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1. Introduction

Let X be a Banach space, and u(+) : [0,00) — X be a locally integrable function. It
is well known that the existence of the Cesaro limit y := hm ¢t fo s)ds implies

that the Abel limit lﬂrol)\ JoT e Mu(t)dt also exists and equals y. Similarly, if for

n—1
a sequence {z,}2°, C X the Cesaro limit y := lim n=1 3" z; exists, then the

Abel limit hTH11(1 — 7)Y r"x, = y. More generally, Sato [8, Theorems 1 and 3]

proved the following ratio limit theorem.

Proposition 1.1. If [ e~ u(t)dt (resp. Z "z, ) converges absolutely for all
A>0 (resp. 0 < r < 1) and g is a nonnegatwe function (resp. {an}n 0 s a
sequence of non-negative real numbers), with [;° g(t)dt > 0 (resp. Z an, > 0),

n=0
then the existence of the limit

Tim ( /0 tu(s)ds) / ( /0 t g(s)ds) (resp. lim. <§xk> / (gak» —2 (1)
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implies

I)HI(} </0<>0 e”u(t)dt) / (/000 e’\tg(t)dt>
<Tesp. lim (i rk’xk> / (i Tk%)) — 2. (2)
k=0 k=0

In general, the existence of the Abel limit does not guarantee the existence
of the Cesaro limit (see [2, p. 8] or [6] for examples). The Tauberian theorem of
Hardy and Littlewood asserts that if u(-) (resp. {z,}52 ) is bounded, or is positive
in a Banach lattice, then the existence of the Abel limit also implies the existence
of the Cesaro limit, and the two limits coincide (cf. [3], [2, Theorem 3.3], [6]).
In view of this Tauberian theorem, one would ask whether (2) implies (1) for a
bounded sequence {z,}22, in a Banach space or a positive sequence {z,}52, in a
Banach lattice. As we will see in two examples to be given in Section 5, the answers
for both cases are negative. In order to establish a ratio Tauberian theorem for a
positive sequence {x,,}, some suitable conditions on the sequence {a,} are needed.

The purpose of this paper is to formulate ratio Tauberian theorems for pos-
itive functions and sequences in Banach lattices. We will prove in Section 3 both
continuous version and discrete version of such ratio Tauberian theorems (see
Theorem 3.2, Corollary 3.3, Theorem 3.4). From them we also deduce that, for
Banach space valued functions (resp. sequences) which are bounded relatively to
the positive function g (resp. sequence {a,}) in the denominator, the assertions
of the ratio Tauberian theorems hold in the sense of weak limit (see Remark (i)
after Theorem 3.4). It is unknown whether they hold in the strong sense. From the
ratio Tauberian theorems we can deduce generalized Tauberian theorems (Theo-
rems 4.1 and 4.2). For need in the proofs of the ratio Tauberian theorems, we first
prove in Section 2 an auxiliary convergence lemma. To show that the positivity
of {z,,} and the two conditions (D1) and (D2) are essential in Theorem 3.4, two
counter-examples will be given in Section 5.

2. A Convergence Lemma

We first prove the following lemma which generalizes Lemma 4.1 of [6] and forms
the basis of the whole arguments in the main results in Section 3.

Lemma 2.1. Suppose X and Y are two Banach lattices and W is a Banach sub-
lattice of Y. Let E be a subset of W and let {F,} and {Ga} be two nets of positive
linear operators from W to X such that the net {(Fo — Gao)lspanr} is uniformly
bounded and such that

tim{, (1) ~ Go ()] = 0 0
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for allw € E. If a vector w € W has the property that there are two sequences
{un}; and {v,}22, in spank such that u, < w < v, for alln >1 and

lim sup ||Gq (v, — up)|| — 0 as n — oo, (4)
then im[F, (w) — Go(w)] = 0.

