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Abstract:    The characteristic properties of shell element with similar shapes are used to generate a so-called super element for the 
analysis of the crack problems for cylindrical pressure vessels. The formulation is processed by matrix condensation without the 
involvement of special treatment. This method can deal with various singularity problems and it also presents excellent results to 
crack problems for cylindrical shell. Especially, the knowledge of the kind of singular order is not necessary in super element 
generation; it is very economical in terms of computer memory and programming. This method also exhibits versatility to solve 
the problem of kinked crack at cylindrical shell. 
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INTRODUCTION 
 

Pressure vessels are loaded by surging and water 
hammering or summing up by both of these two. 
Conventionally, the design formulas for the determi-
nation of the thickness of cylindrical pressure vessels 
are based on two considerations: the hoop stress and 
the longitudinal stress. Thus, the requirements of 
minimum thickness and maximum allowable working 
internal pressure are inferred (JHGPA, 1986; Nichols, 
1987; Ugural, 1981). However, the defect problems of 
material such as bumping damage and crack in the 
vessel may induce considerable flexibility and reduce 
the load carrying capacity and the tolerance of flaws 
(Shephard et al., 1981; Chen and Lin, 1985; Atluri, 
1986; Anderson, 1991; Hooton and Tomkins, 1996; 
Ainsworth et al., 1992; Folias, 1999; Minnetyan and 
Chamis, 1999). The tolerance assessment of the ex-
isting crack is very important for the integrity of 
vessel. The evaluation of the stress intensity factors of 
a cylindrical shell with various crack orientations has 

been studied (Sih, 1977; Lakshminarayana et al., 
1982; Zheng et al., 2006). Since there are mathe-
matical complication and the limited capabilities of 
analytical tools, the numerical method of finite ele-
ment approach provides a logical procedure to ana-
lyze the fracture tolerance by skipping the difficulties 
introduced by structural geometry and boundary 
conditions. However, the direct application of the 
finite element method to model stress variation in the 
vicinity of a crack tip requires the use of an extremely 
fine grid. Therefore, massive amount of element node 
means a great amount of computing time. It costs a 
great amount of computing memory and converges 
very slowly because of deficiencies in singularity 
representation (Knott, 1973; Kobayashi, 1973; Lynn 
and Ingraffen, 1978; Shephard et al., 1981; Chen and 
Lin, 1985).  In order to calculate effectively and 
generate better results, the super element constructed 
by embedding proper singular order has been con-
sidered instead of the ordinary method (Shephard et 
al., 1981; Lynn and Ingraffen, 1978; Mutri et al., 1985; 
Song, 2004). Nevertheless, the order of singularity for 
problems such as kinked crack and crack front in a 3D 
solid cannot be determined easily. This leads to the 
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necessity of a general approach to deal with these 
kinds of problems (Dutta et al., 1990; Le Van and 
Royer, 1986; Go and Lin, 1991; 1994; Go and Chen, 
1992; Go et al., 1998). Herein, a super element for-
mulated by using the characteristic properties of 
stiffness matrix for the elements with similar shape is 
recommended to solve these problems. The concept 
of this method is to use a group of similar elements to 
generate layers until there is infinitely small around 
the singular point. The formulation is processed by 
matrix condensation without involvement of special 
treatment. This method can deal with any kind of 
singularity problems and present excellent results to 
crack problems for cylindrical shell. 
 
 
MEMBRANE SHELL ELEMENTS 
 

For a cylindrical pressure vessels shown in Fig.1a, 
the wall of this pressure vessel is thin, which thickness 
is less than one-tenth of the radius and it does not 
change abruptly. The wall is subjected to the stresses 
that distributed through the thickness uniformly (Ti-
moshenko, 1955; Timoshenko and Woinowsky-Krie- 
ger, 1959; Pilkey, 1994). Thus the membrane theory 
(Timoshenko and Woinowsky-Krieger, 1959; Szilard, 
1974), an assumption of the element without flexural 
rigidity and only carrying the lateral loads by axial 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

and transverse shear forces, is applied for the analysis. 
Based on the assumptions of elastic material and 
small displacement, it is reasonable to use the poten-
tial energy to develop a crack shell element. A free 
body diagram of membrane element including the 
forces is shown in Fig.1b. The coordinate x and the 
angle θ  were used to describe the position of the shell 
element.  

By the assumption of constant thickness shell, 
the nodal displacements ui, vi and wi shown in the 
parent element are related to the membrane strains εx, 
εθ and γxθ on the material coordinates as (Cook et al., 
1989) 
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where Ni(ξ, η) is the shape functions associated with 
the parent element. Accordingly, the related dis-
placements are 
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and the three types of strains related to the displace-
ments u are 
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Eq.(3) may be denoted as ε=Bu. 

The relationship for stresses-strains is σ=Dε, 
where 
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The stiffness matrix K and force matrix Q are 

formulated as: 
Fig.1  Cylindrical pressure vessel and membrane shell
forces. (a) Cylinder; (b) Membrane shell forces 
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where J is Jacobian matrix and can be shown as 
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In Eqs.(4) and (5), matrices B and J are functions 

of ξ and η, the symbols t and r represent the thickness 
and the radius of cylindrical shell element respec-
tively. 
 
