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Abstract

In this paper, two novel high order numerical algorithms are proposed for solving
fractional differential equations where the fractional derivative is considered in the Ca-
puto sense. The total domain is discretized into a set of small subdomains and then the
unknown functions are approximated using the piecewise Lagrange interpolation poly-
nomial of degree three and degree four. The detailed error analysis is presented, and it
is analytically proven that the proposed algorithms are of orders 4 and 5. The stabil-
ity of the algorithms is rigorously established and the stability region is also achieved.
Numerical examples are provided to check the theoretical results and illustrate the ef-
ficiency and applicability of the novel algorithms.
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1. Introduction

The subject of fractional calculus (theory of integration and differentiation of ar-
bitrary order) can be considered as an old yet novel topic. It is an ongoing topic for
more than 300 years, however since the 1970s, it has been gaining increasing attention

[L]. Firstly, there were almost no practical applications of fractional calculus (FC),
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and it was considered by many as an abstract area containing only mathematical ma-
nipulations of little or no use [2, 3} 4]. Recently, FC has been widely used in various
applications in almost every field of science, engineering, and mathematics and it have
gained considerable importance due to their frequent appearance applications in fluid
flow, polymer rheology, economics, biophysics, control theory, psychology and so on
[SL1e, [7].

The main reason that fractional differential equations (FDEs) are being used to
modeling real phenomena is that they are nonlocal in nature, that is, a realistic model of
a physical phenomenon depends not only on the time instant but also the previous time
history [8]. In other words, fractional derivative provides a perfect tool when it is used
to describe the memory and hereditary properties of various materials and processes
[9L[10]. Some of the other main differences between fractional calculus and classical
calculus are: (1) FDE:s are, at least, as stable as their integer order counterpart [[L1}12];
(2) Using FDEs can help to reduce the errors arising from the neglected parameters
in modeling real-life phenomena [13| [14]; (3) In some situations, FDEs models seem
more consistent with the real phenomena than the integer-order models [15} [16]]; (4)
Fractional order models are more general [17] and in the limit results obtained from
FC coincide with those obtained from classical calculus [[18] and so on.

The wide applicability of FC in the field of science and engineering motivates re-
searchers to try to find out the analytical or numerical solutions for the FDEs. It is well
known that the analytical and closed solutions of FDEs cannot generally be obtained
and if luckily obtained always contain some infinite series (such as Mittag-Leffler func-
tion) which make evaluation very expensive [19? ,[20]]. For this reason, necessarily,
one may need an efficient approximate and numerical technique for the solution of
FDEs [21].

Odibat et al. constructed a numerical scheme for the numerical solution of FDEs
based on the modified trapezoidal rule and the fractional Euler’s method [22]. To ob-
tain a numerical solution scheme for the fractional differential equations, authors of
[23] divided the time interval into a set of small subintervals, and utilized quadratic
interpolation polynomial between two successive intervals to approximate unknown

functions. Cao and Xu applied quadratic interpolation polynomial to construct a high
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order scheme based on the so-called block-by-block approach, for the fractional ordi-
nary differential equations [24]. The convergence order of this scheme is 3 + « for
0<a<1,and4 for a > 1. Diethelm proposed an implicit numerical algorithm for
solving FDEs by using piecewise linear interpolation polynomials to approximated the
Hadamard finite-part integral [25]. Yan et al. designed a high order numerical scheme
for solving a linear fractional differential equation by approximating the Hadamard
finite-part integral with the quadratic interpolation polynomials [26]. This method is
based on a direct discretisation of the fractional differential operator and the order of
convergence of the method is O(h*~%). A high order fractional Adams-type method
for solving a nonlinear FDEs is also obtained in this paper. Pal et al. designed an ex-
trapolation algorithm for solving linear FDEs based on the direct discretization of the
fractional differential operator [27].

In this paper, we will introduce two new numerical algorithms for solving the non-
linear FDEs, which are expressed in terms of Caputo type fractional derivatives. In
these algorithms properties of the Caputo derivative are used to reduce the FDE into a
Volterra type integral equation of the second kind. We then use the Lagrange interpola-
tion polynomials of degree three and four to approximate the integral and the proposed
numerical algorithms has the truncation error O(h*) and O(h°) for all & > 0. The sta-
bility of the numerical method is proved based on the properties of the weights in the
numerical algorithm under the assumption that the time 7 > 0 is sufficiently small.
Such properties are used in the first time to prove the stability of the numerical meth-
ods for solving fractional differential equations. To our best knowledge, there is no
numerical algorithm for solving nonlinear fractional differential equation with the con-
vergence order greater than 4 in the literature. We also introduce a new way to analyze
the stability of the numerical methods for solving fractional differential equations.

