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Abstract

The existence of a transition chain in a Hamiltonian system leads to the
existence of orbits shadowing it� if some lambda lemma can be applied� This
fact has been used to prove the existence of di�usion in perturbations of
integrable a priori stable systems� We prove that� under suitable conditions
there are orbits which cover densely codimension two submanifolds of the
��n � ���dimensional energy level� We also provide an example where the
computations to verify the su	cient conditions for the appearance of such
phenomenon can be performed� We comment on Arnol
d example� which is
covered by this set of hypotheses�

AMS Subject Classi�cation ������� ��J	�
 �	C��
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� Introduction

The notions of obstruction set
 transition torus and transition chain were introduced
by Arnol�d in his celebrated paper ���
 where they were used to prove the existence

�



of di
usion in a particular perturbation of an integrable Hamiltonian system� We
brie�y recall these notions� in some space X we say that a set � � X is an obstruc�
tion set of M at a point x �M if for every manifold N which intersects transversely
M at x in X we have that N � � �� �� In applications to Hamiltonian systems
 the
obstruction set � is often taken as an invariant manifold intersecting transversely
the stable manifold of a partially hyperbolic torus �see de�nition in Section ��
 while
M is the unstable manifold of the torus� Let H be a Hamiltonian and let �t be the
�ow generated by its associated vector �eld� We say that an invariant torus of H is
a transition torus if it is a partially hyperbolic torus such that for any neighborhood
U of any point of its stable manifold
 f�t�U�� t � �g is an obstruction set of its
unstable manifold at any point of it�

A transition chain is a �possibly in�nite� sequence of transition tori such that the
unstable manifold of each torus intersects transversally the stable manifold of the
following one�

In the usual way to study Arnol�d di
usion
 some transition chain is constructed�
For that some tori are selected and then a suitable lambda lemma is provided to
ensure that the tori are indeed transition tori �	
 �
 ��
 ����

In ���
 Assertion B states that the tori considered in the Arnol�d example are indeed
transition tori� Other remarkable lambda lemma can be found in ��
 ����

In this paper we shall use the lambda lemma in ����
 since it applies to general tori�

Then to �nd initial conditions for orbits shadowing the prescribed transition chains

we use simple topological arguments as it is indicated in Arnold�Avez ��
 Lemma
������ In this way the set of initial conditions is found in the intersection of some
open sets� If we have a �nite sequence of tori
 then this set is open� However
 if we
have an in�nite sequence
 we can give an argument to prove that the set is non�void�

These arguments are also used in ��
 �� to �nd orbits with unbounded energy in a
class of time dependent analytic Hamiltonian systems�

Transition chains connecting two neighborhoods of the phase space
 if they can be
found
 are far from being uniquely determined� Since the next torus in the sequence
is chosen in order that the corresponding invariant manifolds intersect transversally

any torus verifying this hypothesis is acceptable� In particular
 from a given torus

it is possible to move in many directions� In this way
 the orbits which shadow the
chain may look like moving randomly�

The �rst part of the paper is devoted to study properties of partially hyperbolic tori
in Hamiltonian systems� A simple normal form around a torus is presented� It this
form
 the results in ���� can be applied to get the existence of invariant manifolds
associated to the hyperbolic directions of the torus� This normal form also permits
to apply the lambda lemma in ���� to prove that the torus �and any C��close torus�
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has the obstruction property�

The main result of the present paper puts in an abstract context a set of su�cient
conditions to �nd orbits which cover densely invariant submanifolds� With the above
mentioned techniques
 we will construct orbits which shadow transition chains with
an in�nite number of tori� This construction is quite general and can be applied in
several situations� In our case
 we have supplied enough hypotheses to �nd orbits
which cover densely invariant manifolds �of codimension �� foliated with invariant
tori
 that is
 although on the manifolds the dynamics is con�ned on each torus
 there
is an actual orbit shadowing them and thus providing transport� Then an example
which satis�es those conditions is presented� More concretely
 we show that there
is an orbit which shadows a whole resonance surface �for a �xed energy level�� The
same argument can be applied to those Hamiltonian systems in ���� to obtain orbits
covering densely invariant manifolds of codimension ��

The paper is organized as follows� in Section � we give the precise de�nition of
partially hyperbolic tori which we will use� Lemma ��� provides a useful set of
canonical coordinates near the torus� Then results on invariant manifolds and a
lambda lemma are reviewed� Section � is devoted to the main result on the existence
of orbits whose closure is very big� Finally two examples are presented in Section 	�

� Partially hyperbolic tori and related results

Let �X ��� be a �n�dimensional symplectic manifold
 that is
 X is a �n�manifold and
� is a closed non degenerate � form on X � Let H � X � R be a Cr�� Hamiltonian

r � �
 and let �t be the �ow generated by its corresponding vector �eld
 vH� We
will denote Bk

� the open ball around � of radius � in Rk�

We �rst review some de�nitions�

A set T � X is a m�invariant Liouville torus with frequency vector � � Rm if there
exists an embedding i � Tm �� X 
 T � i�Tm�
 Di 	 � � vH 
 i� This condition is
equivalent to �t 
 i�	� � i�	� t���

T is called non�resonant if the frequency vector � is non�resonant�

hk� �i �� �� for all k �Zm n f�g�

We remark that if T is non�resonant
 then T is isotropic �i�e�
 i�� � �
 the symplectic
two form vanishes on T � ��	��

An isotropic Liouville invariant torus T is partially hyperbolic if m � n and there
exist two smooth �n�m��dimensional subbundles Eu�s of the bundle TT X 
 invariant
by �t
 such that the linearized �ow is expanding on Eu and contracting on Es
 that

�



is
 given a Riemannian metric on X 
 there exists � � � and c � � such that
 �z � T 

�t � �


kD�tjzvk � ce��tkvk� �v � Es
z �

kD��t jzvk � ce��tkvk� �v � Eu
z �

�����

�See also ����� We will assume that the bundles Eu�s are trivial� If not
 they can be
trivialized by considering a �nite covering of a tubular neighborhood of the torus�

Lemma ���� Under the previous conditions� if T is a partially hyperbolic torus�
there exist a neighborhood U of Tm in Rn�m 
 Rn�m 
Tm
 Rm and a symplectic
di�eomorphism g � U � X such that g�Tn� � T � g�� � dx � dy � d	 � dI and� for
any given value of t� g transforms the time t map �t of H into

F �x� y� 	� I� � �A��	�x�A��	�y� 	� ��I� � C�	�I� I� � f�x� y� 	� I�� �����

with kA��
� �	�k� kA��	�k � ce��t� � � �� and f � O�k�x� y� I�k���

The proof is based on symplectic geometry arguments and it is deferred to the
Appendix A�

Remark ���� Note that Lemma ��� implies the existence of a trivial tubular neigh�
borhood of T 
 that is
 a tubular neighborhood di
eomorphic to R�n�m 
Tm� The
key points are that the torus is isotropic and that the bundles Eu and Es are trivial�
The associated dynamics
 as it is shown in the proof
 implies that Eu � Es is a
symplectic bundle� The tubular neighborhood construction gives the existence of a
neighborhood U of T in X such that U is di
eomorphic to Eu � Es � T �T 
 while
Weinstein�s Theorem ensures that this di
eomorphism can be chosen to be symplec�
tic� Finally since the cotangent bundle of T is trivial
 the tubular neighborhood is
trivial�

Partially hyperbolic tori have invariant stable and unstable manifolds associated to
their contracting and expanding bundles� For analytic Hamiltonian systems this
result goes back to Gra
 ���� and Zenhder ����� Below we quote a more general
result applicable to families of di
erentiable maps
 not necessarily symplectic �see
����
 also ��
 �����

Theorem ���� Let F� � Bp
� 
 Bq

� 
 Tk 
 Bl
� � R

p 
 Rq 
 Tk 
 Rl� 
 � Bi
� be a

family of Cr di�eomorphisms� r � N � f�g� of the form

F��x� y� 	� I� � �A���	�x�A���	�y� 	 � ���x� y� I�� B��	�I� � f��x� y� 	� I�� �����

If there exist � � �� � � �� K� � � such that ������ � K��r � �� a continuous
non�negative function L��� 
� such that L��� �� � � and

	



�� the functions A��� B�� �� and f� are Cr with respect to �x� y� 	� I� 
��

�� kA��	�k � ���� kA���	�k � ���� kB��	�k � �� �	 � Tk�

�� the function f� � �f�� f�� f�� f�� veri�es that

fj�x� y� 	� I� � h�� j�x� y� 	� I�� �x� y� I�i� j �� �

with �� of class Cr with respect to 	 and 
 and kDf� �w� 
�k � L��� 
� for
w � Bp

� 
Bq

� 
Tk 
Bl
�� 
 � 
Bi

��

	� k��f��w� 
�k � K� for w � Bp
� 
Bq

� 
Tk
Bl
�� 
 � 
Bi

��

then there exist �� and 
� such that if � � � � �� and 
 � Bi
��
� the invariant

torus fx � �� y � �� I � �g of the map F� has invariant stable and unstable
manifolds which can be represented as the graph of Cr functions �s��y� 	� and �

u
� �x� 	�

respectively� verifying �s�u� ��� 	� � �� The forward iterates of the points on the stable
manifold tend to the torus� exponentially fast� as well as the backward iterates of
points on the unstable manifold�

Moreover� these functions �s�u are unique functions de�ned on Bp�q

� 
Tk in the space

�c�M � f� Lipschitz� lip � � c� k��z� 	�k �Mkzk k	 � 	�kg

with c � O�L��� and M � O������ such that their graphs are invariant by F��

Remark ��	� In fact
 Theorem ��� is proved in ���� under more general conditions�
In particular
 in the Ck case
 k � �
 the dynamics on the torus does not need to
be a rotation
 which in the present formulation is implicit in hypothesis ��

Remark ��
� Although Theorem ��� applies to maps
 the fact that the invariant
stable and unstable manifolds are unique implies that the same assertion holds true
for the �ow �t of a di
erential equation
 provided that
 for each t � �
 �t satis�es
the hypotheses of Theorem ���
 with � � e�t
 � � e�t
 for some � � ��

From Theorem ��� it follows that a partially hyperbolic isotropic torus
 as de�ned
before
 has stable and unstable manifolds� Next proposition deals with tori close to
a partially hyperbolic isotropic trivial torus�

Proposition ���� Let T be a partially hyperbolic invariant isotropic trivial torus�
as de�ned before� If T � is a Liouville invariant torus C� close enough to T � then
T � is also partially hyperbolic and possesses invariant stable and unstable manifolds�
which are C� close to those of T �
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Proof� In the variables given by Lemma ���
 �x� y� 	� I�
 the torus T is parameterized
by ��� �� 	� ��
 with 	 � Tm� If T � is C� close enough to T 
 it can be parameterized
by �X�	�� Y �	�� 	� R�	��
 where the functions X�Y�R have derivatives close to ��

It is clear that the relations

�x � x�X�	�� �y � y � Y �	�� �	 � 	� �I � I �R�	��

de�ne a close to the identity change of variables
 g � V � U 
 U being a neighborhood
of T � and V a neighborhood of f�x � �� �y � �� �I � �g� In these new variables T � is
given by f�x � �� �y � �� �I � �g� Furthermore
 the �ow ��t � g�� 
 �t 
 g is

��t��x� �y� �	� �I� � �A���	��x�A���	��y� �	 � ���I� � C��	���I �R��	��� �I� � �f��x� �y� �	� �I��

where the functions A�
 A�
 � are those of ����� and �f � � �f�� �f�� �f�� �f��� Note that

since T � is invariant and is given by f�x � �� �y � �� �I � �g
 we have that �fj jT � � �

for j �� � and �f� is small� Now �f can have linear terms
 which are of order �X�Y�R��
In these variables
 the dynamics on T � is given by 	 �� 	 � ���� � g�	�
 where

g�	� � ��R��	��� ���� � C��	�R��	� � f��X��	�� Y ��	�� �	�R��	���

Since Dg is small
 we have that ��t still satis�es the hypotheses of Theorem ����

Remark ���� We are considering the map ����� for a �xed value of t� The frequency
vector on the torus T � fx � �� y � �� I � �g for the map �t is �t � �t
 where � is
the frequency vector on the torus for the vector �eld� Note that the non�resonance
condition for �t is

hk� �ti �� l� �k �Zm n f�g� l �Z�
There are values of t such that
 although the �ow is dense on T 
 the map �t is
not ergodic on T � Nevertheless
 it is clear that if � is non�resonant
 then �t is
non�resonant
 in the map sense
 for a dense set of values of t�

For partially hyperbolic tori we have the following result ����

Theorem ��� �Lambda lemma�� Let F� be a map of the form ����
 satisfying
hypotheses � to 	 of Theorem ��� for j � � and such that the invariant torus fx �
�� y � �� I � �g bears a non�resonant rotation� Let W s�u be its stable and unstable
manifolds� Let � be an �p� l��dimensional C� manifold intersecting transversely W s

at q�� Then W u � �n��F n���� Moreover� there exist q�dimensional submanifolds D
of � such that if Dn is the connected component of F n�D� � B��� �� which contains
F n�q��� for any � � � there exist n� such that TDn is ��close to �a subset of
 TW u

if n � n��
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We remark that in the case of �ows
 the invariant manifolds of the time t map
never intersect transversely
 since this intersection contains at least one orbit� This
problem can be overcome by using suitable Poincar e sections� We use a di
erent
approach�

Since the invariant manifolds of the �ow �t given by Theorem ��� are unique and
the Hamiltonian H is autonomous
 the invariant manifolds do not depend on t�
Moreover
 in the Hamiltonian case
 the lambda lemma
 as it is presented here
 also
yields the same conclusion if the intersection of the manifolds is transversal in the
energy level �see ������ Therefore
 if the �ow veri�es that the rotation on the torus is
non�resonant
 it is possible to choose t such that the rotation for the map �t is also
non�resonant� Hence
the lambda lemma applies and we obtain that any manifold
intersecting transversely the stable manifold of the torus covers densely the unstable
one�

� The main result

Now we present our main

Theorem ���� Let B be an open ball of Rn� n � �� and H � Tn 
 B �� R be
a C� Hamiltonian� Let E � R� Suppose that M is a connected subset of fz �
T
n
Rn� H�z� � Eg such that

��
 for each z � �	� I� � M there is an �n�k��partially hyperbolic invariant torus
Tz of H� k � �� such that the dynamics on Tz is conjugated to a rotation of
frequency �z�

��
 there exists a subset C � M� countable and dense in M� such that for all
z � C� �z is non�resonant�

��
 there exists M� � M such that M�M� is connected� ��compact and dense
in M and for all z � M�M� the stable and unstable manifolds of Tz intersect
transversely in the energy level H�z� � E�

Then there exists an orbit fz�t�g of the system H which is dense in M� that is�
M� fz�t�� t � �g�
Remark ���� In the next section we will present an example in whichM is compact
and M� � ��
Remark ���� The tori such that �z is non resonant are isotropic� By Lemma ��� and
Theorem ��� they have invariant manifolds� By Proposition ��� tori which are C�

close enough also have invariant manifolds�
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Remark ��	� We note that the points in M are on an invariant torus of the system
and then its complete orbit is con�ned inside an invariant torus� We can say that
there is no transport in the sense that given two points in di
erent tori there are
open neighborhoods �in M� of these points such that orbits with initial conditions
in the �rst neighborhood do not pass through the second one� Theorem ��� states
that there exists an orbit intersecting any neighborhood of any point in M�

Proof� The �rst step of the proof consists on constructing a sequence of points of
C
 �zj�j��
 so that the unstable manifold of the Tzj intersects tranversally �in the
energy level� the stable manifold of Tzj�� 
 and fzj� j � �g is dense in M�

For that let Km be a sequence of compact and connex sets of M�M� such that

Km � Km���
�
m��

Km �M�M��

For each m there exists �m � � such that

z� z� � Km and kz � z�k � �m implies W uTz t W sTz� �

This property holds because
 since the invariant manifolds depend on a C� way with
respect to the torus
 to be transversal is an open property�

We take

�m � min��m� ��m� �����

and a �nite covering fB�ujm� �m�g��j�jm of Km with balls of radius �m
 centered at
points ujm � Km�

Since Km is connected and the covering is �nite we can visit all balls of the covering
passing from one ball to a neighbor one with non void intersection with it� The
important point is that we can pass through each ball at least once
 but we do not
exclude the possibility of having to pass through some of them several times�

Then taking points in the intersections of the balls and also belonging to C we �nd
a �nite sequence fv�m� � � � � vimm g of points such that W uTvim t W sTvi��m

� We select the
points so that the �rst one in the �nite sequence at the level m is in the last ball of
the sequence corresponding to the level m� �� In particular kv�m � v

im��

m�� k � �m���

In this way
 joining these �nite sequences we obtain the desired �in�nite� sequence
�zj�j���

The second step consists on looking for the initial condition for the orbit� We
will �nd them in the intersection of a sequence of non empty nested compact sets

suitably choosen by using the lambda lemma�
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W uTz�

W sTz�

Tz�

W uTz�

W sTz�
Tz�z��U�

B�z�� ���

Figure �� The transition chain� We have identi�ed the points zi with the tori Tzi�

In the following �l will mean the numbers given by ������

Since the intersection between W uTzj and W sTzj�� is transversal and the tori are
non�resonant
 we can apply the Inclination Lemma to the time reversed �ow and we
obtain

W sTzj �W sTzj�� � for all j � �� �����

Also
 applying ����� inductively
 we have that for all j � �
 W sTz� � W sTzj �
Let z�� � B�z�� ��� �W sTz� and U� � B�z�� ��� be an open neighborhood of z�� �see
Fig� ��� By �����
 there exist z�� � B�z�� ��� �W sTz�
 and t� � � such that

��t��z
�
�� � U��

Let V� � B�z�� ��� be an open neighborhood of z�� and �U� � U� ���t��V��� We take
U� slightly smaller so that U� � �U� and that that �t��U�� is an open neighborhood
of z���

By induction
 let z�k � B�zk� �k� � W sTzk 
 Uk � Uk�� � 	 	 	 � U� open sets and
tk�� � � such that �t������tk���Uk� is a neighborhood of z�k� By �����
 there exists
z�k�� � B�zk��� �k��� �W sTzk�� and tk � � such that

��tk �z
�
k��� � �t������tk���Uk��

Then
 given Vk�� � B�zk��� �k���
 a neighborhood of z�k��
 we de�ne �Uk�� �

��t������tk�Vk��� � Uk� We take Uk�� slightly smaller so that Uk�� � �Uk�� and
that that �t������tk�Uk� is an open neighborhood of z�k���
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In this way
 we have constructed a sequence of open sets
 Uj 
 such that Uj � Uj�� �
	 	 	 � U� and �t������tj���Uj� � B�zj� �j�� We have that �j��Uj � �j��Uj�� �� ��
The points in �j��Uj are initial conditions of orbits dense in M�

� Examples

��� Example �

In this subsection we provide an example which satis�es the hypotheses of Theorem
���� In fact we give a two parameter family of Hamiltonians such that for an open set
of parameters the corresponding Hamiltonian satisfy the hypotheses� The example
is the n degrees of freedom family of Hamiltonians

H���	� I� �
�

�
hI� Ii� ��cos���	��� �� � 
I��

nX
j��

cos���	j�� �	���

For such example we will consider the set

M � fz � �	� I� � Tn
Rn�

nX
j��

I�j � E� I� � �� 	� � �g

with E � � �xed� M is a compact and connex �n � � invariant submanifold of the
enery level fH�� � Eg�
From the observation of the Hamiltonian equations

!	� �
�H

�I�
� I� � �
I�

nX
j��

cos���	j�

!	j �
�H

�Ij
� Ij

!I� � ��H

�	�
� ��� sin���	��

!Ij � ��H

�	�
� ��
I�� sin���	j�

it follows immediately that the set M is foliated by n� � tori which can be labeled
by n� � numbers ���� � � � � �n�� We will write � � ���� � � � � �n� � Rn�� and then we
denote

T� � fz� 	� � �� I� � �� I� � ��� � � � � In � �ng� �	���

��



T� are invariant tori of H�� with frequency vector � such that �
�h�� �i � E�

Clearly T� �M and M � � �

�
h���i�ET��

Theorem ��� will imply that there is an orbit such that its closure containsM� More
precisely

Proposition 	��� There exists an open set of parameters P � R
� such that for

��� 
� � P � H���	� I� de�ned in �	��
 has an orbit z�t� such thatM� fz�t�� t � �g�

Proof� Let us �rst consider consider the intermediate integrable Hamiltonian

H��	� I� �
�

�
hI� Ii� ��cos���	��� ���

The tori T� introduced in �	��� are also invariant by H�� They are partially hyper�
bolic tori and have one dimensional stable and unstable directions�

We can represent the stable and unstable manifolds of the tori T�
 W s
� 
 W

u
� 
 as

graphs of explicit functions� To get these functions we use that they have to be in
the energy level H��z� � E so that

�

�
I�� �

�

�

nX
j��

I�j � ��cos���	��� �� � E �
�

�

nX
j��

��
j �

Then

I� � ��
p
� sin �	�� �I�� � � � � In� � �� �	���

We see that the stable and unstable manifolds of T coincide� Then every orbit in it
is a homoclinic orbit�

We consider points in the invariant manifold with 	� � ���
 that is


����� 	��� � � � � 	
�
n�
p
��� ��� � � � � �n�

The homoclinic orbit �	�t�� I�t�� such that at t � t�
 passes through that point is

	��t� �
�

�
arctan�e�	

p
��t�t�	� I��t� �

�
p
�

cosh���
p
��t� t���

�

	��t� � 	�� � ���t� t��� I��t� � ���
���

���
	n�t� � 	�n � �n�t� t��� In�t� � �n�

��



We consider our HamiltonianH�� as a perturbation of H� and then we can study the
invariant manifolds of H�� by perturbative techniques from the invariant manifolds
of H��

Since H�� satis�es the reversibility condition

H���	� I� � H���� � 	���	�� � � � ��	n� I�� �	�	�

we can argue easily that the stable and unstable manifolds of T� actually intersect�
Indeed �	�	� implies that if z�t� � �	��t�� 	��t�� � � � � 	n�t�� I�t�� is a solution then
�z�t� � ��� 	���t���	���t�� � � � ��	n��t�� I��t�� is also a solution� Then if z�t� is a
solution with initial condition on W s � P with P � f	� � ���� 	� � �� � � � � 	n � �g
at t � �
 that is d�z�t��T�� � � as t� � then d��z�t��T�� � � as t� ��� Note
that the points ��� �� � � � � �� �� are identi�ed with ��� �� � � � � �� ��� Since the manifolds
vary smoothly with respect to 
 and since
 by �	���
 when 
 � � the stable manifold
intersects transversaly P 
 we have that they also intersect for 
 �� � small� The
points of intersection are initial conditions of homoclinic orbits�

To study the tranvesality of the intersection we use the Poincar e�Melnikov method
�see
 for instance
 ������ Following that reference LetM � �M�� � � � �Mn� be Melnikov
vector with

Mj � Mj�t�� 	
�
�� � � � � 	

�
n� � �

Z �

��
D��j

K�	�s�� I�s�� ds� j � �� � � � � n�

where K � 
I��
Pn

j�� cos���	j� and �	�s�� I�s�� is a homoclinic orbit of the Hamil�

tonian H� with 	j�t�� � 	�j � For this example

Mj �

Z �

��

���

cosh����
p
��s� t���

sin���	�j � ���j�s� t��� ds�

If detD���
�
�


���n	

M��� �� �� � the intersection along the homoclinic orbit is tranversal

for values of 
 small enough


In our case
 D���
�
�


���n	

M��� �� � diag �g�� � � � � gn�
 where

gj � �����
Z �

��

	�

cosh����
p
�s�

cos����js� ds� j � �� � � � � n�

A direct computation via residue theory shows that

gj � ���
	�j

sinh
�

	�j

�
p
�

� � j � �� � � � � n�

In particular
 gj �� � for all �j � R� Therefore
 since M is compact
 there exists

� � � such that
 for all 

 j
j � 
�
 and for all z � M
 the invariant manifolds

��



of Tz
 for the Hamiltonian H��
 intersect transversaly� Proposition 	�� follows from
the fact that the tori with non�resonant frequencies are dense in M and Theorem
����

��� Example �� Arnol�d example

Consider the Arnol�d Hamiltonian ���

H���	� I� �
�

�

�
I�� � I��

�
� I� � ��cos�	��� ���� � 
�sin 	� � cos 	���� �	���

In this case
 for any E
 the manifold M � fI�� � �I� � E� I� � �� 	� � �g is �
dimensional and it is foliated by � dimensional tori� Therefore
 the tori in M can
be described by a single parameter
 which can be I��

In ��� it is proved that given two real numbers � � a � b
 for any � � �
 there exists

� such that for any � � 
 � 
� the Hamiltonian system �	��� has an orbit with
I��t�� � a
 I��t�� � b
 for some t� � t�� It is clear that I� reaches all values between
a and b as t goes from t� to t��

Theorem ��� can also be applied to this example in the following way� consider the
interval �a� b� and let �Jk���k�N be a partition of the interval �a� b�� Then we have

Proposition 	��� For any sequence �k�� k�� � � � �� ki � N� � � ki � N � there exists
an open set of parameters P � R� such that for ��� 
� � P � H���	� I� de�ned in
�	�

 has an orbit z�t� � �	�t�� I�t�� verifying that� for an increasing sequence of
time t� � t� � 	 	 	 � I��ti� � Jki �

Proof� In ��� it is checked that the manifold Ma�b � M� fa � I� � bg veri�es the
hypotheses of Theorem ��� for an open subset of parameters�

We de�ne Mj � fz � �	� I� � Ma�b � I� � Jjg� It is clear that Ma�b � �jMj�
Since
 by Theorem ���
 there is an orbit z�t� covering densely Ma�b
 there exists an
increasing sequence of times t� � t� � 	 	 	 such that z�ti� is arbitrarily close to points
inMj� In particular
 the sequence can be chosen in such a way that I��ti� � Jki �

A Proof of Lemma ���

The proof consists on �nding a symplectic basis fu��z�� � � � � u�n�z�g of TzX for each
z � T so that

� fu��z�� � � � � un�m�z�g is a basis of Eu
z 


��



� fun�m���z�� � � � � un�z�g is a basis of TzT 


� fun���z�� � � � � u�n�m�z�g is a basis of Es
z �

Then we see that in a coordinate system associated to this basis
 the map �t has
the claimed form ������

The construction of the basis will proceed in several steps�

By taking coordinates on T 
 we can identify a point z � T by 	 � �	�� � � � � 	m�

	 � Tm� Hence
 the constant vector �elds f �

���
� � � � � �

��m
g on T 
 on each z � T 


expand TzT �

The time t map �t is a symplectic map
 that is
 it veri�es that ��
t� � ��

We write zt � �tz and we represent by �jz the restriction of � to TzX �

Taking v�w � Eu
 since ��t is contracting on Eu
 we �nd that

�jz�v�w� � lim
t	��

�jzt�D�t�z�v�D�t�z�w� � ��

This implies that �jEu � �� In an analogous way one sees that �jEs � ��

Since �tjT is a rotation
 for z � T we will simply write that D�t�z�jTzT � Id 

although D�t�z�jTzT � TzT �� TztT � Moreover
 since T is isotropic
 invariant
 and
D�tjT � Id we have that
 for all z � T 
 Eu

z � TzT is a Lagrangian subspace of
TzX � For that it only remains to be checked that if v � Eu

z and w � TzT then
�jz�v�w� � �� This follows from �jz�v�w� � limt	�� �jzt�D�t�z�v� Id w� � �� In
the same way one sees that Es

z � TzT is also Lagrangian�

Since Eu is trivial
 there exist vector �elds on X 
 ej�z�
 � � j � n �m
 such that

for all z � T 
 fe��z�� � � � � en�m�z�g is a basis of Eu

z � We de�ne en�m�j �z� �
�
��j


 for

� � j � m� Then fe��z�� � � � � en�z�g is a basis of Eu
z � TzT �

We claim that there exist fen���z�� � � � � e�n�z�g
 vector �elds on X 
 such that
 for all
z � T 
 fe��z�� � � � � e�n�z�g is a canonical basis of TzX 
 that is

��ei� ej� � �� ��en�i� en�j� � �� ��ei� en�j� � �i�j� i� j � �� � � � � n� �A���

where the preceding expressions are evaluated at z � T �

Indeed
 let f��� � � � � �ng the dual forms of fe�� � � � � eng
 that is
 �i�ej� � �i�j
 � � i� j �
n� Let �� denote the di
eomorphism between ��forms and vector �elds induced by
the symplectic form �� We de�ne

�en�j � ���j� � � j � n�

Since �jEu
TT � �
 it follows that

��ei� ej� � �� ��ei� �en�j� � �i�j� i� j � �� � � � � n�

�	



We take en�i � �en�i �
Pn

j�� djiej� The conditions

��en�i� en�j� � �� i� j � �� � � � � n�

are equivalent to

���en�i� �en�j�� dij � dji � �� i� j � �� � � � � n�

which obviously can be solved� Furthermore
 the new en�i satisfy �A����

For a point z � T 
 we introduce the following subspaces of TzX �

F �
z � hen���z�� � � � � e�n�m�z�i� F �

z � he�n�m���z�� � � � � e�n�z�i�
From the invariance of Eu we have that
 for i � �� � � � � n � m
 D�t�z�ei�z� �Pn�m

j�� cjiej�zt�
 and the matrix �cji���i�j�n�m is non singular� We claim that if

e�n�m�j�z� � F �
z then D�t�z�e�n�m�j�z� � e�n�m�j�zt� � Eu

zt
� TztT � Indeed
 for

� � j � m we write

D�t�z�e�n�m�j�z� � wj �
n�mX
k��

�kjen�k�zt� �
mX
l��

�lje�n�m�l�zt� �A���

with wj � Eu
zt
� TztT � Taking i with � � i � m
 from

�ij � �jz�en�m�i�z�� e�n�m�j�z�� � �jzt�en�m�i�zt��D�t�z�e�n�m�j�z��

we get �ij � �ij
 and taking i with � � i � n �m
 from

� � �jz�ei�z�� e�n�m�j�z�� � �jzt�D�t�z�ei�z��D�t�z�e�n�m�j�z��

� �jzt�
n�mX
l��

cliel�zt�� wj �
n�mX
k��

�kjen�k�zt� � e�n�m�j�zt�� �
n�mX
j��

cli�lj�

The fact that the matrix �cli� is invertible implies �lj � �
 for all l� j�

We claim that D�t�z�F �
z � Eu

zt
� TztT � F �

zt
� Indeed
 for � � j � n�m we write

D�t�z�en�j�z� � wj �
mX
k��

�kje�n�m�k�zt�� wj � Eu
zt
� TztT � F �

zt
�

Then
 for � � i � m

� � �jz�en�m�i�z�� en�j�z�� � �jzt�D�t�z�en�m�i�z��D�t�z�en�j�z��

� �jzt�en�m�i�zt��
mX
k��

�kje�n�m�k�zt�� � �ij�

��



Next we claim that Es
z � Eu

z � TzT � F �
z �

We write v � Es
z as v � w�

Pm

j�� �je�n�m�j�z� with w � Eu
z �TzT �F �

z � Then
 for
� � i � m
 since for any v � Es

z 
 D�t�z�v tends to zero �exponentially fast� when
t��


� � lim
t	�

�jzt�en�m�i�zt��D�t�z�v� � �jz�en�m�i�z�� v�

� �jz�en�m�i�z�� w �
mX
j��

�je�n�m�j�z�� � �i�

Now we are going to look for a good basis of Es� Since Es is trivial there are n�m
independent vector �elds �uj
 n�� � j � �n�m such that f�un���z�� � � � � �u�n�m�z�g
is a basis of Es

