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Abstract

In this work we study the different types of regular boundary value problems
on a path associated with the Schrodinger operator. In particular, we obtain the
Green function for each problem and we emphasize the case of Sturm-Liouville
boundary conditions. In addition, we study the periodic boundary value problem
that corresponds to the Poisson equation in a cycle. In any case, the Green functions
are given in terms of Chebyshev polynomials since they verify a recurrence law
similar to the one verified by the Schodinger operator on a path.
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1 Introduction

In this work, we analyze the linear boundary value problem in the context of
second order difference equations with constant coefficients associated with the
Schrodinger operator on a finite path. Our study runs in parallel to the known
for boundary value problems associated with ordinary differential equations.
In particular we concentrate on determining explicit expressions for the Green
function associated with regular boundary value problems on a path.

The boundary value problems here considered are of three types that corre-
spond to the cases in which the boundary has two, one or no vertices. In any
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case it is essential to describe the solutions of the Schrondinger equation on
the interior nodes of the path. In this particular situation, it is possible to
obtain explicitly such solutions in terms of second kind Chebyshev polynomi-
als. As an immediate consequence of this property, we can easily characterize
those boundary value problems that are regular and then we obtain their
corresponding Green function in terms of Chebyshev polynomials.

In the literature the most studied boundary value problems are those known as
Sturm-Liouville boundary value problems, that we obtain here as a particular
case, since in this work we analyze general boundary conditions. A survey on
Sturm-Liouville boundary value problems can be found in (4), see also (1). In
addition, when the boundary conditions are of Dirichlet type the expression
of the Green function for the Schrodinger operator was already obtained in
(2; 3), using techniques different to the ones we will use here. We also treat
with the Poisson equation on a cycle and we show that this problem can be
seen as a two-point boundary value problem on a path by introducing the
so-called periodic boundary conditions.

To end this section, we will describe some basic properties of the so-called
Chebyshev Polynomials, that will be useful in this work. For all the results
given here we refer to the reader to (5).

A sequence of complex polynomials {@Q,, };12° _ is called Chebyshev sequence if
it verifies the recurrence law
Qni2(2) =22Q,11(2) — Qn(z), for each n € Z. (1)

The recurrence law (1) shows that any Chebyshev sequence is univocally de-
termined by the choice of the corresponding zero and one order Chebyshev
polynomials. In particular, the sequences {T,,};>° __ {U,}t° and {V,,} />
of first, second and third kind Chebyshev polynomials are obtained when we

choose Ty(2) = Up(z) = Vo(2) = 1, Ti(2) = 2z, Ur(2) = 2z and Vi(z) = 2z — 1.

The different kinds of Chebyshev polynomials are closely related. The next
results show the properties and relations that we will use along the paper,
see (5). Moreover, these relationships display the relevance of the second kind
Chebyshev polynomials.

Lemma 1.1 [t is verified that T, 1(2) = 2U,(2)—Up-1(2), U_n(2) = —U,_2(2)
and Vi (2) = Uy(2) — Up-1(2), n € Z. In particular, U_; = 0.

Lemma 1.2 For each n € N* the roots of the n-order Chebyshev polynomial

of second kind are real, simple and belong to the interval (—1,1) and are given
by Up . = COS (n'%_rl), k=1,...,n. In addition, T,.1(z) = 1 iff either z =1 or

Z=Unor, k=1,...,]5].



2 The Schrodinger equation on a path

Our purpose in this section is to formulate the difference equations related
with the Schrodinger operator on a connected subset of the finite path of n+2
vertices, P,. Moreover, we can suppose without loss of generality that the set
of vertices of P, is {0, ...,n+1} C N. Along the paper F' will denote the vertex
subset F' = {1,...,n}. Therefore, the boundary, of F'is §(F) = {0,n+ 1} and
the closure of F'is F' = {0,...,n + 1}, the vertex set of P,,.

For any s € F', e, will stand for the Dirac delta on s. Moreover, if H C F, we
will denote by C(H) the vector space of functions u: F' — C that vanish on
F\H.

