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Abstract Let X be a finite alphabet containing more than one letter. A dense lan-
guage over X is a language containing a disjunctive language. A language L is an
n-dense language if for any distinct n words wy,wa,...,w, € X, there exist two
words u,v € X* such that uwv,uwyv,...uw,v € L. In this paper we classify dense
languages into strict n-dense languages and study some of their algebraic properties.
We show that for each n > 0, the n-dense language exists. For an n-dense language L,
n # 1, the language LN Q is a dense language, where Q is the set of all primitive words
over X. Moreover, for a given n > 1, the language L is such that LN Q € D,(X), then
L € D,,(X) for some m,n < m < 2n+ 1. Characterizations on O-dense languages and
n-dense languages are obtained. It is true that for any dense language L, there exist
w1 # wy € X such that uwyv,uwyv € L for some u,v € X*. We show that every
n-dense language, n > 0, can be split into disjoint union of infinitely many n-dense
languages.

Keywords Primitive words - Dense languages - n-dense languages - Strict n-dense
languages

1 Introduction and definitions

Let X be a finite alphabet with more than one letter and let X* be the free monoid
generated by X. Every element of X* is a word and let X+ = X*\{1}, where 1 is
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the empty word. Every subset of X* is a language. The cardinality of a language A is
denoted by |A|.

A word f € Xt is a primitive word if f is not a power of any other word. It is known
that every word x € X is a power of a primitive word and the expression is unique.
Let Q be the set of all primitive words over X. Foru = fi, f € Q,i > 1, let Ju = f,
and call f the primitive root of u. For a language L € X+, let A(L) = {/u | u € L}
[13]. Clearly, A(L) C Q for every language L € X . We define the length of w € X*,
denoted by Ig(w), to be the number of letters in w. For any finite language A € X™,
we let Lg(A) = max{lg(x) | x € A}.

For a word u € X, if u = vw for some v,w € X*, then v is called a prefix of u,
denoted by v <, u, and w is called a suffix of u, denoted by w <y u. Similarly, by
v <p u, we mean that v <, u but v # u, and call v a proper prefix of u. By w < u,
we mean that w <; u but w # u, and call w a proper suffix of u. For two given words
v and u, by v <4 u we mean that the v is both a prefix and suffix of the word u. A
nonempty language L C X is a code if x1x2-- X, = y1y2-+Ym, Xi,yj € L imply
that m = nand x; = y;, i = 1,2,...,n. A code L is a prefix code (suffix code) if
LNLXT =@ (LNXTL = ). A code L is called a bifix code if L is both a prefix code
and a suffix code.

A language L over X is called a disjunctive language if for every x,y € X*, x # y,
there exist u,v € X* such that uxv € L and uyv ¢ L or vice versa. A language L is
said to be a discrete language if any distinct words x,y € L, Ig(x) # Ig(y). A language
L C X is called a dense language if for every w € X, X*wX* N L # . In this
paper we investigate several properties about dense languages. It is known that a dis-
crete dense language must be disjunctive [5]. In fact, every dense language contains
a disjunctive language [5]. Some other theories related to dense languages refer to
references [2,7-9,11,12].

Now we provide some new concepts about dense languages. Recall that a language
L which satisfies the condition X*wX* N L # @ for all w € X7 is a dense language.
That is for a dense langauge L, it is true that to each given single word w € X, there
exist u,v € X* such that uxv € L. In this paper, we like to generalize the above classi-
cal concept of dense languages and make some classifications of new dense languages.
We now give the formal definition of our new family of classified dense languages.

Let L € X* and let n > 1. We call a language L an n-dense language if for any dis-
tinctn words wy, wa,...,w, € X1, thereexistu,v € X*suchthatuwv,uwyv,..., uw,v
€ L. We note that with this definition, 1-dense language is exactly the classical dense
language. It is immediate that every n-dense language is an (n — 1)-dense language
foralln > 2.

If L is a language such that for any k > 1 and for any wy,w»,...,w; € X, there
exist u,v € X ™ such that uw v, uwyv,... , uwiv € L, then we call such a language L a
0-dense language. Thus a O-dense language is an n-dense language for all n > 1. We
will show that for any n > 2, there exists an n-dense language which is not an (n + 1)-
dense language. We will call such a particular language a strict n-dense language. For
X = {a, b}, the so call Balanced language H = {w € X* | w, = wp} is an example of
1-dense language but not a 2-dense language, where w, stands for the number of the
letter a occurring in the word w.

We define the new families of languages related to the n-dense property. Let D(X)
be the family of all dense language over X.

Do(X) ={L € D(X) | Lis a0-dense language};

D1(X) ={L € D(X) | Lis astrict 1-dense language}.
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Classifications of dense languages 175

Forn > 2,
D, (X) ={L € D(X) | L is a strict n-dense language}.
We have the following disjoint decomposition:

D(X)=Do(X)UD1(X)UDy(X)U---.

Itis know that foranyu € X, a,b € X, a # b, one of ua, ub must be primitive [4].
In Sect. 2, we first provide a stronger version about this known result. We also show that
D, (X) # ¢foralln > 0 and we investigate some elementary properties of each family
D, (X). For any nonempty set L € X*, we define L,,, = {w € L | lg(w) =r (mod n)}
where 0 < r < n. Some results are presented in the final part of Sect. 2 about the
properties of L, , when the given language L is dense.

We study the relations between a dense language L and its sublanguage L N Q in
Sect. 3. Let L € X™* be a language and let L N Q € D,,(X) for some m > 1. Then we
can find the range of the index n such that L € D, (X). Otherwise, if L € D,(X) for
some n > 2, then L N Q is dense and we also can find the range of the index m such
that LN Q € D,,(X). Let L € Dy(X) and L N Q € D, (X). Then we provide some
relations between the positive integers n and m. Furthermore, some of these relations
are even optimal relations.

In the final section, the Sect. 4, we want to discuss how to split a given n-dense lan-
guage into a disjoint union of infinitely many n-dense languages. It is known that any
dense language which split into finitely many languages, then one of these languages
must be dense. However, the disjunctive languages also have similar properties [5].
And in this section, we show that in some particular divisions, we can split a dense
language into a disjoint union of two (three, finitely many or even infinitely many)
dense languages. Furthermore, since the disjunctive language and the strict n-dense
language both are dense languages. we also show that the disjunctive language and
the strict n-dense language both have similar separated properties.

2 Elementary properties of n-dense languages

It is easy to see that the languages X* and Q both are 0-dense languages. It is true
that O-dense languages exist. A 0-dense language is by definition an n-dense language
for every n > 1, one has that n-dense languages exist.

Remarks

(1) Every n-dense language is an m-dense language for all0 < m < n.

(2) If a language L is not n-dense, then L is not an m-dense language for all m >
n>0.

(3) A language which contains an n-dense language is also an n-dense language.

Lemma 2.1 [3] Ifuv = vu,u # 1,v # 1, then u and v are powers of a common word.

Proposition 2.2 Let u,v be two distinct words such that Ig(u) = Ig(v). Then for any
we X, lgw) > Ig(n), one of wu, wv must be primitive.

Proof Suppose to the contrary that wu = f and wyv = g/ forsome f,g € Q and i,j > 2.
For Ig(w) > Ig(u) = Ig(v), one has that f <, w and g <, w. This implies that there
exists,t > 1, 1,81 € X*, fr,82 € X*, fifo = f, g182 = g such that

w=rFfi=gg, u=pHp""" v=gg
@ Springer
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Since Ig(u) = Ig(v), we have Ig(wu) = Ig(wv). If f = g, then i = j. This implies that
u = v, a contradiction. Hence f # g. Without loss of generality, assume that f <, g
and i > j > 2, then there exist s; > 1, f3,f4 € X, f3fs = f such that g = f51f3 and
faf =g

Ifs—s1 —1>1,then fafs <, g = f*1f5. One has that f4f; = f3f4 and by Lemma 2.1,
we have f = f3f4 ¢ Q, a contradiction. Thus s —s; — 1 = 0. Hence we have g = f*~1f;
and fufy = g 'g1. If f5 <p fi, then fafs <, fafi = g'~'g1, contradicts to the fact that
g = f*~!f;. This implies that fj <, f3 and then follows that Ig(g''g)) = Ig(fafi) <
lg(f3fa) = Ig(f) < Ig(g). One has that

t—1=0, gi=fifieX", w=gg,v=08" fi<p8 <pf<p&

Since Ig(w) > Ig(v), we have j =2 orj = 3.
From above two paragraphs, we organize the following formulas:

wu=flandwyv=gli>j>2 j=2orj=3, (I)
f=hh =1 g =818, i € X", f.f3./4,81.82 € X, (II)
w=[f"f =gg, u=pHf " v=gg?, (I11)
g="1f fafi = g1» (Iv)

fazp g <pf<ps V)

fi <p f5. (V1)

Now we discuss the following two cases, j = 2 and j = 3.