z for all z � T � Since Es � Eu � TT � F �
 then

�un�j �
n�mX
l��

aljen�l �
nX
l��

bljel� � � j � n�m�

where the �n�m�
 �n�m� matrix A � �alj� is nonsingular�

We construct another basis fun��� � � � � u�n�mg of Es in such a way that

fe�� � � � � en�m� un��� � � � � u�n�mg
is symplectic� Let

un�j �
n�mX
l��

clj�un�l� � � j � n�m�

We impose that

��ei� un�j� � �ij� � � i � n�m� �A���

��un�i� un�j� � �� � � i � n�m� �A�	�

Condition �A�	� is automatically satis�ed because Es is isotropic� From �A��� we
get

�ij � ��ei�
n�mX
l��

clj�un�l� �
n�mX
l��

clj��ei�
n�mX
k��

aklen�k �
nX

k��

bklek�

�
n�mX
l��

clj

n�mX
k��

akl�ik �
n�mX
l��

cljail�

If we denote A � �aij�
 C � �cij�
 the condition �A��� is equivalent to AC � Id so
that it su�ces to take C � A�� to ful�ll it�

��



Finally we look for vector �elds uj
 j � �n�m� �� � � � � �n
 so that

fe�� � � � � en� un��� � � � � u�n�m� u�n�m��� � � � � u�ng
is a symplectic basis of TjTM� This can be accomplished by taking

u�n�m�j � e�n�m�j �
nX
l��

dljel� � � j � m� �A���

and choosing dlj so that for � � j � m


��ei� u�n�m�j� � �� for � � i � n�m� �A���

��en�m�i� u�n�m�j� � �ij� for � � i � m� �A���

��un�i� u�n�m�j� � �� for � � i � n�m� �A���

��u�n�m�i� u�n�m�j� � �� for � � i � m� �A���

The form �A��� guarantees that �A��� and �A��� are satis�ed� The conditions �A���
and �A��� are equivalent to

��un�i� e�n�m�j� � dij � � �A����

�dn�m�i�j � dn�m�j�i � �� �A����

Condition �A���� determines the values of dij for � � i � n � m
 � � j � m�
Condition �A���� only requires the submatrix �dn�m�i�j ���i�j�m to be symmetric�

Finally
 repeating the same arguments
 we have that the image of the vector bundle
hu�n�m��� � � � � u�ni is spanned by hen�m��� � � � � en� u�n�m��� � � � � u�ni�
Indeed
 by �A��� D�t�z�e�n�m�j�z� � wj �

Pm

l�� �lje�n�m�l�zt�
 wj � Eu
zt
�TztT 
 so

that "sD�t�z�e�n�m�j�z� � �� Then
 by �A��� we have that "sD�t�z�u�n�m�j�z� �
�� Using again �A��� we obtain that D�t�z�u�n�m�j � u�n�m�j � TzT �

We de�ne uj � ej for � � j � n� Now
 we de�ne coordinates in X by means of
these vector �elds and the exponential map induced by the Riemannian metric on
X � the coordinates

�x�� � � � � xn�m� y�� � � � � yn�m� 	�� � � � � 	m� I�� � � � � Im�

will denote the point

exp
�
x�u��z� � 	 	 	� xn�mun�m�z� � y�un���z� � 	 	 	� yn�mu�n�m�z�

� I�u�n�m���z� � 	 	 	� Imu�n�z�
�
�

where z � T has coordinates �	�� � � � � 	m��

��



We consider the canonical � form �� � dx � dy � d	 � dI
 which is non�degenerate
and closed �actually it is exact�� By construction
 we have that � and �� coincide
on T � Therefore
 by Weinstein�s theorem �see
 for instance �����
 there exists a
di
eomorphism g from a neighborhood of T to R�n�m 
 Tm such that gjT � Id 


g�� � �� andDgjT � Id � Then
 it is clear that D�t
 evaluated on z � ��� �� 	� �� � T 

has the form �

BB�
A��	� � � �

� A��	� � �
� � Id C�	�
� � � Id

�
CCA �

whereA� is the restriction ofD�t on Eu in this basis and A� is the restriction ofD�t

on Es
 and Id is the identity matrix� By �����
 we have that kA��
� �	�k� kA��	�k �

ce��t� The rest of the claim follows from Taylor�s theorem�
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