The outline of the paper is as follows. Numerical algorithms are presented in Sec-
tion [2| by using the piecewise Lagrange interpolation polynomial of degree three and
degree four. Section [3] deals with the error analysis of the presented algorithms and
stability analysis of these algorithms is given in Section[d] Linear stability analysis of
the proposed schemes is given in Section [5] to achieve stability region of these meth-

ods. To demonstrate the effectiveness and high accuracy of the proposed methods some
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numerical examples are provided in Section[6} Finally, Some concluding remarks are

given in Section

2. Numerical algorithms

Consider the nonlinear fractional differential equation, with o > 0,

SDXy(t) = f(t,y(t)), 0<t<T,

“ (1)
yO(t0) =y, k=0,1,...[a] -1

where §D¥ denotes the Caputo fractional derivative and f(t,u) satisfies the Lipschitz
condition with respect to the second variable, i.e., there exists a constant L > 0 such
that

|f(t,ur) = f(t,u2)| < Lluy —ua|,  Vuy,up €R. 2

It is well known that the initial value problem (1)) is equivalent to the Volterra integral

equation

(0 = H0)+ g [ = (o) ®

()

where h(t) = (O% %y(j) (0), in the sense that a continuous function solves (3) if and
only if it solvesj. The piecewise Lagrange interpolation polynomial of degree three
and degree four are used to approximate the integral in (3). For an integer N and the
given time 7', the interval [0, 7] is divided into t; = jh, j=0,...,N where h =T /N is
the step length. The numerical solution of Eq. @) at the point #; is denoted by y;. For

notational convenience, let F(7) = f(7,y(7)) and Fj = f(t;,y;).

2.1. Numerical algorithm I

We start with computing the value of y(¢) at #1, t, and 3, simultaneously. Consider

the following integral for the first three steps (k =0, 1,2)

Tk+1 a1l kot a1
L =/0 (tis1 —7) F(r)dT = Z/t (tis1— 1) F(1)dT
j=071j

3

ko rtj .
~Y [ -0t Far= Y &) 4)

j=071j j=0
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where F(7) is chosen to be the piecewise Lagrange cubic interpolation polynomial of

F(7) associated with the nodes #o, 1, 7 and 73. In this way, we have

60 +250>+23a, j=0 20 g (a+2)(3a+1), Jj=0
p 6(302 +100t+6), j=1 P 3x 292 (30 +5a) j=1
90?2 —2la, j=2 3% 2 (3o +a+6), j=2
202 —4a, j=3 20+2q2 — ¢ j=3

3t 2 + o? +30), j=0

3,2 s
B 2 x 3% 302, j=1 e h e
—3‘”3(052—305), ]:2 ’ J 6a(a+1)(a+2)(a+3) J

2x 3% (a2 —4a+6) j=3
o)

For this reason, after some elementary calculations y;| for the first three steps k =
0,1,2 can be approximated as follows:
3

1
Yert =h(tep1) + =— Y d f(t),y;), k=0,1,2. (6)
Ia) =

As it is mentioned above, the first three step solutions y;, y, and y3 are coupled in (6),
thus need to be solved simultaneously. An explicit solution of these three equations is

given in Appendix A section.

To construct the scheme for the next steps, Iy, k > 3 is descritized as follows

fot & [22" /’”‘ Fo)+ Z /l e ] o1 — 7)%ldT = Zldj?*‘F(tj), )
J=071j j=0

in which like as , for the first three integrals (j = 0,1,2,3), F is the piecewise La-

grange cubic interpolation polynomial of F(7) associated with the nodes fo, ¢, t; and

t3. For the reminder integrals (j = 3,4,...,k+1), F j+1 1s chosen to be the piecewise

Lagrange cubic interpolation polynomial of F(7) associated with the nodes #;_», t;_1,

tj and ¢4 1. In this way, for k > 3 we have

dytt =(k+1)%[60” +250% +2300+ 120k* —k (110> +31a+ 6(k —2) (k— 1)) ]

+2P(1)(k—2)%*!,



N 6
A\t =6(k+1)*™ [3k(k —3) — Skot + 302 + 10a + 6] + 3P@) (k- 3)e+l

- ZP)-2),

B == 3(k+1)% [6k(k —2) — 8ka+ 30 +Ta] +2P(3) (k — 4)* !

- 23—4P(2)(k—3)°‘“ +12P(1)(k—2)**+!,

5T =2(k+ 1) (o + 20+ 3k — 3otk — 3k] +2P(4) (k—5)* T —8P(3) (k — 4)*T!

+12P(2)(k—3)**! —8P(1)(k—2)**!,

AT =2P(j—3)(k— j+2)*" =8P(j —2)(k— j+ 1)*" +12P(j — 1) (k— j)**'

—8P(j)(k—j—1)* 4+ 2P(j+1)(k—j—2)*"", 4<j<k-2,

dit] =6d [ — 2% o +2x 3% [o? + 140+ 60], dit' =2 —4dit],

dit! =207 + 160+ 36,

. . k 1_ hzx Ak 1
ll‘lWthhdj+ _de““ and
p=0+110+36, P(j)=oa(a+2)+37*—3j(a+2k+1)+3k*+3(a+ k.