(1) j = 2. Then by formula (IIT), we have w = f*f; = gg1, u = of 1, v = g.
Since w = gig2g1 = [i(h*Ofi, giver = filhfS Hfi. For lg(g1) > Ig(f)),
lg(u) =Ilg(v)andu = fgf‘_s_l, one hasthats—1>i—s—1,thatis2s —i > 0.
Hence we have fuf; - v- fufi = fi - u- (f*~1)f;. This implies that 2s —i = 1 and
fafi - v fafi = f1 - u - ffi. It follows that Ig(f3) = Ig(fs) since f = f3fs. Thus by
formula (V), f3 = faand f = f42 ¢ O, a contradiction.

(2) j=3.Then by formula (IIT), we have w = ff; = gg1, u = Hf "1, v = gg.
Since Ig(w) > Ig(u), we have s > i —s — 1, thatisi <2s+ 1. Forv = gog =
ngs_1f3, u = fzfi_s_l, lg(v) = Ig(u), one has thati —s — 1 > s — 1, that is
i > 2s. This implies that i = 2s or i = 2s + 1.

(2-1) i=2s+1.Thenw = ff; = gg1, u = Hf°, v = gog. This implies that f> - f*f; -
82 = f2-881-&2 and then follows that ufi gz = fogi1v. For lg(g1) = Ig(fi)+1g(f4),
one has that [g(g2) = Ig(f2) + Ig(f4). Hence Ig(g) = Ig(g182) = Ig(f) + 2Ig(fv).
Since lg(u) < Ig(w), we have Ig(f2) < Ig(f1). Thus by formula (VI), lg(f2) <
Ig(f1) < Ig(f3). By formula (II), we can see that Ig(fa) < lg(f2) < lg(fi) <
lg(f3). This implies that Ig(fa) < %lg(f) and Ig(g) = Ig(f) +2Ig(f4) < 2Ig(f). For
g =/f""'f;, we have s = 2 and i = 5. Thus by formula (I), wu = >, wv = g°.
One has that 5g(f) = 3lg(g) = 3Ig(f) + 6lg(fs), that is Ig(f) = 3ig(fy). Since
lg(f) = 3lg(fs) and f = f3f4, we have Ig(f3) = 2lg(f4). This implies that f4 <, f3
from formula (V). For fi <, f5 (formula (VI)) and /g(fy) < Ig(fi), one has
that f4 <, fi and then follows thatf42 <p faft = g1 <p f = f3fs. Thatis f3 :ff
and f ¢ Q, a contradiction.
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(2-2) i=2s.Thenw = ff; = ggy, u = fof*"!, v=gog. For f -u - figr = g1v and
lg(u) = Ig(v), one has that Ig(g2) = Ig(fa) — Ig(f1). Hence we have Ig(g) =
21g(fy) and Ig(u) = Ig(v) = Ig(g28) = 3lg(fa) — Ig(fy) < 3lg(f). For u = fof*~,
then s — 1 < 2. Clearly, s = 1 is impossible (see formula (IV)). This implies
thats =2 ors = 3.

(2-2-1) s =2.Thenwu = f* and wv = g>. This implies that 4lg(f3) +4lg(fs) = 3lg(g) =
6lg(fs). That is 2/g(f3) = Ig(f4). Thus by formula (V), we have fi4 <, f = f3/fs.
It is immediate that f3 = f32 and f ¢ Q, a contradiction.

(2-2-2) s =23.Thenwu = % and wv = g°. This implies that lg(g) = 2Ig(f), contradicts
to the fact that Ig(g) = 2Ig(f4).

Finally, by above cases, one of wu, wy must be primitive and we are done.

In general, Proposition 2.2 may not hold when Ig(w) < Ig(u). The following is an
example:

Example Let X = {a,b} and let u = abaab, v = baaba, w = a. Then Ig(u) = Ig(v).
But wu = (aab)?, wv = (aba)? ¢ Q0.

From the above proposition, the following known result is immediate.

Corollary 2.3 [4] Let u € XT and let a,b € X, a # b. Then one of ua,ub must be
primitive.

Recall that the alphabet X has at least two letters, the following proposition is
immediate.

Proposition 2.4 Let u,v be two distinct words such that Ig(u) = Ig(v) < 2. Then for
any w € X, one of wu, wv must be primitive.

Lemma 2.5 [10] Letuv = f, u,v € X*, f € Q, i > 1. Then vu = g' for some g € Q.

For a given language L € X* and i > 1, we define L to be the language L") =
{w' | w e L} (see [9]).

Proposition 2.6 Let L € X* and i > 2. The language L) is not n-dense for any n > 2.

Proof Since every n-dense language, n > 2, is a 2-dense language, we only need to
show that L® is not a 2-dense language. Now suppose to the contrary that L is a
2-dense language. Then with the two distinct letters a and b, there exist u,v € X* such
that uav,ubv € L®. This implies that uav,ubv are both not primitive words. Thus
by Lemma 2.5, both vua, vub are also not primitive words. This then contradicts to
Corollary 2.3. Thus the language L is not a 2-dense language.

Remarks The language Q”, i > 2, is not an n-dense langauge for all n > 2.
From Proposition 2.6, the following two corollaries are immediate.
Corollary 2.7 Let L € X\ Q. Then L is not an n-dense langauge for all n > 2.

Corollary 2.8 For n > 2 or n = 0, an n-dense language L contains a primitive word
and hence contains infinitely many primitive words.
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178 Z.-Z.Lietal.

Proposition 2.9 Every discrete language over X can never be an n-dense language for
alln > 2.

Proof Immediate from the definition of n-dense language for all n > 2.

Lemma 2.10 [3] Letf,g € Q,f # g Then fg" € Q forallm >2,n > 2.

Lemma 2.11 [6] Letf,g € Q.f # gandn > 1. Iffg" ¢ Q, then fg"tk € Q forall k > 2.
Lemma 2.12 Let L C X* be a 2-dense language. Then L N Q is a dense language.

Proof Letx € XT. We want to show that (LN Q) N X*xX* £ 0. Leta,be X, a# b
and assume that b <; x. In this case a £ x. Consider the two words ax and ax3. Since
L is 2-dense, there exist u, v € X* such that uaxv, uax’v € L. Now consider the words
(vua)x and (vua)x>. Since a £, x, we have /vua # /x. If vua ¢ Q, then by Lemma
2.10, (vua)x® € Q. By Lemma 2.5, we have uax3v € Q. This implies that uax3v € LNQ.
Now if on the other hand vua € Q, then by Lemma 2.11, one has that (vua)x € Q or
(vua)x® € Q. Thus by Lemma 2.5 again, we have uaxv € Q or uax®v € Q. This implies
that uaxv € LNQ or uax3v € LN Q. In either case, the condition (LNQ)NX*xX* £ @
holds, that is L N Q is a dense language and we are done.

The following is in fact a stronger version of Corollary 2.8.

Proposition 2.13 Let . C X™* be an n-dense language for some n > 2 or n = 0. Then
L N Q is a dense language.

Proof Since every n-dense language, n > 2 or n = 0 is a 2-dense language the result
follows immediately from Lemma 2.12.

In general, an 1-dense language, the classical dense language, may not have the
property of Proposition 2.13. The following is an example:

Example Let L = X*\ Q. Then L is an 1-dense language but L N Q = ¢ and it is not
dense.

From Proposition 2.13, the following corollary is immediate.

Corollary 2.14 Let L C (X \ Q) U I, where I is a non-dense subset of Q. Then L is
not an n-dense language for all n > 2.

Next, we study some properties of the so called strict n-dense languages. We need
to assure the existence of each strict n-dense language first.

Recall that D(X) is the family of all dense languages over X and other notations
like D, (X), n > 0 are defined in Section 1. We also recall that for any nonempty
language L € X*, L, istheset L,, = {w € L | lg(w) = r (mod n)}, where 0 <r < n.

Proposition 2.15 Foranyn > 0, D,(X) # @.

