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Abstract

This paper applies the recently developed theory of discrete nonholonomic mechanics to the
study of discrete nonholonomic left-invariant dynamics on Lie groups. The theory is illustrated
with the discrete versions of two classical nonholonomic systems, the Suslov top and the Chap-
lygin sleigh. The preservation of the reduced energy by the discrete flow is observed and the
discrete momentum conservation is discussed.
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1 Introduction

The theory of variational integrators for Lagrangian and Hamiltonian systems originated in [22],
23], and [1]]. It was further developed by a number of authors (see e.g. |, [T4 [15], [24], and
[I'7] for a more complete list of references and history). A very important feature of variational
integrators is the discrete momentum preservation: if the original continuous-time system has a
symmetry and conserves the momentum map, so does the associated discrete-time mechanical
system.

In [6], [13] the theory was extended to the Lagrangian systems with nonholonomic con-
straints. In particular, it was shown in [6] that the discrete-time nonholonomic system conserves
the spatial momentum in the case of horizontal symmetry (see [3] for the definition of the hor-
izontal symmetry). However, the case of horizontal symmetry is not typical in nonholonomic
mechanics. Apparently, Chaplygin [5] was the first to observe the link between symmetry and
conservation of the components of momentum relative to the moving frame (see also [28] and ref-
erences therein). Therefore, it is natural to ask whether the discrete momentum is preserved by
the discrete-time nonholonomic system associated with a momentum-preserving continuous-time
system. A closely related property is the existence of an invariant measure. The continuous-time
nonholonomic systems generically are not measure-preserving (see [I1] and [27] for details). The
next version of this paper will address the measure-preservation property for the discrete-time
nonholonomic systems.

The goal of this paper is to study the properties of the numerical variational integrators for a
nonholonomic mechanical system whose configuration space is a Lie group G. Here we consider
LL systems, that is, we assume that both the Lagrangian and the constraint distribution are
invariant with respect to the induced left action of G on T'G.

The paper is organized as follows: Section 2 gives a brief overview of both continuous and
discrete-time nonholonomic systems.

In Section 3 we develop the theory of discrete left-invariant nonholonomic systems on Lie
groups GG. The fact that the constraints on G x G are left-invariant enables us to reduce
the dynamics on a smooth admissible displacement subvariety S C G, which is chosen to be
the exponent of a linear subspace 0 of the Lie algebra g of G. Under the discrete Legendre
transformation, S gives rise to a discrete momentum locus U in the coalgebra g*. In contrast
to continuous nonholonomic systems, the locus is not a linear subspace in g*, but rather a
nonlinear subvariety. The dynamics is then described by the discrete Euler-Poincaré-Suslov
equations that generate a (generally multivalued) map from U onto itself.

In Sections 4 and 5 we review the dynamics of the two classical nonholonomic LL systems
on the Lie groups SO(3) and SE(2), the Suslov problem and the Chaplygin sleigh respectively,
as well as their multidimensional generalizations.

In Sections 6 and 7 we construct the discretizations of the above problems as multi-valued
maps on certain two-dimensional non-orientable subvarieties of SO(3) and SE(2). It is shown
that the discrete model retains such a distinct feature of the continuous-time dynamics as the
existence of heteroclinic trajectories that connect the two one-parameter families of relative
equilibria of the system. If, for special values of parameters, the continuous-time system is
momentum/measure preserving, then so is its discrete analog.

Moreover, it appears that in both discretizations the corresponding reduced constrained
energy is preserved as well. This conservation law replaces the momentum conservation in
the general case and seems to be quite unexpected, since generically the discrete variational
integrators do not preserve the energy and this property does not change in the nonholonomic
case.

2 Lagrangian Mechanics with Nonholonomic Constraints

In this section we briefly discuss the main concepts of nonholonomic dynamics. For a complete
exposition see [2] and [3].



The Euler-Lagrange Equations for Nonholonomic Systems. A nonholonomic
Lagrangian system is a triple (Q, L, D), where @ is a smooth n-dimensional manifold called the
configuration space, L : TQ)Q — R is a smooth function called the Lagrangian, and D C TQ is
a k-dimensional constraint distribution. Let ¢ = (q',...,q") be local coordinates on Q. In the
induced coordinates (g, ¢) on the tangent bundle T'Q) we write L(q, ¢). It is assumed that the
Lagrangian is hyperregqular, i.e., the map

is invertible (see [16]).

A curve ¢(t) € Q is said to satisfy the constraints if §(t) € Dy for all t. The equations
of motion are given by the following Lagrange—d’Alembert principle: The Lagrange—d’Alembert
equations of motion for the system are those determined by

b
5/ L(¢',¢") dt = 0, (2.1)

where we choose variations 6q(t) of the curve q(t) that satisfy 0q(a) = 6q(b) =0 and 5q(t) € Dy
for each t where a <t < b. This principle is supplemented by the condition that the curve itself
satisfies the constraints. Note that we take the variation before imposing the constraints; that
is, we do not impose the constraints on the family of curves defining the variation. This is well
known to be important to obtain the correct mechanical equations (see Bloch, Krishnaprasad,
Marsden, and Murray [3] for a discussion and references).

Assuming that the constraint distribution is specified by a set of n — k differential forms
Alq),j=1,....,n—k,

D={GeTQ|(A(q),d) =0, j=1,....,s =n—k}, (2.2)

equation () implies

doL 0L .

—— — — = A A7 (q). 2.3
Equations [Z3)) are called the Euler-Lagrange equations with multipliers. Coupled with Z32),
they give a complete description of the dynamics of the system.

Lemma 2.1. Equations ([Z3)) conserve the energy

E = <g—§,q>—L. (2.4)

Proof. Differentiating (24l along the flow 3), one obtains
o doL . n oL .\ /oL \ /OL .
= dtaq’q 3q7q 3q7q 3q7q
d oL 9L - ;
= —_——— —— — - AJ Y —
since (47(q),¢) =0,7=1,...,s. O

The Euler—Poincaré—Suslov Equations. Let the configuration space be an n-dimensional
connected Lie group G with local coordinates g. Let g be the Lie algebra of G, that is, the tan-
gent space T.G at the identity element e € G supplied with an antisymmetric bracket operation
[,]:gxg—ag

Define an LL system on G as a Lagrangian system (G, L, D) with a left-invariant Lagrangian
L : TG — R and a left-invariant (generally nonintegrable) distribution D on the tangent bundle
TG.



The Lagrangian L : TG — R is left-invariant if and only if L(g, g) depends on (g, g) through
the combination w = g~ '¢, i.e., there exists a function ! : g — R called the reduced Lagrangian
such that L(g, §) = l(w).

A distribution D C T'G is left-invariant if and only if there is a subspace 0 C g such that
D, =TL,0 C T,G for any g € G. Let g* be the dual of the Lie algebra and a’, j = 1,...,s,
be independent elements of g* associated with the subspace 0, i.e.,

0={¢eg|(a,&=0,j=1,...,s}.
Then the left-invariant constraints can be written as
(a?,w) =0, j=1,...,s, (2.5)

where w = g71g = TLg-1g is the body velocity operator.
Define the body momentum p : g* — R by the formula p = 9l/0w. According to [2], the
reduced dynamics of an LL system (G, L, D) is governed by the Euler—Poincaré—Suslov equations

S
p= ade—!—Z)\jaj (2.6)
j=1
coupled with the constraint equations ). The dynamics of the group variables g is obtained
by solving the reconstruction equation

§=TLyw. (2.7)

Theorem 2.2. The Euler—Poincaré-Suslov equations conserve the reduced constrained en-

ergy
€ =[p,w) = Uw)]yeo -

Proof. To prove this statement, observe that the reduced energy, (p,w) —l(w), equals the energy
as the Lagrangian is left-invariant. Since w € 0 throughout the motion, the reduced constrained
energy equals the energy along the trajectories of (L0l and therefore is preserved. (|

Let the reduced Lagrangian I(w) be the quadratic form | = $(w,lw), where [ : g — g* is a

symmetric non-singular inertia operator. In this case p = Iw. Then the constraints ([ZH) imply
that p lies in the subspace

ot ={(a/,I7'p) =0, j=1,...,s} Cg".

It is often convenient to choose a basis e1,...,e, in the Lie algebra g such that a/ = en 711,
7 =1,...,s. In such a basis, the reduced constrained energy becomes
1< 1<
3 Z Ljw'w’ = 3 Z Jpip;. (2.8)
3,j=1 1,j=1

Here and elsewhere, the quantities J¥ represent the components of the inverse constrained
inertia operator L.

Remark. In the absence of constraints, equations ([H) become the Euler—Poincaré equations,
which conserve the spatial momentum J = Ad; p. In the presence of nonholonomic constraints,
neither the spatial, nor body momentum is conserved generically. However, in some cases the
body momentum is preserved. (The conditions for the body momentum preservation can be
seen in [28§]).



