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Abstract

In this paper we consider the standard map, and we study the invariant curve
obtained by analytical continuation, with respect to the perturbative parameter ¢,
of the invariant circle of rotation number the golden mean corresponding to the
case ¢ = 0. We show that, if we consider the parameterization that conjugates
the dynamics of this curve to an irrational rotation, the domain of definition of
this conjugation has an asymptotic boundary of analyticity when ¢ — 0 (in the
sense of the singular perturbation theory). This boundary is obtained studying the
conjugation problem for the so-called semi-standard map.

To prove this result we have used KAM-like methods adapted to the framework
of singular perturbation theory, as well as matching techniques to join different
pieces of the conjugation, obtained in different parts of its domain of analyticity.
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1 Introduction

We consider the following family of exact symplectic diffeomorphisms of the cylinder to
itself,
F:(g,p) €S' xR (g+p+V'(q),p+V'(q) €S' xR, (1)

where S' = R/27Z and V(q) is an analytic function, 2m-periodic in q. We will refer to
these maps as “standard-like maps”. In this context, it is usual to consider the case where
V(q) is an even trigonometric polynomial and “small”. This smallness can be expressed,
for instance, saying that V' = O(e), where ¢ is a small parameter. In particular, when
V(q) = —e cos ¢ we obtain the so-called “standard map” ([4]),

(¢,p) = (¢ +p +esing,p +esing). (2)

In spite of its simple formulation, the standard map displays a very complex behaviour.
For this reason, it has become a classical model to study several non-integrability phe-
nomena, such as the creation of hyperbolic objects due to the breakdown of resonant
invariant curves, the splitting of separatrices and the chaotic behaviour associated to it,
the existence and breakdown of irrational invariant curves, etcetera. We can refer to the
extense literature on the topic (see, for instance, [1], [8] and [11]).

If we take V =0 in (1), we obtain an integrable twist map:

(g,p) €S* xR+ (¢+p,p) €S'x R (3)

For any py € R, we have that S* x {py} is an invariant circle of (3), and that the dynamics
on the variable ¢ is a rotation of angle w = po. If we consider the perturbed map (1),
it is natural to ask for which irrational values of the rotation number ;> there exists an
invariant curve, close to the unperturbed one, with the same quasi-periodic dynamics.
This problem has been considered by several authors, mainly for the case of the standard
map, and it is one of the most classical examples of a small divisors problem. To ensure
the persistence of the invariant curve the rotational number has to be irrational enough to
control the small divisors involved. For instance, if the rotation number is Diophantine,

that is,

1_2‘2|0_w

7 4
5 m_r n,m € Z, m # 0, (4)

for certain ¢, > 0 and o > 2, KAM theory ([12]) ensures that, if V(g) is small enough,
then there exists an invariant analytic curve close to the unperturbed one, having the
same quasi-periodic dynamics up to a smooth change of variables. This curve can be found
looking for a parameterization (g, p) = (u1(6),u2(0)), with 8 € S*, such that the dynamics
on the variable 6 corresponds to the desired irrational rotation, that is, F'(u1(0),u3(0)) =
(ur(+w), uz(P+w)). Now, using (1), we have that u(0) = ui (0 +w) —ui(0) — V'(u1(0)),
and this system of functional equations can be reduced to the following second order
difference equation for u(0) = uy(6):

u(f 4+ w) — 2u(f) + u(d — w) = V'(u(8)), (5)

usually called Lagrangian formulation of this conjugation problem. Moreover, if we want
this curve to be an analytic continuation of the unperturbed one, we have to look for
u(f) = 0 + £(6), with £(0) 2m-periodic in §. We will choose £(f) with zero average, for
instance, in order to avoid the indetermination of the origin for 6.
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In the Diophantine case (4), it is known that, if V' = O(¢e), £(0) is of the same order
for moderate big values of |Im(#)|. The aim of this paper is to study the existence and
the analytic properties of £(f) when |Im(#)| grows. In order to present concrete results,
and for a sake of simplicity, we are going to consider the case of the standard map and we
will work with the invariant curve with rotation number vy, where v = @ is the golden
mean. Let us introduce the main ideas of our approach.

There are several works in the literature (see, for instance, [6], [7], [10], [3], [9], [2] and
[5]) devoted to finding the critical value of the perturbation parameter ¢ corresponding
to the breakdown of this y-invariant curve, since there is a strong evidence that it is the
most robust invariant circle of the unperturbed case. Nevertheless, the goal of this paper
is to find an asymptotic estimate, when € — 0, for the width of the strip of analyticity of
the function £(0).

A direct application of KAM theory to this context only gives the existence of £(6), if
¢ is small enough, for complex values of § with [Im(#)| < C, where C' > 0 is independent
on €. A more careful analysis, also using KAM-like methods, allows us to improve this
estimate in theorem 2 and corollary 1 obtaining that the curve is analytic for |[Im(6)| <
log(A/e), where A is independent on ¢ (this result also follows from [9]). Nevertheless,
with the direct KAM approach we are far to obtain which is the “optimal” value for
A in this expression. This is because KAM methods are based on an iterative process
which converges to the solution of equation (5) quadratically (Newton-like method), and
therefore, we only can expect convergence in a domain where the solution is a small
perturbation of the initial approximation £()(§) = 0 (which is the solution when V = 0).
In the case of the standard map, if we look for the function £(f) as a power series with
respect to ¢, it is straightforward to check that

(o) =

Then, the solution is not perturbative when [Im(6)| = log(1/¢) + O(1). In order to
study the behaviour of £(#) for Im(f) ~ — log(1/¢), it is natural to perform the change of
variables

esind

2eos @ry) —1) T O

6 = —ilog (é) +7m+T, l(1) =£(9), v(r) =71+ 1(7), (6)
where i = 4/—1, and hence,
u(9):9+l(ilog (é) —7r+9> = —ilog (%) + 7+ v(7). (7)

With this new variable, the boundary of the domain where we will assure convergence
of the Newton method (see Section 2.4), corresponds to values of 7 with Im(7) = O(1).
After this e-dependent change, equation (5) reads

v(T + 27my) — 2u(7) + (T — 2717y) = Ee“’(r) — 52§e_“’(7). (8)
Now, if we put £ = 0 in (8), we obtain a new unperturbed problem, usually called inner
equation in the context of singular perturbation theory. In our case, the inner equation
corresponds to the Lagrangian equation (5) for the 7-invariant curve of the so-called
semi-standard map,

(¢,p) — (q +p+ §e’q,p + 56“’) , (9)
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which is obtained from (1) taking V(gq) = 1e". This map was introduced in [7], and
it can be seen as a limit for the standard map in the negative half plane for Im(7).
Actually, we expect the lower boundary of the domain of analyticity with respect to 7 of
the invariant curve of the semi-standard map, to have similar behaviour than the one of
the standard map, at least for small values of €. Assuming that both boundaries have this
close behaviour, the semi-standard map has the advantage that the periodic solutions of
its Lagrangian equation can be found by a power series expansion, by means of the change
r = e, In Lemma 1, we will see that this power series has a finite radius of convergence
Ry > 0. Then, it is natural to expect Ry to be the asymptotic value for A.

To establish this result, we will prove, in Theorem 3 and Corollary 3, that the solution
of (8) can be obtained, as a perturbation of the inner solution, in a complex domain for
the variable 7 of the form —log(R(¢)) < Im(7) < —log(B), where lim. ,o R(¢) = Ry,
and we will take the constant B > 0 small enough in order to overlap this complex
domain with the domain of analyticity of the invariant curve u(f) = 6+ £(6), obtained by
means of the standard KAM approach. Going back to the original variable 6, we prove
(using matching techniques) that the solution obtained is the analytic continuation of
u(#) until Im(f) > —log (R(e)/e), and so, —log (Ro/¢) is the asymptotic lower boundary
for its domain of analyticity. To prove this result, we will be forced to modify the Newton
method in order to obtain a suitable formulation to work close to the boundary of the strip
of analyticity. Of course, by the symmetry of the standard map, we have an analogous
result for the upper half plane, giving rise to the following theorem.

Theorem 1 (a) The semi-standard map (9) has an invariant analytic curve of degree
one, whose dynamics is analytically conjugated to a rotation of angle w = 2my. If
we denote this conjugation by (v£0) (1), o (1)), where o (1)—7 and o (1) are 27-
periodic analytic functions, with vio) (1) — T having zero average, then, there exists
0 < Ry < 400, such that the Fourier erpansions of v£0)(7') — 7 and véo)(T) are
convergent only if Im(7) > —log Ry.

(b) The standard map (2), for ¢ small enough, has an invariant analytic curve of degree
one, whose dynamics is analytically conjugated to a rotation of angle w = 27wy, and
which is an analytic continuation, with respect to €, of the invariant circle S' x {w}
corresponding to the case e =0 (3). If we denote this conjugation by (ui(6),u2(0)),
where uq(0) — 0 and uq(f) are 2mw-periodic analytic functions, with ui(6) — 0 having
zero average, then, we have that they are analytic (at least) in the complex domain
for @ given by

Im(8)| < log (R(e)/e),

where R(g) behaves, as function of €, as R(e) = Ry — O(eY/4~%), for any a > 0.

(¢c) When we approach to the lower border of the domain of analyticity, we have that
the y-invariant curve of the standard map is a small perturbation of the one of the
semi-standard map, in the following sense:

There exists a constant 0 < D < Ry with Ry — D small enough, such that

lim |(u1(6) = 6) = (01" (1) =) =0, lim ua(6) —;”()| = 0,

—log (R(e)/e) < Im(#) < —log(D/e),
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and we take T =6 +ilog(1/e) — 7.

Remark 1 In view of the results displayed in Theorem 1, we can say, roughly speaking,
that Im(0) = — log(Ry/¢) is, asymptotically, “the natural” (lower) boundary of analyticity
of (ux(9), ua(6)).

Remark 2 Of course, we have an analogous result than (c) in the upper half plane, but
we have to re-formulate (a) in terms of the following “alternative” definition of the semi-
standard map: ‘ ‘
(a,p) = (q +p— el p - 3e‘“’> :

2 2
Remark 3 In spite of that, to present these results we have focused in the invariant curve
of the standard map with rotation number the golden mean, the methods used in this paper
can be applied to any invariant curve having Diophantine rotation number (4). Moreover,
we can also deal with the general case (1), taking V(q) = €P(q), with P(q) a trigonometric
polynomial.

This paper is organized as follows. In Section 2 we formulate the Newton method used
to construct a sequence of functions which converge to the solution of equation (5). This
result is summarized in Theorem 2 and its application to the standard map is given in
Corollary 1. Section 3 is devoted to the study of the domain of analyticity of the inner
solution obtained after the change of variables (6) and (7). In Section 4, we construct the
modified Newton method which allows us, in Section 5, to obtain the invariant curve near
the inner domain. This result is stated in Theorem 3, and a more quantitative version of
the domain of convergence is given in Corollary 3. Finally, the proof of Theorem 1 is also
given in Section 5. In Appendix A, we give the technical details of the proofs of several
results appearing along the paper.

2 The Newton method

In this section we will discuss the formulation of an iterative scheme, based in the standard
Newton method, to compute general invariant curves of (1). To do that, we allow any
Diophantine w (4) and any periodic and entire V(g) (not necessarily small, in principle),
and we will study the requirements to ensure convergence in this general context.

First of all, we consider the following linear operators corresponding to first and second
order differences with respect to w:

L,6(0) = €0+ w) = £(0),

and

L3E(0) = E(0 +w) — 26(0) + £(0 — w).
We have the following elemental properties:
LoE(0+w) = (L,)€(0),  Lu(E(O)N()) = (Lu&(0))n(0 +w) +E(O)Lun(8).  (10)

With this notation, (5) becomes
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Now, let us suppose that we know u(f) = 6+£(6) an approximate solution of this equation,
with error:

e(0) = Lyu(®) — V' (u(9)). (11)

If we want to improve this approximation by means of a Newton method (formulated in
an infinite-dimensional space), the correction £(6) has to verify

L5E(0) = V" (u(6))8(8) — e(6). (12)

This is a linear difference equation of second order, with periodic dependence in 6. Due
to this periodic dependence, there are no direct methods to solve this equation. Then,
it is natural to look for a linear change of variables, 2m-periodic in #, that reduces the
homogeneous part of (12) to constant coeflicients, that is, to use a Floquet-like method
for linear difference equations.

2.1 Reducibility of invariant curves

To discuss the resolution of equation (12), let us begin by giving some heuristic ideas
about the reducibility to constant coefficients of the homogeneous part of such equation.
We point that the final method obtained to solve (12) is analogous to the one formulated
in [9], where the threshold for the maximum value of ¢ for which the vy-invariant curve of
the standard map exists, is studied using computer assisted proofs.

Let us start assuming that u(f) is a true solution of (5), and let us consider (12) for
an arbitrary e(f) (2m-periodic in #). In this case, we can construct explicitly the periodic
change of variables we are looking for. To do that, we put

C1 (0) = 6(9), CQ(Q) = wa(e),

and (12) becomes

LuG(0) = G(8),
L,62(0) V' (u(0 + w))C(0) + V" (u(f + w))C2(0) — (6 + w).