The following special cases should be excluded:

d3 = —3[4*"1 (302 — 170+ 18) —2dT1],

®)
di =2[4% (o —Ta+18) —2d{ ],
d3 =2[5% (a® — 10a+36) — 2%+ 34 1] )

For this reason, after some explicit calculations y;, 1 for k > 3 can be approximated

as follows:
1 k+1 el
Yirt =h(tien) + = Y di T f(t,y)), k>3 (10)
(o) 5
To summarize, we obtain the following novel scheme:
L
Vi+1 :h(tkﬂ)—i_m,;)dj f(t,y), k=1, 1n

where df*l are defined as above.
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2.2. Numerical algorithm Il

Consider the following integral for the first four steps (k =0, 1,2,3)
Tk+1 a1 kot o1
Lyt :/0 (ki1 —7)* ' F(1)dT =) / (tk11 — )% F(t)dt
j=0"1j

k fit] 5 4
=Y [ -0t F@dr= Y () (12)
j=0"1j j=0

where F(7) is the piecewise Lagrange interpolation polynomial of degree four asso-
ciated with the nodes 1y, f1, 2, , 3 and #4. Therefore, one can achieve the following

weights

by = a[1203 + 9502 +230c +165], | b3 =291 ot [60 + 3502 + 550 +20] ,

bl =4[120° + 820> + 157 +72] b} =29 o [30% + 14a + 14]
b} = —6a[60> +35a+47], by =3 %23 (a4 1)(a+3)(4—30),
bt =200 +2a 2],

bt =2%"a[-30> —Sa+4],

by =3 o [40® + 1507 +20a + 15] ,
b} =4 x 3% 20 [402 + 100+ 3],

b =2x3"Ba[-2a> +a+9],

SO

3=4x3%" 403 — 60> — 0 +24],

S

7 =-3""a[a’-2a+3],

b =4t a? 302 + 50+ 20]

bt =4 30’ + a+4],

by =3 x4 2q[-3a%+11a—4],
b =490 [a® —5a+12],

bt = —4%t (@ —2)(3a® — 110t +36),
(13)

k+1 __ h* 7k+1
here b3 = 2ot )(a+2)(at3)(ar4) bi*

can be determined as follows:

. Hence yj for the first four steps k=0,1,2,3

1 4
Yert =h(tep) + =— Y, 5 f(t,y;), 0<k<3. (14)
[(a) &

It is obvious that, the first four step solutions y1, y», y3 and y4 are coupled in (14), thus
need to be solved simultaneously. An explicit solution of these four equations is given

in Appendix B section.



To design the schema for the next steps, x4, kK > 4 is descritized as follows

SR SR a1 S
1 = Z/t F(T)‘i‘Z/I Fia ()| (=) ldr =Y b7 F (), (15)
=071 =41 =0

in which like as , for the first four integrals (j = 0,1,2,3), F is the piecewise
Lagrange interpolation polynomial of degree four associated with the nodes tg, t1, #2, ,
t3 and t4. For the reminder integrals (j =4,5,...,k+1), F i+11s the piecewise Lagrange
interpolation polynomial of degree four associated with the nodes ¢; 3,¢; 2,¢;1,¢; and

tj+1. In this way, for k > 4 we have the following weights

byt =(k+ 1)*[12a* + 50 (7k* — 31k +46) — Sa(k —3) (6k* — 13k +11)

+50°(19 — 5k) + 12k(k — 3) (k= 2) (k= 1)] — P(2) (k- 3)**™!,

Py =—d(k+1)%" [ha(—2) = 15(a +4) (0” + 4o+ 3k — otk + 3k +6) |

—P(3)(k—4)*"1 +5P(2)(k—3)*"",

BETT =6(k+ 1) [ho(—2) — (0t +4) (962 + 370 +421% — 8tk + 60k +72)
—P(4)(k—5)*"" +5P(3)(k—4)*"' — 10P(2) (k—3)**!,

B = — a4k + 1) [ (=2) — (o +4) (Ta® + 3200+ 39%* — 3otk + 69k +72) |
—P(5)(k—6)**! +5P(4)(k—5)*"! —10P(3) (k—4)**! +10P(2) (k — 3)**!,

BET =(k+1)% " [hy(—2) — 6(a+4) (a* +5a + 6k* + 12k +12) | — P(6) (k—7)*""

+5P(5)(k—6)%" —10P(4)(k—5)*™ +10P(3) (k— 4)* ™ —5P(2) (k —3)**!,

B =—P(j+2)(—j+k—=3)*" + P(j=3)(—j+k+2)*" = 5P(j—2)(—j+k+1)*"
+10P(j— 1) (k= H*T +5P(j+ 1) (—j+k—2)*" —10P(j)(—j+k—1)*T
5<j<k-3,

bty =2%T2 [Syn +2% (30 + 71a% + 67400 +2520) | — 5 x 3%+ 2y — 106,11,



Biﬂ _ 10[51}::{ —Zalllz] _,_3oe+2wl7 Elliﬂ _ 2a+l‘lf2 _Sl;llzii,

bt =30® +38a% + 1730 + 288,

kbl he Tk+1
where bj+ = 12a(a+])(a+2)(a+3)(a+4)bj+ and
P(j) =307 + 0 (18,7 = 36 jk — 41 + 18K + 41k +19) + 0*(— 11+ 11k + 16)

—12(j—k—2)(j—k—1)(j — k),

v = o’ +200% + 157004480,  ys = 3a® +4902 + 3040+ 720.

The following special cases should be excluded:

oo
[SYo)
Il

—10[3x 5% (60> —41a® + 91 —96) + b5 1],

=10[5% (8a® — 68> + 27800 —288) + B ] , (16)

5
3
by = —5[5% (3a — 280> + 143 — 288) + b} 1],

b = 1027y — B t}) +29793% ! (0 — 1207 + 680t — 120)
an

bG =10 (—2%y, +b{T]) — 20413942 (3 — 130 + 88 — 240)

bl =7%"" (=30’ +50a% — 42100+ 1440) — 5 x 3% 2y +5 x 2% 2y, — 1065 |

k+1°
(18)
Therefore y; | for k > 4 can be approximated as follows:
1 k+1 i
Yirt =h(tien) + =— Y B f(,y)), k>4 (19)
I(e) =

Thus a new numerical algorithm II is described by and with the weights b’j‘.le

defined as above.