Discrete Mechanical Systems with Nonholonomic Constraints. According to
[6], a discrete nonholonomic mechanical system on @Q is specified by

(i) a discrete Lagrangian Lq : Q X Q — R;
(ii) an (n — s)-dimensional distribution D on T'Q;
(iii) a discrete constraint manifold Dy C @ x @, which has the same dimension as D and
satisfies the condition (g, q) € Dy for all ¢ € Q.
The dynamics is given by the following discrete Lagrange—d’Alembert principle (see [@]),

N—-1

Z <D1Ld(Qk,Qk+1) + DzLd(le,Qk)) dqr =0, dqx € Dy, (qrsqr+1) € Da.
k=0

Here D, L4 and Dy L4 denote the partial derivatives of the discrete Lagrangian with respect to
the first and the second inputs, respectively.
The discrete constraint manifold is usually specified by the discrete constraint functions

fj(Qkaqk‘i’l):Oa jzl,...,S, (29)

which impose the restriction (qx, gr+1) € Dg on the solution sequence {(qk, qx+1)}-

Remark. If the discrete Lagrangian is obtained from a continuous one, L(g, ), via a dis-
cretization mapping ¥ : Q) X @ — T'Q defined in a neighborhood of the diagonal of @ x @, i.e.,
Ly = LoV, then the variety Dy must be consistent with the continuous distribution D: Dy is
locally defined by the equations 17 o ¥ =0, j = 1,...,s. We emphasize that the discretization
mapping is not unique and hence there are many ways to define the discrete Lagrangian Ly and
the discrete constraint manifold Dy for a given nonholonomic system (Q, L, D).}

The dynamics of a discrete nonholonomic system is represented by sequences {(qx,qr+1)}
that satisfy the discrete Lagrange—d’Alembert equations with multipliers

D1La(qk: grs1) + DoLa(gr-1,ax) = 3 MA (qr),  Fi(ar, qrsr) = 0. (2.10)
j=1

As in the continuous-time case, these equations are equivalent the discrete Lagrange—d’Alembert
principle.

Remark. According to [6], equations ([ZI0) introduce a well-defined mapping (gx—1,qx) —
(G, qi+1), if the (n + s) X (n + s) matrix

DiDsLa(qr, qr1)  A'(qe) -+ A%(q)
Do F1(qrs qr+1) 0 s 0
Dy Fo(qk, Grt1) 0 e 0

is invertible for each (gx, gx+1) in a neighborhood of the diagonal of @ X Q.

3 Discrete Euler—Poincaré—Suslov Equations

Continuous and Discrete Left-Invariant Lagrangians. Assume that the configu-
ration space is a Lie group G and denote the local coordinates in G by g. Let the discrete
Lagrangian Ly : G X G — G be invariant with respect to the left diagonal action of G on G x G:

La(99k: 9 9r+1) = La(9k; Grt1)

!An alternative approach to the discretization of nonholonomic systems based on a modification of canonical
transformations was proposed in [13].



for any g € G.

Define the incremental displacement by the formula W, = gk_lgk_H € G. Since Ly is left-
invariant, there exists a function l; : (G x G)/G = G — R called the reduced discrete Lagrangian
such that Ld(gk;ngrl) = ld(Wk)

According to [T5], for a given continuous left-invariant Lagrangian L(g,g) = I(g~1g) its
discrete analog [; can be chosen in form

la = 1((log Wi) /1),

where log : G — g is the (local) inverse of the exponential map exp : g — G and h € Ry is the
given time step.

For a matrix group G, one can approximate (log W)/h with
W, —1= g;l(gkﬂ — gk), so that

La(gk, gr+1) = (g, " (grs1 — gx) /D) - (3.1)

This will be our default choice for the groups SO(n) and SE(n) considered in the next sections.
Similarly to [ [15], we define the discrete body momentum Py : G x G — g* by the formula

P = L, DaLa(gk—1,9x) = Liy, D1la(Wg),
where L7 is the induced left action L} :T*G — g*. Equivalently, Py is defined by any of the

conditions: for any w € g, 2

d d
(w, P) = _d_Ld (gr€™, grt1) or (w,Py)= —d—ld (e“Wh) - (3.2)
€ e=0 € e=0

In the unconstrained case, this defines the discrete Legendre transformation L : (g, Wi) €
G x G — (gk, P) € G x g*. The mapping £ is uniquely invertible in a neighborhood of the set
{(g9,P) € G x g* | P =0}, but it may fail to be globally invertible.

In the presence of generic discrete constraints ([ZH), the displacement Wy, is restricted to the
admissible displacement subvariety

Vi ={Wi € G| Fj(gr, gkWi) =0, j=1,...,s}

As aresult, the discrete momentum Py is restricted to an (n—s)-dimensional subvariety U, C g*,
the image of L(gk, Vi) in g*. In case of generic discrete constraints, for different k the subvarieties
Uy, are different.

Discrete Left-Invariant Constraints. If the continuous constraint distribution D is
left-invariant, it is natural to require that the discrete constraint manifold Dy is invariant with
respect to the left diagonal action of G on G x G, that is,

Fi(g9r, 9 9r+1) = Fj(ar, qer1) forany ge G, j=1,...,s.

This implies that there exist functions f; : G — R, j =1,...,s, such that
Fi(ar: ar1) = f;(Wk).
Consequently, Dy C G x G is completely defined by the admissible displacement subvariety

S={A(W)=0, ..., (W) =0} CG,

2The definition of the discrete momentum B2 accepted in this paper computes py, as a function of W}, whereas
the standard definition used in many publications,

d
- 27 B we
<w7} k) de d (gk 1, gke ) o

makes px a function of Wi_;.



namely Dy = {g,gh}, g€ G,h € S.

The submanifold S should pass through the identity element I in GG, and the tangent space
TS; at the identity should be “horizontal”, i.e., it should coincide with the linear subspace
0 C g generating the left-invariant distribution on T'G.

The second property suggests that S = {W € G | logW € 0}.

Equivalently, S can be chosen a union of all one-parameter subgroups G, generated by all
admissible vectors @ € 0. In other words, one can set S = exp 0. However, in case of generic 0,
the set exp 0 is not a subvariety of G.

In this paper we concentrate on the important case when G contains a subgroup H generated
by subalgebra b C g such that there is a decomposition g = h @ 0 and (g, h) forms a symmetric
pair, that is

[b,b] Cb, [o,0] Ch, [h,0]Co. (3.3)

Proposition 3.1. ([I0]) Under the condition [323) the set S = expd is a smooth submanifold
of G, which is either homeomorphic to the symmetric space G/H or is a factor of G/H by a
finite group action.

Under conditions B3) the set expd is known as the Cartan model of the symmetric space
G/H.
Notice that the tangent bundle T'S is not a subset of the left-invariant distribution D C T'G,
since the latter is not integrable.
Under the Legendre transformation £, the discrete momentum Py is confined to the subva-
riety
U={peg"|p=Liyly(W),WeS}Cyg",

which now does not depend on k. It appears that in the examples considered below the map
S — U is uniquely invertible almost everywhere on U.

Discrete Euler—Poinceré—Suslov Equations. Assume that the discrete Lagrangian
Ly : G x G — R, the discrete constraint distribution Dy, and the constraint distribution D are
left-invariant with respect to the left action of G on G x G and T'G, respectively.

Define the action sum and the reduced action sum by the formulae

N-1 N-1
Si=Y_ La(gr:gkr1) and sqa= Y la(Wy),
k=0 k=0

respectively and rewrite the nonholonomic constraints ([Z2) as a set of vanishing one-forms
A(g)g = 0.

Following [6], consider variation of Sy assuming that the variations dgy, satisfy the conditions
AJ(gr)dgr =0, =1,...,5 and dgo = dgn = 0.

For the left-invariant constraints given by [2I) the admissible discrete variations are those
0gr € TGy, that satisfy the conditions

(a?, g, dgr) =0, j=1,...,s, k=1,...,N—1. (3.4)
The following theorem extends the result of |4, [T5] to the nonholonomic setting.

Theorem 3.2. Let Ly : G x G — R be a left-invariant Lagrangian, lg : G — R be the
reduced Lagrangian, and D and Dy be the compatible constraint distributions on TQ and Q X Q,
respectively. Then, following statements are equivalent:

(i) The sequence {(gr, gr+1)}n—g 48 a critical point of the action sum Sy : GNT1 — R for
arbitrary constrained variations.

(i) The sequence {(gk,gk+1)}iv251 satisfies the discrete Euler—Lagrange equations with multi-
pliers (ZI0) with q replaced by g, that is,

S

D1 Lq(gk, gk+1) + D2La(gr—1,9x) = Z /\iAj (9x) (3.5)

j=1



which are coupled with the discrete constraint equations F;(gk, gk+1) = 0.
(iii) The sequence {Wi}h ! is a critical point of the reduced action sum sq: GN~' — R with
respect to variations dWy, induced by the constrained variations dg, and given by

5Wk = Wk glz_il(sngrl - AdW,;l 9;1594 . (36)
(iv) The sequence {Wi}r_o' satisfies the equations
(Wi )TLw,, = (W) TLw, Ady, 1 =Y M (3.7)
j=1

coupled with the discrete constraint equations
fi(W) =0, j=1,...;s, k=1,...,N—1.

Proof of the theorem is given in the end of the section.
We now rewrite (B) in the form of discrete momentum equations. For any w € g,

lyWi—1)TLw,_,w = (Ig(Wy—1), TLw,_,w) = (TLyy, ,lg(Wk-1),w)
and similarly

l:j(Wk)TLWkAde*l w = <lz/i(Wk)7 TLWkAde w} = <Ad*W;1 TLT/I/klt/i(Wk)’ w}.

Therefore, in view of the definition of the discrete momentum @2), B) becomes discrete
FEuler—Poincaré—Suslov equations

S
Pep1 — Adyy, Pe =Y M,,a;, (3.8)
j=1
where Wy, is restricted to S and pp, € U C g*.