For each ¢ € C, the operator L,:C(F) — C(F') defined for each u € C(F) as

L,(u)(0) = (2¢ — 1u(0) — u(1)
Ly(u)(k) = 2qu(k) —u(k+1) —u(k = 1), keF, (2)

L,(u)(n+1)=(2¢—1)u(n+1) —u(n),

will be called Schridinger operator on F. Moreover the value 2(g — 1) is usu-
ally called the potential or ground state associated with £;. Observe that the
Schrodinger operator with null ground state is nothing else that the combina-
torial Laplacian of P,.

For each f € C(F'), we will call Schrodinger equation on F with data f the
identity L£,(u) = f on F. In particular £,(u) = 0 on F, will be called homo-
geneous Schrodinger equation on F'.

If u,v € C(F) the wronskian of u and v, denoted by wlu,v] € C(F), see (4),
is defined as,

wlu, v](k) = u(k)v(k +1) —u(k + 1)v(k), k=0,...,n (3)

and wlu,v](n + 1) = wlu,v](n). Note that in some works function wlu,v] is
called casoratian of u and v, see for instance (1).

We call Green function of the Schrédinger equation the function g, € C(F x F)
such that for any s € F, g,(-,s) is the unique solution of the homogeneous
Schrodinger equation verifying that g,(s,s) = 0 and g,(s + 1,s) = —1 when
s=0,...,nand g;(n+1,n+1) =0 and g,(n,n+1) = 1.

The following results are the reformulation for the Schodinger equation on a



path of some well-known facts in the context of difference equations and they
will be useful throughout the paper, see (1).

Proposition 2.1 Ifu,v € C(F) are solutions of the homogeneous Schridinger
equation on F then wlu,v] is constant. Moreover u and v are linearly inde-
pendent iff wlu,v] # 0 and then,

QQ(k7 5) =

wlu, vl
and for any xo,x1 € C and f € C(F) the function

x(k) = ! Kl’ov(l)—ﬁw(o))u(/@)—(Iou(l)—mlu(0)>v(/f)]+§_:qu(k?,S)f(s),

wlu, v]

is the unique solution of the Schrodinger equation on F with data f verifying
that (0) = x¢ and z(1) = x;.

The above proposition is true for any second order difference equation on F'.
Now, the special characteristics of the Schrodinger equation we have raised
here allow us to describe its solutions in terms of Chebyshev polynomials.
First, observe that Identity (1) implies that if {Qg}72_ ., is a Chebyshev se-
quence, then for any m € Z the function u € C(F) defined as u(k) = Qx_m(q)
for k € F is a solution of the homogeneous Schrodinger equation on F. The
following result shows the importance of the second kind Chebyshev polyno-
mials.

Proposition 2.2 Consider the functions u,v € C(F) given by u(k) = Uy_1(q)
and v(k) = Up_s(q), k € F. Then, wlu,v] = 1 and for any xo,z; € C the
function

z(k) = 21Up-1(q) — 2oUr—2(q), k€ F,
1s the unique solution of the homogeneous Schrodinger equation on F wveri-
fying that x(0) = zo and x(1) = x1. In addition the Green function of the
Schrodinger equation on F' is given by

gCI(k7S) = _kasfl(Q), k, S € F.

Proof. Of course, u and v are solutions of the homogeneous Schrodinger
equation and hence

wlu, v] = wlu, v](0) = —Us(q)U_2(q) = Us(q)* = 1.