Proof. For the assumed w € W and {u,},{v,} € SpanF, we have for every n =
1,2,... and for every «

Ga(tn) < Ga(w) < Golvn),
and so
ga(un) - fa(vn) S ga(w) - fa(vn) S ga(w)
_fa(w) S ga(vn) - fa(w) g ga(vn) - fa(un)~
Therefore we have for every n = 1,2, ... and for every «
|Ga(w) — Fo(w)]|

<G (un) = Falvn)|| +1|Ga(vn) — Falun)ll

<G (un = va) [FH[Ga (Vi) = Fo(va) [H]Ga (v — wn)|| + [Ga(un) — Fa(un)l]

= 2[|Ga(un — va)l| + [|Ga(vn) — Fa(vu)ll + [|Ga(un) — Falun)||-

The uniform boundedness of {F, — G,} on spanFE implies that (3) holds for all
u € spank. It follows from this and (4) that

limasup |Ga(w) — Fo(w)]|
< limsup(2|[Ge(un = vn)|| + |G (vn) = Fa(wn)l| + |G (tn) = Fo(un)]

< 2limsup ||Ga(tn — vp)|| +0+0 — 0 as n — oo.
This shows that lim[F,, (w) — G, (w)] = 0. This completes the proof. O

For the special case Y := L*°, Lemma 2.1 leads to the following two corol-
laries. The following one is also proved directly in [6, Lemma 4.1].

Corollary 2.2. Let Q) be a nonempty Lebesgque measurable subset of a Fuclidean
space R™, B(Q) be the o-field of all Lebesgue measurable sets in 2, and m be Le-
besque measure on R". Let X be a Banach lattice, let E be a subset of L°(Q)
which contains 1, and let W be a Banach sub-lattice of L>(2) which contains E.
Let {F,} be a net of positive linear operators from W to X and F be a positive
linear operator from W to X such that

lién Folu) = F(u)

for all w € E. If a function w € W has the property that there are two bounded
sequences {un, 5%, and {v,}2°; in SpankE such that
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U S w and v, \, w a.e.fm] and | F (v, — un)|| — 0,
then lim Fy (w) = F(w).

Proof. Since each F, is positive and 1 € £ C W, we have
—lwllecFa(1) = Fal(=llwlloc) < Falw) < Fall[wlloc) = llwl[ccFa(1),
so that [|[Fy(w)|| < [|[Fa(1)]|||w]|co for all w € W, which implies ||Fa|| = || Fu (1)
Similarly, ||F|| = | F(1)]|. By assumption we have lim F, (1) = F(1), which implies
«

that the operators F, are uniformly bounded. The result follows from Lemma 2.1
by taking Y := L>® (2, B(R),m), G, = F for all a. O

The next corollary will be needed in Section 3.

Corollary 2.3. Let X be a Banach lattice and let E be a subset of C[0,1] such that
the linear span spankE of E is dense in C[0,1]. Suppose W is a Banach sub-lattice
of L]0, 1] which contains C|[0,1]. Let {Fu} and {Go} be two uniformly bounded
nets of positive linear operators from W to X such that nlgr;o[}'a (u) — Go(u)] =0

for allu € E. If w € W has the property that there are two sequences {u,} and
{vn} in C[0,1] satisfying u, < w < v, and limsup ||Go(vy, —up)|| — 0 as n — oo,
«

then li(IXn[}'a(w) — Go(w)] = 0.

3. Ratio Tauberian Theorems

We first prove the following proposition which will be used to deduce continuous
and discrete ratio Tauberian theorems.

0, 0<t<e "
t7l, e <t<1
for s > 0. Let E be a subset of C[0,1] which contains 1 and is such that spanE
is dense in C[0,1] and let W be a Banach sub-lattice of L*°[0,1] which contains
C10,1] and the functions hs, s > 0 (for instance, W = L*[0,1]). Let {G,} be a
uniformly bounded sequence of positive linear functionals on W which satisfies the
following conditions for some sg > 0:

(A1) liminf G, (hs,) > 0;
(A2) limsup|Gn(hs, — hs)| — 0 as s — sp.