The above equations extend the discrete Euler—Poincaré equations obtained in [ [T5] to the
case when the discrete left-invariant constraints are present. Thus, they represent a discrete
analog of ([ZH) and define a map B : U — U : P, — Pjy1, which is generally multi-valued.
Given Py, one evaluates Py11 by

1. Finding W}, by inverting the Legendre transformation;

2. Calculating P, = Adyy, Pr;

3. Choosing Py+1 as one of the points of intersection of the (n — s)-dimensional subvariety U
with the linear space span(aq,...,as) passing through Py.

If the map is multivalued, one needs to make a choice of a branch of B. One natural way of
doing this is to start from a value of Py whose norm is small and to select Py of the smallest
norm.

Proof of Theorem[ZZA We first prove the equivalence of (i) and (ii) following [6]. Recall that the
variations dgx vanish at k = 0 and ¥ = N. Computing the first variation of the discrete action
sum Sy, we obtain

N-1
054 =0 Z La(gr, gr+1)
k=0
N-1 N—-1
=Y DiLa(gr ge+1)09k + Y DaLa(grs g+1)39k-+1
k=0 k=0
N-1 N—-1
= > DiLa(gk: 9r+1)09k + >, DaLal(gk—1,9k)59k
k=1 k=1
N-1

(D1La(gk, gk+1) + D2La(gr—1,9x)) 0k -

ol
Il
—



Here the variations dgy, are not independent and satisfy the conditions A;(gx)dgr = 0. Therefore,
0S54 = 0 if and only if [BH) is fulfilled.

Next, we prove that (i) is equivalent to (iii). Notice that Ly = lg 0w, where 7 : G x G —
(G x G)/G = G is given by (gk, gk+1) — g5, "gr+1. Therefore

6Sd = (55,1.
The variation §W}, is computed to be
SWi, = 8(9y, ' gr11) = g5 " 6gk+1 + 095 g

= g;, ' 0gk+1 — 95 "0aKkg), g+
= (9% " 9r11) (Gt 169k11) — (93 gr1) (g5, " gre1) " (g5 01) (93, " grs)

= g gt [gti0gen = Ad( o (97 1090)]

which yields (B8l).
To prove the equivalence of (iii) and (iv), we use &) to compute

N-1 N—-1 N-—1
58(1 =0 Z ld(Wk) = 5ld(Wk) = Z l&(Wk)(SWk
k=0 k=0 k=0
N-1

V(a7 grr1) 95 g [9;@&1591@“ — Ad(gglgkﬂ)fl (gk_légk)}

M- 14

l& (gl;—llgk) (Q;;_llgk) (g,;légk)

= 3 (g k) (9 901) Ad o)

9;19k+1)71 (
= {lt/i (gk_—llgk) TLg,;llgk
k=1

—l/d (glzlgk-i-l) TL.(];Zlgk+1Ad(g;1gk+1)7l jl (gk*159k) .

Since the variations dgj satisfy the conditions B4l), dsq = 0 if and only if item (iv) holds.

4 The Suslov Problem and its Multidimensional General-
izations

The most natural example of LL systems is the nonholonomic Suslov problem, which describes
the motion of a rigid body about a fixed point under the action of the following nonholonomic
constraint: the projection of the angular velocity vector @ € R? to a certain fized in the body
unit vector 7 equals zero:

(W, 7)=0. (4.1)
The configuration space of the problem is the group SO(3). Under the identification of Lie
algebras (R3, x) and (so(3),[-,-]), @ and 7 correspond to elements of so(3) and the coalgebra

50*(3) respectively.

Let I : R? — R? be the inertia tensor of the body. Then the Lagrangian equals L =
#(w,IW) and the momentum p is represented by the vector M= (My, My, M3)T =Td. The
left action of the group SO(3) on T'SO(3) leaves the kinetic energy of the body and the constraint

&) invariant.



For the Suslov problem the Euler—Poincaré-Suslov equations (Z8]) on so(3) become

d
E(w) =10 x &+ A7, (4.2)

where x denotes the vector product in R? and X is the Lagrange multiplier. Differentiating

&), we find
A= (I3 x BT )/(F.177).

Therefore, [2) can be represented as

d . __, 1
_]I Y —
dt( “) (v, I-1%)

which, in view of (), is equivalent to

I'F x (0@ x D) x ),

d

E(m) =(Iw,7)w xI 7. (4.3)

The Suslov system possesses the energy integral
(@,10) = (M,I7'M)=h,  h=const (4.4)
and, as seen from [3), it has a line of equilibria positions
E={(,7)=0n{Iv,7) =0}

Note that in the principal basis, where I = diag (Iy, I, I3), the system has the integral given by
degenerate quadratic form

N R Iy + 1373 —Ismye —I2v173
(M, HM), H = —Hg’yl’}/Q Hl"y32 + Hg"y% —Hl"yz"yg N (45)
—Iv1y3 ~Tiyeys  D1v3 + Iov?

which coincides with the restriction of [l onto the constraint plane (]\_4> J71%) =0.

In the basis where only one of the components of % is nonzero, say 7 = (0,0,1)%, and
the inertia tensor is unbalanced, the integral {3 can be replaced by the reduced constrained
energy integral

oo M7 — 2Io My My + Ty, M3, (4.6)

The dynamics of the two independent momentum components, M7 and Ma, is illustrated in
the Figure Tl Because of the conservation law ([0), the trajectories are the elliptic arches that
form the heteroclinic connections between the asymptotically stable (filled dots) and unstable
(empty dots) equilibria.

As a result, the motion of the rigid body is the asymptotic evolution from a permanent
rotation about an axis fixed in the body frame to a permanent rotation about the same axis
and with the same angular velocity, but in the opposite direction. Note that in space the axes
of the limit permanent rotations are different.

The Suslov problem admits some natural multidimensional generalizations studied in [7,
9, 26]. The configuration space of an n-dimensional rigid body with a fixed point is the Lie
group SO(n). For a path R(t) € SO(n), the angular velocity of the body is defined as the
left-trivialization w(t) = g~ - g(t) € so(n).

The left-invariant metric on SO(n) is given by non-degenerate inertia operator I : so(n) —
so(n). Then the Lagrangian of the free motion of the body reads

1
L= §<]Iw,w>, (4.7)

10



Figure 4.1: The Momentum Dynamics for the Suslov Problem.

where now (-, -) denotes the Killing metric on so(n), (X,Y) = —1tr (XY), X,Y € so(n). For a
“physical” rigid body, Zw has the form Jw + wJ, where J is a symmetric n x n matrix called
mass tensor (see [1).

Let eq, ..., e, be the orthogonal frame of unit vectors fixed in the body. What form may have
a multi-dimensional analog of the condition ([EIl)? To answer this question, note that, instead of
rotations about an azis in the classical mechanics, in the n-dimensional case we have infinitesimal
rotations in the two-dimensional planes spanned by the basis vectors e;,e;, 7,5 =1,...,n.

Suppose, without loss of generality, that 3 = (0,0,1) in (BI)). Then this condition can
be redefined as follows: only infinitesimal rotations in planes (e, es) and (e, e3) are allowed.
Hence, it is natural to define the n-dimensional analog of Suslov’s condition in the following way:
only infinitesimal rotations in the planes (e1,en), ..., (€én—1,€,) (i.e., in the planes containing
the vector e,) are allowed. Thus, in the above basis, the angular velocity matrix in the body
must have the form

0 BN 0 Win
w= : : . (4.8)
0 Wn—1,n
—Win N <—wn,Ln 0
This implies the constraints
(wye; Nej) = (e,we;) =0, 1<i<ji<n-—L (4.9)

As a result, the multidimensional Suslov problem is described by the EPS equations on the Lie

algebra so(n)

d

= (1) = [Tw,w] + > Awepieg, (4.10)
1<p<g<n—1

where the multipliers A, can be found by differentiating the constraints E3).
Integrability of the system [EI0), (D) was proved, and its geometric properties were studied
in [7], whereas the reconstructed motion on the group SO(n) was described in [26].

5 Chaplygin Sleigh

Another example of a mechanical system governed by the Euler-Poincaré-Suslov equations is
the so-called Chaplygin sleigh, the system introduced and studied in 1911 by Chaplygin [5] (the
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work had been actually finished in 1906, see also [19]).

The sleigh is a rigid body moving on a horizontal plane supported at three points, two
of which slide freely without friction while the third is a knife edge which allows no motion
orthogonal to its direction, as shown in Figure Bl

A

Y

Figure 5.1: The Chaplygin Sleigh

The configuration space of this dynamical system is the group of Euclidean motions of the
two-dimensional plane R?, SE(2), which we parameterize with coordinates (6,z,y). As the
figure indicates, 8 and (z,y) are the angular orientation of the blade and position of the contact
point of the blade on the plane, respectively.

The Lagrangian and Constraint in the Body Frame. Introduce a coordinate sys-
tem called the body frame by placing the origin at the contact point and choosing the first
coordinate axis in the direction of the knife edge. Denote the angular velocity of the body by
w = 0, and the components of the linear velocity of the contact point relative to the body frame
by v1,v2. The set (w,v1,vs) is regarded as an element of the Lie algebra se(2).

The position of the center of mass is specified by the coordinates (a,b) relative to the body
frame (we not assume here that the center of mass lie along the blade direction as in some
models). We will see that a is crucial to qualitative behavior of the system while b is irrelevant.

The Lagrangian equals the kinetic energy of the body, which is a sum of the kinetic energy of
the center of mass and the kinetic energy due to the rotation of the body. Let m and J denote
the mass and moment of inertia of the sleigh relative to the contact point. The position of the
center of mass relative to the fixed (inertial) frame is

(x4 acos® —bsinb,y + asinf + bcosb).
Thus, the kinetic energy of the center of mass has the form
m [a’c2 + 9% + (0% 4+ b*)6? 4 20 (a(—i sin 6 + g cos ) — b(i cos O + ¢ sin 9))} ,
or, using the body components of the angular and linear velocity,
m [(a® + b*)w® + v + v3 — 2bwoi + 2awvs) .