In conclusion, {u,v} is a basis of solutions of the homogeneous Schrodinger
equation and for any xg,z; € C, z(k) = 2,Ux—_1(q) — 2oUk—2(q) is the unique
solution of the homogeneous Schrédinger equation such that z(0) = z and
x(1) = x;. In particular, —Uy_1(q) is precisely the unique solution of the



homogeneous Schrédinger equation such that z(0) = 0 and (1) = —1. There-
fore, for each s € F, the unique solution of the homogeneous Schrodinger
equation such that z(s) = 0 and z(s) = —1 is given by —Uk_s-1(¢), so
gq(k,8) = —Ux_s_1(q) for any k,s € F'. I

From the above proposition and taking into account the expression for the
Green function given in Proposition 2.1 in terms of a basis, we can deduce the
following identity

Up—s-1(q) = Us—1(Q)Uk—2(q) — Up—1(q)Us—2(q), k,s € F. (4)

3 Two-point boundary value problems

Our aim in this section is to analyze the different boundary value problems on
F associated with the Schrodinger operator. As §(F') has exactly two points,
these problems are generally known as two-point boundary value problems. Our
analysis runs in a parallel way to the two-point boundary value problems for
ordinary differential equations and many techniques and results are the same
in the discrete setting.

Given a,b,c,d € C non simultaneously null, we will call (linear) boundary
condition on F with coefficients a,b,c and d the linear map U:C(F) — C
determined by the expression

U(u) = au(0) + bu(1) + cu(n) + du(n + 1), for any u € C(F). (5)

Let Uy, Uy: C(F) — C be boundary conditions on F with coefficients a1, a1z,
b11, b1z and agq, ase, ba1, bag, respectively. Then, for any u € C(F) it is verified
that

Ui (u) _ e an u(0) N bi1 by u(n) ' (©)

Z/{Q(U) 921 929 U(1> bgl b22 u(n -+ 1)

As we want to assure that the boundary conditions are linearly independent
and that the vertices 0 and n + 1 are always involved, we need to impose that
a11bao # ag1b1o. Then, it is easy to verify that there exists a,b,c,d € C such
that the above boundary conditions are equivalent to the following ones:

Uy (u) = u(0) + au(l) + bu(n) and Us(u) = cu(l) + du(n) +u(n+1). (7)



In particular, when b = ¢ = 0 the above pair of boundary conditions are called
Sturm-Liouville conditions.

We also consider the so-called periodic boundary conditions on P,

Ur(u) = u(0) —u(n+1) and Us(u) = 2qu(0) — u(l) — u(n), (8)

that when ¢ # 0 are equivalent to conditions (7) fora =b=c=d = —%.

The periodic boundary conditions appear associated with the so-called Poisson
equation for the Schrodinger operator on the cycle C,, with n + 1 vertices. If
we suppose that the vertex set of C, is {0, ...,n}, then

L4(u)(0) = 2qu(0) — u(1) —u(n) = f(0)
L (u)(k) = 2qu(k) —ulk +1) —ulk—1)= f(k), k=1,...,n—1, (9)
Ly(u)(n) = 2qu(n) —u(n —1) —u(0) = f(n)

where f is defined on {0,...,n}. The equivalence between the two problems

is carried out by duplicating vertex 0 and labeling the new vertex as n+1, as
is shown in Figure 1.

0=n+1

Fig. 1. Periodic boundary conditions

Then the first equation in (8) corresponds to a continuity condition, the second
one is the first of (9), whereas the last equation in (9), corresponds to the
equality £,(u)(n) = f(n) on the path, since u(0) = u(n + 1).

In the sequel we will suppose that the boundary conditions (7) are fixed. Then,



a boundary value problem on F consists in finding u € C(F) such that

L,(u)=f, on F, U(u)=g and Us(u)= g, (10)

for any f € C(F) and g1, 92 € C. In particular, the problem is called semiho-
mogeneous when g; = go = 0, whereas it is called homogeneous when f = 0
and g1 = g = 0.

Clearly, the homogeneous problem has the null function as a solution. We
will say that the boundary value problem (10) is regular if the correspond-
ing homogenous boundary value problem has the null function as its unique
solution.

The following result shows that we can restrict our analysis of two-point
boundary value problems to the study of the semihomogeneous ones.

Lemma 3.1 Given g1, 9. € C then for any f € C(F), the function u € C(F)
satisfies that Ly(u) = f on F, Ui(u) = g1 and Us(u) = go iff the function
U =1U— g1€0 — §2En11 Satisfies that L,(v) = f+ gie1 + goen, on F and Uy (v) =
Z/{Q(U) = 0.

