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Abstract 

From October, 1982 to October, 1983 a current meter mooring reaching 

from the bottom into the thermocline was deployed for the first time in 

• the Gulf Stream at 68 .W. The temperatures, pressures, and velocities at 

the uppermost instrument indicate the Gulf Stream moved back and forth 

across the mooring site, so that the entire Stream was sampled in time; 

hence the data may be used to examine horizontal as well as vertical 

structure of the Stream. The two key points to the success of the 

analysis are: 11the well-defined relationship between temperature and 

cross-stream distance in the thermocline, enabling the use of the former 

as a horizontal coordinate; and ?la daily-changing definition of Gulf 

Stream flow direction based on the shear between the thermocline and 
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2000 m depth. Time-series of daily-rotated velocities may be used to 

calculate empirical orthogonal functions for the long- and cross-stream 

vertical structures, which are decoupled and are respectively baroclinic 

and barotropic. Using the inferred horizontal coordinate one can 

estimate mass, momentum and kinetic energy fluxes for four individual 

events when the entire Stream swept by the mooring. The results agree 

well with historical data. Bryden's (19BO) method has been used to 

calculate vertical velocities from the temperature equation; the 

resulting time-series of ware visually coherent throughout the water 

column and their vertical amplitude structure is reminiscent of that for 

a two-layer system. The rms vertical velocities are large (0(.05 cm/s)), 

and these as well as other estimates have been used to explore the 

validity of the quasi-geostrophic approximation at the mooring site. The 

Rossby number for the thermocline flow is about 0.3, and for the deep 

flow is < O.L 

The entire data set may also be used to construct a horizontal and 

vertical profile of velocity in the Gulf Stream, from which a 

cross-section of the mean potential vorticity can be produced. The 

latter shares many common feature with cross-sections from past work for 

a nearby site, as well as analogous data from a three-layer numerical 

model, thus suggesting that they are robust features of Gulf Stream-like 

currents. These features are, in particular, a strong jump from low to 

high values crossing the Stream from south to north; and a change in the 

sign of the potenti al vorti ci ty gradi ent on i sotherma 1 surfaces for 

T > 12·C. 
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To complement the analysis of the observational data, a set of 

diagnostic calculations has been performed on an eddy-resolving qeneral 

circulation model, to provide a complete picture of the kinetic energy 

budgets of the free jet and its environs. It is found that the 

downstream convergence of kinetic energy in the decelerating jet is 

balanced primarily by an ageostrophic flow against the pressure gradient, 

which in turn implies some conversion of kinetic to available potential 

energy in the region. Energetic analysis of the observations as well as 

the numerical data suggests barotropic and baroclinic instabilities may 

be equally important to the kinetic energy budgets in the Stream. 

Because there is but one mooring, the dynamics governing the 

fluctuations remain elusive. Nonetheless, a kinematic framework is 

proposed, which is consistent with the data and accounts for a variety of 

unusual features that arise in the original analysis (for example, 

distinct asymmetries in the four Gulf Stream crossings, and the rather 

large vertical velocities). It is sugqested that the data we are now 

capable of collecting is proffering fundamentally new attributes of the 

Gulf Stream, which must be included and accounted for in future 

theoretical work. 
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Chapter 1. Introduction 

Perhaps the most remarkable feature of the general circulation of 

the world oceans is the persistence of strong western boundary currents 

closing the subtropical gyre circulations of each ocean to the west. The 

Gulf Stream in the North Atlantic, the Brazil Current in the South 

Atlantic, the Kuroshio in the North Pacific and the Agulhas in the Indian 

Ocean are all narrow, energeti c swiftly flowing currents carrying 1 arge 

mass transports. Indeed, these boundary currents are responsible for 

transporting interior, wind-driven equatorward flow poleward to maintain 

mass continuity; presumably a large fraction of the energy and vorticity 

input by wind must be dissipated in these currents as well. They are 

clearly an integral part of the general circulation, and until we fully 

understand what governs their behavior, we cannot claim to understand the 

ocean's general circulation fully. 