Introducing

0 1
Al6) = ( Vi(u(®+ ) V'(u(6+w)) ) ’ (13)

we obtain the following linear system of difference equations for (;(#) and (3(6):

¢1(6) ¢1(6) 0
L, = A(0 — . 14
(66)=20(&8 ) (ot .
Then, what we want to do is to reduce A(f) to constant coefficients. First of all, let us
note that if u(6) is a solution of (5), then u/(#) is a solution of its variational equation:

Liy(®) = V" (u(6))y(6). (15)

Assuming that u'(f) # 0 for any 6 € S* (as v'(§) = 1 + £'(), this holds, for instance, if
£(9) is small enough), and, as in the case of second order differential equations, we can
look for another independent solution of (15) taking the form

y(0) = c(6)u'(6). (16)
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Then, ¢(f) has to verify
L5 (c(0)u'(9)) = V" (u(6))e(0)u'(6),
and hence:
u'(0 4+ w)Lyc(f) —u'(0 — w)Lye(f —w) = 0. (17)
Now, if we define
h(0) = L,c(8), (18)
and we multiply (17) by «'(#), we obtain the relation:

L,(h(0)u'(0)u' (0 +w)) = 0.
Thus, we can characterize h(6) by the following expression
h(0)u' (0)u' (0 + w) = k,

with x an arbitrary constant. In order to choose k, we note that if we consider the
corresponding fundamental matrix of (14),

_( w®) w0
o0 ( ity £ ) (19)

it verifies that det(®(f)) = k. So, it motivates the choice k = 1. At this point, we

introduce 1

a = (h), h(0) = W,

(20)

where

(= o= [ hio)as,

2m
is the average of a 2m-periodic function in 6. Let us remark that, if A(#) is a complex
analytic function, we can define its average by shifting the path of integration to a suitable
Im(#). If a # 0, it is not possible to compute from (18) a 27-periodic solution ¢(#). Of
course, this is not a surprise, as the case when ®(6) is periodic is, clearly, a degenerate
one. Thus, if we write ¢(6) as

a
c(0) =v(0) + ;0,
then we can look for v(f) as a 2m-periodic solution of
L,v(0) = h(8), (21)
taking (v) = 0, for instance, where we define h(f) as
h(0) = h(0) — (h). (22)

In (21) we find the classical first order difference equation related to the inverse of the
operator L,. To solve this equation, we expand h(f) in Fourier series,

h(f) =" hye™?, (23)

keZ
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and then v(0) is given by

v(0) = LN R(O) = S eikfi’“_leikf’. (24)
kez\{0}

This expression involves small divisors coming from w, but it is convergent if h(f) is
analytic and 3~ verifies the Diophantine condition (4) (see Lemma 4).
Now, we have constructed a matrix ®(6) such that £,®(0) = A(8)®(#), and moreover

(6 + 27) = B(6) ( oo ) .

Then, we proceed to perform the Floquet reduction analogously to the case of periodic
systems of ordinary differential equations. We define

0
5=(15)
and introduce

P(6) = B(8)e *® = ( w'(6) v(0)u'(6) ) . (25)

oE|e

L,u'(0) L,(v(0)uw' () + au' (0 + w)

It is clear that P(f) is 2m-periodic in 6, and that det(P()) = 1. Now, we perform on
(14) the change of variables:

¢ =P(0)n,
where ¢ = ((1,(2). To give the transformed system, we use that, by properties (10)

L,P(0) = (L,2(0))e™ + ®(0 + w)Lye " = AB)P(0) — P(0 + w) ( 8 g ) ,  (26)

and then, using again (10) and (26), we obtain for n = (9, 72):

ca= (g o a0 -re+ar (40, ) 1)

This is a new system of difference equations of first order, which has the homogeneous part
reduced to constant coefficients. For this reason, and with analogy to the case of linear
periodic systems of differential equations, we will refer to P(#) as the Floquet matrix of
the homogeneous part of (14). Moreover, we remark that the non-homogeneous part of
(27) can be re-written in the following form:

P1(8) ( 6(09) ) _ ( ) >u'(9)e(e).

where we have taken advantage from the fact that det(P(6)) = 1.
Thus, it is immediate to check that if @ # 0 and (u'e) = 0, we can solve n(#) from
(27), with an indeterminate value for ().
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2.2 Formulation of the iterative method

Now, we want to adapt the methodology explained in Section 2.1 to solve (12) when u(#) is
not an exact solution of (5). In Section 2.1 we have used that u(6) is a true solution of such
equation to reduce (12) to (27), which is a system of difference equations with constant
coefficients, by means of the (explicit) reducibility of invariant curves. Now, in the case of
a quasi-solution, we will be forced to replace reducibility by quasi-reducibility, that is, to
reduce equation (12) to a system of difference equations with constant coefficients, except
by a “small” non-constant contribution in the homogeneous part. Hence, to “solve” (12)
in the context of a quasi-solution, we will only take into account the “reduced” part of
the system, and we will add the truncated “non-reduced” remainder to the error due to
the Newton method. Then, we will use this scheme to construct a sequence of functions
u™(6), n > 0, that we will define iteratively, solving equation (5) with an error in the
(n + 1)-step which is “quadratic” with respect to the error in the n-step.

Let us start assuming that u(™(8) = 6 + £™(f), with (/™) = 0, is an approximate
solution of (5) with error e(™ (§) as defined in (11). Then, we consider (™ (f) as introduced
in (20) and (21), and we define v+ (9) = u(™(8) 4 ™) (4), with

(@) = w'™ (@)™ (8) + v (8)u'™ (B)ns™ (9), (28)

where n™(0) = (n\™ (), 7\ (9)), 2r-periodic in 6, is obtained by solving the following
system of first order difference equations (with constant coefficients):

Lon™(0) = ( g a;n) )n('”(e) + ( V(n)(ff 2 )“'(")<9+w)e‘"’(9 +w),  (29)

where, a(®, defined as in (20), is assumed to be non-zero. We observe that, in order

to compute a periodic solution for {™(#) from (29), we need that (w/™e() = 0. Let
us check that it holds in the present context. To prove this, we multiply the equation
defining e(™ () (see (11)) by '™ (6). Then, we have:

'™ (0)e™ (8) = L367(8) + (LLE™ (0)£T(8) — V' (™ (8))u'™ (6).
Thus, as L2(((6) and V'(u™(8))w'™(0) = LV (u(”)(6)) have zero average, we have
_ 1
Y

1 2T
= o / (£(8 + W)™ (9) — 267 (9)0'™ (9) + £ (9)¢™ (9 + w))df
0

W™y = (L | T (6 4 w) — 26 (9) + €79 — )£ ™ (9)do

- % (€09 + w)e(8) — (¢(8))2] " = 0. (30)

Since the equation for Ewnén)(ﬁ) holds for any value of (né")% we will choose it so as to
have a periodic solution for ni")(ﬁ), that is,

. 1
(V) = ——— (WU ™M), (31)

Moreover, we remark that we also have a free choice for (77@). Then, we define it to keep
zero average for £("+1)(9),

(") = —(@™") = (). (32)
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The important thing in this method is that if we consider u("*")(#) defined in such a way,
then we have that ™+ (#) is O((e(™)?). To prove this, we write the new error as

mH(6) = L2uD(O) - V(W (6))
= e(O) + V(@ (6)) ~ V(ul" I (8)) + L267(0)

= ") + (), (33)
where
efj@)z (6) — VIOGED () +0) (34)
e () = ( 1(0)) + V" (™ (8))€™(9) — V' (ul™ +€M(9)).
As it is clear that e{™™ (0) O((£1)2) (and hence O((e™)?)), then we only have to
d1scuss the smallness of el ( ). For this purpose, we remark that if we put ¢ (8) =

(Cl ( ),C2 ( ), with
(e =€m0),  GV0) = L£M0),
then, by (28) we have
n™(9) = (P™(9))7'¢"™(8),

where P(™(#) is defined as P(#) in (25), just adding the super-script (n) to the formula.
As in the case of P(f), the matrix P(™(§) is still being 27-periodic in 6, and, from the
definition (21) of (™ (f), we also have that det(P((8)) = 1. Nevertheless, as u(™(f) is
not an exact solution of (5), then the matrix ®™(9) (given as in (19)) is not an exact
solution of the homogeneous part of the system of linear difference equations associated
to the Newton method at the n-step (see (14)). Consequently, we can not ensure that
the linear transformation defined by P(™(#) reduces this homogeneous part to constant

coefficients, and so ¢(™(#) it is not a solution of equation (14) at the n-step. In order to
obtain the equation verified by ¢(™(6), it is straightforward to check that
0 0
() 9y — 4 (9 ") ()
L,2™(0) = A™(0)D'™(0) + ( 1 ™8+ w) )e (0 +w),

and hence the matrix P(™(6) verifies, instead of (26),

L,PM(8) =AM (9)P™)(9) — PM) (G 1 ) ( : “:)n) ) + ( Y (3 o) ) ¢ (6 4 w).

(35)
This implies that

0 0 0
n)(g) = A ) () — /(n) (n)
£0) = 49O ~ (g4 1y ) HOO+ (] gy ) 17O
Then, writing this equality by components we obtain
£.a"0) = M),

L,M0) = V"™ (0 +w)(0) + V" (@l (0 + )" (6)
(O +w) + ™0+ w) (07 (0) + v (O + )" (9))

and, from here, we derive the following expression for egnﬂ):

oD () — &) (g) (ngn)(g —w) +v™@)niM (6 — w)) : (36)
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2.3 Convergence of the iterative method and uniqueness of so-
lution

We will work with 27-periodic analytic functions defined in complex domains of the form

D(p1,p2) ={2 € C: p1 <Im(0) < pa}, (37)

with —oo < p; < p2 < 400. When working with these domains, we will not restrict to
the case when D(p;, p2) is symmetric with respect to the real axis. Moreover, we will also
allow one of the boundaries to go to infinity in the purely imaginary direction. To control
the size of 2m-periodic analytic functions f(#), defined in (37), we will use the following
weighted norm:

1F @) llprpe = fol + 3 fele ™ + 3 |fule ™, (38)

k>0 k<0

defined from the Fourier expansion of f(6) (see (23)). In principle, one can think that
it is more natural to work with the standard supremum norm in the desired domain.
Nevertheless, as we will see in the proofs, to work with this weighted norm simplifies the
estimates we will do on the 27-periodic functions involved. Of course, ||-||,, ,, is an upper
bound for the supremum norm. Besides, this definition keeps some useful properties of
the supremum norm, that we display in Lemma 4 of Section A.1.

Now, let us study the convergence of the iterative method described in Section 2.2. It is
clear that to ensure this convergence, we need to have an initial approximation, u(%)(8) =
0 + £©)(6), with error e (8) (see (11)), small in some complex domain D(p{”, p”)). Nev-
ertheless, as we are going to see, the smallness of ||6(0)(9)||p§0)’pg0) is not the only condition

to take into account to control the iterative process. HenceE ;co form(u)late rigorously the
0 0

convergence of the method, we have to consider constants p; ', ...,y  such that

OO 0 o < u” OO o o < uf,
p1 Py i oPs

(0) (0) 1 (0)

1@, < W | < (39)
P1 "sP3
0 0 0
0 < Né) < |a(0)| < Ug ), ||V"'(‘J)||p§°)—u§°)—1,p§°)+u§°)+1 < /L(7 ),

where a(?) is the value of a defined in (20) corresponding to u(® ().
Then we can formulate the following result for the convergence of the iterative method.
The proof is given in Section A.2.

Theorem 2 Let be w € R such that ;% is a Diophantine number (4), for certain o > 2

and ¢, > 0, and let be V(q) an entire function, 2m-periodic in q. Let £0)(#) be an

(0 (0) (0) (0)

analytic function defined in D(p;’, ps "), for certain —oo < p;’ < py’ < +o0, 2w-periodic

in 0, and with ({(0) = 0. We consider the constants /1,;0), j =1,...,7, introduced in

(39), and we assume that ,ugo) < 1. Then, there exists a constant ¢ > 1, depending on

,ugo), ug]), ,uflo), ,uéo), ugo) and u?’), such that given any §© > 0 verifying

(0) (0)

6 < min {1, %} , (40)
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and provided that ugo) 15 small enough such that

9 20—1 1 16 o—1
0 . 0) (0 _ 0
2C,Ug) (W) Smln{Eug)auf(ﬁ)}a AZC(W) Mg) <1, (41)

P2 P1

we can ensure that the sequence u\™(#) defined in Section 2.2, beginning with u(® () =
8+ £0)(9), converges to an analytic solution of (5), u(8) = 6+ £(#), with £(8) 27 -periodic

in 0, defined in D(p\” + 66, pL — 65©) and with (£) = 0.
Moreover, in this domain we have for £(6) the bounds (39), now with i, = p” +

2cus” /(8O iy = ) + 208" (602, g = ep”, s = pi” /2 and pg = 245,
where py < u§°’ +1 and py < ué‘” + 1.
On the other hand £(8) is a small perturbation of £(°)(#) in the sense that

o) — £ 0)]
£(0) — )|

2u” /(8% Y,

) +65(0) o5 650 -
< 2eu /(5021

P 16500 p _65(0)

Remark 4 This result give us the functions (u1(0),us(0)), with ui(8) = u(f) and uz(9) =
u1(0 + w) — u1(0) — V'(u1(0)), which are a parameterization of an invariant curve of
(1), with domain of analyticity at least D(pgo) + 65(0),ng) — 660). Moreover, with this
parameterization we have that the dynamics on the curve is conjugated to a rotation of
angle w in the variable 6.

Nevertheless, Theorem 2 only gives the existence of a true solution of equation (5), that
is close to the first approximation u(”)(6), but does not guarantee, in principle, that this
is the only one. However, we can adapt the proof of Theorem 2 to obtain the following
result about uniqueness. See also Section A.2 for the proof.

Proposition 1 With the same hypotheses of Theorem 2 let us assume that u(@) =10 —|—

£0), 27- -periodic in 8, analytic in D(p;, p,), where p; > p1 ) + 660, and p Dy < p — 660
and with (£) = 0, is another solution of (5). Then, if we have that u(f) and w(f) are close
enough,

12055, <1+, [[26) — £0)|l5, 7, < A, (42)

where

Z — 2(ﬁ2 - ﬁ1)2(a_1) (43)
C/J;( )26(0 1)

then we can assure that v = u.

2.4 Application to the standard map

Even though Theorem 2 can be applied to the general map (1), and for an arbitrary
Diophantine 3=, now we want to give more concrete results by considering the standard
map, with V(g ) = —¢e cos ¢, and more concretely, the invariant curve with rotation number
7. Thus, we have that w = 27y verifies (4) with o = 2, for certain constant cy., > 0, that,
in order to simplify the notations, we will denote by c,. In this case, we start by taking
u(® () = 9 as first approximation, which is the solution of (5) for ¢ = 0. With this choice
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we have, independently on the domain, that uﬁ") = ,ug)) =0, uio) =1and ¢ =1. On

the other hand, as e(®) (f) = —esin#, it is clear that ,ugo) depends on the initial domain.
In order to choose this domain, let us point that as we are working with real analytic
functions, it is natural to consider a symmetric domain with respect to the real axis. If
we start with D(—p(®, p@), then we have that [|e(8)||_,0 0 = e = p . Our
interest is to look for the largest p(®) for which Theorem 2 can be applied, for & small
enough. This requires ugo) to be small. Hence, the “optimal” selection for p(®) seems to
be of the form p(® = log(A(®) /e), where we will need A® > 0 to be “small”.