3. Error analysis

For the numerical algorithm I the truncation error at the step k+ 1 is defined by

(24]

e 1(h) == y(t1) = it (20)



where Ji;, 1 is an approximation to y(# ), evaluated by using the algorithm I with
exact previous solutions, i.e. for k > 3,
1 k+1 el
Pl = ht, — Y d&TF(t)). 21
Yk+1 (k+])+l—~(a)j;0 j (]) ( )
For the numerical algorithm II (T9), the definition of truncation error is the same as

(20), where i1 for k > 4 is as follows:

k+1
Pt = h(tisr) + Z AT (1)) (22)

Theorem 1. Let ry | (h) be the truncation error defined in (@) IfF(1) € C*0,T] for
some suitable chosen T, then for the numerical algorithm I (T1)) there exist a positive

constant C > 0, independent of h, such that
|ri1(h)] < Ch*

Proof. We have, by Eqs. (), (7) and 1),

1 Tk+1 _
[ris1 (R)] = [y(tes1) = Fies1| = h(l‘k+1)+m/ (i1 —1)* ' F(1)d7
e 1 it a-1
_h(tk—‘rl)_m;)bj F(1)) 3(7 /t (k1 — )" F(T)dT
k it 2 iyl -
+Z/H tis1 — )% F(T)dT — Z/J+ (tr1 —7)* ' F()dT
j=3"1j j=0"1j
L ~
Y [ -0 B
1 2t
<tra [ /l+ (ter1 — )"V |F(1) = F(7)|d
7y

Iy

S a-1
+Z/ (try1 —17) |F( Fipi(t |dT
j=3

10



where F(7) and Fj;1 are defined by (7). Thus we have

2 Tjt1 (4)
|rk+1<h>|sr(‘a)lzo [ oo D ey e -
J=0"1 ’
k Tyl @) (E.
(t—n3)|dT+ Z3/t (tep1 —7) % W(T—Ud)(f—ﬁfﬂ
J=3"1j :

(t—t;)(T—tj+1)

d*c] ,

where &;(7) € [to,13] and §;(7) € [tj—2,t41].

1 (0] <5

2 IF@®., } i ) - _
)3 ” 41 ! |(7f’t0)(71‘*’1>(Tj*l2)(?i*t3)|/,] (1 — )% ldt
4 ,-

kF@®L i ) )
+Z%|(TI_t/—z)(fj_tj—l)(Tj—lj)(Tj—th)‘

j=3 :

tiv]
/I+ (tes1 —T)aldT],

tj

here £; € [tj,7j41] and the second integral mean value theorem is used.

1 ||F(4)||w . 2 . .
|rkﬂ(hﬂgl“ioc) T(3h) Z(,)a[(fkﬂ—fj) — (ki1 —1j1)7]
! =

F@ - k 1

+ H 41 H (3h)4 Z a [(thrl _tj>a—([k+1 —tj+1)a]]
’ Jj=3

PIED e 4 B F@)|.Te
=g’ —10)% = | —m— 1 | .

8T(a+1) i1 ~to) 8T(a+1)

O

Theorem 2. Let ry | (h) be the truncation error defined in @) IfF(t) € C°[0,T] for
some suitable chosen T, then for the numerical algorithm II ({[4) and (I9) there exists

a positive constant C > 0, independent of h, such that
i1 (h)] < CH

Proof. The details of the proof is similar to that of Theorem [I] so are neglected. We

11
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have, by Eqs. (3), (I3) and 1),

1

k1 (W] =[(t41) = T | = [hltei1) + F(O‘)/Otk+1 (tre1 —T)“ 'F(t)dt

k+1 el
_h(tk+1) F( ZP * F t/)

1 3 Tj+1
<— i1 — TV LF drt
St | ), -9 |
Kol a-1
+Z/ (k1 — 1) |F(7) = Fia(7)|dt |,
=41

where () and Fj. are defined by (15).

ER
ri1(h)| Sﬁ LX%J/’ (tes1 — )"

(t—13)(7—14)

W(T—m)(f—tl)(f—lz)

(5)
POGED

tj+l Ot 1
dT+Z/ tk_;,_l_T
]

d‘t},

(t—tj2)(t—tj-1)(T—1;)(T—1j11)

where &;(7) € [t0,14] and §;(7) € [tj_3,1j41].

3 5) Tj+1
0] <y | L 16006 06— @] [ - e
k
4”F5 1216 1y 3) (8~ 152) (G~ ) 1) (G~ 52)
L5

tir
/H (tk+1—T)a_ld71,
b

J

in which 7 € [tj,2j41].

|rk 1<h)| <L ”F(S)”m(“h)5 i l [(tk 1 —t')a - (tk 1 —t'+1)a]
A N N T &g et = +1 71
FO. o
+ %(4}1)5 ) o (1 —17)% = (1 — tj+1)°‘]]
! =

HNF|eo s PIFV e\ s
= 1 (fy — 1 =,
5I(a+1) (11 —10)" = SI0(a+1)

12
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4. Stability analysis

The stability of a numerical scheme mainly refers to that if there is a perturbation in
the initial condition, then the small change cause small errors in the numerical solution
(28, [29]. Suppose that y. | and i1 are numerical solutions in (II)), and the initial
conditions are given by y(()i) and )78” respectively. If there exists a positive constant C

independent of £, such that

k1 = Tkt < Co 1¥0 = F0llo » (23)

then it concluded that the scheme (IT) is stable [30]]. It is similar to define the nu-
merical stability for the numerical algorithm II and . Assume that F(7) is
sufficiently smooth and Cy, > 0 is independent of all discretization parameters. Firstly,

we introduce two lemmas which will be used in stability analysis.