 
STIFFNESS FOR SIMILAR SHELL ELEMENT 
 

For two similar elements with ratio α, the rela-
tionships of the coordinates for the corresponding 
nodes can be represented by 
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The matrix B in Eq.(3) can be decomposed as  
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Therefore, from Eqs.(7) and (8), the matrices B  and 

B  for element 1 and element 2 have the following 
relationships: 
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and the relationships of the Jacobian matrix are: 
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By substituting Eq.(8) into Eq.(4), the stiffness 

matrix K becomes as 
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The relationships of matrices *,ℵ **ℵ  and ***ℵ  
for element 1 and element 2 are derived from Eqs.(4), 
(6) and (9). Then, the following equation can be ac-
quired to reflex the above-mentioned relation: 
 

* ** 2 ***
2 1 1 1 .α α= + +K ℵ ℵ ℵ                  (11) 

 
 
SUPER ELEMENT FORMULATION 
 

The element mesh around a singularity point is 
shown in Fig.2. These elements are similar to each 
other. The inner-layer element to the adjacent 
outer-layer element is designed with the ratio α. The 
stiffness of the outmost element may be expressed as 
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Then, the stiffness matrix for the m-layer ele-
ment is  
 

* 1 ** 2( 1) ***
1 1 1 .m m

m α α− −= + +K ℵ ℵ ℵ  
 

For the condensation purpose, the internal dis-
placements at the jointed boundary of the elements 
are eliminated as follows: 
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The column matrices of di and pi are the representa-
tions of displacements and forces at nodes respec-
tively. The elimination of the displacements d3 and d4 

is along the joint boundary. Eq.(13) is rearranged as:  
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Eq.(15) can be shown as: 
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and condensed form of Eq.(15) is shown as: 
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in which I is an identity matrix. Eq.(18) can be re-
written as: 
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When using layer-by-layer approach to the sin-

gular point, Eq.(19) is utilized to formulate a final 
stiffness matrix for analysis. 
 
 
NUMERICAL EXAMPLE 
 

The pressure vessel is designed as an inside ra-
dius of 25 cm and a wall thickness of 1.2 cm to with-
stand an internal pressure of 10 MPa. The vessel is 
made using a material with Young’s modulus 
E=206.78 GPa and Poisson’s ratio υ=0.3.  The size of 
through-thickness crack varies from 0.001 cm to 2.6 
cm. It is used in the numerical test to calculate the 
stress intensity factor. The super element is generated 
by α=0.5. Three cases are performed. The first is for 
an axial crack, the second for a peripheral crack and 
the third for an arbitrary orientation crack. The pro-
posed finite element algorithms present a very good 
agreement with the result founded by Sih (1977). 
These results are shown in Figs.3~5. The excellence 
of convergent characteristics in numerical calculation 

Fig.2  Mesh for the cylindrical pressure vessel around 
through-wall tip. (a) Cylindrical coordinate; (b) Plane 
projection  
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is shown in Fig.6, where the normalized stress inten-
sity is defined as stress intensity factor divided by 
extensional stresses through the thickness. The results 
show that the normalized stress intensity factors are 
converged to a value at the ratio of the crack length to 
the radius approaching 10−2 for these three cases. The  
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ratio of stress values for crack versus without crack 
around crack tip converges to 3.5 shown in Fig.7. It is 
realized that the kinked crack problem is very com-
plicated (Dutta et al., 1990) because of the existence 
of two singular points at a close distance such that the 
general solutions are not available at cylindrical shell. 
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For an example, in (Dutta et al., 1990) the calcula-
tions give the same result as that of (Dutta et al., 1990) 
which indicated in Fig.8. Nevertheless, the proposed 
technique is more versatile in singular problems. 
 
 
DISCUSSION 
 

The failure of pressure vessel may be caused by 
unstable propagation of an existing crack. Therefore 
the tolerance of vessel structure flaws has to be con-
sidered. The fracture mechanics are feasible tool to 
evaluate the integrity of the pressure vessels with 
crack. In ordinary fracture problems, quarter-point 
element (QPE) is often used because of its simplicity. 
In this QPE method, strains are represented as a con-
stant plus a term proportional to singular order –1/2. 
The variation of stress filed is dependent on the ele-
ment size. Accordingly, the optimum size of the  
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

element used has to be selected with care (Szilard, 
1974). For improving this technique, the transient 
element (Tani et al., 2000) by special placement of 
nodes in cooperation with QPE is suggested for better 
solutions. The alternative methods without invoking 
special placement of nodes are also developed. Such 
hybrid element (Zhao et al., 1999) is designed by 
using the knowledge of the strain or stress filed and 
proper singularity order. Nevertheless, these tech-
niques have the similar restriction and valid only for 
problems with a known stress singularity. By the 
application of the characteristic of similar elements, 
the proposed approach provides a merit to skip over 
the difficulty of knowing stress singularity in advance 
in element design. Since the calculation process is 
formulated by the condensation of a geometric series 
of similar element, the mathematical simplicity can 
make the FEM to be programmed easily and eco-
nomically.  
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CONCLUSION 
 

The stress at the crack tip changes rapidly. A 
group of small elements surrounding the crack tip is a 
warrant for better solution in finite element calcula-
tion. By merely using the characteristic properties of 
shell element and the approach of matrix condensa-
tion, the elements at crack tip can easily be subdivided 
to arbitrarily small. Thus, the special element with the 
necessity of knowledge of stress field around the 
crack tip is not required in the fracture analysis. Since 
the difficulty for determining the singular order in 
advance of FEM calculation always exists for most of 
the cases, the proposed method provides a valid ap-
proach for general solution. Beside this advantage, 
economy in computer memory and programming 
process is also shown. 
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