Corollary 1 We consider w = 2wy, which is of Diophantine type (4), with 0 = 2 and
Co = Cy. Let us take 0 < A < %sc’ where ¢ > 1 1is the constant provided by Theorem 2
associated to the values u§°) = ugo) =0, uflo) = uéo) = /Léo) =1, and u$°) =e/2.

Then, if ¢ < min {%, e(‘icﬁ((%}’ the Lagrangian equation (5) associated to the stan-
dard map, has a solution u(6) = 0+ £(6), where £(0) is 2w-periodic in 6, with () = 0 and
analytic at least in the complez strip D(— log(A/e),log(A/e)), with A = A©® /e8  peing
6 any value verifying (16cA®)1/4 < §0) < 1,

Moreover, we have the estimate ||£(0)| - 1og(4/¢)108(4/e) < 2¢AQ /(§@)2 < 1/cA0) /3.

Proof: The proof of this result is straightforward. We only have to check the statement
of Theorem 2, with V(q) = —ecosg, by taking pg]) = —p§°) = log(A© /¢). So, we have
that ugo) = A0, In addition, condition ¢ < A(® /12 guarantee that (pg]) - pgo))/24 > 1in
(40), and in the same way the remaining conditions (41) are easily verified, and the result

follows. [ |

3 The inner variables

Corollary 1 ensures the existence of the solution u(f) of equation (5) for complex 6, with
IIm(#)| < log(A/e), for some constant A > 0. We do not claim that the constant A
given by Corollary 1 is optimal. On one hand, the estimates used in the proof can be
improved. But even though these estimates were as optimal as possible, we could not
ensure that, with the previous approach, we can reach the “optimal” value of A. The
reason is clear: the Newton method needs the initial error ug") to be small, or what is the
same, the solution u(#) to be a small perturbation of the first approximation u(%(8) = 4.
Expanding ¢(6) in Taylor series with respect to €, one can check that

esinf N 2 sin 26
2(cos (2my) — 1) 8(cos (2my) — 1)(cos (4my) — 1)

/() = +O().

It is clear that if |Im(6)| = log(1l/e) + O(1), both terms displayed contribute to the
final solution with order 1 with respect to €. A more careful analysis gives that for
IIm(#)| = log(1/e) + O(1), all the terms in this series are of order 1, and hence, the
perturbative analysis with respect to e fails. This phenomenon suggests us to perform
the change of variables given by (6) and (7) in order to study the behaviour of £(6) for
Im(#) ~ —log(1/e). This change of variables transforms equation (5) into equation (8)
for v(7). Therefore, for values of 7 with Im(7) = O(1) it is natural to ask if v(7) can be



4C1C lvi. YCala alild JULUL VililalluCvad

find as a perturbation of v(®(7) = 7 + 10 (7), with I©(7) = m(7) defined as the periodic
solution, with zero average, of the inner equation:

7 .
L3, m(r) = §e’(7+m(7)). (44)
Before considering this perturbative analysis, in the next section we are going to study
the existence and the domain of definition of m(7).

3.1 The inner equation

First of all, we need to know that equation (44) has a solution m(7) for some range of
complex values of 7. If Im(7) is big enough, it is natural to look for this solution as a
perturbation of m(®(7) = 0, and this can be done applying Theorem 2 to equation (44),
obtaining:

Corollary 2 We consider w = 2ny, which is of Diophantine type (4) with 0 = 2 and
Cy = ¢y. Let us take ¢ > 1 the constant provided by Theorem 2 associated to the values
ugo) = g") =0, uflo) = uéo) = uéo) =1, and ugo) =¢/2, and let p°) > max{0,log (8c)}.
Then, equation (44) has a solution m(t), 2m-periodic in T, with (m) = 0 and ana-
lytic at least in the complex strip D(p® 4+ 66, +00), where §© is any number verifying

(8ce P )4 < 5O < 1.

Proof: To prove this result we use again Theorem 2 applied to equation (5), now with
V(q) = %e', and taking PV = p©@ and p{¥ = +o0o. Then, ui” = e=»"”/2. With this
choice we have that v(7) = 7 + m(7) is the solution we are looking for. |

Corollary 2 only guarantees the existence of an analytic solution m(7) when the imag-
inary part of 7 is big enough. But, due to its perturbative character again, this theorem
is not useful to know what happens for the values of 7 outside this perturbative range.
For instance, with this result we are not able to decide if the solution m(7) is entire or if
it has some natural lower boundary.

To study this solution with more detail, let us point that, in this case, m(7) has only
positive Fourier harmonics. To compute the Fourier coefficients of m(7), we introduce
z = e, and define m(z) = im(7). Then, m(zr) takes the form

m(z) =Y myz”, (45)

E>1

with my € C (as we want (m) = 0, we take mg = 0). Moreover, m(z) verifies
m(zQ) — 2m(z) + m(z/Q) = _gem@), (46)

where 2 = e, with w = 2. In Corollary 2 we have proved that m(z) has a positive
radius of convergence Ry, for certain Ry > P V63 .

Let us display the recurrence for the coefficients my. For this purpose, we put F(z) =
e™®) and expand

k>0
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having Fy = 1 and, using that F'(z) = m'(z)F(z) one obtains

L&
i=1
Thus, it is straightforward to check that
Fy
= 48
ME+1 4Dy ( )

for any k > 0, where we define D, = 1 — cos (kw) = 2 (sin (kw/2))>. By the way, we
have that all the coefficients m;, are real and positive, for any k£ > 1. Using this fact and
equation (46), it is not difficult to check that m(x) has a finite radius of convergence.
(See [5] for a similar result for curves with rotation number of Brjuno type.)

Lemma 1 The solution m(x) of equation (46), with m(0) = 0, has a finite radius of
convergence Ry < 8/e. Moreover, its Taylor expansion converges uniformly up to the
border of the disk of convergence, |x| < Ry.

Proof: We take any 0 < r < Ry, and we start considering the real part of (46) evaluated
at x = r. As m(rQ) and m(r/Q) are complex conjugated, we have

2(Re((rQ)) — mi(r)) = —gem(’").
Then, as the coeflicients m;, are positive, we have that

max [Re(m(z))| = m(r).

From here, we deduce

m(r) > —em")

Y

|3

or in an equivalent way, _
r < 8m(r)e ™, (49)

Now, if we assume non-bounded radius of convergence, we will have that lim, ., m(r) =
+o0o. But if we take this limit at the right-hand-side of the previous expression, we
have a contradiction, as 8m(r)e ™" < 8/e, which is an upper bound for the radius of
convergence Ry. Moreover, from (49) we can derive another consequence for 7 (z) at the
border of its domain of convergence: its Taylor expansion is uniformly convergent, and
hence, m(z) is (at least) a continuous function in the closest disk. This result is also a
consequence of the same argument, as if we assume that m(r) — +oo when r — Ry, then
at the left-hand-side of (49) we obtain that r — 0, which is also a contradiction. Thus,
we have |m(z)| < mM(Ry) < +oo if |z| < Ry. |

3.2 The Newton method in the inner variables

We recall that our purpose is to prove the existence of an analytic solution v(7) for
equation (8), in a domain whose lower border is as close as possible to the domain of
analyticity of m(7), and that, when written as function of #, overlaps with the domain
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of the solution u(#) provided by Corollary 1. So, once we have proved the existence of a
solution of the inner equation (44), it is natural to look for v(7) applying again the iterative
(Newton) method of Section 2 to equation (8), taking as first iterate v(0)(7) = 7 + m(7).

From the statement of Theorem 2, it is clear that to ensure convergence we need to
know the constants /1,5-0), j=1,...,7, defined in (39), in this domain. Thus, this method
needs that we have a good control of the function v(®)(7) and its derivative near the
boundary of its domain of analyticity. Lemma 1 give us that m(7) is continuous up to
the lower border of its strip of analyticity and, due to the fact that it only has positive
Fourier harmonics, it is clear that m(7) — 0 when Im(7) — +oo. This gives that "
is bounded, and 1 = a(® = ugo) = ugo). On the other hand, the perturbation term in
equation (8) is unbounded when Im(7) — +oo. Then, in order to control the constants

ugo) and u(70), we have to take an initial domain with a finite upper boundary.

A bigger problem arises when we try to estimate ug") and uflo). A small reduction of
the domain of analyticity of m(7) allows us to control the size of v'(°)(7) by means of the
classical Cauchy estimates, obtaining ugo). But since the function v'(%)(7) can have zeros
inside its domain of convergence, we are not able, in principle, to control the constant
,ug)) inside this domain. Then, for this technical reason, Theorem 2 only can works until
v'(O)(7) reaches its first zero (or until this happens for any iterate v (7)), but it is not
reasonable to think on this as a real obstruction for the solution of (8) to exist.

We point out that v'(7) vaniches (or, thinking in the original variables, if «'(f) = 0,
with u(#) the solution of (5)), is not an obstruction to the well defined character of the
conjugation. The reason for this is that the invariant curve is given by two components,
namely (u1(f),u2(f)), where u;(8) = u(f) and uz(f) = u(f + w) — u(f) — V'(u(6)). So,
this parameterization is degenerate only when u}(6y) = u4(f) = 0 simultaneously, for
some 6y, and this happens if and only if u'(fy) = u'(fp + w) = 0. On the other hand,
if u(f) is a solution of (5), and u'(fy) = u'(6p + w) = 0, for certain y, and we use
that u'(f) verifies equation (15), then we have that u'(#) = 0 in a dense set of values of
6 with Im(f) = Im(6y), and this can not happens in the domain of analyticity of u().
Nevertheless, a sole zero of u'(6) (or of v'(7)) does not have, in principle, a special meaning,
and it seems not reasonable to think that this is a real obstruction for the Newton method

of Section 2.2.

Looking more carefully to the method of Section 2.2, one can see that this technical ob-
struction comes from the way we have constructed the second solution y(6) = u'(0)c(0) =
u'(0)(v(#) + 0) of the variational equation (15) associated to u(#), in the case when u(f)
is a true solution of (5) (see Section 2.1). Equations (20) and (21) show that the zeros of
u'(f) seems to become singularities for v(9).

In order to investigate this phenomena, and analogously to the case of second order
differential equations, where the simple zeros of the first solution do not cause singularities
in the second one, we have that if u/(f) does not have a couple of zeros with difference
equal to w, then the apparent singularities of v(#) cancel in the final expression for the
second solution y(6).

Nevertheless, we can not expect “these cancellations” from the zeros of u'(#) to sin-
gularities of y(f), to be also true in Section 2.2, where y™ (f) is defined in the same way
than y(#) in Section 2.1, but when u(™(6) is not a solution of (5). Thus, it is natural
to ask if there is a different way to construct y™(6), and more concretely, its periodic
part w™(4) = v (§)u/™(6), not involving additional singularities than the ones coming
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from u(™(#), at least if we shrink a little the domain of analyticity of u(™(6). In the next
section we are going to describe how to formulate a modified iterative method following
this way, and its application to equation (8) is given in section 5. This new method will be
also Newton-like (this is, with “quadratic speed” of convergence), and based in the same
quasi-reducibility considerations used to construct the sequence u( (0) of Section 2.2. For
this reasons, we will refer to it as the “modified Newton method”.

4 The modified Newton method

As we have done in section 2.2, to formulate this modified iterative method we consider
the “generic case” of (1), and we resume the Lagrangian formulation (5) with an arbitrary
entire function V'(q) (not necessarily “small”) and a fixed Diophantine ;>. Let us describe
the basic ideas to construct this method.

If we go back to Section 2.1, we recall that if u(f) is an exact solution of (5), then the
Floquet matrix P(6) (25), can be written in terms of «'(f) and '(8)v(6), which is the
periodic part of the second independent solution y(#) (16) of the variational equation (15),
and that we will call w(#). Then, w(f) is explicitly given by

w() = y(6) — ~0u'(6), (50)
and verifies the equation
L2w(0) +a(u'(§+w) —u' (0 —w)) = V"(u(8)w(8). (51)

Moreover, the Floquet matrix P(f) can be written in terms of u/(f) and w(f) as

u'(0) w(0)
P(9) = ( L,u'(0) Lyw(f)+ au' (0 + w) ) ' (52)

We recall that this matrix verifies that det(P(#)) = 1, and that

L,P(8) = A(9)P(9) — P(6 + w) ( - ) , (53)
where A(6) is defined in (13). Then, provided with this matrix, in Section 2.1 we have
made the periodic change of variables ( = P(6)n, which transforms the linear system of
difference equations (14) for ((f), into equation (27) for n(f), that is the one we solve
when we apply the iterative method of Section 2.2. Now, by using this new notation as
function of w(#), the non-homogeneous part of (27) can be written as:

PO+ 50 ) = (a0

In view of this, the modified Newton method will consists on looking iteratively for u(6)
and, simultaneously, for w(#). Moreover, the iterative computation of w(#) will be formu-
lated in terms of the Floquet matrix P(#). Thus, we will look iteratively for a 27-periodic
matrix P(™(#), having the form (52), which solves in an approximate way the correspond-
ing equation (53), with an error that goes to zero “quadratically” as the error of u(™ ().
This way to construct w(™(6) has the advantage that, as det(P™(6)) will be close to 1,
the singularities appearing in Section 2.2 due to the vanishing character of w/(™(f) will
not be present here.
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4.1 Formulation of the modified iterative method

Let us start considering u(™ () = #+£™ () and w™ (8), with £ (8) and w™ () analytic
and 27-periodic in @, and with (£(™)) = 0. We suppose that both functions are approximate
solutions of equations (5) and (51), with errors e(™(#) and f(™(#), respectively. More
concretely, we have

e™ (@) = L2u™M(B) - V'(u™(0)), (54)
f(")(ﬁ) = Eiw(")(ﬁ) + a™ (u'(")(ﬁ +w) — u'(")(ﬁ —w)) — V"(u(")(ﬁ))w(")(e). (55)

From u(™(6) and w(™(6) we introduce the approximate Floquet matrix

o _ (W) (6
PU(6) = ( L,u'™(9) Eww(")(ﬁ) + a™y/™ (9 + w) ) ’ (56)

where we assume that o™ # 0 is given in such a way P (f) verifies
(det(P™)) = 1. (57)

Let us note that, in section 2.2, the role of w(™ () was played by «'(™ (6)v(™)(6), and the
definition (21) of v(#) implied det(P™(#)) = 1. Now, with this modified construction,
u(™(#) and w(™ (f) are given independently and then we can not ask that det(P™(6)) = 1.
What we have in this case is that if we write det(P )(9)) = 1 + d™(8), with (d™) = 0,
then the size of d™ () is of the same order than '™ and f(). We can check this using
(54) and (55), and computing:

L, (det(P™(8))) = w0+ w)[L2w™ (0 + w) + a(™ E w'™ (0 + w))

+L,(u'™(8))[L,w™(8) + o (9 + w)] (58)
~w™ (0 +w)L5u'™ (0 +w) ~ ( ( )) ™)(6)
= MO+ w)fMO+w) - w(")(0+w) (9+w).
Solving equation (58), we obtain for d™ ()
d™(0) = L, W™ (0 4+ w) fM (O + w) — w™ (0 + w)e'™ (0 + w)), (59)

where £ is defined in (24). Moreover, if we denote by E(™(6) the error of P(™(9),

E®(9) = £,P") () — A (9)P™(9) + P™(8 +w) ( : “E)") ) , (60)

equations (54) and (5b5) give us that

0 0

E(n)(e):<e’(")(0+w) f™(0 +w) +a™ (0+w)>' (61)

Once we have P™(#), now we can follow the same method explained in Section 2.2 in
order to compute u*1) () = u(™ () + £ (8), where

€M (9) = w'™ (@)™ (8) + w™ (9)ns" (9), (62)
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defining the vector n™(8) = (n§”)(0),n§")(0)), 27m-periodic in 6, as the solution of the
system of difference equations given by

ca®)= (5 ) Jamer+ (Ml ) o s, @

(0 +w

where as we want (€M) = 0, we choose (n{™) = —(w™n{™M) — (WMFM) ag in (32). Let
us recall that the generic conditions needed to solve this system are that a(™ # 0 and
that (u'™e(™) = 0, both fulfilled in this context. Then, as we will see later, the new error
e("*1)(#) defined from (54) for u(™*1 (), has quadratic size with respect to the errors e(™
and £ of the n-step.