Lemma 1. For the weights of the novel scheme we have

k+1
Z ’d"“’ < CoTY, (24)
where Cy, only depends on «.
Proof. For ds ™!, we have
/+1 T—1H T—1 T—1
k+1 (S L il el Rl
Jij h—hilo—hiv—13

T—H T—1h T—13 dt

,
< ; / (e =)

-1 Ti—thTi—t
<Z 14 24 3

lop—t1tfop—Nto—13

"Tj+1 a1 5
/ (trr1 —1)% Nd1, TjE[fj,tj—‘r]]

Io—t1 o~ fp—13

‘dk+1’<6h3|(§1h 1) (Erh — 2h) (Erh — 3h)|f[(tk+1) et — 1)
ézh—h)(ézh—%)(.ﬁzh—sh)%
53h—h)(c§3h—2h)(c§3h—3h)|$

+@‘( (k1 —11)" = (k1 —12) ]

+teall (k1 —12)% = (o1 —13) %],

13



where j—1 < &; < j, j=1,2,3. Therefore we have
5
k+1 3 3 3
df* ’<6h3 —ifl (60" +20° +21°) < =T

Using similar analysis it can be shown that for j = 1,2,3,k — 1,k,k+ 1 there exist C,

which is dissimilar values at each cases, such that the following inequality is holds.
‘dj?“’gcaT“,j:1,2,3,k—1,k,k+1. (25)

For j =4,5,...,k—2 we have

-2 k=271 ) . .
J 1| T—tj—3 T—1tj—2 T—1j—
S o R e e e L
=4 j=4 LJ1j lj—tj3tj—tjotj—1lj]
Tj+1 | Tt Tt T
+ |(tk+1 _ T)a 1| J J Jt+ dt
t lj—tjalj—lj—1lj—1j41
1j+2 | T=tjim1 T—tjy1 T—tjs2
+ ’(thrl _ T)a 1’ J Jt Jt+ dt
ti+1 Li—tj—1 =ttt —ljt2
1j+3 | Tt Tt T—1j43
+ (1 =) - a 2\t
tj+2 L=ty tj—lj42 1j —1jt3

”L'l—t] 3’L'1—t] zfl—t/ 1
3h 2h h

‘dk“’ < Z { /t (tre1 —7)% ldt

TH—tioTh—tio1 Ta—tit) Lj+1 B
4 J J J (tk+1 o ,.L.)ot 1d"L'
1

2h h —h

J

T3—ti1 T3 —tjp) T3 —tjqo | [lit+2 _
+ J J / (fr1 — T)a ldr

h —h =2k |,
’f47tj+1 f’47[,’+2 Ty—1tjy3 /’j+3 o1
: tey1 —T dt
TS T S (1 =) ’

where T) € [tj_1,1j], T € [tj,tj+1], T3 € [tj41,j42], and T4 € [tj;2,1;43]. Hence, above

equation has the simplify form,

1 k=2 k=2

6h
‘dkH‘ ‘6h3 Z [t —1j-1)* = (e — 1))+ Y [t — 1) = (1 —141)%]
=4 =4
_ k-2
Z (k1 — 1) % = (k1 —1j52) %) + Y [(trs1 = 1742)* — (11 — 1743) ]
j=4 =4

;‘ [[(fk+1 —13)% = (k41 — tx-2) *] + (k1 — 14)* = (k1 — 1e-1)”]

+ (k1 —15)% = (k1 — 1) *] + (try1 *lé)a}
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k-2
1
Y ‘dfﬂ‘ <5 (et —13)% + (1 — 1) %+ (1 —15) % + (e —16) % — 15 + 13 +17]
=4
4
< —t
< ke

Combining all above results, by choosing sufficiently large Cy, and also sufficiently

small T one can get (24) to complete the proof of the Lemma. O

Lemma 2. For the weights of the novel scheme (I9) we have

k+1
y ‘df*“ < CyTY, (26)
j=0

where Cy, only depends on «.

Proof. The idea of the proof is similar to that of Lemmal[I] so is omitted. O

Theorem 3. Assume thaty; (j=1,2,...,k) are the solutions of the scheme . Then
for sufficiently small T > 0, the scheme (I1) is stable.

Proof. Suppose that yy; and Jj are numerical solutions in (TT)), and the initial con-

ditions are given by y(()i) and yg) respectively. We shall use mathematical induction.