Proposition 3.1. Let X be a Banach lattice and let hs(t) := {

If {F.} is a uniformly bounded sequence of positive linear operators from W into

X such that nILH;O g:%z; =x for somex € X and allu € E, then lim g:EZsz; =z.

n—oo

Proof. Since {F,} and {G,} are positive and 1 € E, the assumption implies z

is a positive element of X. Define positive operators G, : W — X by G, (u) :=

G (u)z,u € W. Since {G,,} is uniformly bounded, it follows from lim g"EZ; =z
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for all u € E that | Fn(w) — Gu(w)]| < |Go(uw)]||Fn(u /G — 2| — 0 for all
u € k.
Now, let {s,} and {s} be two sequences of positive numbers such that
Sn /" so and s, "\, sg. We define for every n = 1,2, ... two functions u,, and v, by
0, 0<t<e o
valt) = e (t—eh) e << e
t 1 e7S0 <t <1
and
0, 0<t<e 9,
Up(t) == #(t —e %) et < e o
t 1 e <t < 1.
Then we have for every n = 1,2, ... u,,v, € C[0,1] and

hs" S Un, S hso S Un S hs’n

It follows from the positivity of G,, and condition (A2) that

< hmbup IGn(hs,'m - Sm)|||xH —0

n—00

lim sup [|Gy (Vi — um)|| < limsup ||Gp(hs — hs,,)
n—oo n—oo

as m — oo. Since {G, } is uniformly bounded, it follows from Corollary 2.3 that
|Fn(hsy) — Gn(hsy)z|| — 0 as n — oo. This and the assumption (A1) imply that

lim Zes0) — 5 This completes the proof. O
n— oo Gn (hSO)

Remark. Proposition 3.1 also holds for nets {Fy}, {Gx} of operators.

We can deduce from Proposition 3.1 the following ratio Tauberian theorem
for positive functions.

Theorem 3.2. Let p be a positive measure on [0,00) satisfying pf0,00) > 0 and the
two conditions:

hlﬁionf (u[O,so/)\])/ (/000 e_)‘tdu(t)> > 0 for some so > 0; (C1)
(1[0,¢]) / (p[0,8]) = 1 as t,s — oo with t/s — 1. (C2)

Let u(-) : [0,00) — X4 be a strongly measurable positive function in a Banach
lattice X such that [;° e~ Mu(t)dt ewists for all X > 0. Then

z=lim < /0 h e”u(t)dt) / ( /O h e’\td,u(t))

exists if and only if

1 t
z = lim / u(s)ds.
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Proof. Conditions (C1) and (C2) are not needed for the “if” part to hold. We omit
its proof, which is essentially the same as that of Proposition 1.1. It remains to

show the “only if” J52 e Mw(e™ ) du(t) o )
y if” part. Define G (w) = T e~ du(t) for w € L*°[0,1]. It is

clear that Gy is a positive linear functional on L*°[0,1] with |G| = G4(1) =1,
and Gy(hs) = % s > 0. Thus (C1) implies that (A1) of Proposition 3.1
(with W = L]0, 1]) holds.

Next, we see that condition (A2) holds. Let ¢ > 0 be arbitrary. By the

assumption, there is a small § > 0 and large M > 0 such that

t
M[[g’ ]] — 1| < e for t, s such that s,t > M and |t/s — 1| < 0.
s
For those s > 0 which are so close to so that | — 1| < ¢ and for sufficiently small

A > 0 we have s/A, so/A > M and |(s/)\)/(so/)\) =1l =[2 — 1] <4, so that
‘ GA(hs) _ 1‘ — ‘ /L[O,S/)\]
Ga(hs,) 1[0, s0/A]

Then |Gx(hs) — Ga(hs,)| < €Ga(hsy) < €]||hsy||oo for small enough A. This
implies that limsup |Gx(hs — hs,)| < €]|hs,||oo for s close enough to sg, i.e., (A2)

—1’<€.