Proof Clearly, Do(X) # @, since Q € Dy(X). Consider the language L = O\ Q,41,0,
where n > 1. We want to show that L € D,(X). Since Q \ Qn+10 = Ont11 U
Qnt12U - U Qpi1y, we see that Ig(x) # 0 (mod n+1) forallx € Q\ Qut1p.
Our aim is to show that L is an n-dense language but not an (n + 1)-dense language.
Let a,b € X, a # b. First we show that L is not (n 4+ 1)-dense by considering the
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Classifications of dense languages 179

n+ 1 words, a,d?,...,a"t1. If L is (n + 1)-dense, then there exist u,v € X* such
that wav,uav,...,ua"lv € Q\ Qn+10- That is lg(ua'v) # 0 (mod n + 1) for all
1 <i < n+1.But this is impossible. Hence the language L = O\ Q41,0 is not (n+1)-
dense. Next we show that the language L is indeed an n-dense language. For this, let
Wi, W2,...,w, € X be any nwords and let m = max{lg(w1),lg(ws),...,lg(w,)}. Then
it is immediate that w1abk, waabk, ... wpab* € O for any k > m since every factor
would need to be in b*. Since the set {wlabk, woabX, . .., wnabk} has only n words, it is
true that forsome & > m, wiab™, woab", ... ,wpab" € Q and lg(wiabh) # 0 (mod n+1)
forall1 <i < n.Thisimplies that wyab", waab”, ... , wyab" € O\Q,110and O\ Q110
is an n-dense language. It is clear now that L = O\ Q110 € D, (X) and we are done.

Let us see a few cases.

n=1L=0\0u10=0\020= 021 = Qodd € D1(X).
n=2.L=0\0ny10=0\030= 031032 € Dr(X).
n=3.L=0\0u110=0\040= 041U Q42U Q43 € D3(X).
n=4.L=0\0u410=0\0s50= 051U 052U Q53U Q54 € Dg(X).

By using a similar proof as in Proposition 2.15 we can show the following proposi-
tion.

Proposition 2.16 Let L be a language and Q < L. Then L\ L,11¢ € Dy(X) for all
n>1

Proposition 2.17 Let L € D(X). Then the following statements are true:

(1) Letn > 1landletL € D, (X). Forany A C L, if L\ A is dense, then L\A € D,,,(X)
for some1l <m < n.

(2) LetL € Do(X).IfA C Land L\ A is dense, then L\ A € D,,,(X) for somem > 0.

(3) Letn>1andL € Dy(X).IfL C L', then L' € Dy (X) for somem > norm = 0.

(4) LetL e Do(X).IfL C L', then L' € Do(X).

Proof Follows directly from the definition of strict n-dense language.

Proposition 2.18 Let L € D,(X) and A € D,,(X), where n > m > 1. Then the
language L \ A is a dense language.

Proof Since A € D,,(X), A is not an (m + 1)-dense language. This implies that there
exist 71,22, - --» Zmy1 € X7 such that for any u,v € X*, uz;v ¢ A forsome 1 <i <
m+1.For L € D,(X), L is n-dense. One has that L is (m + 1)-dense, since n > m + 1.
Thus for any we X+, there exist u/, v'eX* such that u'wz v/, u'wzoV/, . .. ,u'wz,, 1V EL.
This implies that there exists 1 < j < m+1suchthatu'wzjy’ ¢ A, thatisu'wzjy’ € L\A.
This shows that the L \ A is a dense language and we are done.

Since a 0O-dense language is n-dense for all n > 1, the following corollary is
immediate.

Corollary 2.19 Let L € Do(X) and A € D,,,(X) for somem > 1. Then L\ A is a dense
language.

The following lemma is a known result and we provide a simple proof.

Lemma 2.20 Let L € X* be a dense language and L = AU B, ANB = . Then A or
B is a dense language.
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Proof 1f A is not dense, then A N X*zX* = ¢ for some z € X*. Let w € X ™. Since L
is dense, there exist u,v € X* such that uzwy € L = AU B. For A N X*zX™* = (J, one
has that uzwv ¢ A, thatis, uz - w - v € B. This implies that B is dense and the proof is
complete.

Proposition 2.21 For a fixed n > 0 and L € D, (X)), it is true that for any non-dense
language A C L, L\ A € D, (X).

Proof

n > 1. Since L is dense and A C L, A non-dense, by Lemma 2.20, we have that
L\ Ais dense. Thus by Proposition 2.17(1), L\ A € D,,(X), forsome m,1 < m < n.
Since L = (L\A)UA, L € D,(X), L\ A € D, (X) (in here see L \ A as A in
Proposition 2.18), and A is not dense, by Proposition 2.18, we have n = m and
L\ A € Dy(X).

n = 0. Since L is 0-dense by assumption, L is dense. Now from the factthat A C L, A
non-dense, by Lemma 2.20 again, L \ A is dense. Thus there exists an m > 0 such
that L \ A € D,,(X). By similar argument as in 1°, we can show that m = 0 and
L\ A € Dy(X).

Proposition 2.21 may not be true when the language A C L is a dense language.
The following is an example:

Example Let L = X* and let A = (X*)29. Then L € Dy(X) and A is dense. But
L\NA = (X*)1 ¢ Do(X). Infact, L\ A € D1(X).

Proposition 2.22 For anyn > 0, |D,(X)| = oo.
Proof It follows directly from the above proposition.
The following corollary is immediate.

Corollary 2.23 Let L be an n-dense language for some n > 0 and let A be a non-dense
language. Then L \ A is an n-dense language.

Proposition 2.24 Let n > 2 or n = 0. Then for any language L C X*, the language
Ly, can never be n-dense, forallk > 2,0 <r < k.

Proof Clearly, this proposition holds true when Ly, = ¢. Let Ly, # @ and w € Ly,
Then Ig(w) = r (mod k) . Consider the two words, a,a?, where a € X. It is easy to
see that for any u,v € X*, we have uav ¢ Ly, or ua’v ¢ Ly . One has that Ly, is not
2-dense. Hence Ly, is not n-dense for all n > 2. Furthermore, Ly , is also not O-dense.

From the above proposition, we can make a remark here that the particular lan-
guages (X 1), and Oy, both are strict 1-dense languages, where k > 2, 0 <r < k.

Lemma 2.25 Let L € D,(X) for somen > 1. Then L, € D1(X) forall0 <r <n.

Proof If n =1,thenr = 0and L1y = L € D{(X). Let n > 2. From the results in
Proposition 2.24, we only need to show that L, , is a dense language. Now if L, ,
is not dense, then by Proposition 2.21, we have L \ L,, € D,(X). Since L \ L, =
LyoULyg U--- ULy, qULppyqU---ULp,_1, one has that for any u,v € X*,
{uav,ud®v, ..., ua"v} & L\L,,wherea € X.This contradicts to the fact that L\ L, , €
D, (X). Hence we have L, , is dense and by Proposition 2.24, L,,, € D1(X).
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Classifications of dense languages 181

Since a 0-dense language is n-dense for all n > 1 and an n-dense language is
m-dense for all 1 < m < n, by Lemma 2.25 the following proposition is immediate.

Proposition 2.26 Let L C X* be a dense language. Then the following statements
are true:

(1) IfL € Dy(X) for somen > 1, then L,,, € D{(X) foralll <m <n,0<r <m.
(2) IfL € Do(X), then L, € D1(X) foranyn>1,0<r <n.

In general, if L € D,(X) for some n > 1, then L, may not be a strict 1-dense
language when k > n. The following is an example:

Example Let L = O\ Q,110. Then by Proposition 2.16, we have L € D, (X). But
L, 11,0 =¥ is not a strict 1-dense language.

Proposition 2.27 Let L C X* beann-dense language for somen > Qandlet A1, Az, ...,
Ay, B1,Ba, ..., By be nonempty subsets of X* for some h,k > 1. Then A1Ay--- Ay, -
L - BBy --- By is an n-dense language.

1° n > 1. In this case L is n-dense. Let wy,wy,...,w, € XT. Since L is n-dense,
there exist u,v € X* such that uwv,uwv,...,uw,v € L. Let x; € A;, y; € Bj,
wherel <i<h,1 <j<k.Thenxixy---Xp -Uwiv-y1y2--- Vi, X1X2 - - Xp - UW2V -
VIV2 Vks «o s X1X2 - Xp - UWpV-Y1y2 -+ Yk € A1A2 - Ap-L-B1By - -- B. This
implies that A{Ay--- Ay - L - B1B; - - - By is an n-dense language.