Assume that

ly; =] < Carllyo—Foll.., 27

is true for (j = 0,1,... k). We must prove that this also holds for j = k+ 1. Note that,
by assumptions of the given initial conditions, the induction basis (j = 0) is true. We
have, using the Lipschitz condition assumption (2)),

((X“—l ti . . 1 k
Vit1 — Frr1] < ﬂlyg)—i(())Hi Y a5 (i) = £(25,55)]
i=0 1! A=

+ i (B, i) _f(tk+1ay~k+l)|>

sclnyoyonw%“"(

k
|5 |y — 3 +|dk+1||Yk+1)7k+1|)-
F(Ot) o J |] J| k+1

j=

By Lemmal|I]one can get

I

~ ~ o 5 o 5
Vi1 = Fir1] < C1||)’0—yo||oo+Lm (Cl,aT Org}‘?lgk‘yj—yj’ +Co.aT% |yiy1 _)’k+l>7

15
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110

which implies that

1 |1
— el < Cillyo = Folleo + mC1 o T* 5 ).
[Vt yk+1|1—(|‘l.l,|C27aTa)/F(Ot)< 1|lyo —oll +F(a) La ()Ig?%(kb)j il

Now for sufficiently small 7', one can complete the proof by using the mathematical

induction and by choosing constant Cy, r sufficiently large. O

Theorem 4. Assume thaty; (j =1,2,...,k) are the solutions of the algorithm II
and (19). Then, for sufficiently small T > 0, the algorithm II is stable.

Proof. The proof is similar to the proof of Theorem O

5. Linear stability analysis

Consider the following test problem to investigate stability region of the presented

methods:
§DMy(1) = Ay(t), y(to) =yo, O<a<l. (28)

The new method (IT) gives the following iteration formula for solving (28):

1 k+1 he .
Mo & Do D@y aray o @

Yk+1 =Yo +

Denoting z = Ah%, we get

z= 12r(a+5)ky+"j17_y°. (30)
Y Btly;
i=0

Lety; = £/, then by assuming & = ¢'% with 0 < @ < 27 we get the following stability

region for the scheme (TT)
gh+l g0
S=1q2z: z=12F(a+5)M7 (31)
tl gj
j)godkilfjéj

The stability region of the algorithm II and can be achieved in a quite similar
way. The stability region of the numerical algorithm I is obtained in Figs. (I) and ()
by choosing k=2000 and of the numerical algorithm II are shown in Figs. (3) and ()
by choosing k=500. The stability region in Figs. (I)) and (3) are inside of the boundary
and it is outside of the boundary in Figs. (2) and ().
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6. Numerical results

To check the numerical errors between the exact and the numerical solution, nu-
merical experiments are carried out in this section. The presented examples have exact
solutions and also have been solved by other numerical methods from literature. This
allows one to compare the numerical results obtained by the presented schemes with

the analytical solutions or those obtained by other methods.

Example 1. Consider the following fractional differential equation
§Dfy(t) = uy(t) +(r), ¥(0)=0, ¥(0)=0. (32)

where

4

T
p=-1, g)=r ) 4,

(5-a)
The exact solution is y(t) = t*. At the time t = 1 for different step sizes h and different
a, the approximate solutions for the given equation are obtained by using presented
algorithms and the method reported in Ref. [31]]. The absolute error of presented
algorithms and of the method reported in Ref. [31|] are shown in Tables[IH3] These
Tables show that the proposed novel schemes are valid methods in solving fractional

differential equation.

Example 2. Consider the differential equation of fractional order

2 1
Cpno 2—o
D L
0 y(t) F(3—OC)I F(Z—OC)

Y —y(t) 412 —1, y(0)=0. (33)
The exact solution to this initial value problem is y(t) = t*> —t. The absolute errors
of schemes given in Diethelm et el. [32)], Deng and Li [31l], Li et al. [30] and the
presented new schemes are shown in Tables ({@)—(6) and they are compared for different
values of h and « at the time t = 1. For brevity, we use E| to denote improved algorithm
I and E, denotes improved algorithm II of [30]]. Tables @H6| show that the absolute

errors of the new presented methods are improved significantly in compared with the

literature.

17
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Example 3. Consider the following fractional differential equation

24 3 1
Cpo _ 4—a _ 3—a _ 2.3 4 —0. 4
0~ y(t) F(S—Oﬂ)t F(4_a)t 2t y(t)+t ) y(o) 0 (3 )

The exact solution is y(t) = t* — %t3. Tablelz]shows the absolute errors of the presented
schemes and the method reported in Ref. [27] at the time t = 1. From this Table it is

observed that the error of presented method is decreased significantly.

7. Conclusion

This paper provides two high order numerical schemes with theoretically proved
convergence order of 4 and 5 for solving FDEs. The properties of the Caputo deriva-
tive are used to reduce the FDEs into a Volterra integral equation. After dividing total
domain into a set of grid points, the piecewise Lagrange interpolation polynomial of
degree three and degree four are utilized to approximate unknown functions. The sta-
bility and error estimate of the methods are investigated. Moreover, graphical illustra-
tions for stability region of the schemes are derived. The obtained solutions with the
presented schemes demonstrate that the schemes give a more accurate approximation
and superior than the numerical results obtained using other schemes. In the future,
we shall try to follow this idea to construct higher order schemes for solving nonlinear

FDE:s.