A—0
in Proposition 3.1 holds
— At
Let Fy(w) = Ji"e 2 ,M Sl 0y e L*>]0,1]. Then ]-'A is a positive
f e du(t)
— At
linear operator from L*°[0,1] to X with [|Fa]| = ||[Fa(D)|| = e Mz(;zgtH

the proof of Corollary 2.2), which tends to ||z|| as A | 0. Tt follows that the net
{F>}x10 is uniformly bounded.
Let E := {t";n > 0}. Since
n o0 L —(n+ 1My, () dt
lim}_'\(t)—lmfo c u(t) =

MO GA(tm) Ao [ e (DM (L)
for all n > 0, and since spanF is the set of all polynomials which is dense in C[0, 1],
we can apply Proposition 3.1 (with W = L°°[0,1]) to conclude that

s

ot uldt _ Fy(hy,)
/,L[O, 80//\] G)\(hso)

This proves the “only if” part. ([

—xas A0

Remark. (i) If0 < K :=limyjo A [y~ e dpu(t) < oo, then by the Tauberian the-
orem of Hardy and Littlewood, lim_ oot ™' fot du(r) = K, so that conditions
(C1) (with any sg > 0) and (C2) are satisfied. In this case, the conclusion of
Theorem 3.2 also follows directly from the Tauberian theorem of Hardy and
Littlewood together with Proposition 1.1; furthermore, we note that this also
holds for a locally integrable function wu(-) : [0,00) — X, with X a general
Banach space, when u(-) is bounded.
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(ii) A similar proof shows that Theorem 3.2 still holds when ¢ — oo, s — 00, and
A | 0 are replaced by t — 0, s — 0, and A — oo, respectively.

Ifgisa nonnegative function, with fooo t)dt > 0, then with the measure p

defined as u(Q2 fQ g(t)dt, Theorem 3.2 becomes the following ratio Tauberian
theorem.
Corollary 3.3. Let g be a nonnegative function satisfying fo t)dt > 0 and the

two conditions:
0]

hrf\llionf (/OA g(t)dt) / (/OOO e‘“g(ﬂdt) > 0 for some sg > 0; (C1)
(/Otg(r)dr> / (/Osg(r)dr) — 1 ast,s — oo with z 1. (C2)

Let u(-) : [0,00) — X4 be a strongly measurable positive function in a Banach
lattice X such that [ e~ u(t)dt exists for all A > 0. Then

T = lﬁr& (/OOO e”u(t)dt) / </OOO e’\tg(t)dt>

exists if and only if

-t ([ ) [ w).

Remark. If g is a bounded nonnegative function such that

1 t
K :=liminf = [ g(r)dr >0, (5)

t—oo 0

then conditions (C1’) and (C2’) hold. In fact, we have

2 oo K
lim inf / g(t)dt (/ e M dt) > ———509 >0 forall s >0
it ( , 90 ) [y <o) =

and for sufficiently large s and ¢ > s

‘ s 2 t—s ¢
(/0 g(r)dr)/(/o g(r )dr>—1‘<K|g|oo—>0 as t, s — 00 with 8—>1

Let W be the Banach sub-lattice of L°°[0, 1] consisting of all right-continu-
ous bounded functions w : [0,1] — R which are also continuous at the point 1.
Suppose {z,} is a sequence of positive elements in a Banach lattice X and {a,}

o0
is a sequence of positive numbers such that > r"a, < oo for all 0 < r < 1 and
n=0

o0
> ap > 0. Define linear operators F,. and linear functionals G, on W by

e B
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e (Sraeome) /(S0

for u € W and for those 0 < r < 1 for which the definitions are well-defined. Then

[=so/InT] oo
Fr(hsy) = Z Tn /<Zrnan>

n=0 n=0

and

and

[—so/In7] oo
Gv’(hso) = Z Qp / (Z Tndn) 5
n=0

n=0

where [—so/Inr] denotes the largest integer less than or equal to —sp/Inr. By
arguments similar to those in the proof of Theorem 3.2 we can deduce from Prop-
osition 1.1 and Proposition 3.1 the following ratio Tauberian theorem for positive
sequences in Banach lattices.