2° n = 0.Inthiscase, Lisn-dense for alln > 1. Thus by case 1°, we have A{ Ay - - - Ay,
L -B{B>--- By is n-dense for all n > 1. Thatis AjAy---Ay - L -B{By---By €
Do(X).

The following corollary a direct consequence of Proposition 2.27.

Corollary 2.28 For any n-dense language L. € X*, n > O, the language L' is an n-dense
forallm > 2.

In general, L' may not be strict n-dense when L is a strict n-dense language, see
the following example:

Example Let X = {a,b} and L = {a,b} U (X*)20. Then L € D{(X) and [?=X*¢
D (X).

Recall that a strict 1-dense language L is 1-dense but not 2-dense. That is there
exist wi,wy € X such that {uwv, uwyv} € L for all u,v € X*. Next we investigate
a particular language with similar property of strict 1-dense language.

Proposition 2.29 A language L which has the property that for any wi # wy € X,
there are no two words u,v € X* such that both uwv,uwyv are in L, then L is finite
and |L| < 2n + 1 where | X| = n > 2. Furthermore, L is not dense.

Proof Let|X| = n.If|L| > 2n+2, then there exist distinct words wy, wa, ..., w,411 € L
with Ig(w;) > 2forall 1 <i <n+1.Since | X| =nand {wy,w2,..., w1}l =n+1,
there exista € X,1 <i <j <n+1suchthata <; w;anda <5 w;j, say w; = wia, wj =
w'a for some w/, w: € X*. This implies that w} # wiand wia, wia € L, a contradiction.
Hence |L| < 2n + 1 is finite. It is immediate that L is not dense.

The following corollary is immediate.

Corollary 2.30 Let L be an infinite language. Then there exist wi # wy € XT and
u,v € X* such that uwiv,uwyv € L.
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3 Relations between a strict n-dense language L and its subset L N Q

In this section, we want to investigate relations between L and L N Q, where L €
D, (X), n > 0. Recall that an n-dense language L for some n > 0, n # 1 itis true that
L N Q is dense. The following proposition is immediate.

Proposition 3.1 Let L C X* be adense language. If LNQ is not dense, then L € D1(X).

‘We remark here that Q(i) € D{(X) for alli > 2. The following is a characterization
of n-dense languages.

Proposition 3.2 Let L € X* and n > 1. Then the following statements are equivalent:

(1) L isn-dense.

(2) For any wi,wa,...,w, € X% there exist u,v € X* such that uwiv,uwyv,...,
uwy,v € L.

(3) Let A C X* be an n-dense language and for any wi,wa,...,w, € A, there exist
u,v € X* such that uwiv,uwyv, ..., uw,v € L.

(4) Letx,y € X* Then for any wi,wa,...,w, € XT, x <p wi, y <gwi, 1 <i<n,
there exist u,v € X* such that uwiv,uwrv, ..., uw,v € L.

(5) Forany wi,wy,...,w, € Qanda <gwj, 1 <i<n, ac X, there existu,v € X*
such that uwyv,uwypv, ..., uw,v € L.

Proof The implications that (2) = (3) and (2) = (1) = (4) = (5) are immediate.

(5) = (2) Let wy,wa,...,w, € X* and a,b € X, a # b. Then there exists k > 1
such that akbwba*, akbwabd, ..., a*bw,ba* € Q. Thus by condition (5), there exist
u,v € X* such that (ua*b)w; (ba*v), (ua*byw,(ba*v), ..., (uakbyw,(ba*v) e L. This
implies that L is n-dense and condition (2) holds.

(3) = (2) Let wy,wa,...,w, € X*. Then for condition (1) is equivalent to condi-
tion (2) and A is n-dense, there exist u,v € X* such that uwiv,uwsv,..., uw,v €
A. Thus by assumption, there exist u/,v' € X* such that v'uw v, u'uwrvv/,. ..,
w'uwpvv' € L. Hence the implication (3) = (2) holds true.

We now turn to discuss density property between L and LN Q when LN Q is dense.
Before we start our work, we need the following lemmas first.

The proof of following lemma is immediate.

Lemma 3.3 Leta # b € X and let wy,w; € X, w1 # wy,a <g wi, a <q wa. Then
for any iy, i» > Ig(wyw?), the language {w1b",wob"} is a prefix code.

Lemma 3.4 [1] Letx, w € X, i > 0. Then the following statements are true:

(1) Ifx <p wix, then x = wwy for some wy <, w, j > 0.
i _ j :

N ’ - — ’ - .

2) Ifx <g xw', then x = wow! for some wr <gw, j >0

Lemma3.5 Leta#be X, n>2, wi,wa,...,w, € Xt withw; # wj for all i # j and
let k = lgwywa---wy),a <qg wi, 1 <i < n. Then for any u € X*, iy,iz,...,in > Kk,
the language {uw b1, uwa b2, . .., uw, b} has at most one non-primitive word, that is,
H{uw b, uwab2, . .. uw,b™} \Ql <1
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Proof Suppose to the contrary that the language {uwbt,uw,b2,..., uw,b"} has
more than one non-primitive word. Without loss of generality, we may assume that
uwbit = f* and uw,b2 = g' for some f,g € Q, s,t > 2. Fora <4 wyand iy > k =
Ig(wiwy - - - wp), one has that w bt <, f and there exist u; € X T, up € X*, u; :fS_1
such that u = ujup = f*'up and upw bt = f. This implies that g’ = wjuywrb™? =
(uaw1 b Y Nupwob2 If up = 1, then g' = (w1b1)*~1(wab®2). Since a <4 wi, a <4 w2
and i, ip both are sufficient large, it is easy to see that g = (wlbil)l1 = (wlbil)[2 wobi2
for some /; > I, > 0, that is, wob2 = (w1b1)1~2_ which by Lemma 3.3 is a contra-
diction. Hence we have u; € X*. Now for g' = (upw;b1)*"luywsrb2, one has that
wyb2 <¢ g and we proceed the proof by discussing the following cases:

(1) Letg= (upw1b') upyw,b for some r > 0. Then we have
(oW1 b)) uywr b <p (uaw1 b)Y Luawo b2,

This implies that r < s — 1 and uywo b2 <p (w1 b)Y 1T uowy b2 that is,
Wwo b2 <p w1 bt or wy bl <p wob?2, contradicting to the result in Lemma 3.3.

(2) Letg = (b'lupwy) b'tuswyb for some r > 0. Then g~ = (uaw1b)* > uywy
and a <, g. This implies that a < b2, a contradiction.

(3) Letg= (wib'lup)"'w,b? for some r > 0.

(3-1) Ifr > 1, then uyw bt = wybtuy. Thus by Lemma 2.1, f = upywib't ¢ Q, a
contradiction.

(3-2) If r = 0, then g = wpb®? and g1 = (uaw b)Y uy = (uow1b1)2upwy -
(b1 uy). This implies that a <, g and a <, up. For by < g’_l = (wpb?2)—1
and a <, up, one has that u = (wzb‘?)l = gl for some [ > 1. Thus wyb®2 =
g=p g"l_l = w1 b (uywb1)*~2uy, contradicts to the fact that {w b, wyb2}
is a prefix code.

(4) Letg = b (upw1 b upwob2 for some r > 0, i3,is > 1, iz + is = iy. Then
we have up; <, bu,. Thus by Lemma 3.4, it follows that u, € b™. Since
b4 (upw1 b)Y upwo b2 <p (uaw1 b)Y uywa b2, we have buy <p upw bt and
bya <, wi,u € b™, one has that a = b, a contradiction. Similarly, the case
g = wia (b upw) b uywyb® for some r > 0, wi,win € Xt, wiywyp = wy is
also a contradiction.

(5) Letg = up(wibuy) wyb® for some r > 0, uyy, uyp € X+, upjuzy = up. Then
g"‘_1 = (uow1 b)Y 1 Tuy, where s — 1 — r > 1. If r > 1, then upjupw bt =
upwibluyy. Thus by Lemma 2.1, f ¢ Q, a contradiction. Hence we have
r =0, that is g = upwb2 and g'~' = (uow b)Y ~uy;. For (upw,ob2)!~1 =
(uaw1 b1 Luyy, it is immediate that uy ¢ (upwrb2)t. Now we discuss the
following subcases:

(5-1)  If (uaawab2)<g upy < b2 (uzawob2)" forsome h > 0, thenuy; = bl (uoywyb2)"
where [j > 1. For up <p g <p (uaw1b)~luyy, we have uzy <, bluy, and
then it follows that uy = b2 for some I, > 1. This implies that bhithyy, ph <p
(b2w,b2)!~! when h = 0 and b 2wyb2 <, (b2wyb2)~! when h > 1. In
either case, we have a = b, a contradiction.