Appendix A

The idea of solving y;, y» and y3 form (6) is as follows. For simplicity, we assume
that f(¢,y) = ny+ g(¢) for understanding the idea of the numerical method. We have

the following linear system of equations, from (@),

1[ 1 1

n=o h(ﬁ)-km Z()djl (hyj+8(1)) + F(a)dfg(ll) ; (35)
) 41 _
[ 1 &, I » _
Y2 = » h(t2) + (@) ;)dj (ny;+8())+ mdzg(fz) ’ (36)
' 2 '
1] 1 & 5 I 3 -
= h(t3) + o) - Odj (1yj+g(t))+ mdag(%) ) (7
3L Jj= -

18



k+1
in which y; =1— #r‘ik;)] , (j=1,2,3). Putting Eq. into Eq. yields

111 1
»=mly [Ygih(th) +h(t)] to [YGF(0)+Yig(t) +Yig(t2) + Y5 (uys +g(13))] |,
i ’)
(38)
in which
UBd! B
H]Zzl_ H227 HZZZC}/Z F((X), B:.udlz7 C:%F(a)a Y()zl :Ea

2
Y§ =Bd}+Cd}, Y?=Bd +Cd}, Y;=Bdi+Cd3, Y?=Bdi+Cd;

Substituting (35) and (38) to (37) leads to

1 1 Y031 L3 ) 1 3 3 3
=—|— | =—=xh(t1) + —=h(tr) + h(t + =Yg F(0)+Y7g(t))+Y58(t
V3 ng [% (CHS (1) H; (2) (3) Hé’,[ 0 ( ) ]g(l) 2g( 2)

+ Yfg(m)]} : (39)

in which

1t (D1Dyd} + uD3Y3)
H;

Dy =HH}, Dy=ud;, Dsy=p(Dadi+diC), Hi=1-

H; =CH{pI(a), H; =T(a)Di5C, Y5 =T(a)H{pCD;+D;3B,
Y3 =Dy (Dady +Cd3) +D3Y§, Y{ =Dy (Da2d] +Cd}) +D3Y7,
Y3 = (Dy+uY7)(D3/p), Y3 =Dy (Dady +Cd3) +DsY7,

Now, firstly one can calculate y3 from given initial conditions and known function g(z).

10 Then y; and y; can be calculated by (38)) and (35), respectively.
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Appendix B

We have the following linear system of equations, from (T4),

yi = % h(n)+ ﬁ

2 = % _h(tz) + ﬁ

y3 = % h(t3) + ﬁ
in which 7; = 1 — A4

1 [1
3=—=|—
Y [{13 |:}/3 H2
+¥eln) + Kelw)]
in which
B3b?
H13 =1- uH3 37 1122 =y F(Ot),
2

Y = B’bg +Chy,

Y} = Bb}+Cb]

\T*TM»

FIM= X1

Mm

~.

Y? = B’b} +Chj,

Inserting (@3) and (@4) into @T) gives

1[1 D Y3
w=—|— k) +=Sh(t:)+-5h
H} [Vz ( H; H;
+Y7'g(t3) +Y42g(t4)ﬂ :
in which

D\ =H}{H;, D,=p(Cbi+B*3), B*=ubi, Hj=CH{pI(a),

1 (D1B2b3 + uD,Y5')
H3

H=1-

, H; =T(a)CDp,

b (Ay; + (1) + ﬁ

- o

L

b3 (Ay;+g(t)) + (0

[\SNen)

L

by (Ay;+g(t))) + @)

w o

L

b (Ay;+g(t)) + (0

I
=}

B’ = ubj,

Y; = B’b3+Cb3,

b}g(tl )
b3g(t2)
big(t3)

big(ts)

C=nul(a),

3
Y51 =

(k(;)] , (j=1,2,3,4). Putting Eq. into Eq. gives

(40)

(41)

(42)

(43)

(h(13) + Y5, h(1a)) + % [YGF(0)+Y7 (uy1 +8(t1)) + Y5 (y2+g(t2))

(44)

Ev

Y; = Bb3+Ch3,

() + 5 [GF(0)+ ¥ oo + () + Y0

3

20

(45)

Y5 =T(a)B*H] s+ D2Yj),



Y3 = D (B*bg+CB3) +DaYs,  YE =Dy (B*b} +Ch?) + Doy,

D
Y7 =D (B*b3+Cb}) +DoY5, Yi= f(Dl +uY3), Yi=Di(B*;+Ch])+DyY;.

Finally we have, by substituting @3), #4) and (@3) into (40)

1 | h(fy 1 1
g [” (o) + YR R() - V() + - [V (0) ¥ g(n) + Y g(t2)
Hl 4 H2 H3
+Y5g(t3) +Y41g(t4)ﬂ 7 (46)
in which
1 1 4 4,3 1 1v3 b4
B' = ub;, Ei=p(Esby+ub3Ys), Ey=Eiby+ubsYsy, E; =E5é7

H:H}
E4=Eg ;‘I L ) E5:,LLH12H32b%,, EG:leH22H237 E7:H?H§7 E8:H12H??7

2
2

H} = 20 [B'Eb} + WESY? (Cb + B'b) +YP (WCE; +B'E))
3

| pYH?
3 2
H3

H} = H; =T (a)CE7Egy1,

Yy, = H3 (WCE,+B'Ey), Y| = i [Eep (Cb+B'b3) + D3y (CE» + Erby) ],

Vh —Eon [D(c)B AH} + x5y (Cb) -+ B'52) ] + ok [En (Cbl+ B'63)

+uY; (Ch3+B'b3) ], Y, = (Es+uY5) (E2C+Erby)

Yy = C (Esby+ EsYy + UEY]) + B' (Eabl+ EsYg + EYg),
Y\ = C(Esbi + EsY] + UEY]) +B' (Esb} + EsY] + E\Y]),
Y{ = C (Esby +EsY; + WE2YS) + B' (Esbi + E3Y; + E1Y3),

Y} = C (Esby+EsY; + WE2Y}) + B' (Esb} + E3Y} + E\Y]),

Now, firstly from (@6) one can calculate y; by given initial conditions and known func-

tion g(¢). Then y>, y3 and y4 can be calculated by (43)), and (43), respectively.
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Figure 1: Stability region of the numerical algorithm I.
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Figure 2: Stability region of the numerical algorithm I.