As a result, the (reduced) Lagrangian is

1
l= 3 [(J +m(a® 4+ b%))w® + m(v] 4+ v3) — 2mbwv + 2mawvs] . (5.1)
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Next, the constraint written relative to the body frame is vo = 0. Both the Lagrangian and
constraint are invariant with respect to the left action of SE(2) on TSFE(2) as they depend on
(g, ) through the combination

Q=g"4. (5.2)

The Dynamics of Chaplygin Sleigh. In view of &I, the components of the body

momentum are

po = g—l = (J +m(a® + b*))w + 2m(avy — buvy),
(99)
p1= 86—1;11 =m(v1 —bw), p2= % = m(v2 + aw).

The reduced dynamics of the Chaplygin sleigh is governed by the equations
Po =Pp1v2 —p2v1, P1 =Dpaw, P2 = —piw+A, (5.3)

which are the Euler—Poincaré-Suslov equations () on the algebra se(2) coupled with the
constraint v = 0. Eliminating the variables 2 and the Lagrange multiplier A from (&3), one
obtains the reduced dynamics of the Chaplygin sleigh in the form of the momentum equation

i a
Po = — 55 (Po + bp1) (mbpy + (J + m(a® + %)) p1) ,
(J +ma?)
. ma (7o + bpr)? (5.4)
pl - (J+ma2)2 p9 pl )
which has the constrained energy integral
mpg + 2bmpep1 + (J + m(a® + b?))pi. (5.5)
In the case b = 0 equations (B4 become
2
. a Pop1 . ma py
= o Bt S — 5.6
p9 J+ma27 pl (J+ma2)2 ( )

We emphasize that the phase portrait of (B4l is identical to that in the Suslov problem.
Indeed, if a = 0, the nonholonomic momentum (pg, p1) is conserved. Therefore, the body angular
velocity w and the component of the body linear velocity along the blade v; are constants. The
evolution of the configuration variables (0, x,y) is determined from the reconstruction equation

E3), which reads
6=uw, Zcosf + ysind = vy, —&sinf + gcosh = 0. (5.7)
The solutions of &) are
0=0y+wt, ==ux0+ %sin(ﬁo—i—wt), Y =1yo— %cos(@o—i—wt) if w#0

and
0=0p, x==x9+vicosbpt, y=yo+ovisinfy if w=0.

Therefore, the contact point of the blade and the plane generically moves along a circle at a
uniform rate.

If a # 0, the dynamics (&2 is integrable as the reduced energy is conserved. The trajectories
of (B3 are either equilibria situated on the line pg + bp; = 0, or elliptic arches.® The equilibria
located in the upper half plane are asymptotically stable (filled dots in Figure B2)) whereas the
equilibria in the lower half plane are unstable (empty dots in Figure BE2). The elliptic arches
form heteroclinic connections between the pairs of equilibria as shown in Figure

13
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(a) a£0,b#0 b)a#0,0=0

Figure 5.2: Momentum dynamics.

o0

(a) a#£0,b#0 (b)a#0,6=0

Figure 5.3: Generic trajectory of the blade.

A generic trajectory of the contact point of the blade and the plane has a cusp point (see
Figure B3)). At the cusp, the speed of the contact point, |vi|, momentarily vanishes as the
momentum trajectory intersects the line mbp; + (J +m(a® + b?))ps = 0.

Since the group SE(2) is a “non-compact” version of the group SO(3), the dynamics of the
Chaplygin sleigh can be interpreted as a “non-compact limit” of the dynamics of the Suslov
problem. Recall that the any non-equilibrium trajectory of the Suslov top has a steady-state ro-
tation as its asymptotic dynamics. In a similar manner, a non-equilibrium state of the Chaplygin
sleigh asymptotically approaches a uniform straight-line motions as t — 4oc.

The shape of the generic trajectory of the contact point is predetermined by the inertia of
the body and the position of the center of mass relative to the blade, and is independent of
the initial conditions. While the dynamics of the group variables (0, x,y) cannot be explicitly
written, it is possible to compute the angle between the asymptotic directions of the dynamics
of the contact point. See [B] and [I9] for details.

Multidimensional Chaplygin Sleigh. We now briefly discuss the generalized Chap-
lygin sleigh, which is an m-dimensional rigid body moving in R™ in the presence of certain

3This follows from matching the trajectories and the level curves of the reduced energy, which is a positive-definite
quadratic form.
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nonholonomic constraints.

The configuration space of this dynamical system is the group SF(n), which has the structure
of a semidirect product, SE(n) = SO(n)®R", so the group elements are written as (R, x),
where R € SO(n) is the orthogonal rotation matrix of the body and x € R™ is the position
vector of its origin A. It is often convenient to represent the elements of SE(n) by means of
(n+1) x (n+ 1) matrices of the form

s = (g 7).

and the group operations for SE(n) correspond to operations with the matrices: the product
of two such matrices corresponds to the superposition of two Euclidean motions represented by
these matrices and the inverse matrix correspond to the inverse Euclidean motion.

The Lie algebra se(n) of the group SE(n) is the semidirect product so(n) @ R™ and it is
isomorphic to the set of (n + 1) X (n + 1) matrices

n—(éﬁﬁ, € €so(n), veR"

The elements of se(n) are written as (£,v). The Lie bracket [n1,72] in se(n) is mine — nan1,
which yields
[(&1,v1), (§2,v2)] = ([€1, &), G1v2 — S201).

For a trajectory g(t) C SE(n), the body velocity operator is defined as the left-trivialization
£(t) = g7 1g(t) € se(n). In this case w = R R(t) and v = R~ 1i(t) are respectively the angular
velocity matrix and the vector of linear velocity of A in the body frame.

As in the classical case, we suppose that the center of mass C of the body does not coincide

with the origin A of the body frame. Let (a1,...,a,)? be constant position vector of C in this
frame and, as above, J = diag(J1, ..., J,) be its mass tensor. Then the Lagrangian is
1 T 1 m
L= —Ztr (£J¢) = —Ztr (w(J + ma ® a)w) + m(v,wa) + 5(1}, v), (5.8)
1 aq
J=5diag (J1,...,Jn,m) ST, S= - | e SE®m),
1 a,
0O ... 0 1

where S describes the position of the center of mass C relative to the body frame.
The body momentum is an element of the dual space se*(n) and it is given by the pair

P = (M,p) € se*(n), M € so(n), peR",
0L - o0L
E &uij’ pi= an,

,7=1,...,n.

Straightforward evaluation leads to the formulae

M=(J+ma®@aw+w(J+ma®a)+mv®a—a®v) € so(n),

p=m(v+wa) € R". (5.9)

Here M is the angular momentum of the body with respect to its center of mass C' and p is the
linear momentum of C' as a point with mass m.

Left-invariant constraints on SE(n). There are numerous ways to introduce nonholo-
nomic constraints for the generalized Chaplygin sleigh. For example, one can require that the
velocity of the reference point is restricted to a k-dimensional linear subspace fixed in the body.
For n = 3, such constraints were studied in [T9] and [21].)
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Another natural choice is to define the constraint subspace d € se(n) to be the set of matrices
of the form

0 w2 -+ wip 0
—Ww12 0 0 0
: : (5.10)
—w1n, 0 0 0
0 o ... 0 0
In the particular case n = 2 we have
0 —w 1
S=lw 0 O0]. (5.11)
0 0 0

6 Discrete Suslov System on SO(n)

Now we apply the the discrete Euler—Poincare— Suslov equations [BF) to construct a discretiza-
tion of the Suslov problem. Let R, € SO(n) be the orthogonal rotation matrix describing the
k-th position of n-dimensional top.

Introduce the finite rotation matriz Q) = RF Ry 1, analog of the angular velocity w in the
body. Note that in the continuous limit, when Ry4+; = Ry + ER, € << 1, one has

Qe =I+R'R=1+cw, (6.1)

Define the left-invariant discrete Lagrangian on SO(n) x SO(n) by substituting w in @)
by R (Ry+1 — Ri) = Q) — L. Using the property RF Ry, = I, we get

1 1
ld(Qk) e 5 tI‘(QkJ), and Ld(Rk7Rk+1) = 5 tI‘(RkJRg_H).
Then, following the definition ([B2), the body angular momentum M}, € so*(n) has the form
My = R 'Rey1J — JRL Ry = Q. — JQL, (6.2)

which in the above limit transforms to Jw + wJ, the standard relation between the angular
velocity and momentum. The expressions for Ly, My were originally introduced in [I8].