(5-2) If b2(uopwrb)" < uy <5 wab(uzwab2)" for some h > 0, then there
exist wo1, w2 € X, wywy = wy such that uy; = W22bi2(u22W2bi2)h and
(uow2b2) 2"y Wy = (uaw1b1)S~1. This implies that wy; <y b'L. It contra-
dicts to the fact that a <, wy;.
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(5-3)  If wab2(upwrb)" <g uyy < usawab™ (uzawob2)" for some h > 0, then there
exist ' € X+, v € X*, wWu" = up such that uy; = u’wrb(unwib2)".
For (upw2b2)' =1 = (upw1b1)YVusy = unqupowy bt (uaw1b1)*~2uy;, one has

o

that u/u"wyb? = u”wyb2u’. Thus by Lemma 2.1 again, g = u/u"wb” ¢ Q, a
contradiction.

Finally, by accomplishing the above discussions, our proof is completed.

Proposition 3.6 Let L C X™* be n-dense, n > 1. Then for any distinct words w1, w3,

...,Wn € X, there exist u,v € X* such that {uwiv,uwyv,..., uw,v} € L and
Huwiv,uwav,...,uw,vi\ Q| < 1.
Proof Let wi,wy,...,w, € Xt and let a € X. By Proposition 3.2, we may assume

that a <; w; for all 1 < i < n. Since L is n-dense, there exist u,v € X* such that
MWlka,uWQka,...,uWnka € L where k = Igwiwy---wy), b € X, b # a. By
Lemma 3.5, we have |{vuw1bk, vuwa bk, .., vuwnbk} \ Q| < 1. Hence by Lemma 2.5,
H{uw1b*v, uwybkv, ... uw,b*v}\ Q| < 1 and we are done.

Proposition 3.7 Let L € X be such that L N Q € D,(X) for some n > 1. Then
L € D,,,(X) forsomem,n <m <2n+ 1.

Proof Since L N Q is not (n + 1)-dense by the given condition, there exist wy, wa,. ..,
Wny1 € X1 such that for any u/,v' € X*, u'wpy/ ¢ LN Q for some i, 1 < i <
n+ 1. If L is (2n + 2)-dense, then by Proposition 3.6, there exist u,v € X* such

that uw v, uwrv, ..., uw,v, uwiav,uwav, ..., uwyav € L and [{uwiv,uw;v, ..., uw,v,
uwiav,uwaav, ..., uwpav} \ Q| < 1. This implies that uwv,uwsv, ..., uw,v € L N Q
or uwiav,uwpav,...,uwyav € L N Q. In either case, we will have a contradiction. It

follows that L is not a (2n + 2)-dense language, that is L is not 0-dense.

Since L N Q is n-dense, by Proposition 2.17, we have L € D,,(X) for some m > n
or m = 0. This implies that the case m > n holds since L is not 0-dense. For L is not
(2n + 2)-dense, we have m < 2n + 1. Thatis L € D,,(X) for some m,n <m <2n+ 1.

We now give the following characterization of 0-dense languages.

Proposition 3.8 Let L C X be a language. Then the following statements are equiva-
lent:

(1) L e Dy(X).
(2) LNQ e DyX).
(3) L\Ljy1,€Dp(X) foralln>1,0<r<n+1.

Proof (2) = (1) Trivial.

(1) = (2) Since L is 0-dense, by Proposition 2.13, we have the language L N Q is
dense. This implies that L N Q € D, (X) for some n > 0. If n > 1, then by Proposition
3.7, L € D,,(X) for some m, n < m < 2n+ 1. One has that L is not (2n + 2)-dense.
It follows that L is not 0-dense, a contradiction. Hence n = 0 must be true and
LNQ e DyX).

3)= (1) Foranyn>1,0<r <n.Since L\ L,;1, € Land L\ L, ,is n-dense,
one has that L is n-dense, that is L € Dg(X).
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(1) = (3)Letn >1, 0 <r < n. Then for L is O-dense, we have L isn-(n+1)-dense.

This implies that for any wy,wy,...,w, € X, there exist u,v € X*, a € X such that
uwiav,uwsav, . .. ,uwyav € L,
uwlazv, uwra®v,. .., uwnua®v € L,
uw1a3v, uwrav,. .., uw,a’v € L,
uwid" v, uwra™y, L uwpa™tly € L.

One has that there exists 1 < k < n + 1 such that lg(uwiakv) # r (mod n + 1) for
all 1 < i < n. This implies that uwidkv, uwra*v, .. uw,adfv € L \ L1, Itis clear
now that L \ L, , is an n-dense language. That L \ L, 1, not (n 4 1)-dense is easy

toseeand L\ L, 11, € D,(X), we are done.

We remark here that the equivalent relation (1) < (3) in Proposition 3.8 is a
stronger version of Proposition 2.16. Now by using a similar method for the proof of
Proposition 3.8, we can show that following proposition is true.

Proposition 3.9 Let L C X* be n-dense for somen > 1 andletm > 1, m(m +1) <n.
Then L\ Lyjy+1, € Dy(X) forall0 <r <m+1.

Before proving the next proposition, we need to define the following known nota-
tion. For any real number r, the greatest number [r] is the largest integer that is less
than or equal to r. ( For instance, [4] = 4, [3.2] = 3, [-2.8] = -3.)

Proposition 3.10 Let L € D, (X) for some n > 2. Then L N Q € D,,(X) for some m,
[F71<m<n.

Proof Since L is n-dense with n > 2, by Proposition 2.13, L N Q is dense, This implies
that LN Q € D, (X) for some m > 0. Clearly, m # 0 and m < n. Let [%] = k for some
k> 1.Then 2k <n <2k + 1. If m < k — 1, then by Proposition 3.7, L € D;(X) for
somet,t <2(k—1)+1=2k—1 < n, acontradiction. Hence m > k = [%] and we
are done.

In general, Proposition 3.10 may not hold true when n = 1. The following is an
example:

Example 1.Let L = Q® e D(X). Then L N Q = ¢ which is not dense.

Proposition 3.7 states that the condition L N Q € D, (X) implies that L € D,,(X),
n < m < 2n + 1. In fact the condition n < m < 2n + 1 in Proposition 3.7 is optimal.
In the final part of this section we will provide two examples to show this fact.

Example Let L = Q \ Qp410. Then by Proposition 2.16, we have L € D,(X) and
LNQ=Lc¢eD,X).

Example We construct an example of language L such that L N Q € D,(X) and
L € Dy,11(X). To this end let L = X*\ Q,410. It is easy to see that LN Q =
O\ Qut1po and LN Q € Dy(X). Now we want to show that L € Dy, 1(X). If
L is (2n + 2)-dense, then there exist u,v € X* such that uav,ubv,uaav,ubav, ...,
uaa"v,uba"v € L, where a # b € X. This implies that there exists 0 < i < n such that
lg(uba'v) = 0 (mod n + 1). Clearly, we have uaa'v € Q or uba'v € Q. This implies
that uaa'v € Q41 or uba'v € Q,41, thatis uaa'v ¢ L or uba'v ¢ L, a contradiction.
Hence L is not a (2n + 2)-dense.
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Next, we show that L is (2n + 1)-dense. Let wy,wa,...,wp,41 € XT. Since X =
X ns10 U X pp11 U U X )p1, We have wi,wa, ..., wopqq € (XT),qq0 U
XD pr11U- - UX ) g1 Let A = {w1, w2, ..., wy,i1}. Then we discuss the follow-
ing cases:

1° If there exists 0 < r < nsuch that AN (X™),41, = @, then Ig(w;) # r (mod n+1)
foralll <i<2n+1.Lets =n+1—r. Then Ig(w;a®) # 0 (mod n + 1) for all
1 <i < 2n+ 1. This implies that wya®, wpa®,... ,wy,11a° € L.