The Gulf Stream was first described over 450 years ago (Stommel, 

1950, traces the development of ideas and observations in the Stream), 

and since then has been observed and monitored in a number of ways. 

Whil e it is probably the most heavily documented feature in the deep 

North Atlantic, it is also terribly complicated, and continues to defy 

complete understanding. Part of the problem lies in the type of 

observations that have been feasible in the Gulf Stream. The earliest 

data came from ship drift measurements, which served to outline the 

general currents associated with the surface flow along the coast and 

eastward into the North Atlantic. Once it was recognized that a 

temperature front was a feature of the Stream, temperature measurements 
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were used to define the surface path of the current. Early versions 0 f 

floats and drifters were employed as well. Around 1900 the geostrophic 

relationship was employed to determine oceanic currents (Stommel, 1950). 

In more recent years the surface thermal front has been monitored by 

satellite, which has the advantage of producing continuous long 

time-series of front position, but which has the disadvantage that clouds 

often obscure the front, severely reducing the amount of data collected, 

particularly in winter. 

To understand the dynamics of this energetic current, however, one 

must know something of the three-dimensional structure of its velocity 

field, and how it varies with time. Hydrographic surveys such as Gulf 

Stream '60 (Fuglister, 1963) have served to define the baroclinic 

structure rather well, but since that study had but a few float 

trajectories to aid in choice of a reference level for geostrophic 

velocities, the barotropic aspects of the flow remained largely unknown. 

Moreover, a hydrographic survey is at best a snapshot of the flow in 

time. The deployment of large numbers of floats over the past twenty 

years has helped in describing gross features of the Gulf Stream's time 

variability, -- e.g., how meanders and eddies affect the eddy kinetic 

energy patterns in the North Atlantic (Richardson, 1983) -- but because 

there is little control over the floats after deployment, it has been 

virtually impossible to learn how the baroclinic structure itself varies 

with time. Clearly, this aspect must be monitored by long-term fixed 

arrays with instruments throughout the water column, but until recently, 

mooring technology was incapable of successfully deploying such moorings 
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in a current as strong as the Gulf Stream. Now that the technology is 

available, we need to proceed carefully in interpreting the data obtained 

from such moorings, particularly when there is data from but a single 

mooring, as is the case here. 

Development of theoretical Gulf Stream investigations began with 

explanations of a steady structure, primarily determined by either 

friction (Stommel, 1948; Munk, 1950) or inertial effects (Fofonoff, 

1954). Attempts to predict the time-varying path of the free eastward 

Gulf Stream from upstream inlet conditions began with Warren (1963), and 

later continued with a model by Robinson and Niiler (1967). Various 

types of instability models have been used to explain the 

time-variability of the Stream. Orlanski (1969) used a two-layer linear 

model with different bottom topographies to predict time and space scales 

for instabl il ities of the Stream on the continental shelf and in deeper 

water over the continental rise. Luyten and Robinson (1974) and 

Robinson, Luyten, and Flierl (1975) have discussed the long-wavelength 

instabilities of a thin, quasi-geostrophic meandering jet (assumed to 

move coherently from top to bottom). Talley (1982) has used a 

horizontally unbounded, two-layer, linear model to examine the radiation 

of energy by instabil ities away from various jet configurations meant to 

approximate the Gulf Stream. In the past decade, great progress has been 

made numerically, as well. Holland and Lin (1975) were the first to run 

a numerical model of a baroclinic ocean in which the horizontal 

resolution was small enough (on the order of the deformation radius), and 

the viscosity was low enough, to demonstrate that mesoscale eddies are 
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generated spontaneously in a steadily-forced model. The numerical 

simplification involved in introducing quasi-geostrophic eddy-resolving 

general circulation models {Holland, 1978} led to extensive parameter 

studies of the models {Holland and Haidvogel, 1980} as well as 

investigations of the stability properties of the model jets {Haidvogel 

and Holland, 1978}. 

