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Context

e Deformation of f  keeping the subspace

invariant

e Deformation of invariant subspace keeping f
fixed

e Deformation of pairs of f and invariant

subspace

o f~A

o f~(CA)



Aim
F.Puerta-X.Puerta-S.Tarragona obtain the implicit
form of a miniversal deformation of a (C,A)-

Invariant subspace with regard to the usual

equivalence relation

We obtain for a (C,A)-marked subspace:
e The explicit form of its miniversal deformation
e The dimension of its orbit

e The stable (C,A)-marked subspaces



Notation

A
[Cj observable linear map defined in a subspace

with Brunovsky numbers k = (k;,K,,...,K,)

Inv(k,h) manifold of the (C,A)-invariant subspaces

with  Brunovsky numbers of the restriction
h=(h,h,,....,h) with regard to the block

equivalence



Differentiable structure of Inv(k,h)

e M(k,h)set of matrices of full rank with regard to

the partition (k,h) formed by the matrices with

constant diagonals depending on k; —h; +1

parameters
i X i1 0 0 i
X2 X i1 0
X i X1 .
X = Xi,j,ki—hj+1 X j.2 ‘|leM(k,h)
0 Xi,j,ki—hj+1
0 0 Xi,j,ki—hj+1

e Differentiable structure as an orbit space

Inv(k, h) = M(k, h)/M(h, h)

(J.Ferrer-F.Puerta-X.Puerta)



Deformations

Let M be a manifold and G a Lie group acting on it:

GxM - M
(9,X) = g-X
The orbit of the matrix xe M
O,={g-x,9eG}

IS Its equivalence class associated to this action
e Deformation

Definition An |-parametrized deformation of xe M

Is a differentiable map
o: U > M

where

e U iIs a neighbourhood of the origin

o §(0)=x



Deformations
e Versal / Miniversal deformation

Definition ¢: U — M is called versal if for any
other deformation

v:V > M "V cC*

there Is:

e aneighbourhood of the originV'cV , 0eV'
e adifferentiablemap a: V' > U |, a(0)=0
e adeformationB:V' —> GofleG

such that

y(v) =BV)-¢(av)) , VVeV'

It i1s miniversal if the number of parameters is the

minimum among all the versal deformations



Deformations

e Transversality

Theorem (Arnold) A submanifold NcM is a
versal deformation of xe N if and only if N is

transversal to O, at x:

N versal < T (N)+T,0 =T (M)

N miniversal < T (N)®@T O, =T,(M)

If N Is a miniversal deformation of x e M , then

dimO, =dimM —dimN

Corollary A supplementary subspace of T O,

determines a miniversal deformation of xeN



Miniversal deformation of (C,A)-invariant

subspaces
e (C,A)-invariant subspace

Definition AW nKerC)cW

o [mplicit form deformation
Theorem (F.Puerta-X.Puerta-S.Tarragona)
X e M(k,h),V eSp(X)

A miniversal deformation of V in Inv(k,h) with
regard to the group action M(k, k) Is

Sp(X+W)
such that W € M(k, h) and

tr(PXW?™) =tr(XQW™) =0
VP e M(k,k), vQ € M(h,h)




(C,A)-marked subspaces

e (C,A)-marked subspace
Definition A (C,A)-Invariant subspace Is marked if
there I1s a Brunovsky basis of the restriction

extendible to a Brunovsky basis of the whole space
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A A, _
(i) Cllj and (Czj Brunovsky matrices

(A L. : :
(i) c) similar by a permutation to a Brunovsky matrix

Remark

h>h>-.->h>h_,=---=h =0
If V elnv(k,h) is a (C,A)-marked subspace we can
suppose: ki >h and k. >k, iIf h=h_,

i+1



(C,A)-marked subspaces

e Canonical matrix representation

Definition

(C,A) observable pair with Brunovsky numbers k
V e lInv(k,h) (C,A)-marked subspace, X € M(k,h)

X such that Sp(X)eO(V) is a canonical matrix
representation of O(V) if itis

0
X":[I j forall1<i<s
h.

X;; =0 In other case

Example
k=(4,2),h=(31)

0 O

O Ol O O O
R OO O O O

O OO O Bk
o O o - O
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Miniversal  deformation of (C,A)-marked

subspaces
e Explicit form deformation

Proposition
(C,A) observable pair with Brunovsky numbers k

V =5p(X) € Inv(k,h) (C,A)-marked subspace
X e M(k,h) canonical matrix representation of
OWV)

W e M(k, h) is a solution of
tr(PXW*) =0 VP e M(k,k)
tr(XQW*)=0 VQ e M(h,h)

If and only if

W, =0 k,—h <I<k—h+1 1<i<r,1<j<s, k >k
W, =0 k-h<I<k—h+1 1<i<r, 1<j<s h=h
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Miniversal deformation of (C,A)-marked

subspaces
e Explicit form deformation

Theorem
(C,A) observable pair with Brunovsky numbers k

V =Sp(X) € Inv(k,h) (C,A)-marked subspace

X e M(k,h) canonical matrix representation of
O\V)

A miniversal deformation of V Is

Sp(X+W)

such that W € M(k, h) and

w,;, =0 1f min(k, —h,k;—h,)<l<k;—h +1,
ki >k; or h >h,
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Miniversal deformation of (C,A)-marked

subspaces
e Explicit form deformation
Examples

k=(4,2), h=(3) k=(4,2), h=(2,1)

o oloor =
O oo r .= o
o ol = oo

os|lor = =

~ S|lo o o2
= ol £ = o
_ =|loo o=
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Miniversal deformation of (C,A)-marked

subspaces
e Dimension of the orbit

Corollary
(C,A) observable pair with Brunovsky numbers k

V e Inv(k,h) (C,A)-marked subspace

codimO(V)= >  min(k—h,k,—h)+
I<r, j<s
ki=k; or hy=h;

+ > (k—h +1)

I<r, J<s
kj>ki=h;>h
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Miniversal  deformation of (C,A)-marked

subspaces

e Structural stability

Definition

Characterization structurally stable elements:
codim OV)=0

Corollary

(C,A) observable pair with Brunovsky numbers k

V elnv(k,h) (C,A)-marked subspace is structurally

stable with regard to the considered equivalence

relation if and only if
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