2° IfAﬂ(X+),,+1’,~ # ¢forall0 <i < n,thenfor |[A| =2n+1,thereexists0 <p <n
such that |[A N (X),41 | = 1,say {wj} = AN (X)), where 1 <j <2n+1.
This implies that Ig(w;) = p (mod n+1) and Ig(w;) # p (mod n+1) for alli # j.
Letg =n+1—p. Thenlg(w;a?) = 0 (mod n+1) and lg(w;a?) # 0 (mod n+1)
for alli # j. Hence we have Ig(wja?(wja?)) = 0 (mod n+1) and lg(w;a?(wja?)) #
0 (mod n+1) for alli # j. One has that wja? (w;ja?) € L since wja?(wja?) ¢ Q and
wial(wja?) e L for all i # j since Ig(w;a?(wja?)) # 0 (mod n + 1), respectively.
That is, wia?(w;ja?), waal(wjal), ..., wjal(w;jal),. .., wy,11a9(w;jal) € L.

By 1° and 2°, L is a (2n+ 1)-dense language. For L is not a (2n + 2)-dense language,
L € Dy, 11(X) and we are done.

4 Decomposition of a dense languages into disjoint union of infinitely many
dense languages

In this section, let the alphabet be X = {a, b} and we want to investigate the decom-
positions of general dense languages first, that decomposition of n-dense languages
will be dealt at the end of this section.

Our aim will be that every n-dense language can be split into m parts for any m > 2
such that all parts are all n-dense languages. Furthermore, we will show that every
n-dense language can be decomposed into a disjoint union of infinitely many n-dense
languages.

Before we start our works, we need to consider a known total order < defined on
X* and it is called the length-lexicographic order. Our total order is defined as follows:
For two words of different lengths # and v, u < v if Ig(u) < Ig(v). For the two words
with same length u and v, our order is the lexicographic order. The order so defined
can be found in [9]. Thus X* with the order can be demonstrated as

X* ={1,a,b,aa,ab,ba,bb,aaa,aab,aba,abb,baa,bab,bba,bbb, ...}
and
1l<a<b<aa<ab < ba <bb < aaa < aab < aba < abb - - - .

In this section, for convenience, we always assume that X* = {x1,x2,x3,x4,
Xs,...}, where

x1=1, xp=a, x3=b, x4=aa, xs=ab,....
Let us recall the following known result from [5].
Lemma 4.1 [5] Let S € X*. Then the following are equivalent:

(1) S contains a disjunctive language.
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(2) SNX*wX* £ @ forallw e X*.
3) ISNX*wX*| = oo forallw e X*.

Proposition 4.2 Let L C X* be a dense language. Then there exist L1,L, € L, L1 U
Ly =L, LiN Ly =@ suchthat L1 and Ly are both dense languages.

Proof Let X* = {x; | i > 1}. For L is dense, by Lemma 4.1, |L N X*x;X*| = oo for
all x; € X*. From this one has that for each x; there exist u},u/,v;,v/ € X* such that
wix;v; # ujx;v] € L. Without loss of generality, we may assume that

lg(yx1v)) < IgWx1v)) < Igurxovy) < Ig(uyxavy) < -+ < Ig(upxivy)
< lguyxpvy) < -+

Let Ly = {u/x;v} | i > 1} and Ly = L\ L. Clearly, both L; and L, are dense lan-
guages, since {ujx;vy | i > 1} C Lp. Itis easy to see that L1 N Ly = ¢ and our proof is
completed.

The following proposition is immediate.

Proposition 4.3 Let L C X* be a dense language and let k € N. Then there exist
Ly,Ly,..., Ly C L, L{ULyU---ULp =1L, LiﬁLj =@, i#jsuchthat L,Lo,...,Lg
are all dense languages.

Proposition 4.4 Every dense language can be split into disjoint union of infinitely many
dense languages.

Proof Let X* = {x; | i > 1}. For L is dense, by Lemma 4.1, |L N X*x;X*| = oo for
all x; € X*. One has that there exist u;1,up, ..., Ui, Vi1, Vi2,...,vii € X* such that
Uj1XiVil, UpXiVio, . . . Uiixivii € L for all i > 1. Since |L N X*x; X*| = oo for all x; € X*,
without loss of generality, we may assume that

Ig(u11x1v11) < Ig(upixavar) < Ig(uonxavn) < Ig(usix3vsy) < Ig(uznx3var)
< lg(uz3x3v3z) < - -

Let L; = {ujxjvji | j > i} and Ly = L\ (Uj>2L;). It is immediate that L = U;>¢L; and
L;NL;=@foralli#j. Clearly, Ly is dense, since {u;1x;vy1 | i > 1} € L. Letn > 2
and w € X*. Since X* = {x; | i > 1}, we may assume that w = x,, for some m > 1.
If m > n, then we have uypX,vimn € Ly, thatis L, N X*wX* #£ @. If m < n, then
we can consider the words wa”, where a € X. One has that there exists ¢t > n such
that wa" = x,. For t > n, we have u,x;v;, € Ly. This implies that u,,wa"v,, € L,, i.e.
L, N X*wX* # (. Since the number # is chosen arbitrarily, we have L, is dense for
all n > 1. The proof is completed.

It is known that every dense language contains a disjunctive language, for exam-
ple, see Lemma 4.1. And in the following we discuss decompositions of disjunctive
languages.

Lemma 4.5 Let L. € X* be a disjunctive language. Then for any x,y € X*, x # y,
there exist infinitely many ordered pairs {(u;,v;) | u;,v; € X*, i > 1} such that one of
the following statements is true:
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(1) wuixvi € L and ujyv; ¢ L foralli > 1.
(2) uixvi ¢ L and ujyv; € L foralli> 1.

Proof Let x # y € X*. Then for L is disjunctive, there exist uy,v; € X* such that
uixvy € L and ujyvy ¢ L (or vice versa). Since ujxvy # ujyvy, there exist up, vy €
X1, uy <5 up, v1 <p vasuch thatupxvy € L and upyvy ¢ L (or vice versa). Continuing
this process, there exist infinitely many words u;j,v; € X*, u; <5 ujy1, vj <p vjq1 for
all j > 1 such that ujxv; € L and u;yv; ¢ L (or vice versa). It is immediate that either
condition (1) or condition (2) holds.

Proposition 4.6 Let L C X* be a disjunctive langauge. Then there exist L1,L; C
L, L1 ULy=L, LiN Ly =Wsuch that L1 and L, are both disjunctive languages.

Proof Recall that X* = {x1,x2,...,Xp,...}. Then X* x X* = {(x;,xj) | i,j > 1}. Let the
subset] = {(x;,xj) |j > i > 1} € X*x X*. Thatis I = {(x1,x2), (x1,x3), (x2,X3), (X1,X4),
(x2,x4), (x3,X4),...}. Since x; # x3, by Lemma 4.5, there exist infinitely many ordered
pairs {(v;(1,2),vi(1,2)) | u;(1,2),u;(1,2) € X*, i > 1} such that either u;(1,2)x;
vi(1,2) € L and u;(1,2)x2vi(1,2) ¢ L for all i > 1 (or vice versa). This implies
that there exist uy(1,2),ug(1,2),ve(1,2),v5(1,2) € X+ with lg(ug (1,2)x2v4(1,2)) <
Ig(ug(1,2)x1vg(1,2)) such that

ua(1,2)x1va(1,2),ulg(l,Z))qvﬁ(l,Z) € L
and
Uy (1,2)x2v(1,2),up(1,2)x2vg(1,2) ¢ L. (or vice versa)

For x; # x3, by a similar procedure, there exist uq(1,3),ug(1,3),v(1,3),
vg(1,3) € X* with Igug(1,2)x2vp(1,2)) < Ig(ue(1,3)x1v(1,3)) and Ig(uy (1,3)x3
ve(1,3)) < Ig(ug(1,3)x1vg(1,3)) such that

ue(1,3)x1ve(1,3),up(1,3)x1vp(1,3) € L
and
uy (1,3)x3v(1,3),up(1,3)x3vg(1,3) ¢ L. (or vice versa)

Continuing this process, for any x,, # x;;, n < m, there exist u, (n,m),ug(n,m),
Ve(n,m),vg(n,m) € Xt with Ig(ue(n,m)x,ve(n,m)) < Ig(ug(n,m)x,vg(n,m)) and
k < Ig(ug(n,m)x, vy (n,m)) where k = Ig(ug(n — 1, m)x,,vg(n — 1,m)) whenn > 2 or
k=Igug(m —2,m — 1)x,,_1vg(m —2,m — 1)) when n = 1 such that

U (N, M)XpVve (n,m),ug(n,m)x,vg(n,m) € L
and
U (N, M)Xy Ve (n,m), ug(n, m)x,,ve(n,m) ¢ L.(or vice versa)