Remark. In the classical case n = 3 one can parameterize R in terms of the Euler angles
O, Yi, O, as coordinates on SO(3) (see e.g., [27]),

COS ¢, CoS Yy, — cos Oy sin ¢ siny,  — cos Py sin Yy, — cos O sin ¢y, cos vy, sin O sin P,
sin ¢y, cos Yy + cos Oy cos ¢ sin Y, — sin @y, sin Yy, + cos Oy, cos @y cos P, — sin Oy, cos Pk
sin O, sin Yy, sin 0 cos Yy cos 0y,

16



Substituting these ones and analogous expressions for Ry into the discrete Lagrangian Lq( Ry, Ri+1),
we obtain

1
Ly= 3 [cos 0y cosB11 [1 4 cos(Ady) cos(ty + Pri1)]
+ cos(y + Pr+1) sin by sin i1 + cos(Agy)[sin Oy sin Oy41

— cos(Vr + Yr1)] + %[COS O+1 — cosby] sin(A¢y) sin(vy + ’(/Jk+1):| Ay

+ % [cos Vg cos Vg1 + cos(Ady) cos(Awy) — cos Py cos Vi1 cos(Ady) cos(Ay)
+ cos(Agy) sindy sin g1 — cos(Avy) sindy sin g1

— cos U sin(¢g + Pr41) sin(Ayy) — cos g1 sin(Aey) sin(Yy + ’(Z)k+1):| As

_ % [cos(AqSk) cos(At) + cos by cos b1 cos(Agy) cos(Ay)
— cos 0, cos 011 + sin by sin 11 (cos(Ay) — cos(Ady))

— (cos Ok + cos Op11) sin(A¢y) sin(Ayy) | As (6.3)

where A0y, = 011 — Ok, Adp = g1 — dr, AV = Ypy1 — Y, and
Av=Jo+J3, Ay=Ji+Js, As=J1+ )2

are the principal moments of inertia of the rigid body.
In the continuous limit, setting in (G3)

Ori1 — Ok = 00t, Gpp1 — b = Ot, i1 — g = 1) St it <<1 (6.4)

then expanding in Jt and dividing by (6¢)?, up to an additive constant and terms of order §t,
one obtains the well-known expression for the kinetic energy of the top (see, e.g., [25])

T= %((g.ﬁsinﬁsind) + 6 cos )2 A,
1 . . 1 . .
+ 5(¢> sin @ cos 1 — fsin )% Ay + 5(1/; + pcosh)? As, (6.5)

where the expressions in brackets represent components of the angular velocity vector in the
frame attached to the body.

Notice that the discrete Lagrangian [E3]) does not coincide with the ”straightforward” dis-
cretization of (EH) obtained with a direct replacement of the angular velocities by the angular
differences according to (G4)).

Discrete constraints on SO(n). Following the approach described in Section 2, we im-
pose discrete left-invariant constraints on SO(n) x SO(n) in the form of restrictions on finite
rotations Qi € SO(n). In accordance with the continuous constraints (), we assume that
admissible rotations must be exponents of the vectors of the linear space

0 =span{e; Aep, ...,en_1 Aen} C so(n).
Lemma 6.1. 1). In the basis e1,...,e,, the admissible rotation matrices have the structure
Q)i = (Wi, (W)in = —(e)nis 1<ij<n-1, (6.6)

that is, they are anti-symmetric in its last row and column and symmetric in the other
part.
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2). The admissible displacement subvariety S = exp? is homeomorphic to the projective space
Pr—1 = Sn=1/72. In the same basis, the components of Q. are parameterized by points of
the unit sphere S"1 = {22 + 23 +--- + 22, =1} in the form *

(Q)ij = 6ij — 22125, (Win = —(Q)ni = 22025,  (Ue)nn = 225 — 1, (6.7)
1<4,7<n—-1.

Note that in the continuous limit described by (GI), conditions (GH) yield the constraints
ER) on so(n).
Proof of Lemma 1). Any vector of 9 C so(n) can be represented in the form fuAe,,, where 6
is a nonzero constant and u = (uy,...,u,_1,0)7 is a unit vector in R"~! = span (eq,...,en_1).
The odd powers of fu A e, are skew-symmetric and have zero left-upper (n — 1) x (n — 1) part,
whereas the even powers are symmetric and have zero last row and last column. Hence, the
exponent of fu A e, must be of the form ().

2). The operator Ry, = exp(fu A e,) C SO(n) describes rotation in the 2-plane spanned
by u, e, by the angle §. Then we get

Ronu=cosf-u—sinb - e,,
Rone; =e; —(ej,u)u+ (e;,u)(cosf-u—sinb -e,), 1<j<n—-1,

Rouen =cost- e, +sind-u.
The latter n vectors form columns of the matrix Rg .. Setting in the above formulas
zi=sinb/2u;, 1<i,j<n-—1, 2z9=cosf/2 (6.8)

and identifying Ry, with ) we arrive at expressions (E1).

Since sin(6/2) = —sin(27 — 0)/2 and cos(0/2) = — cos(2m — 0)/2, from ([@EF) we conclude
that opposite points on S™~! correspond to the same admissible rotation Ry ,. Finally, there
is a bijection between S = expd and P*~! = §"~1/Z2. The lemma is proved.

Note that (B8 imply left-invariant constraints on SO(n) x SO(n) in the form

tr(R} ej Aen Rip1 — Ry ej Aen Ry) =0, j=1,...,n—1

Rotations about an axis. In the classical case n = 3 the conditions ([EH) say that Qy is
a finite rotation about an axis lying in the plane (e1, es), while expressions () imply that the
rotation axis is directed along vector p = (22, —2z1,0)7 € R3.

Indeed, the group SO(3) can be regarded as covered twice by the unit sphere S® = {2 +
@ + g3 + q3 = 1}, where qq, . .., g3 are the Euler-Rodriguez parameters such that any rotation
matrix W € SO(3) can be represented in form (see, e.g., [25])

@B+ad—-6-43 2ae+an) —2(aas — @)
W=\ 2(qe—aepn) @G+6-ad-G —2(0ee+on) |- (6.9)
—2(q1q3 + 290)  —2(q2q3 — qo1) G+ G — G — @

The operator W describes a finite rotation in R? about the vector e = (g1, ¢2,¢3)” by the angle
6 such that gy = cos /2.

Setting in (B3 (Q)12 = (k)21 implies g3 = 0, hence W is a rotation about an axis lying
in the plane (e1, ez). In this case admissible operators Q € S C SO(3) have the form

202 +¢%) — 1 2142 2¢0g2
0= 24192 20 +a3) -1 —2qaq |, (6.10)
—2qo0q2 2q0q1 2¢5 — 1

“Here and below, to simplify notation, we omit the discrete time index k at the components of z.
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which, under the substitution ¢1 = —z2, @2 = 21, o = 20, coincides with the parameterization
E7D). As a result, the variety of such matrices is the real projective plane RP? = 52 /72,

We emphasize that, in general, the k-th position of the body Ry = Qr_1---Qq is not a
rotation in the plane (e, ez).

Discrete momentum locus U C s0*(3). In contrast to the continuous case, the discrete
momentum M, does not lie in a linear subspace in the coalgebra so*(3), but on a nonlinear
algebraic variety U C so*(3) defined by the relation ([@2) and the conditions (GI0).

If in the frame e, ez, e3 the tensor J is diagonal, J = diag(J1, J2, J3)T, then the angular

momentum vector M = (Ml = —Mgg, MQ = Mlg, M3 = —M12>T has the form

R
M = 2((J2 + J3)q0q1, (J1 + J3)q0q2, (J1 — J2)q1g2)"

(as above, to avoid tedious notation we omit the discrete time index at the components of ¢).
Here and below, without loss of generality, we always assume go > 0. As a result, U coincides
with the Steiner Roman surface in R? given by the quartic equation

Jl — JQ Jl + JB
(Jz + J3)(J1 + Jg) (Jg + Jg)(Jl - Jg)

J2+J3 2 2
MyMs —2MiMoMs =0 6.11
(J1+Js)(J1—Ja) 27 A (6.11)

MEM3 + MEM?

(see, e.g., [8 20]).
In general case, when J is not diagonal in this frame, one has the parameterization

- (Jo2 + J33)q0q1 — 12092 —(J13q1 + J2302)q2
M=2 (J11 + J33)q092 — J129001 +(Jisq1 + J23q2)qn | - (6.12)
(Ji1 = Ja2)q1g2 — Ji2(qf — @3)  —(Jizqr + J23g2) o

One can show that the components of M satisfy an algebraic equation of degree 4, which
generalizes (EIl) and which we do not write here. The corresponding algebraic surface U
in R® = (Mj, Ma, M3) has pinch points and self-intersections. One can also show that if the
quadratic form (Jaz+J33)q3 —2J12¢1q2+ (J33+J11)q3 is positive-definite, then any pair (M7, M>)
has at most two real inverse images on U.

An example of such a surface for an unbalanced inertia tensor and its circular section for
0.4 < go < 0.8 are given in Figures Bl respectively.

Discrete EPS equations on s50*(3). In the considered case G = SO(3), the discrete
momentum equation with multipliers B8) takes the form

0 1 0
Mg = QU MQ + M [ =1 0 0, M=QJ—JQ, (6.13)
0 00
where the components of € are subject to constraints (G.0l).
This provides a discrete analog of the Suslov system (EI0) on so*(3) and defines a map
U — U or, in view of expressions (GI0), ([EIF), a map
B : RP? - RP? : (q1,42,490) — (41, G2, Go), which is generally multi-valued.

To describe the latter map in details, we note that in (GI3)

O My = JQ;, — QLT = QT M,

(J22 + J33)q0q1 — J12q042 +(J13q1 + J2392) G2
=2 (J11 + J33)q092 — J1290q1 —(Jisq1 + J2sq2)q1 | s (6.14)
—(Ji1 — Ja2)q1q2 + Ji2(qf — 43)  —(Jisqr + J23q2)q0
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Figure 6.1: The Momentum Surface U.

where @ denotes vector representation of element w of so(3). Comparing this with (1), we
find that (EI3)) can be written in form

. (J13q1 + J23G2)q2
M1 =M +4 —(Ji3q1 + J2342)¢ , (6.15)
—(J11 — Jo2)q1q2 + Ji2(qf — 43) + M

which can be viewed as a discrete analog of equations ([3]). This also shows that the difference

T — . . . .
vector My, 1 — M, is orthogonal to the rotation axis directed along (q1, ¢2,0) € R?, as expected.