Right after we have u("*1)(8), we are going to give a method that computes w1 (§)
as a small perturbation of w(™(6). The important thing here is that we will look for this
small perturbation as a lineal combination of the “old” approximation w(™(f) and the
“new” one u/(®*1)(f). With this construction, we avoid the “extra” singularities appearing
if we compute w1 (f) only from u(*+1)(4).

To compute w1 (#) we will proceed as follows. First of all, we consider the following
intermediate Floquet matrix between the n-step and the (n + 1)-step:

_ (n+1) (g (n) 9)
(n) _ w
P (0) = < L™ (8) Low™(8) + a9 + o) ) - (64)

This matrix is defined as P (), but replacing u'™(#) by its correction u'"*1)(¢). The
error for this intermediate matrix is

B (6) = £,P™(0) — A" (O)P™ () + P (0 +w) ( 0 o ) ., (65)
that using equations (54), for n + 1, and (55), can be expressed as
=) 0 0
FE (0) - ( I(n+1) (0_|_w) g(n)(9+w) Ta (n ) (n+1) (9_|_w) ) ’ (66)

g™(O) = L2w™(B) - V'@ (6)w™(6) + o (W6 + w) — w6 - w))
= a™(EM(0 +w) — M0 —w)) + w™(B) (V" (ul”(9)) - V"(U(n+1)(9)))
L™ (f). (67)

We will check that the first column of E(n)(ﬁ) has quadratic size with respect to e and
™ (see (79)), but this does not hold for the second one. Then, we have to modify the

second column of F(n)(ﬁ), or what it is the same, w(™(f). For this purpose, we will look
for o™ (6) and 3™ (#), 27-periodic in 6, such that if we define

@™ (9) = w™(9) +x™(0), (68)

with
XM (0) = o™ (0)u'™D(8) + ™ (9)w™(6), (69)
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then we have a quadratic error in equation (55), if we replace w™ () by @™ (#) and
u™(#) by u™*1)(f), but keeping the same constant a(™. Let us point that we are not
saying that @ (6) is w(™*Y(#), because if we define P**1(#) from u'"*') and @™
we can not ensure that the condition (det(P™*1)) = 1 is fulfilled. This is because we
compute @™ (f) working with the same a(™ than in the n-step. Then, once we have
computed @™, we will be forced to done a suitable scaling (see (77)) in order to have
(det(P™+1)) = 1.

To obtain the equations for (a(™(8),3((6)), we formulate the problem in com-
pact (matrix) way, looking for a square matrix B™(f), 2r-periodic in #, such that
F(")(Q)B(")(H) verifies the Floquet equation (53) for A™*+1)(¢). Using (65), one obtains
the following equation for B (6):

z;wam::<8 “g)>3wnm—3wnawa<g “:)>_aﬂmw+wnlﬁmkm3wxm.

As we can not solve this equation, we will choose B(™ (0) to solve it except by a “quadratic”
error. Thus, from the discussions before, it is natural to look for

B (9) = ( (1) 1 i(;)(gng)) ) . (70)

The error of the first column it is clearly squared, and for the second column, if we skip
the terms having quadratic size, we have

. ( o™ (6) ) _ ( a™ 3 (9) ) N ( M8 4+ w)g™ (8 + w) ) . (71)

0 ) (0 + w)g™ (6 + w)

In order to obtain this equation, we have used that, det(F(n)(ﬁ)) and det(P™(9)) are
close to 1 except by terms of order of the error of the n-step. Unfortunately, we can not
ensure that the second component of the non-homogeneous part of (71) has zero average.
In fact, we have that:

W™ (0)g™(9) = W) L2w™ (8) + T (0)w™ (h) — w™ (6)L£2u/ V) (9)

w

+a™ (W' (0 4+ w) — W' — w))u' "D (B),
where we have used (67) and
0N () = L300 (6) — VI (6)) 0 0), (72)

which is obtained taking derivatives in equation (54) for n + 1. Now, proceeding as
n (30), we can see that u'™*)(8)g™(4) — ™+ ()w™(h) has zero average, and as
') (9)w™ (6) is only a correction with “quadratic size”, we can replace equation (71)
for (o™, 3™) by

”)(9+w) (9+w)
—l—( I(n+1) (9—|—w) (n (9+w) I(n+1) (9+w) (")(9+w) ) (73)
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Then, we can solve (73) choosing, for instance, o™ (#) with zero average, and formula (69)
gives us Y™ (¢), and hence, @™ (). Before continue, we define (™ (6) as the error of
@™ (6), and P™(#) the “corresponding” Floquet matrix. More concretely, we have

7o) = LZa™(8) + o (™0 + w) — (0 —w)) = V" (" (0)2™(6), (74)

and

y ) gy, ) (75)

P(n)(g) = ( Ewu'("ﬂ)(ﬁ) ﬁw’[ﬁ(")(@) +a(n)ul(n+1)(0+w)

Now, to end the formulation of this modified method, we only have to define w1 ()
and a™*Y scaling @™ () and a™. To do this, we note that

det(P™(0)) = det(P™(8)) + Ad™(6),
where

Ad™ () = &0 L,a™ () +u'™ ()L, ™ (6)

Then, by (57) we have that
(det(P™)) =1 + (Ad™),
and we can define the new iteration as

1
w™ () = ————a™(8), " = — — g™ (77)
1+ (Ad™) 1+ (Adm)

and the corresponding Floquet matrix for the (n + 1)-step

P (g — u;(n+1)(9) w(n+1)(9)
( )— Ewu’("“)(ﬁ) ﬁww(n+1)(9)—|—a("+1)u'(n+1)(9—|—w) .

It is clear that the new iteration verifies:

,@(n—l—l)(e) —|—a("+1)(u'("+1)(9+w) - ul(n+1)(9 _w)) — VI,(U(n+1)(9))w(n+l)(9) + f(n+1)(9),

F00) = a0 (78)

4.2 Analysis of the errors in the modified iterative method

Right after we have introduced the modified Newton method, in this section we want to
give explicit expressions of the new errors e () and f(**1)(8) in terms of the errors in
the previous step. First of all, we study the error of u("+1)(#). As we have done in (34), the

error of u(®*1)(#) can be decomposed as a sum of egnﬂ)(ﬁ), the error due to the Newton
method, and eg"H)(G), the error due to the quasi-reducibility. The considerations about

egnﬂ)(ﬁ) are the same explained in Section 2.2, and a explicit formula is given in (34).
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In order to give eg"H)(G) in this context, we can repeat the computations that lead to

formula (36), but now, we have to use that the error of the Floquet matrix P™ () is
given by (60) and (61) instead of (35), obtaining
ei"V(0) = PO (0 — w) + (F76) + o™ O)n7 (0 -w).  (19)

The next step is to study the error £ (6) of the matrix F(n)(Q)B(")(H), where B(™(#) is

given by (70). More concretely, calling Eén)(ﬁ) the error of its second column:

B = . [P0, Tl )] -ae e (L Tl )]

PO+ w)B(O +w) ( “E)") ) , (80)

we can compute this error using equations (65) and (73), obtaining

~n —(n o™ (g
0 - 270 (750, )

) (@ + w)g" (9 +w)
+P (0—|—w)< n+1(9+w) (0 + w) +w™ (8 4 w)e'l "+1(9+w)>.

Moreover, using (64) and (66), we have after some computations:

&) = (ui >(e +w))2e (9 + w), (81)
&) = G+ w) [a< )(0) +a™ (1 + 8™ (6) + /D6 + 2w)w(")(9 +w) (82

w™ (@ + w)Lw™ (@ +w)] + g™ (8 +w) |1 — det(P™ (8 +w)) + 57 (B)|.

In order to control & (¢) and &{™ (§) we note that

1 — det(P™(8)) = 1 — det(P™(8)) + det(P™(8)) — det(P™(8)) = —d™(8) + Ad™ (8),
where d™ (6) is defined in (59) and

Ad™®) = det(P™(6)) — det(P™(8))
™ (0) Low™(0) — w™ (0) L™ (6)
+a™ [w™(0)6™) (0 + w) + £ (@) (0 + w)] . (83)

It is clear from these expressions that both, é")(ﬁ) and 6(2")(9), have quadratic size.
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To control the size of () (6) (see (74)), we write explicitly equation (80), component
by component, and we use the definition of @™ (#) from (68) and (69), having

(@) = L™ () = (LouT(8))a™ (6)
— [Low™(0) + au (0 + w)] (14 ™ (B)) + MU (9 + w),
e(0) = Lo [(Loau™(0)aM(0) + (Low™(0) + a™u (6 + w))(1+ 87 (6))]
—V" (@6 + w)) [8™(60) + (L,u' D (6))a™ (6)
+H(Lyw™(0) + aMu (6 + w)) (1 + BM(9))] + o™ L0 + w).
Joining these two equations, we obtain:
e(0) = Lo[L,aM () +aMu D (G +w) - (6)]
—V" (™D (0 +w)) [@™ (0 +w) + aMu (0 + w) — " ()]
+a(n) Ewul(n+1) (9 + w)‘

Now, using (72), we have

Eiw\(n)(g_'_w) +a(n)(ul(n+1)(9+2w) . ul(n+1)(9)) — V"(u("+1)(9+w))@(")(9+w)
+]?(")(9 + w),

with

F™(0) = L£,e (0 — w) — ™ (B) + & (0 — w) — V" (I (9))e™ (0 — w).  (84)

5 The standard map as a singular perturbation of
the semi-standard map

As we explained in Section 3, we want to apply the modified Newton method, formulated
in Section 4, to equation (8). This equation corresponds to equation (5) with w = 277, in
the case of the standard map, written in the inner variables. Thus, we have to consider

the equation
Liv(r) =V'(v(r)), (85)

where V(q) = 3€" + 127 and to look for v(r) = 7 + I(7), with I(7) 2m-periodic
in 7 and with zero average. As first approximation for the solution of (85), we will
take v(9(7) = 7 + m(7), where m(7) is the solution of the inner equation (44), which
corresponds to (85) for ¢ = 0. As w(®(7), we will take the periodic part (50) of the
solution of the variational equation around v(%)(7) associated to the inner equation (44).

We recall that in Section 3.1. we have proved that m(7) is defined in D(— log Ry, +00),
which is the strip of convergence of its Fourier expansion, and hence, the domain of
definition of v(®) (7). Of course, when doing a perturbative analysis of the solution of (85),
we can not expect to keep an infinite upper bound for the domain of analyticity of v(7),
as V'(q) becomes unbounded when Im(q) — +oo. But we recall that our purpose is a
bit less ambitious: what we want to establish is that the solution of (85) is defined in a
domain whose lower boundary is asymptotically close, when € — 0, to the lower boundary
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— log Ry of the domain of analyticity of v(°(7), and whose upper boundary matches, when
written in the 6 variables (see (6)), with the domain of analyticity of the solution of (5),
obtained in Corollary 1. Then, we obtain that the solution v(7) of (85) is the analytic
continuation of the solution u(#) of (5).

In Section 3.2 we have discussed why the formulation of the Newton method done in
Section 2 is not suitable to achieve this objective. Now, we want to see that by using
the modified formulation, we can overcome the previous difficulties. In order to apply
this method, we need some information referring to v(*)(7), which can be obtained from
the properties of m(7) (see Lemma 1). Moreover, we also need additional considerations
referring to w(®) (7) to be able to proceed with the modified Newton method. This is done
in the following section.

5.1 The variational equation of the inner solution

Let us consider the variational equation of (44) around v(®(7)

£2(x(7)) = 5O (r). (36)

It is clear that z(7) = v'®(7) = 1 + m/(7) is a solution of (86). As we have seen in
Section 2.1, we can look for an independent solution of (86) of the form

1
Z0(1) = = O(r)7 + wO(7),
w

where w(®)(7) is 27-periodic in 7, with zero average, and verifies (see equation (51))

1.
—Ee’(”m“))w(o) (7). (87)

L2 (wO(r)) + m/ (1t +w) —m' (1 —w) =
In order to study the analyticity properties of w(®)(7), and in analogous way as we have
done in Section 3.1 to study m(7), we replace the Fourier expansion of w(®)(7) (which is
immediate to check that only contains positive Fourier harmonics) by a Taylor expansion
in the variable z = ¢’". Then, we define @W(z) = iw(® (), that can be written as

w(z) =Y wyat,

E>1

and verifies
W(2Q) — 2w(z) + W(z/Q) + i (.mm'(xn) _ %m’@:/ﬁ)) = —Zemen(z),

where m(z) has been defined in (45) and {2 = e™. From this expression, it is straightfor-
ward to obtain the following recurrence for the coefficients wy:

S TS
k—jWj — M1 Do\
4Dp 11 j=1 I * sin (@)
for any k£ > 0. The expressions my, Fj and D; have been introduced in Section 3.1. From
(88), and using that my, Fy and Dy are real numbers one obtain that wy € R for any k.
Now, to continue studying w(z), the most important point is to relate the radii of
convergence of m(z) and w(z) (or in equivalent way, the strips of analyticity of m(7) and
w®(7)). What we are going to prove is that the radius of convergence of w(z) is bigger
or equal to the one of m(x).