(&)
Theorem 3.4. Let {ay} be a sequence of nonnegative numbers such that > a, > 0.

n=0
Suppose {a,} satisfies:

[—so/1n7] 00
lim inf Z an / (Z T"an> > 0 for some sg > 0; (D1)

Tt n=0 n=0
m n m
1 ith — — 1. D2
(kzoak>/<kzoak>—> as m,n — 00 with — — (D2)

Let {z,} be a sequence of positive elements in a Banach lattice X such that
[&.°]

Z r"x, exists for all0 < r < 1. Then

hm (Z 'z )/(f r”an) exists if and only if v = lim (i xk)/
= n—oo
(50

k=0
Remarks. (i) Let {a,} be as in Theorem 3.4, and {x,} be a sequence in a

general Banach space X such that Zr”xn exists for all 0 < r < 1 and
n=0
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(iii)

Sup,, > [|znll/an < 0o (we let 0/0 = 1). Then the following weak-type result

holds:
r = weak—lri%rll (ir”xn> / (ir”%)

n=0 n=0

— x = weak- nlirr;o (ixk> / <i ak> .
k=0 k=0

For, if {z,} is a sequence of real numbers, then, considering the sequence
{zn + Cay,} for some large enough constant C' > 0, we may assume that
T, + Ca, > 0 for all n > 0. Since we have that

r = weak- 17}%111 <T§% r"xn> / (i r”an>

n=0

exists if and only if

o0 o0
o . n n
x + C = weak lrlgl (;_:OT (xn—i-Can)) / <nz_:0r an> ,
it follows from Theorem 3.4 that the assertion holds. Since for a sequence
{bn} of complex numbers we have lim, o b, exists if and only if both
lim,,_, o, Re(by,) and lim, o, Im(b,,) exist, from the above real case together
with a standard argument the general case follows easily. The same assertion
also holds for the continuous case.

o0
If the sequence {a,} in Theorem 3.4 satisfies > a, < oo, then clearly con-

n=0

ditions (D1) (with any so > 0) and (D2) are satisfied automatically, and one
can directly see that both limits in the conclusion of Theorem 3.4 are equal to
(0 o xn)/ (30" an), when either {z,} is a positive sequence in a Banach
lattice such that >~ 7z, converges, or when {z,} is a sequence in a general
Banach space satisfying sup,,~¢ [|Zn|/an < co.

Discrete analogs of Remark (i) after Theorem 3.2 and the Remark after Cor-
ollary 3.3 also hold. In particular, here is an example of sequence {a,} of
nonnegative real numbers which is bounded and satisfies the discrete coun-
terpart of condition (5), and hence satisfies conditions (D1) and (D2).

Ezample 1. Let {k; }‘;‘;1 be a strictly increasing sequence of nonnegative integers
with positive lower density (i.e., sup,>; k;/j < 00). Define

|1 if n = k; for some j > 1,
4n =13 0 otherwise.

Then, putting K = liminfj/k; (> 0), we have
j—oo

lim inf

Y a; =liminf = = K > 0.
; j—oo kj
j=0 J
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Then using the same argument as in the Remark after Corollary 3.3 together
with the fact that lim,11(1 —7)([—s/logr]+1) = s one can verify conditions (D1)
and (D2). Hence Theorem 3.4 holds for this sequence {a,}. It is interesting to
note that there are many papers treating mean and pointwise ergodic theorems
for sequences with positive lower density (e.g., see [1] and [4]; see also Chapter 8

of [5]).