Proposition 3.2 Consider the n-order polynomial

W(z)=U,(2) + (a + d)U,_1(2) + (ad — be)U,,_2(z) + b+ c.

Then the boundary value problem (10) is regqular iff W(q) # 0 and this con-
dition is equivalent to the fact that any boundary value problem has a unique
solution.

Proof. If {u,v} is a basis of solutions of the homogeneous Schrodinger equa-
tion, then y € C(F) is a solution of the homogeneous boundary value problem
iff there exists «, § € C such that y = au + fv and it is verified that

L{1 (u) Z/ll (U) « 0
Z/{Q(U) UQ(U) ﬁ 0
Therefore, the problem is regular iff U; (u)Us(v) — Uy (v)Ua (1) # 0.

If we consider the basis given in Proposition 2.2, i.e. u(k) = Ux_1(q) and
v(k) = Uk—2(q), then

Uy (u) Uy (v) a+bU,_1(q) bU,2(q) — 1

Z/{Q(U) Z/{2<U> c+ dUn,l(q) + Un dUn72<Q) + Un71<Q)



Hence,

Ur (u)Ua(v) — Uy (V)Usz(u) = Un(q) + (a + d)Un_1(q) + (ad — be)U,—2(q) + ¢

+ 0(U2_,(q) — Unl@)Un—2(9)) = W(q),

since Ug_1(q) = Un(@)Un-2(q) = wlu, v](n) = 1.

The last claim follows by standard arguments. I

We aim now to tackle the resolution of any regular semihomogeneous boundary
value problem by considering its resolvent kernel, that is, the Green’s function
associated with the problem. Moreover, since we are studying problems that
involve the Schrodinger operator £, on a path we can express all formulae in
terms of Chebyshev polynomials.

If we suppose that the boundary value problem (10) is regular, according
with the above proposition, for any f € C(F) the boundary value problem
L,(u) = fon F and U;(u) = Us(u) = 0 has a unique solution. In these
conditions we call Green function for the semihomogenoeus boundary value
problem L,(u) = f on F, Ui(u) = Us(u) = 0 the function G, € C(F x F)

characterized by the following equalities

L,(Gy(-,8) =¢es on F, U(Gy(-,5) =Us(Gy(-,5)) =0, seF. (11)

Therefore, given f € C(F) the function u(k) = > Gy(k,s) f(s), k € F is the
s=1

unique solution of the semihomogeneous boundary value problem.

Fixed s € F, from Propositions 2.1 and 2.2 we get that for any k € F,

k 0, itk<s
Golk,s) = 2(k) = > Up—ya(q)es(r) = z(k) — . (12)
=0 Ur—s—1(q), if k> s.

where z satisfies that £,(z) = 0 on F. So, for any regular boundary value
problem the determination of its Green function is reduced to obtain, for fixed
s € F, the function z. In consequence, it will be useful to assign to a given
regular boundary problem an specific basis of the homogeneous Schrodinger
equation.



Lemma 3.3 The functions u,v € C(F) defined for any k € F as

u(k) = Uy-1(q) + aUx—2(q) — bU,—x-1(q)

v(k) = Un—k(q) + dUp——1(q) — cUx—2(q)
verify that Uy (u) = Us(v) = 0 and —wlu,v] = U;(v) = Us(u) = W (q).

Proof. If we take u;(k) = Uy_1(q) and v1(k) = Ug_2(q), k € F, then the func-
tiOIlS_U(kZ) = UI(U1>U1<I€) Zlivl))ul(k:) and U(]{Z) = UQ(Ul)U1<k) _UQ(Ul)UI(k),

k € F, verify that U (u) = 0 and moreover
—wlu,v] = U (v) = Us(u) = Uy (u1)Us(v1) — Uz (1)U (v1) = W(q),
since wluy,v1] = 1. On the other hand,

u(k) = (a+bU,1(0))Ur-2(q) + (1 = bUn(9)) Us-1(q)
= Uy-1(q) + aUk_2(q) — b(Un—Q(Q)Uk—1<Q) — Un—l(Q)Uk—2(Q))