(88)

Wg+1 =
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Lemma 2 Assuming all the previous notations and definitions, we have
lwg| < Myk?log (k + 1)my, k>1,
for certain My > 0 (independent of k).

Proof: We consider the recurrence (88), and we divide it by my,; > 0, obtaining

1 k |w-|> (k+1)
< jFp_ym—= | + .
Me41 4Dk+1mk+1 JZ:I ( k= ]]mj ‘sin ((kzl)w)‘

| w1

Now, let us assume for a moment that L%’nd is an increasing function of j. If this were true,
J
we would have
e _ Jwgl | (k+1)

Mpy1 Mg ‘sin (@)

Y

where we have used (47) and (48). Of course, the previous assertion on the monotone

character of y:’n—” has not to be fulfilled. To overcome this problem we define the following
J

auxiliary recurrence:

(k+1) (k+1)
Wit1i = — W+ —F— )
+1 A ‘sin ((k+21)w)
with W, = % Then, it is straightforward to prove by induction that % < Wk.

Moreover, from its recursive definition, we derive the following explicit expression for W:

k
1
We = kWi + k>

H Y
: i v
iz foin ()|

N1
To estimate the coefficients W, we have to bound ‘sin (%)‘ . For this purpose we

k> 1.

define, for any j € N, J(j) = int (j'y + %), where int(-) states for the integer part of a
real number. Let us point that J(j) is the unique [ € N such that

T Jw s
< < =
2= T3
Then, as we have that
Ising| > 2|4 te[ ””]
11 — — ., =
- T ) 2,2 )
we obtain
Wi < kW +k2k:71 (89)
k> 1 o . . 9
2 = 1iv — I

and using that w = 27y verifies the Diophantine condition (4) with ¢ = 2, for certain
constant ¢, = ¢, > 0, we derive that

k
W < kW1+4—(k2+k—2),

Cy

which gives that W, and then ‘Z—’;', are bounded by an expression of O(k3), proving the
“equality” between both radii. But this estimate can been improved, as not for any j in
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the sum (89) we have that |[jy — J(j)| is as small as the Diophantine condition gives. In
fact, this rough estimate can be improved, giving us that W, is bounded by an expression
of order O(k?log (k + 1)), which proves the bound claimed in the statement. This fact
comes immediately from the result given in Lemma 8. [

Provided with this result, we are in conditions to estimate the size of W(z) close to its
radius of convergence, or, in equivalent way, the size of w(® (1) close to the boundary of
its strip of analyticity.

Lemma 3 For any § > 0,

log (1/6
0] s < Mo (PEE) 11). (90

where My > 0 is independent of 6.

Proof: From Lemma 2, we have that

10 (7)]|-tog ot 00 < My Y K log (k + DmyRse™* = My f(5),
k>1

then, we only need to bound f(4). To do that, let us take 6 > 0 fixed, and let us define
fort >1

gs(t) = t*log (t + 1)e .

Then, we have that
f(8) < (sup gs(t)) Y mxRg,
21 k>1
where we recall the convergent character of the sum above (see Lemma 1). In order to
bound this expression, we look for the zeros of gj(t), with ¢ > 1. We obtain for these
zeros the equation h(t) = §, where

2 1
mt) =3+ (t+1)log(t+1)

We notice that h(t) is well defined for any ¢ > 0, and it is strictly decreasing with ¢. If we
define 6y = h(1) = 2—|—21§?, it is immediately to check that if § > dy, then g;(t) < e ?log 2.
If § < o, we have that h(2/§) > ¢, and h(4/6) < 6. Hence, it is clear that, in this case,
the only value of t > 1 given rise to the maximum of gs(t), is between 2/§ and 4/§. This
allows to obtain the estimate gs(t) < 33 log (% + 1)e_25, if 6 < .

As both behaviours, when § — 0 or when § — +o00 are completely different, it is not
easier to found a compact expression matching them uniformly. But it is straightforward
to check that the expression given in the statement plays the desired role. [

5.2 Convergence of the modified Newton method

In this section we are going to prove that the modified Newton method of Section 4 can
be applied to equation (85), giving a sequence v(™ (1) which converges to the solution v(7)
in a suitable domain, and that in this domain it is a small perturbation of the solution
v (1) corresponding to the unperturbed case ¢ = 0.
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As it has been seen in Section 3.1, the solution for ¢ = 0 (the inner equation) is given
by v(O(7) = 7 +1O(7), with I(O(7) = m(7), where m(7), defined as the periodic solution
of (44), is convergent if Im(7) > —log Ry (see Lemma 1). On the other hand, from
Lemma 3 we have that if we make a small reduction of the lower border of the domain
of m(7), then w(®(7), defined as the periodic solution of equation (87), exists and it is
bounded. Nevertheless, the error associated to v(*)(7), if we ask it to verify equation (85),
increases unboundedly when Im(7) — +o00. So, it is clear that we have to restrict the
upper boundary of the domain by taking a finite border. Then, in order to proceed with
the modified iterative method, let us consider the following initial domain D® for the
variable 7:

DO =D, p{") = {reC: p? <Im(r) < pi’},

where we take
pgo) = —log Ry + 61, pgo) = log B.

Here we can allow, in principle, any arbitrary B > 1/Ry and any 0 < §(%) < log B+log R,.
Nevertheless, and for technical reasons, we will add another restrictions to B and §().
Let us point that even though v(®(7) and w(®)(7) are bounded in D), the estimate (90)
for the norm of w(® (1) grows unboundedly when 6 — 0. But we recall that our purpose
is to prove convergence of the method for §(%) as small as possible, in order to establish
the existence of the solution of equation (85) in a domain as close as possible to the
initial one. This forces us to control the asymptotic behaviour of w(®(r) as function of
the distance to the lower boundary. Moreover, this control has to be extended to the
successive iterates w(™(7), as well as to other functions that will appear in the sequel
(for instance, v'®(7)). To do that, we introduce the following notation for the weighted
norm (38) of a 2m-periodic analytic function f(7):

10— = 1Dl 5,0

for any 0 < § < (pgo) - p§°))/2. Expressing the norm as a function of §, we can describe
the size of f(7) as a function of the distance to the boundary of D®, and hence, we
can manage with quantitative estimates for the asymptotic behaviour of this norm for
different values of 4.

Provided with these notations, and using the analysis that we have made in Section 3.1,
bound (90) and the Cauchy estimates for the derivatives, we get that there exists a
constant M > 1, independent of €, §, 6 and B, such that:

(6160 M
||l(0)(T)||D(o)_5 < Me (044 )’ ||U'(0)(T)||D(0)—6 < 6(0)+6—|—1,
log _1
_ (0) FIOEY;
lw®()lpw 5 < Me @ ’(7(5<o(>+§)2) +1), (1)
log ( =or
_ (0) (0)
eOWlpo 5 € MBe,  [£O()lIpor g < MBete ”””((4&51%)53 ”),

where e(®(7) and f(O(r) are defined in (54) and (55), respectively.
To state Theorem 3, in analogous to Theorem 2 (see (39)), first of all we have to
introduce several constants to control the size of the objects involved in the proof. For



4C1C lvi. YCala alild JULUL VililalluCvad

the initial approximation we use

(0)

0 H 0
||l(0)(7')||1)(0)_5 < Mg ), ||”I(0)(7')||D(0)_5 < 5 +25(0) +1, ||e(0)(7')||1)(0)—6 < Ng )’
log 1
0 5+6©) 0
[0 o s < (w”) 1FODpo s < 1, (92)
0 0 0 0
0 < Ng) < |a(0)| < ué )’ ||V”(Q)||D(0)+u§0)+1 < ug )’ “VW(Q)HD(OHMEO)JH < Nz(g )’

where we recall that a() has been introduced in such a way that (det(P(®)) = 1 (see (56)).
In fact, for this initial approximation, and using that v(®)(7) is an exact solution of the
inner equation, one can check easily that det(P®)(r) = 1, and that a(®) = 1 (to check this
we only have to consider Im(7) going to +00). We remark that the bounds for ()(7) and
for the error function f(%(7) are taken independent of §, despite the expressions given in
(92) depends on §, in order to simplify the recursive bound in the proof. Then, assuming

0 < e < 1, we have the following values for the expressions M;O), j=1,...,0:
w? = M, =M, p=MBe, =M,
1 1
w' = Lo =1 =S (R+B), )= (R+B), (93)
0 _ > (log(1/5®) _ () (log(1/5®)
g = MBe < (02 +1)=ps (02 +1].

Now, we apply the iterative method introduced in Section 4, obtaining the following
quantitative result (see Section A.3 for the proof).

Theorem 3 We assume the notations introduced before in this section, and we put w =
21y, where 7y is the golden mean. We consider the sequences v(™(7), w™ (1) and a™
defined recursively in Section 4, starting with v (1), w®(7) and a® = 1 as defined
above. We take as initial domain D = D(—log Ro+0©  log B), where B is any constant
verifying B > max{e?/Ry, 1}, and

(94)

logB +1 -2
0<5(0)<min{1, o8 +2(1gR° }

Then, there exists a constant ¢ > 1, depending on /Lgo),ugo),uio),uéo),uéo),ugo) and ug‘”

such that if ,ugo) 1s small enough in order to have,

log (%))’
A= 12cu§0)% < i, (95)

we can assure that these sequences converge to v(7) = 7 + (1), w(7) and a, with v(7)
and w(T) analytic functions, defined at least in the complex strip D = D(—log Ry +
1160 log B — 106), 2r-periodic in T and with (I) = 0. They verify that v(T) is solution
of the Lagrangian equation (85), and z(1) = w(7)+ 27v'(7) is solution of the variationals
of (85) around v(7), with the constant a inR given in such a way det(P(7)) = 1 (see

(52))-
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Moreover, in this domain we have for l(T), w(7) and a the bounds (92), now with

uy = 1 + 6cpf 1og(1/00) /(8©)¢, for j = 1,2, pa = i + 6epl” (log(1/6®))?/(5©)8,
Us = u§°)/2 and pg = 2ué0), where p; < /L;O) +1, for j=1,2,4.

On the other hand I(7) and w(T) are small perturbations of I°(7) and w(®(7), in the
sense that

log 6%0)
11(r) = 1O0(7)I5 5 < chg’)%

") — 700 ~ RS Chicd i
1) - 1Oy S o

lw(r) —w® ()5, < 6eul” (105 5%))21%(%%).

Now, using the values of the constants /1,;0) given in (93), we can give a more quantitative

result. Let us take 6(0) = ¢'/4=% for any value 0 < o < 1/4 (fixed from now on). With
this choice, it is clear that (94) is achieved if € is small enough, and for (95) we have:

A =12cMB (1/4 — a)* % (log(1/e))* < 1/4, (96)

provided that e is small enough. Then, we have that the solution v(7) exists in a domain
that is O(¢'/4=) close to the initial one D (— log Ry,log B). More concretely, going back
to the original variables given by (6) and (7), we obtain the following result:

Corollary 3 Let us take o any constant verifying 0 < o < 1/4. Then, if € is small
enough to verify (96), the Lagrangian equation (5), for V(q) = —ecosq and w = 27y,
has a solution u(#) = 0 + £(6), where £(9) is analytic, 2m-periodic in 6 and with (£) = 0.
Moreover, u(0) is defined at least for § € D, where

D = D(—log(1/e) — log Ry + 11e"/*7, —log(1/¢) + log B — 10e"/*7®),
Moreover, in this domain we have the estimate

3McB

16(6) = m(8 + ilog(1/e) — m) |y < &4/ ——,

where ¢ > 1 is the constant provided by Theorem & (that is an increasing function of B).

Proof: It is straightforward from Theorem 3 and the condition for ¢ obtained in (96). H

5.3 Proof of Theorem 1: complex matching

Now, we are in conditions to prove Theorem 1. To do that, we only have to show that
the solutions u(f) (provided by Corollary 1) and @(#) (provided by Corollary 3) of equa-
tion (5), for V(q) = —e cos ¢ and w = 27y, are both defined in a suitable common domain,
and that in this domain they are close enough. So, we only have to apply Proposition 1
to assure that @(6) is the analytic continuation of u(#). The proof can be summarized in
the following steps:
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—log(A/e)+2—-0O(e!/4~%)
—log(A/e)+1

I
—~
5
-~
r— || —
g|
—~
)
=

—log(A/e)

- log(Ro/e)+0O(e!/4~%)

Figure 1: Domains of analyticity of u(f) and #(#) and matching domain.

1. We consider a fixed value of 0 < o < 1/4.

1
16c€

2. Let us call ¢ the constant given by Corollary 1, and let us consider the value A =

provided by Proposition 1, with o = 2, ugo) =e¢/2and p, — p; = 1.

3. Let us take A any constant verifying A® < min{L, 35}. From Corollary 1 we
have that, if  is small enough (depending on A®), then |[€(8)-10g(4/e) tog(4/c) <
A/2, for any 0 < A < A©),

4. We define By = 4M /A, where M > 1 is the constant introduced in (91). Thus, we
have that if B > By, then ||m(7)||- 1og Ro-tlog B,+00 < A/4, and so, we have the same
bound for m(6 +ilog(1l/e) — m) in the domain D(—log(1/e) — log Ry + log B, +0)
(we recall that {9 (7) = m(7) in (91)).

5. We consider a fixed B defined by means of the equality log B = — log A + 2, where
we take 0 < A < A small enough, in such a way B > max{By, e?/Ry, 1}. Provided
with this value of B, we apply Theorem 3, with the formulation stated in Corollary 3,
obtaining for the solution £(#) the estimate ||¢(9) —m(0 +ilog(1/e) — 7|5 < A/4,
if ¢ is small enough, depending on M, B and ¢ (c is now the value provided by
Theorem 3). Let us point that D(—log(1/¢) — log A, —log(1/e) + log B — 1) C D,
at least for small values of ¢ (we note that A < Ry).