Table 1: The absolute errors of the presented algorithm I (Ej), algorithm II (E7;) and numerical method of

[31]l for 32).

a=0.1 a=0.5

h Ey E; (311 Ey E; (311
1/10  1.3548e-07 1.38e-05 3.64e-01 1.2028e-06 2.42e-05 3.55e-02
1720  4.7060e-09  9.46e-07 1.70e-01 4.4641e-08 1.57e-06 8.79e-03
1/40  1.9210e-10 6.35e¢-08 7.13e-02 1.7177e-09  1.00e-07 2.16e-03
1/80 3.3420e-11 4.18e-09 2.88e-02 6.6297e-11 6.37¢-09 5.31e-04
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Figure 4: Stability region of the numerical algorithm II.

27




Table 2: The absolute errors of the presented algorithm I (Ej), algorithm II (Ey;) and numerical method of

[31]l for 32).

a=0.9 oa=1.25

h Ey E; (311 Ey E; (311
1/10  5.5858e-07 7.95¢-06 1.07e-02 3.8819e-07 2.97e-05 8.48e-03
1720 2.7279e-08 5.70e-07 2.31e-03 3.8522e-08 2.56e-06 2.03e-03
1740  1.3292e-09 3.96e-08 5.21e-04 2.2108e-09 2.10e-07  5.00e-04
1/80 6.0469e-11  2.70e-09 1.22e-04 1.3614e-10 1.67e-08 1.24e-04

Table 3: The absolute errors of the presented algorithm I (Ej), algorithm II (Ej;) and numerical method of

[31]] for 32).

a=1.5 o=1.85

h En E; (311 En E; (311
1/10  5.4931e-06 6.86e-05 8.58e-03 1.6634e-05 6.80e-05 9.04e-03
1720  3.5763e-07 6.93e-06 2.12e-03 1.5899e-06 8.64e-06 2.25e-03
1/40  2.9070e-08 6.60e-07 5.28e-04 1.6571e-07 1.04e-06 5.63e-04
1/80 2.5398e-09 6.11e-08 1.32e-04 1.7950e-08 1.21e-07 1.41e-04

Table 4: Absolute errors of the present presented algorithm I (E;), algorithm II (Ej;) and the numerical

methods of Deng and Li [31]] and Diethelm et el. [32], with o = 0.1 for @
h En E; (311 (32]
1/10  3.4944e-06 8.19¢-06 0.104 0.103
1720 9.9500e-07 1.90e-06 4.66e-02 4.95e-02
1/40  2.6402e-07 4.73e-07 1.87e-02  2.09e-02
1/80 6.9544e-08 1.21e-07 7.39e-03  8.65e-03
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Table 5: Absolute errors of the presented algorithm I (Ej), algorithm II (Ej;) and numerical methods of
Diethelm et el. [32]] and Li et al. [30] with o = 0.3 for (33).

h En E; (32] (30]

)

(30] [30]
1710 6.0368e-05 1.19e-04 3.14e-02 2.25e-02  2.1e-03  1.61e-02

1720 1.9179e-05 3.23e-05 1.10e-02 1.24e-02 4.53e-04  5.9e-03
1/40  5.7565e-06  9.26e-06 3.91e-03 6.1e-03  8.6le-05 2.1e-03
1/80 1.7261e-06 2.72e-06 1.42e-03  2.9e-03  1.19e-05 7.52e-04

Table 6: Absolute errors of the presented algorithm I (E7), algorithm II (Ej;) and numerical methods of Deng
and Li [31]], Diethelm et el. [32]] and Li et al. [30]. with o = 0.5 for (33).

%)
[30] [30]

h Ey E; (31] (32] (30]

1710 3.6057e-04 6.08e-04 9.27e-03 1.44e-02 4.1e-03 1.8e-03  3.6e-03
1720 1.2875e-04 1.96e-04 2.29e-03 4.52e-03 3.1e-03 7.2e-04 1.1e-03
1740 4.4935e-05 6.60e-05 5.87e-04 1.46e-03 1.8e-03 2.8e-04 3.4e-04
1780  1.5699e-05 2.27e-05 1.56e-04 4.81e-04 1.0e-03 1.0e-04 1.07e-04

Table 7:  Absolute errors of the present presented algorithm I (E;), algorithm II (Ey;) and the numerical
methods of [27], with & = 0.3 for (34).
h Ey E; [27]
1/10  8.8773e-07 2.6193e-05 1.4571e-04
1720 3.0045e-08 1.7205e-06 2.3118e-05
1/40  1.0533e-09 1.1167e-07 3.6127e-06
1/80  1.2938e-10  7.2496e-09  5.6030e-07
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