= Uk—l(Q) + aUk_Q(Q) — bUn—k—l(Q)a

since Up—k-1(q) = Un—2(qQ)Ux-1(q) — Un—1(q)Uk—2(q), from Proposition 2.2.
The same arguments work for v. i

Theorem 3.4 I[fW(q) # 0, then the Green function for the semihomogeneous
boundary value problem L,(z) = f on F and Uy (z) = Us(z) = 0 is given by

bUk—s-1(q) — bcUpn—s-1(q)U—2(q)
Un(q) + (a4 d)Un_1(q) + (ad — be)Up_o(q) + b+ ¢

(Ui-1(q) + alk—2(q)) (dUn—s-1(a) + Un—s(a))
Un(q) + (a + d)Un_1(q) + (ad — be)Un_s(q) + b + ¢

Gy(k,s) =

for1 <s<nand0<k<s and

cUs_1—1(q) — bcUp—i—1(q)Us—2(q)
Un(q) + (a4 d)Un_1(q) + (ad — be)Up_o(q) + b+ ¢

(US—I(Q) + aUs—Q(Q)) (dUn—k—l(Q) + Un—k(Q))
Un(q) + (a + d)Un_1(q) + (ad — be)Un_s(q) + b + ¢

Gy(k,s) =

for1<s<nands<k<n+1.



Proof. As W(q) # 0, Lemma 3.3 assures that the functions

u(k) = Up-1(q) + aUk-2(q) — bUp—-1(q),
v(k) = Up1(q) + dUp—x-1(q) — cUx-2(q)
are a basis of solutions of the homogeneous Schrédinger equation on F'. There-

fore, taking into account Identity (12), there exist a, 3 € C(F) such that for
any k € F' and any s € F

0, itk <s

Gy(k,s) = a(s)u(k) + [(s)v(k) — { '
Uk—s—l(q)> if £ Z S

which implies that

U(Gy(-;5)) = B(s)W(q) = bUn—s-1(q),

Us(Gy(58)) = a(s)W(q) = dUn—s1(q) = Un—s(q).

Therefore, to verify that Ui (Gy(-,s)) = Ua(G,(+,5)) = 0 for any s € F, the
functions a and § must satisfy the equalities

o bUn—s—l(Q)

_dU,—s1(q) + U, —s(q)
6(8) - W(q)

and «a(s) = W

On the other hand, from Proposition 2.1 we know that

—Up—s1 (Q) =

which implies that

(4Vn-s-1(0) + Un-s(@) Ju(k) + Wh-sr(@ok)
W (q) e
Gq(kv 8) =
cUy_o(q)u(k) + (Us_l(q) + aUs_a(q))v(/f) .
o) LT

10



Finally, for 0 < k < s < n we get that

(Un-5(9) + dUn—1(a) Julk) + bUn—s-1(q)0(k)
= (Uk-1(9) + U 5(9)) (AUn—s-1(9) + Un(q))
+ b(Un—s1(0)Un1(4) = Uk 1(0)Un-o(q) = Un—s1(0)Ur2(q))
= (Ukeaq) + ali2(0)) (U—ac1(q) + Un—s(9))
+ b(Uk—s1(q) = cUn—s1 (@) Uk 2(9)),

where the last equality follows from Identity (4). The case 1 < s <k <n-+1
follows by similar arguments. i

Corollary 3.5 The Sturm-Liouville problem is reqular iff
Un(q) + (a+ d)U,-1(q) + adU,o(q) #0

in which case the Green function is given by

(Uk-1(9) + aUy2(q) ) (dUn—s-1(q) + Un-s(a))
Un(q) + (a+ d)Un-1(q) + adUp—2(q)

)Un
(Us1(a) + aUs-2(a) ) (Un—-1(a) + Un-1(4))
Un(a) + (a+ d)Up-1(q) + adU, —5(q)

0<k<s<n

Y

Gy(k,s) =

1<s<k<n+1.