6. So, we can do the complex matching applying Proposition 1 in the domain D(p,, p,),
where p; = — log(A/e) and p, = —log(A/e) + 1, with A as given in item 2. because

we have p, —p; = 1. To do that, let us point that in this case ugo) = 0, and it is clear

that [E(0)]|- og(a/e),-gareyr < B/4+ [E(6) —m(6+ilog(1/e) — )|l < B/2 < 1.
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To obtain the analytic continuation of the function u(6) in the upper plane, we only have
to do an analogous construction, or to use the symmetries of the standard map, in order
to obtain a symmetric domain with respect to the real axis.

Finally, the estimates provided by Corollary 3 give that £(f) (or £(f), as we have
proved that both are the same function), is asymptotic to m(6+ilog(1/e) — ), as e — 0,
at least in the domain D, as stated in the item (c) of Theorem 1. |

A Proof of the convergence theorems

In order to help in the readability of this paper, we have placed the proof of the most
technical results in this last part of the work. So, in Appendix A we give the proof of
Theorem 2 and Proposition 1 (see Section A.2), as well the proof of Theorem 3 (see
Section A.3). Moreover, in Section A.4 we also have included the proof of some estimates
on small divisors related to the golden mean, that have been used to prove Lemma 2.

A.1 Some basic properties of the norm

First of all we recall some definitions we have introduced to work with 27-periodic analytic
functions. We have considered functions defined in complex domains of the form

D(plap2) = {Z eC: P1 < Im(e) < p2}a

with —oo < p; < ps < +00. Moreover, given an analytic function f(6), 2m-periodic in
6, and defined in this domain, we have introduced (from its Fourier expansion (23)) the
norm

1 Fllproe = [fol + D | fele ™ + 37 | fle7*72.

k>0 k<0

As we have mentioned before, this definition keeps several properties of the supremum
norm. In the present section we are going to display some of these properties, whose proof
can be checked using the definition of this norm and the basic properties of Fourier series.

Lemma 4 Let us take F(6), g(0) and h(0) analytic functions, 2mw-periodic in 6, and with
Ugllpr.0o < 0 and ||h]|pyp, < 0. Then, if all the estimates on F involved in the following
expressions are well defined, we have:

o || -|lp,p. s a multiplicative norm:
19OV (O)lo1p2 < [|g(O) 1,2 1P(O) |12 -
e [t is preserved by the composition:
1E© + () llorpo < IF(O)llor—s5,0015-

o We have the following “mean value theorem”:

1F(0 + g(0)) = F(0 + h(0)llpr.p0 < [1F(O)lr 2,046 119(8) = 1(O) | -
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e The standard bounds for the remainder of the Taylor formula up to order 1 are also
true:

(0 + 9(8)) — F(0 + h(6)) — F'(6 + h(0))(9(6) = h(0))l 1.

1
< SIE"O)los-s021519(6) = A(O) 5, 50
e We have the following Cauchy-like estimates for the derivative:

1E(0)lpu.2

||FI(9)||01+5,02—6 < s y

where we recall that F(0) is defined in (22).
e If(F) =0, then we have

_ 1 (o—1\"1
£ Pllnssm-s < 3 (=) 1Pl

where the operator L' is defined in (24), provided that w verifies the Diophantine
condition (4). The proof follows from some estimates on the small divisors that have
been also used to prove Lemma 2.

A.2 Proof of Theorem 2 and Proposition 1

In this section we are going to prove that, under the conditions displayed in Theorem 2,
the sequence u(™(f) constructed in Section 2.3 converges to a solution of equation (5).
Moreover we will also prove Proposition 1, that gives conditions to ensure the uniqueness
of this solution.

A.2.1 TIterative lemma

First of all, we study the effect of one step of the Newton method on a given approximation.

Lemma 5 We consider a fized w € R of Diophantine type (4), for certain o > 2 and
¢, > 0, and V(q) an entire function, 2m-periodic in q. Let £ () be an analytic function
defined on D(p\™, pi), for certain —oo < p\™ < pi" < 400, 2r-periodic in 0 and with

(MY = 0. We put u™ () = 6 + £™(8), and we assume the following bounds:
1600 0 < B, OO 00 < 1, (B0 < 1, (o7)

< w0 < < [a®] <, V@ oy e ,0 ., < B,

with MY‘) < u§°) +1, ugn) < ugo) + 1, for certain u§°) > 0 and ugo) > 0, and ug”) <1,
where e™ (6) is defined in (11) and a™ is given in (20). Then, there exist c™) > 1, ¢ =
c(u§°),u§°),u§"), 1/uén),uén),u$n)), that it is an increasing function of all its arguments,

such that given any 6™, with

(n) _ (n)
0<6m™< min{l,%},
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for which

(n) (n)

n K . 1 0 n n 1% 0 n
C( )M’mﬁmm{ial"‘ﬂg)_ﬂg )}) C( )(5(n))32(0'—1) §1+Mg)_ﬂg )’ (98)

then we can apply a step of the Newton method formulated in Section 2.2 to compute a
new iterate u™V(0) = 6 + £ FD(9), with (£D) = 0, verifying

(n+1) _ p(n) (n M3
||£ ,é ||p§n+1),})én+1) S & (5(”))2(0’*1) 9
(n+1) _ pi(n) (n) us”
I(n I(n n
||€ - E ||p§-"+1)’p;n+1) S c (5(n))20._1 9
(n)y2
(n+1) (n) (k3")
||e ||p§-n+1),pé”+1) S (5(n))4(0_1) 9 (99)
1 p”
!+ || (n41) (n+1) < (n)
AT 1 ) i
1 #gn)
la"tY) — ™| < e ORIV
(Pz —P1 )
where pg"H) = pg") + 360 and pgnﬂ) = pé") —36(m,

Proof: In order to simplify the notation, we will skip the super-script (n) everywhere
along the proof, and we will use the super-script (1) to label the (n + 1) iteration. First
of all, let us explain the role played by the constant ¢ on the statement. We are going to
use always the same notation, ¢, for the different bounds appearing in the proof, that are
function of the arguments in which ¢ depends. So, this constant has to be re-defined in
a recurrent way along the proof of this lemma, in order to meet all the bounds where it
is involved (a finite number of them), and the value of ¢ obtained after the last bound is
the one claimed in the statement. Moreover, and except when it is explicitly mentioned,
during the proof we will avoid the restriction § < 1. Then, the remaining bounds hold for
any value of § for which the expressions involved are well defined.

In the following estimates we will use the properties of the weighted-norm given in
Lemma 4. First of all, going back to (20) and (21), we have

Cc

[~ o100 < ||7L(9)||p1,pz <c 1V(O)lpy 18,006 < go 1
These bounds give
M3 K3
1%/ (0)e(O)l 1,00 < iz, [[V(0)u (8)e(0)]] p116,0, 5 < C5o1” [(ru'e)| < Cw-

Let us point that when bounding the average by the norm, we use the Cauchy estimates
given in Lemma 4 with the maximum reduction allowed in the width of the strip of
analyticity, which in this case is § = (p, — p1)/2. Now, we solve (29), with the conditions
(31) and (32), and we compute £ (6) from (28). Then, using the same kind of arguments,
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one obtains

~ H3 M3
||772(9)||01+5,02—5 < C(Sg_p |<772>| < C(p2 — pl)g_l’
H3 ~ H3
||n2(0)||91+5,102*5 < 65071 ) ||n1 (0)||P1+257102*25 < 652(071) )
M3 H3
|<771>| < C(p2 — p1)2(g,1)’ ||771(9)||01+25,02—25 < 652(071)’
U3 M3
1@ lpr+200e-20 < ez NEOMlpi+sspe-ss < 5357 (100)

Thus, the bounds (99) for ||/ (8) — £(8)]| and [|[£'M)(§) — £'(8)]| are clear. To bound the
new error e (#), we recall the decomposition

eD(8) = e (9) + e (9),

that we have done in (33) and (34). To estimate egl)(ﬁ), we remark that condition (98)
guarantee that [[£(1)]], 105, 26 < 1 + 1. Then, we can use Lemma 4 to bound the
remainder of the Taylor formula up to order 1 in the domain D(p; — ,ugo) -1, p2 +u§0) +1).
On the other hand, egl) (0) can be bounded looking at its equivalent expression (36), having

1Dl 0 0 < etS 1D o o < et
e]. pgl),pél) — 0520.71) 62 pgl),pgl) - 664(0'71) '

Recalling that to display the results we will take 0 < § < 1, the worst bound is the one
given by egl)(ﬁ), and it is the one taken into account in (99).
The next step is to consider 1/u'®(#). For this purpose, we write

r 1 1 1
O~ w(@)+€0)  wie) \1+ 59 )
and from here, we derive the estimate

1
u'(M)(9)

_ M4
1—- 0520371

Y

P1 +3’5;P2 —34

where we use that cus/d27 ' < 1/2 (see (98)). Finally, to end this proof we only have to
estimate a(!) — a, or in equivalent way, (h(*) — h). Then, we notice that

u'(0)u' (6 + w) — w'D(0)u' (8 + w) ‘

W0 = hO) = = G T w6+ )

To bound this expression, we add and subtract u'(8)u/)( 4 w) at the numerator of this
fraction. Now, using that [|£1)]|,, 135,35 < 1+ p3”, which is also guaranteed by the

proved bounds (99) and the hypotheses (98), we have

R —py| < e M
|< >| — (p2 _ p1)2071

To obtain this estimate, we point that have taken again the maximum reduction allowed
in the width of the strip of analyticity, in order to bound [(£)| by ||€|. |
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A.2.2 Proof of the convergence

The proof of Theorem 2 relays on the convergence of the sequence u(™(f), that will be
proved by induction using the iterative Lemma 5.

We put 6 = /2" and we have ¥°°,6M™ = 26(). Then, we want to apply iter-
atively Lemma 5, starting with «(®)(g) in D(p&o),pg))), and using at any step § = (™.
Hence, it is clear that p{™ < pi” + 66 and p” > p® — 65(0).

Let us proceed by induction. We assume done n steps of this iterative method, and
that for u(™ () we have that the constants u;"), j=1,...,7, defined as in (97), verify
p <+ 1w < 1l <1l < e, 1/ud? < 2/l Wl < 2u.
Moreover, it is clear that u(7") < u(70). We also assume that

(n) (n)
K3 (0) (n) K3 (0) (n)

. 1
c(é(n))mr—l Sm1n{§,1+u2 ) }a CW S14py’ — w7, (101)

where c is the function provided by the iterative lemma valued in:

0 0 0 0 0 0
c=c(pt” + 1,18 +1,euf”,2/u”, 208, ).

Let us note that this choice of ¢ implies that c\/) < ¢, if j < n, and then conditions (101)
guarantee that Lemma 5 can be applied, giving the following constants for the n+ 1 step:

(n) (n)

(n+1) _ (n) U3 (n+1) _  (n) U3
M1 = + 6(5(,1))2(0,1) ) 2% = M2 + 6(5(,1))20,1)
,u(n+l) — ¢ (Mgn))2 (n+1) _ lh(fl)
3 - (n))4(c—1)’ 4 - )
((S ) 1— 6(5(77)3)20—1
(n) (n)
(n+1) _  (n) U3 (n+1) _  (n) U3
1233 = U5 c n) ™og_1’ Mg =g +c ) (") \og—_1
(P2 pi) (o3 pi)
Thus, the induction implies
n (4) n (4)
(n+1) _  (0) K3 (n+1) _  (0) U3
e jz%c(&j))z(a—l)’ e R jz%c((s(j))za—l’

and hence, the key point is to control ugj), that, from the definition of (), verifies

@)
M(j+1) — 94ji(o-1),, (N3j )2
3 (6(0))4(e—1)”

for any j =0,...,n. This expression, and the definition of A given in (41), imply that

. ¥-1 , 4(o—1) ,
(4) o—1\27+24(j+1) c O)h2i 2 21 (0)
ps' < (277) ’ ((5(0))4(01)> (us”)™ = 24(j+1)(071)A K3 s

for j =0,...,n+ 1. As we ask that A < 1 in (41), then we can ensure that the bound

of ugj )it is strictly decreasing to zero with j. Consequently, the sums defining ME"H) and
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1" can be bounded by geometric ones of ratios A/2%@1) and A/2273 respectively,

and both are smaller than 1/2. Hence, we derive the estimates

(0) (0)\2(c—1)
(n+1) (0) 3 _ (0 (6™)
/’Ll S ,ul 2C 9 - /’Ll + 2A 24(0_1) )

L
(6(0))2(e—1)
(n+1) (0) ,ugo) (6(0)2 3
M S pg 2CW =y + 2A71),
which, as 6 < 1, are bounded respectively by 1+ ,ul )and 1+ ) ) Let us observe that

the arguments presented also guarantee inequalities (101) for n + 1. Now we consider

u{"Y | that verifies

n
1
n+1 0
MEI+): II @ /jfz(l)a
.7:0 ]. - C(J(j))2o’—1

where we recall that we have cugj)/(é(j))z"_l <1/2,7=0,...,n, by hypothesis (101). If
we take log(+) of this product, and we use that

—log(l—z) <2z, if 0<z<

we obtain

(nt1) & u) 0) 0)
Py < exp 226? Py’ < efhy

) and p{"™, we remark that pJ — p{™ > (o) — pi?)/2, and hence, we

)

To control p{"Y

only have to bound »7_, ps’ by a geometric sum of ratio A /24~ 1 < 1/2, obtaining

2 20—1 2 20—1

n+1 0 0 n+1

us Y > g — 205 ( (0) (o‘)) s g < g+ 20ps” (‘(o‘) (o‘)) '
P2 — P1 P2’ — P1

Using (41) we have that ug (1) > 0 /2 and pl"™ < 2489 and then all the inductive
hypotheses also hold for n + 1. Hence, we can take n gomg to 1nﬁn1ty, which ensures

the convergence of the process in the domain D( )+ 65 — 66(). Moreover, the
different bounds obtained along the proof also give the ones clalmed in the statement of
the theorem for the limit function u(6) = 6 + £(6) in the final domain. |

A.2.3 Proof of Proposition 1

In this section we are going to prove Proposition 1 to establish the (local) uniqueness of
the solution of (5).