4. Generalized Tauberian Theorems

Next, we deduce from Theorem 3.2 the following generalized Tauberian theorem
for positive functions.

Theorem 4.1. Let v > 0 and u(-) : [0,00) — X4 be a strongly measurable positive
function such that [ e~ u(t)dt exists for all \>0. Then z= 1/\1?01 N[5 e Mu(t)dt
exists if and only if © = tlim FWH) fo s)ds. The assertion also holds when
t— 0o and A\ | 0 are replaced byt — 0 and A — oo, respectively

Proof. For the case v > 0 let p be defined as u(Q) := [, g(t)dt with g(t) :=
v—1 .
f) /T, izg’ . Then [ e *du(t) = 1/X7 and p[0,t] = t7/T'(y+1), and
(C2) is satisfied. Since

(Grme+n) ) =Ce+) s

for all A > 0, clearly condition (C1) also holds for all sy > 0. For the case v = 0,
let p be the Dirac measure at 0, which is the measure such that p({0}) = 1 and
11(0,00) = 0. Then [;° e Mdu(t) = e ** =1 for all A > 0 and p[0,¢] = 1 for all
t > 0. Clearly both conditions (C1) and (C2) hold. Thus the assertion follows from
Theorem 3.2. O

Now we deduce from Theorem 3.4 the following generalized Tauberian theo-
rem for positive sequences.

Theorem 4.2. Let v > 0 and let {x,} C X be a sequence of positive elements
oo

in a Banach lattice X such that Y r™x, exists for all 0 < r < 1. Then x =
n=0

lim(1 —r)? Z "oy exists if and only if ¥ = lim Ly+1) Z Tp.

rT1 n—0 (n+1)7

Pmof For the case v = 0, we can take ap = 1 and a,, =0 for all n=12....Then

Z rFa, = Z ar = 1foralln =0,1,2,.... Hence both (D1) and (D2) are satisfied
k=0

and Theorem 3.4 applies.
For the case v > 0, we can take a, := (77)(—=1)". Then Y r"a, = (1—r)™"
n=0
n

n n
_ - _ kty—1y _ (n47y _  D(ndy+l
for 0 <r <1 and kz::O ar = kz::o( k’y)(_l)k - kZ:IO( ’]z ) - (nn’y) - F('yg-l)g(n-&)-l)’
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By Stirling’s formula: tlim D(t+1)/((£)'v2rt) = 1 (see [7, p. 194]) and the fact
that li%rll(ln r)/(r—1) = 1, we have

Dl +v+1) (2] +v+1)(1—7“)’y
(7o eorrm) / <1—w )= SR R
o1 ( >[ 2m(l ﬁ]+7)(1—r)

T ey ﬁ

e () (@] ) an)
s :

“rorn (1] 7))~

asr T 1. Here a(r) ~ b(r) as r | 1 means that the ratios a(r)/b(r) and b(r)/a(r) are
both bounded in some interval (J, 1). This implies that (D1) holds for all s > 0.
Next we check (D2). In fact, we have

. I'(m 1) I(n 1)
L (F(v T S;(:H 1)) / (F(v T 1+)3<Z+ 1))

m,n—00 (Z)m\/2mm (Z)"V21n
m+ m+1/2/ 4y n+1/2 mA\”
m n n+ -y

. <m+’y>7
= lim
m,n—oo \ N + 7y

which is equal to 1 if m/n — 1.

= lim
m,n— o0

Thus Theorem 3.4 applies. Since

. F'n+~+1) (n+1)7Y\ . Fn+~+1)
7£&(nw+umn+n)/(nw+n>‘53¥Hn+nm+nv
e (Bt )

nee (2)nZmn(n + 1)

n+1/2 v
= lim (n—«—’y) e (n—i—’y) =1,

the conclusion of Theorem 3.4 reduces to the assertion. O
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Remark. In the above, we deduce Theorems 4.1 and 4.2 from Theorems 3.2 and
3.4, respectively, and the latter are deduced from Proposition 1.1 and Propo-
sition 3.1, which in turn follow from Corollary 2.3. One can also deduce Theo-
rems 4.1 and 4.2 more directly from Corollary 2.2. We refer to [6, Propositions
4.2 and 4.4] for such different approaches.