The most popular Sturm-Liouville problems are the so-called Dirichlet and

Neumann problems that correspond to take a = d = 0 and a = d = —1,
respectively. Therefore, the Dirichlet problem is regular iff ¢ # cos (n’f:l)
k=1,...,n in which case the Green function is given by

1 kal(Q) Unfs(Q)a si 0<k<s< T,

Gq(k,s) =
Ul | Uy (@) Uni(q)y si 1<s<k<n+1,

whereas the Neumann problem is regular iff ¢ # cos (k”), k=0,...,.n—11in
which case the Green function is given by

1 V'k71<q) ans(q>7 si 0 S k S S S n,

Gy(k,s) =
2(q—1)U,_1(q) Viii(q) Vie(q), si 1<s<k<n+1.

Proposition 3.6 The periodic boundary value problem is regular iff it is ver-

ified that q # cos (ffﬂ) k=0,..., ("7“1, in which case the Green function is

11



given by
Un—jk—s/(q) + Up—s)-1(q)

Gy(k,s) = 2(Th41(q) — 1)

Proof. If u(k) = Ui_1(q) and v(k) = Ux_2(q), then using the same reasoning
than in Proposition 4.2 we obtain that the periodic boundary value problem
is regular iff U (u)Us(v) — Uy (v)Us(u) # 0, where Uy and U, are the periodic
boundary conditions. As U (u) = —U,(q), Us(v) = Us(u) = =1 — U,,—1(q) and
Us(v) = —2q — Uy, —2(q), we get that

Uy (u)Uo (v) — Uy (0)Us (1) = 2(qUn(g) = Un-1(q) = 1) = 2(Tusa(g) = 1).

When ¢ # 0, then the periodic boundary conditions are equivalent to con-

ditions (7) fora =b=c=d = —2%1 and hence we can apply the result of
Theorem 3.4. Firstly, W(q) = | (qUn(q) — Un-1(q) = 1) = ; (Tns1(q) — 1).

Moreover,

1

(Uk-1() + aUk-2()) (AVn-s-1() + Un-s(0)) = 75 Ue(@Uni1-s(a);
whereas
W2 (@) = el r(Uic2la) = 15 (200ea(0) + Vs (0Ui2(a).

In addition,

Ur(@)Uns1-5(q) = Un—s—1(Q)Ur—2(q) = 2qUi-1(@)Uny1-5(q) — Up—2Uny1-s(q)

= Uns1(@)Uk2() = 20(Ur1(0)Un11-5() = U 2(@)Un-5(0) ) = 20U 11-(0)

Un—l—k—S(Q) — Uk—s-1 (Q)

which implies that G(k. s) = =57y
n+1\q) —

for k < s. The result for

s < k follows analogously.

To conclude, keeping in mind that 7,.,(0) = —U,_1(0), it is easy to prove
that when ¢ = 0, for any s = 1,...,n the function
Un—1k—5/(0) + Upp—s)-1(0
ok, ) = it U1 0)

2(Th11(0) = 1)

verifies that Go(0,s) — Go(n + 1,s) = Go(1,s) + Go(n,s) = 0, and also that
Lo(Gy(-,s)) =eson F. 1

12



4 One-point boundary value problems

Our aim in this section is to analyze the boundary value problems associated
with the Schrodinger operator on a subset of a finite path with exactly one
vertex on its boundary. Such a subset will be denoted by F and we can sup-
pose without loss of generality that F = {0,1,...,n}, which implies that its

boundary is §(F) = {n + 1}. The case when F' = {1,...,n + 1} and hence
d(F) = {0} can be carried out with obvious modifications.