Let be @(8) = 6 + £(¢) another (analytic) solution of (5), defined in D(p,,7,), a
domain which is contained in the domain of u(#) provided by Theorem 2, that is, D(pgo) +
66(%) — 66(0), 2r-periodic in # and with (£) = 0. We want to check that if ||¢(6) —

L(0 )||p1,p2 is small enough, in the sense that they verify (42), then () and @(f) have to
coincide.

For this purpose we define U(6) = u(f) — u(#), then, using that both functions are
solution of (5), we can write

LIUO) = V'(@(®)) — V'(u(9)) = V" (u®)U(0) —&(6), (102)
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where
e(8) = V'(u(9)) — V'(@(9)) + V" (u(9))U(8).

Now, we can use the explicit reducibility of the invariant curve u(6) (see Section 2.1), to
solve (102) for U(), and to express it as function of €(#). More concretely, if we write

U(6) = u'(0)m(0) + v(6)u' (6)ma(6),
we have that n(6) = (9:(0),n2(0)) is obtained as the 27-periodic solution of the equations:

Lon(6) = ( g g ) n(8) + ( ”(9_+1 w) ) u(0+w)eld +w), (103)

(see (29)) where a and v(0) are defined from u(f) (see (20) and (21)). We recall that the
only indetermination in this equation is the choice of (1), which have to be defined in
such a way U(6) has zero average. But let us also recall that to guarantee the well defined
character of this construction, we need that (u'€) = 0. To check this, we notice that as
u (@) and u(0) verify (5), we can write:

w'(0)e(0) = V'(u(®)u'(6) — LSO ) t'(0)L Z( )+ (£(6) — €(9) L5 (6)
= V'(u(6)v'(6) - ﬁ? ['e +w) () £(O)0 - w)] + [2£(6)(6)
+ €06 — w)I(B) — £ ()20 +w)] — [(£'(8 +w) + £(6 — w))(O)],
and from here is not difficult to check that (u'e) =
It is clear from (103) that if €(@) is zero, so is U(Q). In principle, we only have, from

the definition of €(f), that € = O(U?), but from the hypothesis (42), it can be quantified
by

_ 1 (© _ (0
||€||ﬁ§°),ﬁ§°) = ng )||U||;50),ﬁgr>) =7,
where we define p§°) = p; and ﬁgo) = Dy, and where we have used Lemma 4, and the

definition of ul” (see (39)). Now, let ¢ > 1 be the constant provided by Lemma 5,

corresponding to u§°),u§°),u§°),u§°),u§°) and u$°), that is the same that appear in the
statement of Theorem 2. Then, using that the definition of U(#) is done in the same way

than £(0) in (28), we obtain for U(f) the same bound than for £(6) in (100), giving

||U||551),5gl) <o

where we take 3 = (ﬁg - )/4 with (") = p{” + 25" and 22 =50 — 25", Hence,
we have the new estimate

—(0) 2
1 L (o) i3 _ ()
||6|| 1 50 < 2#7 ||U|| S0 50 < PG ( (3(0))2(0—1) =3

And now on, we can reiterate the same construction iteratively by taking, for instance,
S(n) = S(O)/2", obtaining that ||E||ﬁ(n) () < ﬂ;(:,n), n > 0, with
1 P2

2
1 22n(071)—(”)
/le(’,n—i—l) EU(O) (07/1’3 , n>0.

(5(0))2(0—1)
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From here, we derive that

(0)92(r— i 2
) 20DVl g0 1o 1Vl 50

M3 = |C

_ (1Yl 50
A

with A defined in (43). Thus, if we have that ||U||ﬁ(0) 50 < A, we can claim the wanted
1 P72
uniqueness. [ ]

2ntl_2 2
o 10120 0

1
5“7 24(c—1)n

A.3 Proof of Theorem 3

The next result to be considered is the proof of Theorem 3, that gives conditions to ensure
convergence of the modified Newton method formulated in Section 4.

As we have mentioned before (see Section 2.3), despite the statement of Theorem 2
has been formulated for a “generic” set of w and V(q) (for which the conditions of the
statement are fulfilled), in Theorem 3 we have adapted the application of the modified
iterative method to the case in which we are interested, that is, the invariant curve with
rotation number the golden mean of the standard map.

The proof of Theorem 3 will be done applying the modified Newton method to equa-
tion (85). This method has been constructed in Section 4 in terms of some variables called
6, u(#) and £(6). Hence, in order to simplify the readability of the proof of Theorem 3, as
direct application of the formulation done in Section 4, we will also use this notation dur-
ing the proof, even though the statement has been done in terms of the variables 7, v(7),
and [(7). It is important to remark that now the variables # and 7 and the corresponding
functions are not related by any change of variables, but they are just the same.

A.3.1 Iterative lemma

To prove Theorem 3 we follow the same basic scheme than in the proof of Theorem 2.
Then, first of all we will formulate an iterative lemma in order to control the bounds
of the corrections of the functions u(™ (), v (), and w(™(f), of the constant o™, as
well the new errors eV (8), f("*1)(#), and after that, in Section A.3.2 we will prove the
theorem.

Before to give the concrete statement of this (iterative) lemma, let us remark some
technical details to be taken into account in the formulation of the result. Then, we resume
the discussion that we have done in Section 5.2. We recall that we have to deal with several
estimates on functions that become unbounded when we approach to the lower boundary
of the corresponding strip of analyticity. To help in the control of the functions given
rise to these estimates, we recall the notation introduced in Section 5.2. Then, given the
domain D = D(py, p2), and any 0 < 6 < (p2 — p1)/2, we put || - ||p—s = || - || p1-+6,p»—s- This
notation will allow us to control the size of the functions close to the boundary of the
domain (for small values of §), and also to control the size of its corresponding average
(by choosing the biggest value for 6, § = (p2 — p1)/2). We point that with this notation
we are not able to distinguish the different behaviour of the function in the lower and
upper boundary, and in fact, in our context everything can be more easily controlled in
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the upper boundary. However, we have preferred this approach instead of one carrying a
separate control of both behaviours, as we only are interested to obtain careful estimates
at the lower boundary. In the following lemma we summarize some properties related to
this notation for the norm, that will be used in the sequel:

Lemma 6 Let f(0) be an analytic function defined in D = D(py, ps), for certain —oo <
p1 < p2 < 400, and 2w-periodic in 0. Then, for any 0 < &y < (p2 — p1)/2, and for any
0<6<(p2—p1 —2dp)/2, we have:

£l
d ||fl||D—6—50 < (5/22_5;?;(23

e Ifw € R is a Diophantine number (4), and (f) =0, then

1 -1\
1L, (F)Ip-s0-5 < i, (@ZW) 1 fllp=s/2-

Right after these remarks, we can formulate the result describing the effect of one step of
the modified Newton method on a given approximation.

Lemma 7 We consider w = 2wy, with v the golden mean, which is of Diophantine type
(4), with o = 2 and for certain ¢, = ¢, > 0. Let also be V(q) a 2m-periodic entire
function. Let £ (8) and w™(6) be analytic functions defined on D™ = D(pgn), pgn)), for
certain —oo < pY" < pgn) < 400, with (pgn) — p§”))/2 > 1, 2m-periodic in 6 and with
(MY = 0. We put u™(8) = 0+ £ (0), and we assume that for certain 0 < §©) < 1, and
for any 0 < § < (pé") — p&"))/2, we have the following bounds:

(n)

n n I’L n
16w < s o s < 575 4L e o g < a8,
n IOg 1] ;(0) n n
[w™ | pe_s < i l% + 11, 0 < ud” < la™| <, (104)
||f(n)||D(")76 < //*E)n)a ||V"||D(n)+u§0)+1 < ,ugn), ||V,”||D(n)+u§0)+1 < /‘gn);

with ,ug-") < M;_o) +1, for certain M;_o) >0, forj=1,2,4, and u < u{” < 1, where e™(9)
is defined in (54), f™(0) in (55) and a™ is given in such a way that (det(P™)) =1 in
(57).

Then, there exists c™ > 1, ¢™ = c(u{”, u s 1768, 1 18 1M, that is an
increasing function of all its arguments, such that given any 6™, with

WD)
0 < 6 < min {5“’), = (% —1¢, (105)
for which

(n)“:(,,") log (5%0)) O g ) " o _ u® 1
U EOREm)ez = min {1, " + 1=}, (52 = 5 )

(n) 1

i 10g (5t) 1
(n) J : (0) _,n) (n), () ~ =
T sopm)y S min {1,1” +1 -7}, P <o (106)

(n) 1 2 n
o) K3 (log ((5(_0) ) < u) +1—
(0©@)3(om)e — 2 ’
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then we can apply a step of the modified Newton method to compute a new iterate given
by u™D(9) = 0 + £V (), with (L") =0, w™+D(9) and "V, with the estimates

(n )m
(6(00)2(5(m))2 7
(n) uslog (5i7) 1
(6™ 5 + 60
(n) (n) (l (L )2 1 1
n+1 n n Hg K3 08 (5@ 08 \ 5550
[ D(8) = w™ (@) peren 5 < e (602 T (6(0)3(s ( (6 + 6()2 +1],

a® D) _ g™ < e

1609(8) — £ (@) | penen s <

€1 (6) = £ (O)] pnsn g (107)

that hold for any 0 < & < (p&™ — p"™Y /2 where pIY = pM — 55 pintH) =
(n) (n) (n+1) _ (n+1) (n+1) (n) (n) (n)

pi 458" and D =D(pi 7, ps ) Moreover, if we replace u'™(6), w (0) anda
by the corrected expressions a™™V), w1 (8) and w1 (9), we have that (det(P™+1))) =1
d

in (56), and the following bounds for the new errors e () and f™+Y(9) (see (54) an

(55)): )
s (Log (i)
5O | (50))3(5(m)3

e | pnsny 5 < ¢

(108)

n+1 n
||f( )||D("+1)—6 < ! )5(0)5(n) (5(0))3(5(n )3 Tt

Proof: To prove this result we will do an analogous simplification on the notation than
in the proof of Lemma 5, that is, to skip the super-script (n) of the n-iteration and to
use the super-script (1) to label the (n + 1) iteration. However, in the present context we
will let the super-script (n) for the quantity 6™ controlling the reduction of the domain
at the n-step, in order to distinguish it from 9§, that is used to display the bounds as
function to the distance to the boundary. Moreover, the role played by the constant ¢ of
the statement is the same than in the iterative Lemma 5. More concretely, this constant
will be re-defined in a recurrent way (but keeping always the same name) to achieve the
different bounds appearing in the proof and that are function of the arguments in which
¢ depends. Then, the value for ¢ in the statement is the one that follows from the last
bound.

It is important to note that, in the bounds that will appear during the proof, we will
keep only the dominant terms with respect to d, even for small and for big values of §.

First of all, we solve (63) and we compute £(f) from (62). Then, we have

, 1
[ @e@llo-s < ens (555 +1)

log (s
|w(@)e(@)||p-s < cus (% +1],
[(we)| < cps.
5 ClUs3 1
172(0) | p—sem—s < 5+ 62 (5(0) vy + 1) :
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|(n2)]

||772 (9) ||D76(")7(5

IN

CUs3,
1

ohs ((5<0> +3/2)(30 + 6/2) 1) !
CH3 log (m) 4 1
6 +4/2 \ (6 4 §/4)(6®™ +6/4) M +6/4 )

CH3,
CH3,
CUs3,

log 1
Cl3 (( (5(0)+5/2) + 1) ,

5O +6/4)(6() + §/4)2

log 1
Cl3 (( (6(0)+§/2) + 1) )

5O + 6/4)2(5™) + 5/4)2

IN

IN

173 ()| 2505

B
&
IAIA IA

||771 (9) ||D—26(”)—6

1€O) 250

IN

@) < sl e
D-3(m)_§ X 5/2 4 §(n) (5(0) + 5/8)2(5(n) + 5/8)2 ‘

Thus, these bounds imply the new bounds for ||£(V)(8) — £(8)|| and ||€'V)(8) — £'(8)]| given
in (107). To bound e™ (@), we go back to the decomposition

e (6) = el (0) + €5 (0),

that we have done in (33), but now we have to use (34) for egl)(ﬁ) and (79) for egl)(ﬁ). The
estimate for e (9) follows directly. For el (f), we remark that from the hypotheses (106)
on the statement, we have |[(M)(8)]|p s5m < 1{” + 1. Then, we can use the bound for
the remainder of the Taylor formula up to order 1 given in Lemma 4 in the domain

D(p1 — ¥ — 1, py + i + 1), obtaining

log (71 )
(1) < 3 50 15/2 Lo
||61 (0)||D—26(")_5 S Cus ((5(0) + 5/4)(5(11,) + 5/4)3 + (5(0) T 5/2)(5(”) I 5/2) + Ha |,

and

L0 < op2 (10g(m))2 +1
2 O)llp-asm—s = U3 | 5@y 574y (5 + 5 /)8 '

Then, we obtain

2
M3 (log ( (o)1 ))
(1) o< §+5/2 Ho

and from here, we derive bound (108).
At this point, and in order to bound the new iterate w(™*")(f) and its associated error
f+1(9), we need some intermediate bounds. From (67), and using the “mean value
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theorem” given in Lemma 4, we obtain

3 (log (m))2 + UQ) .

n <
||9(9)||D—35( P ((5(0) + 5/8)3(5(") + 5/8)3

Going back to the system of equations (73), that define a(#) and 3(), we have

2
i) ) < 5(044/2 H9
1€ (0)w(8) — u""(0)g(0)|| p-sstm 5 < ¢ ((5(0) +6/8)4(6( 4 5/8)3 * 50 +§ thofs

where we have used that the hypotheses (106) on the statement guarantee that we have
for u/)(#) the same estimate than for u'(f), just replacing py by p& + 1 in the domain
D — 26 — §, and also that the contribution due to the “quadratic terms” e'")(8)w(6)

can be controlled by the one due to u'(*)(#)g(6). Moreover, we also have

3
M3 (log (W) 1+5/4)) Ko log (5(°}+5)
B)g(6 n <
|lw(@)g(0)||p_zsm_s < ¢ ((5(0) +5/8)5(5(n)+5/8)3 + (5(0) +0)2 Ko |

[{wg)| < cus,

and so,

||B(0)||D—46(n)—6 <

(B)]

c ( 3 (log (m))z ai + Mg)

5@ +6/2 | (60 + 6/16)4(6™ + 6/16)2 © 6© +5/2

IN

CHg

( s (198 (1))’ s

(50) + 5/16)1(50) + 6/16) ' (3® + 6/2)(6™) + 6/2) Mg) ’

c ( ps (108 (o))

1B(O)| 60w s

IN

IN

| (O)llp-ssm 5 =< 5y 572 | (60 +5/32)4(6™ + §/32)"

. o og (5573 .
(6© +6/4)(6™ + 574y M

Then, we have for x(6) (see (69)):

108 (sortzs) ) log (sur'57)
X&)l <c ps (log 50 +5/8 R A CIOEY TP +
D-55(m)—§ S (60) +5/32)5(60 + §/32)5 (60 + 5/4)2(6() + 5/4)2 9

We point that all these bounds are valid for any value of §, not necessarily small, with
the only restriction that 0 < § < (py — p1 — 106()/2.