As a result, the map B : RP? — RP? given by (BI3) consists of the following 3 steps:

1). Given original set q1,g2,q0 = /1 — ¢ — g3, one finds components of m from (GEI2) and
—_

of QF M. Q. from @EI4).

2). Given the components

—_— —_

(Mi+1)1 = (QF M) 1, (Myg1)2 = (QF MiQy)2,

one finds new §i,G> by solving the system of two algebraic equations originating from

(i)

(Mgy1)1 = ((Jo2 + J33)@1 — J12G2) \/ 1 = @& — @5 — (J13G1 + J23G2) G,
(Mgy1)2 = ((Ji1 + J33)G2 — J12G1) \/ 1 = @& — @ + (J13G1 + J23G2) G-

In R? = (q1,q2,qo) these equations describe two centrally symmetric quadratic surfaces
Q1, Q2 which intersect the unit sphere ¢7 + ¢35 + ¢2 = 1 along curves Cj, Cy respectively.
Each curve is a union of two ovals, which are centrally symmetric to each other. The
intersection of C, Cy gives 4 complex points and 2 or none real points on P2. Thus there

are at most two different real solutions ((ﬁj), (féj)a ff(()j)) with (](()j ) > 0.

(6.16)

3). One chooses a solution (Q';(ll), Qél), Q'(()l) > 0) and finally finds the last component (M 1)3
by the formula

(Mi11)3 = (J11 — J22)d1 G2 — J12(& — G3) — (J13G1 + Jo3d2)do,

which is obtained from (EI6]) by substitutions ¥ — k + 1 and the ¢ — q.
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Figure 6.2: A Circular Section of the Momentum Surface

As aresult, for n = 3 the map My, — M1 given by [@I3) is generally 4-complez valued and
2-real valued. In order to choose one of the 2 real branches, we must use some extra arguments,
like existence of an additional integral, or, at least, to restrict ourselves with sufficiently small
q1, g2, which correspond to rotations {2 by a small angle 8. In this case only one of the solutions

((jgj ), (jéj )) will be small and it is natural to choose it.

It appears that the constrained energy integral () of the continuous Suslov system is
preserved by the discrete system as well.

Theorem 6.2. The discrete Suslov system [G13) has quadratic integral
(J11 + J33) M7 + 210 My Mo + (Joz + J33) M3, (6.17)
which gives rise to the following quartic integral in terms of the parameters qo,q1,qe:

H = ((Ja2 + J33)q; — 2J12q1q2 + (J11 + J33)q3)
((Jrzqn + Jo3q2)? + [(Ji1 + Ja3) (Jo2 + Ja3) — sz]qg) . (6.18)

The proof is straightforward: substituting expressions (1) and [ET) into (ETD) gives the
same expression in terms of qg, g1, ga.

The fact that (EIT) does not depend on M3 is quite natural: different branches of the map
(ET3) have the same value of the integral.

It should be emphasized that the complete energy integral (M,I=1M) of the continuous
Suslov problem is not preserved in the discrete setting.

Invariant curves. As follows from Theorem 2 the map has invariant curves, which are
either intersections of the sphere {¢? + ¢5 + ¢3 = 1} with a quartic surface H(q) = h or, in the
momentum space so*(3), intersections of the generalized quartic Steiner surface Y with elliptic
cylinders defined by (@Id). Thus, the invariant varieties are algebraic curves of order 8.
Assume that quadratic form (Joo + J33)¢7 — 2J12q1q2 + (J33 + J11)g5 is positive definite.
Then, as follows from (BIF), on the upper hemisphere 0 < go < 1 real invariant curves consist
of two branches: for small positive values of h one branch is a small oval around the origin (0, 0)
whereas the other branch is an oval close to the equator {gy = 0} of the sphere. It may or may
not intersect the equator. In the first case the opposite points of intersection are identified.
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These different branches correspond to the two connected components of the intersection of
the Steiner surface U with the cylinder.

As value of the integral increases, the branches approach each other: the smaller one becomes
bigger and the bigger shrinks. At a certain critical value h = h* the branches intersect at two
opposite saddle points and form a separatrix, and for the next critical value h** > h* the two
branches shrink to opposite center points. There are no real invariant curves for h > h**. Note
that for h = h* and h = h** the elliptic cylinder is tangent to the surface . An example of the
invariant curves foliation is given in Figure

&

N
X

~

=~

Figure 6.3: Invariant Curves and the Equilibria Line on RP?.

Remark. As noticed in [I§], in the absence of nonholonomic constraints, the map My, — M4
given by the discrete Euler—Poincaré equations (GI3) is multi-valued, because, in general, the
equation My = QpJ — JQ% has more than one solution.

In presence of the constraints (EI0), the latter equation has generally a unique solution
(except the points on self-intersection on i), however, as we saw above, the choice of A\g11 or
(Mp41)3 is not unique, and the map describing the discrete Suslov problem is multi-valued as
well.

Stationary solutions of the discrete Suslov problem. As follows from (EI3), if the
initial values q¢1, g2 satisfy the condition Ji3q1 + J23q2 = 0, then

— — — — T —
(Mii1)1 = (Mg)1, (Mii1)2 = (My)2, (QF MxQy)s = —(My)s,

that is, the coadjoint action My — QI M;Qy is the mirror reflection with respect to the plane
M3 = 0. Then it is natural to choose the multiplier Ay such that (Mg 1)s = (My11)3.

As a result, one of the branches of the map B has a one-parametric family of stationary
solutions (equilibria) characterized by points of the line

P= {52 n {J13q1 + Jozqo = 0}}/22
They correspond to discrete versions of permanent rotations of the body in the classical Suslov

problem. (In Figure the set of equilibria points is represented by a straight line segment.)
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In view of ([EI0), opposite points (¢1, g2, qo) and (—q1, —g2, go) on P correspond to mutually
inverse finite rotations  and Q7 respectively.

As also follows from (EIH), there are no equilibria points outside of this line. In particular,
neither the saddle points nor the centers of the invariant foliation on RP? are stationary points.

Finally, note that, like in the continuous system, for a balanced inertia tensor Ji3 = Joz =0
all the solutions of [EI0) are stationary, i.e., the discrete body momentum My, is preserved.

Remark. The foliation of RP? by invariant curves gives us a natural way of choosing the
branches of the map B in the general case. Namely, if the initial point (¢1,g2) lies in the domain
S C RP€ defined by the condition 0 < h < h*, i.e., it represents either a relatively small or
sufficiently big finite rotation 2, then the points (q1,¢2) and (¢1, =) have to belong to the same
connected component of the invariant curve. In other words, if the initial point lies in the
interior (exterior) part of S, one has to choose a real solution of (BIf) that has the smallest
(largest) norm G} + g3, respectively.

On the other hand, if (g1, g2) lies in complement RP?\ S, i.e., it is between the separatrices,
then a real initial point (g1,¢2) may lead to complex (Gi,g2) only. In particular, when the
initial point is a center, the next point is necessarily complex, although the value of the integral
remains to be real.

If branches of the map RP? — RP? are chosen according to the above way, then the discrete
time dynamics inherits all the main properties of the continuous Suslov problem.

Namely, let A_ and A denote semi-planes of RP? defined by conditions Ji5q1 + J23¢2 < 0
(respectively > 0) and let ©_ and ©, be semi-planes given by

(Ji2J13 + Ja2Jos + JazJsz)qr — (Ji1Jis + Jiad2s + Ji3J33)q2 < 0,

respectively > 0.

Theorem 6.3. If the initial point q = (q1,q2) lies in the interior part of S C RP?, then for
kE — —oo and k — 400 the sequence {qr} remains on the same branch of invariant curve
and tends to the unstable equilibria semi-line P, = PN O_ and the stable equilibria semi-line
Ps =P N O_ respectively. It lies entirely in one of the semi-planes AL .

For the foliation indicated in Figure B3 the corresponding discrete time dynamics in the
neighborhood of the origin is given in Figure £ where stable and unstable equilibria points on
P as depicted as dots and circles respectively.

-0.3 -0.2 -0.1 0 0.1 0.2 0.3

Figure 6.4: Discrete Dynamics near the origin of RP?.
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As follows from Theorem B3, for ¥ — —oco and & — 400 the limit finite rotations £ are
mutually inverse. This property gives a perfect discrete analog of limit permanent rotations in
the classical Suslov problem.

Proof of TheoremB3 First, we describe the discrete dynamics on the part Uy of the momentum
surface U bounded by the condition

E = (Ji1 + J33) M7 + 2J12 My My + (Jag + Ja3) M3 < h*.
For this purpose introduce a new coordinate system

My = (Ji3(J11 + Ja3) + JiaJes) My + (J23(Jaz + J33) + J12J13) Mo,
My = JogMy — Ji3Mo.

In view of relations ([EI2) one has

My = (Jisqr + Jasqz) [Q + ((J11 + J33)(Ja2 + J33) — J12)a0] (6.19)
Ma = Qqo — (J13q1 + J23q2)?, (6.20)
Q = (Ji2Ji3 + Ja2Joz + JazJ33)q1 — (Ji1J13 + Ji2Jas + J13J33)qe.