5. Counter-examples

In this section, we show by examples that the assumption of positivity of the
sequence {z,} and conditions (D1) and (D2) are essential in Theorem 3.4.

Ezample 2. Let ag =1and a, =n~!—(n+1)~! forn > 1. Since 3 ax =2 < 0,
k=0
(D1) and (D2) hold automatically (see Remark (ii) after Theorem 3.4).
Thus we can apply Theorem 3.4 to this sequence {a,}, and we have that for

any positive sequence {z,} in a Banach lattice, x = li%n > r™ax, exists if and only
1 n=o0

if x = lim ) . This is also the case v = 0 of Theorem 4.2.

N0 k=0
But, if we let b, = (—e®®)" for n > 0, where i = v/—1 and 6 # 7(mod 27),
n i0\n
then 3 b = =CC™™ While

k=0 tet?

D DT i S e 0 , 1 1
lim Z2=0" 2" — i = 3= =1 = ,
i Yoo o ran "1 2 nz::or (=) "1l 2(1+re?)  2(1+e?)’

lim,,— oo (ZZ:O bk)/(ZZ:0 ak) does not exist. This sequence {b,} is bounded
but not positive and sup,,~q |bn|/an = 00, so this shows that the assertion in The-
orem 3.4 (resp. Remark (i) after Theorem 3.4) may fail if {x,} is not a positive
sequence (resp. sup,,sg ||zn||/an = 00).

Ezample 3. Let {a,} be a sequence of numbers with limsup |a,|"/™ < 1, and let
n—oo

bo =0 and b,, = a,,_1 for all n > 1. Then we have for every 0 < r < 1

oo oo oo

E ray, =r ! E by, =1t E 7" by,

n=0 n=1 n=0
Hence

ZZO:O by,

S5, =r—lasr—1
anor an
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e ok _ .
If we define a,, = { g gtﬁe;w?sefor some £ =0,1,...; then both {a,} and

{b,} are positive sequences, and for every k =0,1,2, ...

2k_1

k—1
Zb = Za] > ol =2k 1,

=0 j=0
2k 41

Zb_zaj Zzﬂ gk+1 _

and
2k 41 2k _1
Zaj Za]+a2A+a2k+1—2 — 142k =9kl 1
7=0
Hence

D im0 1 ifn =241

Thus the limit does not exist as n — co. In the following we check that (D1) holds
but (D2) does not.

n k
, . 2k _1 e _ ok.
ijoby _{ sirr—g ifn=2%

oo

Letting S(r) :Z2nr2" =r4+2r2 4471 4 ... for 0 <r < 1, we have
n=0
liT:r+(r2+r3)+(r4+... +r) ... < S(r),

and

S(ry < r+2{r+ @+ + 5+ )+
r r? r(l1+4r)
1—r "1—r 1-7 '
so that S(r) ~ (1 —r) tasr 1 1.
On the other hand, since 171%111(1n r)/(r—1) =1, we have

olln(2)/In2+1 , 9ln(F%)/In2 _ (21/1n2)1n(1;§) _ _S

el

Inr 1—r

asr T 1.

Therefore we have for every s > 0

B /(i): > ]/ @)

n=0 1<2k<—s/Inr

(&) (&) (o)

lfr 1—7r
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as r T 1, where m := [In(—s/Inr)/In(2)] + 1. This implies that (D1) holds for all
so > 0.
If m = 2% and n = 2¥ — 1, then m/n — 1 as k — oo, but we have that

(S5) /(E) =5 -2

Hence condition (D2) of Theorem 3.4 is not satisfied. This example shows that
Theorem 3.4 may fail if condition (D2) is not satisfied.
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