Let wo(n,m) = ug(n,m)x,ve(n,m) if ug(n,m)x,ve(n,m) € L or we(n,m) =
Uy (N, m)xXp v (n,m) if uy(n,m)x,vy(n,m) € L, respectively. Similarly, we also let
wg(n,m) = ug(n,m)x,vg(n,m) if ug(n,m)x,vg(n,m) € L or wg(n,m) = ugn,m)x,
vg(n,m) if ug(n,m)x,vg(n,m) € L, respectively. Then we have {w,(n,m) | m >
n=>1nN{wgm,m) | m>n=>1} =@ and {(we(n,m) | m > n > 1} U {wg(n,m) |
m>n>1}C L.
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Let L1 ={wg(n,m) |m >n=>1}and L, = L\ Ly. Then {wg(n,m) |m >n > 1} C
L,. Next we show that both | and L, are disjunctive languages. Let x,y € X*, x # y,
say X = X, Y = X;m, h < m. Then wy (n,m) € Lq. This implies that

Uy (n,m)x,vy(n,m) € L and uy (n,m)x,,vy(n,m) ¢ L when wy (n,m)

= Ug (1, M)XpVe (1, M)
or

Uy (n,m)x,vy(n,m) € L and u, (n,m)x,vy(n,m) ¢ L when wy (n,m)

= uot (n’ m)mea (n5 m)'
That is L is a disjunctive language. Similarly, L, is also a disjunctive language.
The following proposition is immediate.

Proposition 4.7 Let L C X™* be a disjunctive language. Then for any k > 1, there exist
Li,Ly,....,. Ly C L, L{ULU---ULr =1L, LiﬂLj =W, i#jsuchthat L1,Loy,...,Lg
are all disjunctive languages.

Lemma 4.8 [5] Let L be a discrete language for which X*wX* N L # @ forallw € X ™.
Then L is disjunctive.

Proposition 4.9 Every disjunctive language can be split into disjoint union of infinitely
many disjunctive languages.

Proof Let L € X* be a disjunctive language. By using the same definition of L and
L5 in the proof of Proposition 4.6, we can see that L is discrete and both Lq, L, are
disjunctive languages. For L is dense, by Proposition 4.4, L1 can be split into a disjoint
union of infinitely many dense languages. Since a subset of a discrete language is also
discrete, by Lemma 4.8, we have L; can be split into a disjoint union of infinitely many
disjunctive languages. This implies that L = L1 U L; can be split into a disjoint union
of infinitely many disjunctive languages.

Next, we investigate the decomposition of n-dense languages. The following lemma
is immediate.

Lemma 4.10 Let L. € X* be an n-dense language for some n > 1. Then for any
Wi, W2, ..., W, € X*, there are infinitely many pairs of words u;,vi € X, i € N such
that uiw1vi, uiwovi, ..., uiw,v; € L.

Proposition 4.11 Let L € X* be an n-dense language for some n > 1. Then there exist
Li,L, C L, L1ULy =L, LiNLy =@ such that Ly and L, are both n-dense languages.

Proof Clearly, the case n = 1 holds from Proposition 4.2. Let n = 2. Then for
X* x X* = {(x;,x)) | i,j = 1}. We can assume that the subset / = {(x;,x)) |j > i >
1} € X* x X*. Thatis I = {(x1,x2), (x1,x3), (x2,x3), (x1,Xx4), (x2,X4), (x3,X4),...}. Since
X1 # x2, by Lemma 4.10, there exist infinitely many ordered pairs {(u;(1,2),v;(1,2)) |
ui(1,2),u;(1,2) € X*, i > 1} such that u;(1,2)x1v;(1,2) and u;(1,2)x2v;(1,2) € L for
all i > 1. Since the language {u;(1,2)x1v;(1,2),u;(1,2)x2v;(1,2) | i > 1} has infinitely
many words, there exist «, 8 > 1 such that

uy(1,2)x1v(1,2), uq(1,2)x2ve (1,2), ug(1,2)x1vg(1,2), up (1,2)x2vp(1,2) € L

with Ig(uy (1,2)x2v4(1,2)) < Ig(ug(1,2)x1vp(1,2)).
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For x1 # x3, by a similar procedure, there exist uq (1,3),ug(1,3),v(1,3),vg(1,3) €
Xt with Ig(ug(1,2)x2vp(1,2)) < Ig(ue(1,3)x1ve(1,3)) and Ig(ue(1,3)x3ve(1,3)) <
lg(ug(1,3)x1vg(1,3)) such that

ug(1,3)x1ve(1,3), ue (1,3)x3v4 (1,3), s (1,3)x1vp(1,3),ug(1,3)x3ve(1,3) € L.

Continuing this process, for any x, # X, n < m, there exist u, (n,m),ug(n,m),
ve(n,m),vg(n,m) € Xt with lg(ue(n, m)x,ve(n,m)) < Ig(ug(n,m)x,vg(n,m)) and
k < Ig(ug (n,m)x, vy (n,m)) where k = Ig(ug(n — 1,m)x,,vg(n —1,m)) whenn > 2 or
k=Igug(m —2,m — )x,,_1vg(m — 2,m — 1)) when n = 1 such that

Uy (M, M)Xp Vg (N, M), Uy (M, M)XyVe(n,m), ug(n,m)x,vp(n,m),

ug(n,m)xyvg(n,m) € L.

Let L1 = {ug(n,m)x,vq(n,m), uy(n,m)x,ve(n,m) | m>n>1}and Lp = L\ L;.
Then {ug(n,m)x,vg(n,m), ug(n,m)x,,vg(n,m) | m > n > 1} C L. Next we show that
both L and L, are 2-dense languages. Letx,y € X*, x # y,sayx = X, y = X, 1 < m.
Then by the definition of L and Ly, uy (n,m)x,ve(n,m), uy(n,m)x,ve(n,m) € L
and ug(n,m)x,vg(n,m),ug(n,m)x,,vg(n,m) € Ly, respectively. This implies that L4
and L, both are 2-dense and we complete the case n = 2.

Finally, by using a similar method, the cases n > 3 also hold true.

From Proposition 4.11, the following proposition is immediate.

Proposition 4.12 Let L. C X* be an n-dense language for some n > 1 and let k € N.
Then there exist L1,Lp, ..., Ly S L, LiULyU---ULy =L, LiNL; =0, i #jsuch
that Ly, Ly, ..., L are all n-dense languages.

Proposition 4.13 Let n > 1. Then every n-dense language can be split into disjoint
union of infinitely many n-dense languages.

Proof From Proposition 4.4, clearly case n = 1 holds true. Let L be a 2-dense language
andlet] = {(x;,xj) |j > i = 1} = {(x1,x2), (x1,X3), (x2,x3), (x1,X4), (X2,X4), (x3,X4),.. .},
where X* = {x{,x2,...,X,,...}. For convenience, we may define the set
I ={wi,wy,w3,...},where wy = (x1,x2), w2 = (X1,X3), w3 = (X2,X3), W4 = (X1,X4), .. ..

Since wi = (x1,x2), by Lemma 4.10, there exist u;(1,2),v1(1,2) € X such that
ui(1,2)x1v1(1,2), u1(1,2)x2v1(1,2) € L. For wp = (x1,x3), by Lemma 4.10 again, one
has that there exist u;(1,3), v{(1,3), u2(1,3),v2(1,3) € X+ such that

w1 (1,3)x1v1(1,3), u1(1,3)x3v1(1,3),u(1,3)x1v2(1,3), u2(1,3)x3v2(1,3) € L,

where lg(u1(1,2)xv1(1,2)) < lgu1(1,3)x1v1(1,3)) and lg(ui(1,3)x3v1(1,3)) < Ig
(u2(1,3)x1v2(1,3)).

Continuing this process, for any x,, # X, B < m, say (X,,X,) = wy, h > 3 and
wh_1 = (Xp,Xgq), there exist u;(n,m),vi(n,m) € X7*,1 <i < hsuch that

ui(n,m)x,vi(n,m),u;(n,m)xyvi(n,m) € L
with

Igup_1(p, )xqvp—1(p,q) < lg(uy(n,m)x,vi(n,m))
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and

lg(uj(n,m)xpmvi(n,m)) < lg(ujy1(n,m)x,vjy1(n,m),

wherej=1,2,...,h — 1.