In order to bound the new iterate w(")(f), we need to control the average of the
determinant of the intermediate Floquet matrix P(f) defined in (75). We can do this if
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we put the maximum value allowed for ¢ in the bounds of £(f) and X(6). Then, using
condition (105) for 6™, we obtain that Ad(f) (defined in (76)) verifies:

~

[(Ad)| < cpo,

that is bounded by 1/2 by the hypotheses (106) of the statement. So, for w (), we
have:

~

X(0) — (Ad)w(6)

=~

Hw(l)(g) o w(Q)HD—&s(n)—J - 1+ (Ad) D-55(n) -5

( s (108 (o)) 9108 (gor ) )

(00 +5/32)5(0 + 6/32)° | (30 + 6/42(60 + 6/4)2 1

From here, we deduce the bound given in (107 ) for the new function w(*)(#), and then,
conditions (106) on the statement guarantee that ||w(")(8)||p_ssm_s verifies the same

estimate than ||w(#)||p_s in (104), just replacing u4 by 1 + 1. Moreover, equation (77)
gives that

~

ot g NADlal _
|1+ (Ad)| —

Now, it only remains to bound the error of w(*)(#) in (55) that is given by formulae (78)
and (84). To do that, we also need several intermediate bounds. First of all, from (59),
we have

c p3 log (5(0)15/2) Mo
ny_g < '
1d(6) || p—250m—5 < 5 1 §/2 ((5(0) +6/2)2(6( +5/4) + 60 +4§/2 T ho

We recall that we have written 1 — det(P(#)) = Ad(f) — d(#), with P(f) introduced in
(64) and Ad(6) defined in (83). For Ad(f) we have

clis ( (log (m)y + 1)
o)

Ad n s <
H d(g)HDf?,J( )—§ = 5(n)_|_5/2 (5(0)—|—5/8)4(5(")—|—5/8

Thus, we obtain

2
- c s (1og (5or7)) o
1-— P n g < .

Using this bound on (82), we have

1 4 L 2
0] < of raloslomiaz)) o (1% (5w
2(0)llp—ssm—s = (60 +5/16)7(6(™ + 6/16)7 (3 + 6/16)4(6(™ + 5/16)*

T

(0@ +6/2)(0 +6/2) “3> '

_|_



4C1C lvi. YCala alild JULUL VililalluCvad

Here, the hypotheses (106) allows to control the terms ¢'!)(8)(6) and ¢/ (8)3(6)), which
have “cubic size” in p3 and pg, by means of the size of the other ones. On the other hand,
formula (81) gives

1 4 2
lew(0)]] m_s < ¢ s (log (’5(0)”/4)) H3to (log (5(0}+5))
1 D-35(m)—§ = (600 4+ 6/8)8(6(m) 4 6/8)5 (60 4 6/4)5(6(™) + §/4)2
K3y
A 5/2) '
Then, by (84)
4 2
||f(0)|| < ¢ M3 (log (5(0)i5/4)) n 3 g (log (75(0)15/4))
Dosdt=e = "1 (60) 1 5/16)7(6® + 6/16)7 ' (5© + 6/16)4(5( + §/16)4
2
Hg 9
* (60 +§/2)(6() + §/2) + “9> :

~

Now, from the definition of fM) () in (78), and using again that |(Ad)| < 1/2, the
bound (108) claimed in the statement for f()(6) follows. |

A.3.2 Proof of the convergence

In this section we are going to prove Theorem 3, showing the convergence of the sequences
u™(6), w™ () and a™ constructed in Section 4. We will proof this convergence by
applying iteratively Lemma 7, taking 60 = §(©/2" and showing that (™ (8), w(™(8)
and a™ are small perturbations of u()(8), w(® () and a(®.

Now, we proceed by induction. We assume done n steps of the iterative method, and
that for u(™ (), w™(#) and a(™ the constants ,u;"), j=1,---,9, defined in (104) verify
ugn) < /Lgp) +1,for j=1,2,4, 1/p{™ < 2/u”, p{™ < 24l and p{? < pl < 1. We note
that conditions (93) and (95) assure the last inequality when n = 0. On the other hand,

it is clear that ug-n) < /1,5-0), for j = 7,8. We also assume that

(0) (n)

0 .

6(5(0))2(5(n)) < mln{l,ul +1—py },
T Y S Sy
(5002

me log (5%7) . 0) (n)
5(0)(5(71) 3 < min {17 Mo + 1- [25) } ) (109)
n 2 n
cﬂg)(log(ﬁ ) oo
(6(0)3(5(m))> 2 ’
n 1w n
ey < mln{i,ué - - g

where ¢ is the function provided by Lemma 7 evaluated in

0 0 0 0 0 0 0
o= c(p”, my” s w2/ 208", 1, ).
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So, from the inductive hypotheses we have that ¢) < ¢ for any j < n. Moreover, from
the recursive definition of p{ and p{™ (see Lemma 7), and using hypothesis (94) on the
statement, we also have that
") —p" oy — pi” — 2050
> > 1,
2 2

for any n > 0. Then, conditions (109) imply that (106) is fulfilled for the present n and
Lemma 7 can be applied, giving:

n n log( =&y
W ot o8l

(n+1) _  (n) Cﬂgn) 10%(5(1—0))
2 T 50 (5)3
n (n) 1 2
iy _ s (o (5))
Hs = C5ogm | (5@ T
(n) ™) (10 (L )2
(n+1) _  (n) Iy 3 g 5@
v e e T gopemy ) o)
s = Y — e,
ug = g + ong”,
n () 1))? ’
iy _ om0 (5))
Hoo = st | T (5)3(gm)s )
Moreover, conditions (109) give that ug-"ﬂ) < ug- )+ 1, for j =1,2,4, ,u(nH) > ,uéo)/2 and
n+1 0
ugd Y < 2u.

As we want to prove convergence, the first thing we have to do is to study the behaviour
of the errors, that in this modified method come from two different sources, given by the
constants ugn) and ug"). In order to control both simultaneously, let us define a new error

constant

L () 2
uy =2 (g((,o)g&((n);’;)) + s, (111)

which, from (110), verifies

(n+1) 2¢ ()2
Hip = W(Mo )

So, we can control u%), for any j < n, having

c2i+1
(5(0))2 (UIO

1+1
AR

Using the expressions for ,ul ) and u2 given in (93), we can take

g - 3" (o (g )

Hig = ( ) )
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and then, from the definition of A on the statement, we have

Y1 (0) 1 \)?
() < uso (4011%)) _ 3 (IOg ((5(_0))) AP -1

(602 21(5(0)8

Then, as A < 1 by hypotheses (95), we can assure that the bound of M16 is strictly

decreasing to zero with j. Moreover, the same happens for the bounds of the errors u( 2

and ,ug ), as we have for ug) the same bound than for /AO), and

(0)
() 3#3 27 — 1

This implies that we can keep iteratively the condition u{® < u{® < 1. Now, we only

have to use the induction to control the remaining constants u(-"H)

i
1" we have that

For instance, for

D oe (1 O 1og (L) n A2

P U S log (557 <0 o8 (F)ZN :

1 . 1 : >~ M1 -
=0 (0©)(a0)? (6@t = 2

log ( )
(0) M3 HO)J
< Hq + 6(3—(5(0))4

where we have bounded the sum by a geometric one of ratio A/4, using that A/4 < 1/2
by the hypotheses (95). Repeating the same process for the other constants, we also
obtain that

(0) 1 1 1
(n+1) (0) s~ 108 (a<_) (n+1) _  (0) Hs (Og (5(—0)))
25) < Mo +66 (5(0))4 ) Ha < 122 +6C (5(0))8 y
0 (100 (1)) 0 (106 (<))
(n+1) © M3 ( 08 (5(0))) (n+1) 0) M3 ( 0g (5(0)))
/1’5 > /1’5 66 (5(0))6 ) ,u > ,uﬁ + 60 (5(0))6 y

where we have compared the corresponding sums by geometric ones of ratios A/2; 2A,
A/2 and A/2, respectively. In any of these cases, from (95), the ratio is not bigger than
1/2. Now, also using (95), we can assure that conditions (109) are verified iteratively,
and hence, we can take n — +o00. So, the convergence follows immediately, and we also
obtain the bounds for the limit claimed in the statement. |

A.4 Some sharp estimates on the small divisors for the golden
mean

The only thing that remains to end the paper is to prove the estimates on the small
divisors associated to the golden mean, that have been used to prove Lemma 2. The
concrete result that we need is stated in Lemma 8. Let us point that this estimate can be
deduced from a more general result stated in [13]. Nevertheless, in [13] this result is used
without giving the proof, that seems to be not available anywhere. So, for this reason,
and in order to make a self-contained paper, we have decided to include the proof of this
result, but only in the concrete case of the golden mean.
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Lemma 8 We consider v = (/5 — 1)/2 the golden mean. Then, there exists a constant
K >0, such that for any M € N we have

M

> max{|my —n| '} < KMlog (M + 1).

m=1 nez
The proof of this result follows as consequence of the following auxiliary results, which
are devoted to study some basic properties of the Fibonacci numbers:

Fo =1, F =1, Fyy1 = Fy + Fyq, k> 1,

or in an explicit way:

1

k
1 72
F.=A|=| + B(—)*, A= —— B = . 112

k (7) (=) 142 142 (112)

Lemma 9 For any m € N, m can be decomposed as sum of non-consecutive Fibonacci
numbers. That is,

s(m)?

with 1 < jgm) < -+ < j1. Moreover, this decomposition is unique.

Proof: If m is a Fibonacci number the proof is ended. Although, we have that Fj; <
m < Fj 1, and so, 0 < m — F;; < Fj, ;. Then, it implies that F;, < m — F;, < F} 4,
with j» < j1 — 1. Now, if m — Fj, # Fj, we only have to reiterate the same process. W

At this point we can give what is the basic idea to prove Lemma 8: if we look at the
Diophantine condition (4) for w = 277, which is verified with ¢ = 2, the estimate that
we obtains for max,cz{|my — n| ™'} is of order O(m). But we are going to see that, in
fact, it is O(Fy,,, ), where Fj = is the smaller Fibonacci number in the decomposition
of m provided by Lemma 9. In the case when m is a Fibonacci number Fj, the value of
the “small divisor” max,cz{|my—n|"'} can be easily computed. It is obtained by taking
n=F,_q:

Fk’Y . Fk—l — (_1)k,yk+1

For the general case, we have the following result.

Lemma 10 Let m € N. Then, for any n € Z we have:

- 1— 292
|mf)/_n| > 7JS(m)+1 ( 1 — ~2 ) )
v

where jym) 1s provided by Lemma 9.

Proof: We consider the decomposition of m in Fibonacci numbers given by Lemma 9.
Then, we have

|m7_n| > |Fjs(m)7_ (n_Fjl - -‘-_Fjs(m)71)|
_|F]1’y - Fj1_1| -t |Fjs(m)—1’y o F}s(m)—l_1|
> Je(m)ytl _ ~g1+1 _ Adsmy-1tl > Adsmytl M
=z Y N & =
1— 2

v

2 2
fyjs(m)+1 1_ v _ ,Yjs(m)+1 1—2y
1—~2 1—72 )’
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where we have strongly used that the decomposition of Lemma 9 does not contain con-
secutive Fibonacci numbers. [

As consequence of this result, it is clear that now the key point is to bound the cardinal
of the following sets,

R(]ak) :#{mGN: 1 §m<Fka js(m) :]}
Lemma 11 For any k > 1 and for any j < k, we have that R(j,k + 1) < Fi_;.

Proof: Let us consider 1 < m < Fj; such that jy,) = j. If we consider the decomposi-

tion of m in Fibonacci numbers of Lemma 9, then we have that m = Fj_ ., or although,
we have the following possibilities for js(m)—1: Jsm)—-1 = Jsm) + 2,...,k. Then, we can

give the following (pessimistic) estimate for R(j,k + 1):
R(j,k+1)<1+R({+2,k+1)+R({+3,k+1)+---+R(k,k+1).

Moreover, it is clear that R(k,k+1) =1 and R(k—1,k+1) = 1. Now, in order to obtain
a more explicit estimate for R(j,k + 1), we define a new sequence of numbers R(j,k + 1)
by means of the equality:

R(Gk+1)=1+R(GE+2,k+1)+---+R(k,k+1),

with R(k,k+1) = R(k—1,k+ 1) = 1. From this definition, it is clear that R(j,k+ 1) <
R(j, k + 1). Moreover, we have
R(,k+1)=RGE+1L,k+1)+R(+2,k+1),

and so, R(-,k + 1) verifies the Fibonacci recurrence, but with respect to a decreasing
index. This implies that R(j, k + 1) = Fj,_;. [

From here, it is not difficult to obtain the following result, that it is basically equivalent
to the desired bound:

Lemma 12 There exists a constant Ky > 0, such that for any k > 1, we have

Fri1-1
> max{|my — n|"'} < KikFp 1.
m=1 nez

Proof: We only have to apply the results of Lemma 10 and Lemma 11.

Fry1—1 k ] 1 ,Y2
5 ety —al ) < SoRGE+1 ({21

m=1 j=1 1—2v?
5)A () e
- ()75 (1 cap B
(1 — 272 v JZ:; (=1) A

1\

< K, (—) (k + K3),
84

where K, and K3 are constants independent of k. From here the result follows. [ |

Now, the proof of Lemma 8 is clear. We only have to apply Lemma 12 with k& taken
in such a way that Fy, < M < Fj,1, and to use that £k < K4log(M + 1), for certain K,
independent of M (look at the explicit expression (112) for Fy).
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