The interpretaion that will unfold in succeeding chapters is seated 

in the body of knowledge accumulated from these theories and 

observations. Two approaches may be adopted for interpreting the data: 

in the first, the mean flow at the mooring site is assumed to "define" 

the Gulf Stream there. In the second, the well documented baroclinic 

structure of the Stream is used to infer a daily-changing "Streamwise 

direction of flow." That is, the Stream is recognized as a permanent 

front that may change its orientation, with quasi-permanent attributes 

such as strong vertical shear of the flow velocity. Recent work by Johns 

(1985) demonstrates that the primary mode of displacement for the Gulf 

Stream thermocline is the simple translation of a coherent feature; this 

result is crucial in determining some horizontal structure from a single 

moorinq. The basic tenet of this thesis is that such a well-defined 

feature exists and that its description, in a time-averaged sense, 

differs from the mean measured flow at the mooring site. In particular, 

the analysis concentrates on developing a description of this feature and 

enumerating the distinctions between the two possible interpretations of 

the Gulf Stream. 

Chapter 2 first presents the vertical structure of the flow at the 

moodng site and places it in the context of past work. Next the 
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machinery is developed to extract horizontal information from the data 

set, allowing: 1) estimates of mass, momentum, and kinetic energy 

transports; 2) calculation of vertical velocities from the temperature 

equation; and 3) an assessment of the quasi-geostrophic approximation at 

the mooring site. 

Little has been said thus far of the downstream changes in the Gulf 

Stream, but that is an area in which little progress has been made. The 

average downstream changes in potential vorticity structure of the 

Stream, for example, are so gradual that they are swamped by local 

variability. Fofonoff and Hall (1983) documented downstream changes in 

Gulf Stream transports of mass, momentum and kinetic energy, but had 

difficulty in accounting for the changes. Long time-series at several 

downstream positions are necessary to assess energetic balances in the 

vicinity of the Stream, and at this point such data are available only 

from numerical simulations of oceanic circulation. In Chapter 3 the 

energety budgets are discussed for the numerical Gulf Stream analog and 

its environs in a Holland (1978) model, assessing the relative importance 

of various mechanisms in accelerating and decelerating the jet, as well 

as their roles in the inertial recirculations and the primarily 

\~ind-driven portions of the domain. It shoul d be pOinted out that this 

analysis resorts to the first rather than second Gulf Stream flow 

definition described above: that is, the time-averaged Eulerian flow in 

the jet region is assumed to be the time-averaged jet. 

Chapter 4 is an extension of the classical development of the data, 

as a cross-section of potential vorticity in the Stream is constructed 



12 

and described. As previously mentioned, the structure is far from 

simple. However, comparisons with other data and with numerical model 

data point up the salient features in cross-sections of potential 

vorticity in the observed Gulf Stream and its analog in the numerical 

model. These are evidently robust features, which have immediate 

implications for the dynamics of the flow. 

In Chapter 5, an effort is made to analyze the energetic budgets at 

the mooring site for comparison with past work and with the numericai 

analysis of Chapter 3. Then a kinematic interpretation of the flow 

regime is explored, which is consistent with the data and accounts for 

some of the more unusual results described in Chapter 2. Finally, some 

suggestions are made for the future directions Gulf Stream observational 

work might profitably take. 
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Chapter 2. Profiling the Gulf Stream with a current meter mooring 

2.1 Introduction 

The GUSTO mooring, deployed for one year at 37°37' N, 68°00' W, the 

mean position of the Stream at that longitude (Halliwell and Mooers, 

1983), represents the first opportunity to examine long time series of 

current measurements throughout the water column in the Gulf Stream. 