Let Ly = {ur(n,m)x,vi(n,m), ur(n,m)x,vi(n,m) | (X,,x,) = w, € I, t >
k} for all k > 2 and let L1 = L \ Ugs2Lg. Then {ug(n,m)x,vi(n,m), uj(n,m)
Xmvi(n,m) | (Xp,Xm) € I} € Ly and LN Lj = @ for all i # j. Next we want to
show that each L; is 2-dense for all i > 1. Clearly, it is immediate that L is 2-dense
since {uy(n,m)x,vi(n,m), uy(n,m)x,vi(n,m) | (x,,x,) € I} < Lq. Let j be a fixed
number. For any x #y € X, say x = Xp, Yy =Xg, n <mand (xp,x4) = wi € I. Now
we discuss the following cases:

(1) If k = j, then for L; = {uj(n,m)xpvj(n,m), wj(n,m)x,vj(n,m) | (Xn,Xm) =
w, € I, t > j}, one has that u;j(p,9)x,vj(p,q), uiP,q)x4vj(p,q) € L;. That is
uj(p, Q)xvi(p, q), ui(p,Qyvi(p,q) € L;.

(2) If k < j, then there exist 4 > 1, a € X such that a'x = Xpys ahy = Xgq
and (xp,,Xxq) = wg,, where py < ¢ and k; > j. Thus by case (1), we have
wi(p1.q1)Xp, vi(P1,q1)s  ui(p1,q1)Xq,vi(p1,q1) € Lj. That is uj(p1.qy)d"
xvi(p1,q1), wi(p1,q1)a"yvi(p1,q1) € L;.

By cases (1) and (2), it follows that L; is a 2-dense language. Since the positive
integer j is chosen arbitrarily, we have L; is 2-dense for all i > 1. That is the language
L = U;>1L; can be split into disjoint union of infinitely many 2-dense languages. This
completes the case n = 2.

Finally, let n > 3 and we may consider the set /,, be the set of all n-tuples over
X* = {x1,x2,...,Xp,...}. Thus by using a similar method, the cases n > 3 also hold
true and we are done.

Proposition 4.14 Let L. € D, (X) for some n > 1 and let k € N. Then there exist
Li,Ly,...,. Ly C L, L{ULU---ULr =1L, LiﬂLj =W, i#jsuchthat L,Lo,...,Lg
are all strict n-dense languages.

Proof Since L is n-dense, by Proposition 4.12, there exist L, Ly,..., Ly € L, L1 U
LU---ULg =L, LinLj=0,i # jsuchthat L{,L,..., Ly are all n-dense languages.
For L € D, (X), we have L is not (n + 1)-dense. This implies that L, Lj,..., Ly are
all not (n+ 1)-dense. Thatis L, Lo, ..., Ly are all strict n-dense languages and we are
done.

Proposition 4.15 Letn > 1. Then every strict n-dense language can be split into disjoint
union of infinitely many strict n-dense languages.

Proof Immediate.

In the next proposition, we want to show that every O-dense language can be split
into disjoint union of infinitely many 0-dense languages. Before we start our work, we
need to define the following notations:
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Let X* = {x1,x2,x3,...,Xp,...}. Then the following sets /,, are defined as

11 = {x17x2"x3’x47x5?x67 .. '}

= (w11, w12, w13,...}, Wwhere wi1 = x1, wip = X2, w13 = X3,...

I = {(x1,x2), (x1,x3), (x2,x3), (X1,Xx4), (x2,X4), (X3,X4), ...}

= {wa1, w2, w23,...}, Wwhere wy = (x1,x2), w22 = (X1,X3), w23 = (X2,X3),...
I3 = {(x1,x2,x3), (x1,Xx2,X4), (X1,X3,X4), (X2,X3,X4), (X1,X2,X5), (X1,X3,X5), ...}

= {w31, w32, W33,...}, Wwhere w3 = (x1,x2,X3), w32 = (X1,X2,X4),

w33 = (X1,X3,X4), ...

Iy = {(x1,x2,x3,x4), (x1,X2,X3,X5), (X1,X2,X4,X5), (X1,X3,X4,X5), (X2,X3, X4, X5),

(x1,X2,%3,X6),. ..}

= {wy41, W42, W43,...}, Wwhere wy = (x1,X2,X3,X4), Wa2 = (X1,X2,X3,X5),

W43 = (X1,X2,X4,X5),. ..

In = {(x15x25' . ’xnflﬁxl’l)v (x17x2’ .

= {Wu1,Wn2,...}, Wwhere w1 = (x1,Xx2,...,X-1,%n),

Wn2 = (xlvxz" .. ’xn—lvxn+1)7~ ..

From above definitions of 7,,;, we have the following table:

I :
I
13:
1y :
Is:

w11
wa1
w31
W1
wsq

w12
w22
w3
2%}
ws2

w13
w23
w33
w43
w53

-7xn71axn+1)v .

Wiq4 Wis
w4 Wos
W34 W3s
W44 Wys
Wsq4 Wss

Now we consider the sequence wii, Wiz, Wi, Wi3, W2, W31, Wi4, W23, W3,
Wyq1,... and define the set § = {w11, wiz, war, wi3, wa, w31, Wig, w3, Wi,

Wa1, ...} = {51, 52, §3, 84, 55,...}, where s = wyy, 52 = wyp, 53 =Wy, .. ..

Proposition 4.16 Every 0-dense language can be split into disjoint union of infinitely

many 0-dense languages.

Proof Let L € Dy(X). Then L is n-dense for all n > 1.

Fors; = wy; = x1 and L is 1-dense, there exist u11, 11 € X* such thatuy1x1vy1 € L.

Let S11 = {urrxrvn )

For s, = wip = x2 and L is 1-dense, then by Lemma 4.10, there exist uy1, u22, vo1, v22
€ X*suchthatuyjxovor,uxxavee € L.withlg(ui1x1viy) < Ig(uixavar) < Ig(uaxavan).
Let $51 = {un1x2va1}, So2 = {uopxavn}.
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For s3 = wy; = (x1,x2) and L is 2-dense, then by Lemma 4.10, there exist
u31, U3, uU33, v, vz, va3 € X* such that

u31x1v31, u31xav3) € L with lg(uxnxovay) < Ig(uzixivay);
uznXx1va, uznxaviy € L with lg(uzixovsy) < lg(usxivan);
u33x1v33, u3zsxzvsz € L with Ig(uszxovsp) < Ig(uzsxivas).

Let S31={uz1x1v31, uz1x2v31}, S2={uz2x1v32, u32x2v32}, S33={u33x1v33, U33x2v33}.

Continuing this process, we have the following table:

S11

$21 S22

S31 S32 833

S41 Saz Sa3 Saq

Snl Sn2 Sn3 Sn4 "'Snn

ands; € Lforalli>j>1.
For any m > 2,let L, = Uy Syum. We also define the language L1 = L\ U;;=2L .
Then U,,>1S,1 € L. Since Sy, are all finite languages for all n,m € N, n > m and

Lg(S11) < Lg(S21) < Lg(S22) < Lg(S31) < Lg(S32) < Lg(S33) < -+,

one has that L; N L; = ¢ for all i # j. Now we want to show that L,, is 0-dense for
allm > 1. Let n > 1 be given and let wy, wy, ..., w, € X . Without loss of generality,
we may assume that w; < wy < w3 < --- < w,, where the order < is defined in the
beginning of this section. Then there exista € X, h > 1 such that ahw1 = Xu1, a'w, =

Xu2y - .., "Wy = X, and (Xn1,X%n2, - - - s Xnn) = Sk € I, forsome k > m. This implies that
Skm S L and then follows Sk, = {tkmXn1 Vim> WkmXn2Vims - - - > UkmXnnVim} S L.
One has that (nd Wivign, Wm@WaVign, - ., Un@WeVign € L, that is Ly, is

an n-dense language. Since the positive integer n is chosen arbitrarily, L,, is 0-dense
for all m > 1 and we are done.

Proposition 4.17 Let L € Dy(X) and k € N. Then there exist L1,Ls,..., Ly € L, L1U
LoU---ULg =L, LinLj =0, i #jsuchthat Ly, L, ..., Ly areall 0-dense languages.

Proof Clearly, k = 1isimmediate. Letk > 2andlet L,, € L, m > 1 by using the same
definition in the proof of Proposition 4.16. Then we have L,, are all O-dense for all
m > 1. Since a language which contains a 0-dense language is also a O-dense language,
the language U,,> L, is a 0-dense language. Hence L = L1ULyU- - -ULg_1U(Uy>iLy)
and we are done.
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