In this scenario a boundary condition on Fis given by

U(u) = au(n) +bu(n + 1), for any u € C(F) (13)

where we must impose that b # 0 in order that the condition involves the
vertex on the boundary. Therefore, we can assume without loss of generality
that

U(u) = au(n) +u(n+1), for any u € C(F) where a € C. (14)

Fixed the boundary condition U, given in (14), a boundary value problem
problem on F consists in finding u € C(F) such that

A

E(I(u) = f? on F7 U(U) =9, (15>

for any f € C(F ) and g € C. In particular, the boundary value problem is
called semihomogeneous when g = 0, whereas it is called homogeneous when
f=0and g =0.

We will say that the boundary value problem (15) is regular if the correspond-
ing homogenous boundary value problem £,(u) = 0 on F and U(u) = 0 has
the null function as its unique solution.

Analogously to the two-point boundary value problems, we can reduce the
study of boundary value problems on F' to the study of the semihomogeneous
ones.

Lemma 4.1 Given g € C, then for any f € C(F) the function u € C(F)
satisfies that L,(u) = f on F and U(u) = g iff v = u — gen41 Satisfies that
L,(v) = f+ gen on F and U(v) = 0.

Proposition 4.2 Let the (n+ 1)-order polynomial W (z) = Vi1 (2) 4+ aVi(2).
Then the boundary value problem (15) is reqular iff W(q) # 0 and this con-
dition s equivalent to the fact that any boundary value problem has a unique
solution.
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Proof. Ify € C(F)is asolution of the homogeneous boundary value problem,
then y is a solution of the homogeneous Schrodinger equation on F'. Therefore,
there exist «, 3 € C such that y(k) = aUg_1(q) + BUr_2(q) for any k € F.
Moreover, as £,(y)(0) =U(y) = 0, o and § must verify

-1 1—2¢q «Q 0

Un(q) + aUn—1(q) Un-1(q) + aU,—2(q) | | B 0

Therefore, the problem is regular iff

0 # (20 = DUa(q) + [a(2g — 1) = 1]Un-1(q) — aUy2(q)
= Un+1(q) + Un—1(q) — Un(q) + aUn(q) + aUn-2(q)

— (14 @)Un1(q) — als(q) = W(q).
Newly, the last claim follows by standard arguments. 1

When the problem is regular we define the Green function for the boundary
value problem L,(u) = f on F', U(u) = 0 as the function G, € C(F x F)
characterized by

L(Gy(-,5)) =e, on F, U(Gy(-,s)) =0, foranyseF. (16)

We can derive expressions for the Green function in terms of Chebyshev poly-
nomials.

Proposition 4.3 If W(q) # 0, the Green function for the semihomogeneous
boundary value problem Ly(u) = f on F, U(u) =0 is given by

‘/;C(Q) (aUn—s—l(Q) + Un—S(Q))
Vn+1 (Q) + aV, Q)

(
(aUn-k-1(q) + Un-i(9)) Va(q)
Vi (Q) + avn(Q)

, f0<k<s<n,

L if0<s<k<n+1

Proof. For each s € F, G,(+, s) is, in particular, a solution of a Schrédinger
equation on F and hence there exist o, 3 € C(F') such that for any k € F and

14



any s € I

0, ik <s

Gy(k, s) = a(s)Uk-1(q) + B(5)Uk—2(q) — { ‘
kasfl(q% if k Z S

whereas for any k € F, G,(k,0) = a(0)Us_1(q) + B(0)Us_2(q).

On the other hand, for any s € F, we get that

Ly(Gy(,9))(0) = B(s)(1 = 29) — a(s)
U(Gy(+,5)) = s) (Unlq) + aUn-1(q)) + B(5) (Un-1(g) + aln2(q))

— (Un-s(q) + aln—1(q)).

Therefore, to verify that £,(G(+,5))(0) = U(G,(-,s)) = 0, a(s) and [(s) must
satisfy the equalities

Bls) = Unsl@) +aUnsna(@) als) = (20— 1) Un-s(q) + aUpn—o1(g)

Wi(q) W(q)

and hence

Vil@)(aUn—s1(q) + Un—s(a)), k < 5.