Using the properties (J11+ J33)(Jaz2 +J33) — J35 > 0, go > 0, one can show that in the domain Uy
the expression in square brackets in ([EI9) is positive. Hence, on the segment of the line M; =0
in Uy on has Ji3q1 + Jo3g2 = 0 and it consists of stationary points of the map. The points of
Uy with positive (negative) M correspond to the points on the interior part of S C RP? with
positive (respectively negative) values of Ji3q1 + Jagge. Next, in view of (E1H),

Mo i1 = Mo + (Jizqr + Jazqe)?,

which implies that the coordinate My always increases while the point M} approaches the line
Mj = 0 along the ellipse E(M;, Ms) = const. Then, as follows from (E20), for & — —oo, one
has My < 0, @ < 0 and for k — oo, Ms > 0, @ > 0. As a consequence, the equilibria positions
on P, =PNO_ are unstable and those on P, = PN O, are stable.

Further, due to @IH), M1 k+1 — M1k = —(J13q1 + J23g2)Q and, therefore,

M1 = (Jisqr + J23q2) (11 + J33)(Ja2 + J33) — J12)q0-

The latter and (EId) implies that, unless Jizq1 + Joszge = 0, the coordinates My and
M k41 always have the same sign, i.e., the sequence { My} lies entirely in one of the domains
Uy N {M; < 0}. Reformulating these properties for the interior part of the domain S C RP?,
we arrive at the statement of the theorem.

7 Discrete Unbalanced Chaplygin Sleigh

Now we pass to discretization of the EPS equations (B3] on the coalgebra se*(2).
The two subsequent positions of the sleigh are given by the matrices

cosl, —sinf, xy cosOrr1 —sinfpp1 g
X = sinf cosfr yr |, Xky1 = sinfgy1 cosOki1 Ykt
0 0 1 0 0 1

The helical displacement in the body frame is defined by 2}, = X, Xy € SE(2) and straight-
forward computation shows that

cos(Af) —sin(Af)  cosl; Axy + sin 0y Ay
2, = | sin(Aby) cos(Af) —sinby Axy, + cos b Ay | (7.1)
0 0 1

Al = Opy1 —costy, Arp =k — Tk, AYk = Yry1 — Yk
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Following the expression [Bl), define the left-invariant discrete Lagrangian on SE(2) x SE(2)
by replacing the helical velocity ¢ in (E8) with X, ' (Xj11 — Xz). Up to an additive constant,
we get

1 1
Ld(Xk+l7_Xk) = §tr (QkJQg) - §tr (JQ;{ + Qk]l) 5 (72)
J/2 + ma? mab ma
J= mab J2+mb? mb |,
ma mb m

where, as above, a,b are coordinates of the mass center C' in the body frame and J is its scalar
moment of inertia with respect to the origin A. This yields the following scalar expression

Lq :%Ayi + %Aazi + (J + ma® + mb®) (1 — cos Aby)
+ am|(sin g1 — sin O ) Ayx + (cosOg41 — cos O ) Axy]
+ bm](cos 41 — cos Ox) Ayy, — (sin 41 — sin by ) Axy]. (7.3)
In the continuous limit, when
Ay =cw+0(?), Axp=ci+O0(E?), Ay, =cy+0(?), <<, (7.4)
cos Oy i1 — cosby, = —cwsinf + O(e?), sinfpyq —sinby, = cwcosd + O(e?),

expression () divided by e transforms to the continuous Lagrangian (&Il plus higher order
terms in €.

According to definition ([B2), the discrete momentum in the body
Py = (po.k> P1,ksP2,k) € 5€*(2), has the form

0
Dok = _ng(ek + &, 0641, Ty Thot 15 Yk» Yht 1)

e=0
0 .
D1k = —ng(ekv Ok41, Tk + €080k, Tpq1, Y + €sinbr, yut1)|
e=0
0 .
D2k = —a_Ld(GIw Op41, Tk — e8inbk, Tog1, yx + o8Ok, Yut1)|
(3 e=0
that is,
pox = (J + ma® 4+ mb?) sin(Afy) + amVa  — bmVi
p1k = mVi g, —am(l — cos(Aby)) — bmsin(Aby), (7.5)
P2k = mVa i + amsin(Afy) — bm(1 — cos(Aby)),
where

Vl,k = (Qk)lg = A:Ek COS 9k + Ayk sin@k,
‘/Q,k = (Qk)gg = —AIk sin ok + Ayk COS 9k (76)
are "discrete velocities” in the body frame.

Next, the coadjoint action on se*(2) can be written in form

Dok — P2,k Vi ke +P1E Vo k
Ady, P, = cos(Aby )p1,k + sin(AbBg)p2i | - (7.7)
— sin(Abg)p1,i + cos(Aby)p2 k

In the absence of constraints the dynamics of the 2-dimensional body can be represented by
the discrete Euler—Poincaré equations

Py = Adg, Py, (7.8)
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which gives the momentum conservation law written in the body frame. In particular, for
a = b =0 (the mass center C lies at the origin), the system (LX), [C) yields

Sin(9k+1 — Hk) = Sin(ek — 91@—1)7
A:EkJrl cosbOpi1 + Ayk+1 sinfg41 = Axy, cos Or+1 + Ayk sin Ok 1,
_AIkJrl sin 9k+1 + Ayk+1 Ccos 9k+1 = —Auxy sin 9k+1 + Ayk CcOos 9k+1;

which implies that for small 8’s the differences 0y11 — 0k, x+1 — Tk, and yi1 — Yi are the same
for any integer k, the result one expects from studying the continuous problem.

Discrete constraint on SE(2). We now impose discrete left-invariant constraints on
SE(2) x SE(2) in the form of restrictions on discrete helical velocities 2, = X1 X}. By
analogy with continuous constraint defined by (BEI1l), a naive choice of a discrete constraint is
just to set

(k)23 = —sin by Axy, + cos by Ay, = 0. (7.9)

This choice however is not the right one. Indeed, following our approach to discrete left-invariant
constraints, admissible rotations and translations must be exponents of the matrices of the form
(EId). In this case b generates the subgroup SE(n —1) and, according to Proposition Bl expd
must be a covering of the homogeneous space SE(n)/SE(n — 1).

In the particular case n = 2, when 2} is given by ([l), we have

Proposition 7.1. The variety S = expd C SE(2) is diffeomorphic to the the canonical line
bundle 7 : £ — RP' = (21 : 22) (Moebius cylinder) such that 7= (2, : 22) = {v(21, 22), v € R}
and it is defined by the condition

(o 1—1{
— = . 7.10
(3 291 (7.10)
The latter yields the following constraint
—(Axzy cos by + Ayy, sin 0y,) sin(Aby/2)
+ (—Azmy sin 0 + Ay cos 0;) cos(Ab/2) =0 (7.11)
or, equivalently,
V11k[1 — COS(Aok)] - ‘/Q,k s1n(A9k) =0. (712)
The corresponding left-invariant constraint on SE(2) x SE(2) has the form
Or+1+0 Or+1+0
(2250 o — ) cos (BER ) s -y =0 (73

Observe that in the continuous limit [ZZ)) this yields the constraint —& sinf + ¢ cos = 0.
Proof of Proposition [LJ] For an element S € 9 we have

0 —w v coswt —sinwt Z sin(wt)
S=|w 0 0], exp(St)=| sinwt coswt Z(1—-cos(wt)) |,
0 0 O 0 0 1

where w, v are arbitrary. As a result, for the points of the admissible shift subvariety, relation
([CI0O) holds. Next, since

B {293 _ 1—coswt Aby,
wt = Af, and T tan 5 (7.14)

in view of ([CH), we have (1) and ([ZI2).

Finally, as seen from the last relation, the angle Afy determines the quotient (223/(213, i.e.,
aline in R? = (§23, £213). As Afj changes by 27, the line rotates by 7, hence S is diffeomorphic
to the Moebius cylinder.
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Remark. As seen from relation ([ZITl), the matrices from & C SE(2) describe “circular
translations” of the sleigh along the axis X}, of the blade: the points (zx,yr) and (Zg41,Yg+1) in
R? must lie on a circle such that the lines X and X}, are tangent to this circle. This property
also implies that

Axy, cos O + Ay sin 0y, = Axy, cos 01 + Ay sin 41,

7.15
—Axy sin 0 + Ay cos 0, = Az sin 041 — Ay cos 041 ( )

(see Figure [T)).

Axpy

Figure 7.1: The geometry of the incremental displacements for the Chaplygin sleigh.

The above constraint has also the following interpretation: in order to transfer the sleigh
from (O, xk,yr) € SE(2) to (Ogt1,Th+1,Yk+1) € SE(2) (assuming that this transition is pos-
sible), one needs first to perform the rotation over Afy/2 at (xy,yx), which aims the sleigh
towards (Zg+1,Yk+1), then slide the sleigh from (zg, yx) to (x+1,Yr+1), and then perform an-
other rotation over Afy/2 (now at (Ti41,Yk+1))-

Note that under the constraint (ZI2) the image of the discrete Legendre transformation
[Z3) is an algebraic quartic subvariety U in se*(2) = (pg,p1,p2) and to a generic pair (pg, p1)
there correspond four distinct points on U and four inverse images on § C SE(2).

Discrete momentum locus U C se*(2). Below we concentrate on the important case
b= 0, when the structure of the real surface U C se*(2) becomes simpler. It is more convenient
to describe the image U of U in R® = (py, p1, 2), where p1 = ap; + 2ma?, z = sin(A6).

