interest. The 10 dB return loss bandwidth of the antenna
was approximately 27% and the response resembled that for a single
stacked patch (approximately 30%) using this combination of dielec-
tric materials [3]. The design procedure is in fact fairly similar to [3] in
terms of dielectric constant selection; starting points for the conductor
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