(aUn-k1(a) + Un(0))Vilq), s < k.
Finally,
£4(G-0)(0) = BO)(1 ~ 20) — a(0) = 1
U(Gy(+,0)) = a(0)(Un(q) + aln-1(9)) + B(0) (Un-1(q) + alin-2(q)) = 0,
which implies that «(0) and 5(0) are given by

Un(q) f@Unfl(Q) and  a(0) = Unfl(Q)jr alUn2(q)

=TT W)

Un—1(q) + aUpn_1(q)
W(q)

and hence Gy(k,0) = N
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5 Poisson equation

In this section we study the Poisson equation associated with the Schrodinger
operator on the finite path P,. The Poisson equation on F consists in finding
u € C(F) such that £,(u) = f on F for any f € C(F) and it is called regular if
the corresponding homogeneous problem £,(u) = 0 on F has the null function
as its unique solution.

Proposition 5.1 The Poisson equation is reqular iff q # COS( +2) for any
kE=0,...,n+1 and this condition is equivalent to the fact that any Poisson

equation has a unique solution.

Proof. Ify € C(F) is a solution of the homogeneous Poisson equation, then y
is a solution of the homogeneous Schrodinger equation on F'. Therefore, there
exist a, 3 € C such that y(k) = aUs_1(q) + BUx_2(q) for any k € F. Moreover,
as L,(y)(0) = L,(y)(n+ 1) =0, a and § must verify

1 1-2¢| |a 0
Vat1(q) Valg) B 0
Therefore, the problem is regular iff

0% (2¢ = DVora(q) — Vala) = Vara(q) — Vara(q) = 2(g — DUnya(q).

Newly, the last claim follows by standard arguments. 1

When the Poisson equation is regular we define the Green function for the
Poisson equation on F' as the function G, € C(F' x F') characterized by

L,(G,(-,5)) =¢e, on F, forany s € F. (17)

Proposition 5.2 If ¢ # cos (n+2) k=0,...,n4+1, then the Green function
for the Poisson equation is given by

1 Vi@) Virr—s(@), f0<k<s<n+1,

Gy(k,s) =
2(q— 1) Unt1(q) Va(qQ) Vigr-k(q), if0<s<k<n+1.

Proof. For each s € F, G,(+,s) is, in particular, a solution of a Schrédinger
equation on F and hence there exist o, 3 € C(F') such that for any k € F and
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any s € I

0, itk <s
Gy(k, s) = a(s)Uk-1(q) + B(s)Ux-2(q) —

Uk sr(q), ifk>s
whereas when s = 0,n + 1, Gy(k,s) = a(s)Ur-1(q) + B(s)Uk-2(q), for any
keF.

On the other hand, for any s € F, we get that

L4(Gq(+,5))(0) = B(s)(1 = 2q) — a(s)
Ly(Gq(+,5))(n +1) = a(s)Var1(q) + B(s)Va(a) = Vasr-s(0).

Therefore, to verify that L,(G,(-,s5))(0) = L,(Gy(-,5))(n+ 1) = 0, a(s) and
B(s) must satisfy the equalities

Vn+1—5(q)
2(¢ — DUn11(q)

Vn-i-l—S(Q)

pBls) = — 2(g — 1)Up1(q)

and a(s) =(2¢—1)

and hence

1 Vk(q)vn+1—s(q)7 k < S,

2(¢ = DUn11(q)

Gy(k,s) =
‘/;(Q)Vn+1—k(Q)7 S S k.

Finally, for s = 0,n + 1 we get that
Lq(Gq(+8))(0) = B(s)(1 = 2¢) — afs) = &5(0)
Ly(Gq(+,8)(n+1) = a(s)Vara(q) + B(s)Valq) = es(n + 1),

which imply that

B Va(q) V()
o(0) = 2(q — 1)Un11(q)’ 0= 200 = Dlnia(9)
— 2 —1 n = — !
a(n+1) = 2(q — 1)Upsa(q)’ pln+1) 2(q = 1)Un11(q)
Vot1-k(q) Vi)

and hence G,(k,0) =

and G,(k,n+1) =

2(q — 1)Uny1(q) 2(q — YUnya(q)
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