Lemma 7.2. 1). For b =0 the surface U is given by cubic equation
H(po, p1,2) = J22° = 2Jpg 2" + (BT + 2Jp1 + p§)z — 2pep1 = 0. (7.16)

U lies entirely between the planes z = +1 and is tangent to them along the lines {+ =
{xpo — p1 = J} respectively. The pg- and p1-azis belong entirely to U.
2). For the parts of U over the quadrants
L++:{—ﬁ1+p9>J}ﬂ{—ﬁ1—p9>J} and
L ={-p1+py<JyN{-p1—po<J}

one has cos(Af) > 0, ie., —m/2 < A < /2 and in the rest of quadrants one has
cos(Af) <0 (m/2 < Af < 37/2).
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3). The projection 11 : U— R2 = (po,P1) is one-to-one except the above segments and the
interior of triangular domain bounded by the discriminant curve
Bt + 675 + pT(12J° + 2p5) — p1(10Tpj — 8.J%) + pjy — J?p = 0.

The curve is symmetric with respect to p1-axis, it is tangent to pg-axis at the origin (0,0)
and has 3 cusp points with coordinates (0,—2J), (c1,c2),(—c1,c2), with some positive
constants c1,ce. In this domain the projection Il is 3 to 1.

4). The curve {Vi =0} C U is projected onto the ellipse
E = {po = (J + ma®)sin(Af), p1 = ma*(1 + cos(AB)) | Af € (0;27)}. (7.17)
Inside the ellipse the values of Vi are negative and outside are positive.

Note that the point O with coordinates py = 0, p; = 2ma? corresponds to the origin in the
(po, p1) phase plane and in a neighborhood of this point the projection II is one-to-one. An
example of the surface U for J = 1.5 is presented in Figure

Figure 7.2: The surface U.

Proof of Lemma ). Using the condition ([ZIZ), we exclude Vi, Va2 from the first two
equations of ([ZH) to obtain the following condition on A6y,

J sin?(A0y) — po x sin(Aby) + (2ma® + apy 1,)[1 — cos(Af)] = 0. (7.18)

This equation always has trivial solution Af, = 2nm, n € Z. Setting z = sin(Afy), cos(Afy) =
V1 =22, p1 = ap, + 2ma?, we arrive at a quartic polynomial equation with respect to z, which
has the root z = 0. Factoring it out and omitting the index k, one gets the cubic equation
. i

Now setting in ([TI0) z = +1, we get (J F pg + p1)* = 0, which implies that ¢/ is indeed
tangent to the planes z = £1 along the lines /. Finally, setting z = py =0 or z = p; = 0, one
sees that equation ([ZIH) is satisfied for any p; and py respectively.

2). For fixed pg, p1, each root of ([IH) gives a solution of [LIV) with a sign of cos(Aby)
appropriately chosen. As seen from ([ZIF), for large |p,| and small z = sin(Af), the value of
cos(A#) must be close to 1, whereas for large pg > 0 and small |p,|, cos(Af) must be negative.
Since the sign of cos(A#) can change only under passage from one quadrant on the plane (pg,Y)
to another one, this proves item 2).

Ttems 3), 4) are verified by direct calculations.
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Discrete dynamics on se*(2) with the constraint. According to ([BF), the discrete
Euler—Poincaré-Suslov equations associated with the constraint (BI1l) have the form

Pry1 = Adf, Pr + A(0,0,1)7. (7.19)

Substituting here expressions ([L), we find that under the constraint [ZI2) the first two
components of Pj41 have the form

Pokr1 = (J +ma® +mb?)sin(Afy) — bmV;
+ am[— Az sin 01 + Ay cos Og1],
P k41 = MV — bmsin(Afy)
+ am[Axy cos 041 + Ay sin Op41],

which, in view of (LIH), (Z3), yields

Do.k+1 = Po,k — 2amVa i,

P1k+1 = P1,k + 2am(1 — cos(Aby)) .
Expressions ([[L20), [CIA) define a multi-valued map & — U or S — S which consists of 3 steps:

1). Given Abg, Vi i, one finds V3, form the constraint (ZI2) and then pg k, p1,k, P2,k from the
Legendre transformation ([CH).

2). One finds pg k1, p2,k+1 from ([[CZ0).
3). One finds Afr41, V1 k11 by choosing a solution of the system of equations

1 — cos(Abk41)
sin(Afg4+1)
P1k+1 = MV pr1 — am(l — cos(AbBk41)) — bmsin(Abk41),

which are obtained from ([ZH), (ZI2) by replacing k — k + 1.

(7.20)

poxt1 = (J +ma® +mb?)sin(Aby 1) + (am - bm> Vi kt1 5

Theorem 7.3. Equations ([T7.20) preserve the quantity
E = mpj + 2bmpgp1 + (J + m(a® + b*))pi, (7.21)
which coincides with the truncated energy integral {2) of the continuous Chaplygin sleigh.

Proof. Substituting expressions ([CH) and [Z20) into ([[CZI) and taking into account the con-
straint ([(ZIJ), one obtains the same expression in terms of Ay, Vi i and Va .

Since the quadratic form ([ZZ1]) is positive definite, we conclude that the invariant manifolds
of the map ([ZZ0) are the ellipses in the pgp1-plane.

Stationary solutions of the discrete Chaplygin sleigh. As follows from ([Z20), for
the initial conditions {Af; = 0, V3, = 0} one has

Po.k+1 = Po,k, Plk+1 = P1,k-

Hence, it is natural to choose such Ay in [ZID) that ps 11 = p2r as well. Thus, like the
continuous system ([E4), for a # 0 the map ([ZI9) has a family of stationary solutions which, on
the momenta plane (pg, p1), is represented by the line {pg +bp; = 0}. Such solutions correspond
to shifts in the (z,y)-plane along the axis of the blade by constant distances.

On the other hand, for a = 0 all the solutions are stationary. That is, in contrast to the
case of absence of constraints, when the discrete momentum in space is preserved, now it is the
momentum in the body P, which is preserved. In view of ([ZX), this implies

Abpyr = A0, Vigr1 = Vi

As a result, the discrete trajectory on the plane (x,y) consists of displacements along a circle
with radius p = Vi ./ sin(A6) 5 . The same behavior occurs to the continuous sleigh for a = 0.

®As numerical simulations show, if one chooses the naive constraint ([ZH) instead of [I0), then for a = 0 the
discrete trajectory on the plane (x,y) lies on a spiral.
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The case b = 0, a # 0. In this case the map (pgk, Pz k) — (Po.k+1,P1,k+1) has a line
of stationary points pg = 0, and, according to Theorem [[3 the discrete trajectories lie on
symmetric invariant ellipses mpj + (J + ma®)p? = E. Without loss of generality, we assume
a > 0. Then the following property holds.

Theorem 7.4. In the neighborhood of the origin O bounded by the condition E < m2a?(J+ma?)
the map is single-valued and has a bi-asymptotic behavior similar to that of the continuous
Chaplygin sleigh system. Namely, for k — —oo, the point (pok,ps k) approaches, along the
corresponding invariant ellipse, a point of the segment {pg = 0, —ma < p1 < 0} of unsta-
ble stationary points, and for k — 400, the point (pg k,Psk) approaches one of the points of
the segment {pg = 0, 0 < p1 < ma} of stable stationary points. In both cases the sequence
{(po,k>Pzk)} remains in one of the half-planes pg < 0 or pg > 0.

Proof. Part (3) of Lemma [ implies that the map is single-valued in the region E < m2a?(.J +
ma?).

Next, as follows from the first relation in (ZZ0) for ¢ > 0, the increment pq k11 — p1k is
always greater than or equal to zero. Then, to prove the bi-asymptotic behavior, it remains
only to show that the sequence {(pg x,p1,%)} lies entirely in one of the half-planes py < 0.

Indeed, let the point (pg i, ps k) be inside the ellipse € given by [ZID). First, assume that
po.k > 0. Then, in view of items (2), (4) of Lemma [ and the constraint ([CII), V1, and Va
are negative. According to (ZZ0), the increment pg k41 — pa,k is then positive. Similarly, for
P,k < 0 one has pg r+1 — po,x < 0.

Next, if 0 < p1.x < ma and (pg k, pz k) lies in the domain E < (J + ma?)m?a?, then, using
[C3), [C1I), one shows that 2amVay > pg i for pgr > 0 and 2amVa i < pe for per < 0.
Therefore, in view of &3), po,x+1 > 0, respectively, pg r+1 < 0.

As aresult, in any case, pg,, and pg k1 cannot have different signs, which proves the theorem.

One concludes that in the neighborhood of the origin O the discrete-time dynamics is similar
to that of the Suslov problem illustrated in Figure

We conclude this section with an example of the discrete sleigh trajectory on the plane (x,y)
compared to a continuous trajectory for b = 0 with a cusp, as presented in Figure

Figure 7.3: A typical discrete sleigh trajectory.

8 Conclusions

The discrete nonholonomic Suslov problem and the Chaplygin sleigh that we introduced in
this paper properties of their corresponding continuous-time dynamical systems; in particular,
they preserve the reduced constrained energy and, in the balanced case, the momentum. This
enables one to obtain explicit solutions for the momentum dynamics of both discrete systems
in terms of theta-functions and exponents. It is not currently clear if the complete solvability is
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due to the (low) dimension of the systems and if it is possible to construct completely solvable
discretizations of the multidimensional Suslov and Chaplygin problems. These issues will be
addressed in a future publication.

On the other hand, by modifying our approach, one can also consider discretizations of
nonholonomic LR systems on Lie groups. For such systems, the Lagrangian is left-invariant
while the constraint distribution is right-invariant. The discrete dynamics of such systems, as
well as the existence of their invariant measure, is currently being developed and will be exposed
in a future publication.
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