Currents, temperature, and pressure were recorded at the nominal 

deployment depths of 400, 700, and 1000m, while current and temperature 

only were measured at 2000 and 4000 m. The only missing data is at the· 

middle instrument (1000 m), where the VACM stopped working after 64 days, 

but resumed after 56 more days. Although only one mooring was deployed, 

yielding only vertical resolution of the flow, a remarkable amount of 

horizontal structure can be inferred: as the Stream meanders back and 

forth across the mooring, the temperature and pressure measurements at 

the uppermost instruments can be used, in conjunction with historical 

data, to determine how far north or south of the current axis the mooring 

is. Thus, the data profiles the horizontal structure of the Stream in 

time. Inspection of the National Weather Service analyses of satellite 

data, indicating the approximate surface expression of the Gulf Stream, 

shows that the mooring was in the Stream 58 percent of the time, in the 

Slope Water to the north 12 percent of the time, and Sargasso water to 

th e south 30 percen t of the time. 

Because the strong currents tilted the mooring -- average pressure 

at the top instrument was 498 dbar, wi th a minimum of 433 dbar and a 
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maximum of 680 dbar -- temperatures and velocities were interpolated or 

extrapolated to intermediate standard pressures of 575 dbar, 875 dbar, 

and 1175 dbar to create time series that coul d be used in a consistent 

manner (Raymer, Spencer, and Bryden, 1984). Even a cursory inspection of 

the records reveal s that while the mean velocity vector at 575 dbar was 

directed nearly due east, instantaneously the flow was usually north or 

south of east. It has been pointed out that there are at least two ways 

to discuss a "mean" Gulf Stream, either as the Eulerian average flow in a 

particular region or as a discrete feature that may change its position 

or orientation while retaining certain fundamental characteristics. The 

former is a more traditional approach and is discussed first, for 

comparison with past work. The second approach is more fruitful for 

describing a meandering, frontal jet like the Gulf Stream. 

2.2 Mean statistics of the flow 

All the data from the mooring was low-pass filtered with a 24-hour 

Gaussian filter, then subsampled daily, to provide time series of 360 

daily values. Table 2-1 shows the record-length mean east and north 

velocities and temperatures at the five standard depths. Also shown are 

the variances of these quantities. In spite of the often large deviation 

from East of the current direction at 575 dbar, the mean velocity there 

is directed essentially due East. It is, however, much smaller than the 

maximum speeds recorded there, which are well over 100 cnVs. Mean 

northward velocities throughout the water column are extremely small and 

are nearly barotropic, though on a daily basis there may be considerable 



Depth (db) Days of u (cm/s) v (cm/s) T (·c)· i u " (cm2/s2) v d (cm2 /s2) T'2 (·c2 ) 
data . 

575 360 38.402 -0.952 12.598 1487.63 601.95 16.936 

875 360 I 17.320 -1.042 I 7.635 448.33 192.03 5.840 

1175 240 I 6.906 -0.809 I 4.880 126.87 89.65 0.572 

2000 360 I 4.816 -0.944 I 3.711 68.65 67.18 0.028 

4000 360 I -1.038 -0.599 I 2.311 54.16 61. 79 0.001 
___ I ___ _ _ _ _ ___ __ _ ___ L___ _ _ _ ! _ _______ _ ____ _ 

Table 2-1. Record-length statistics for east and north velocity and 
temperature corrected time series at the "standard" depths (see text). -'" 
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shear in that direction (Figure 2.1a). Since v is barotropic while u is 

baroc1inic, the mean velocity vectors turn cyclonically with increasing 

depth, implying a mean downward vertical velocity (Bryden, 1980). The 

mean velocity at 4000 m is directed nearly along-isobath, which is about 

70· true (bottom depth is 4688 m), and the average zonal velocity there 

is westward rather than eastward. This deep flow is reminiscent of what 

Luyten (1977) found in his "upper rise" regime at 70·W, with 

a 1 ong- isobath flow di rected most1 y wes tward. The mean temperature at 575 

dbar is very close to that associated with the Gulf Stream axis, as 

discussed in Section 2.3, suggesting that this was indeed the average 

location of the Stream for the year. 

The eddy kinetic energy is surface intensified, as Richardson (1983) 

found in constructing a vertical section of EKE (~ddy ~inetic ~nergy) 

along 55·W from drifter, float, and current meter data. In that section, 

however, the 
2 -2 cm s ,only 

values at 575 db in the Gulf Stream region are roughly 

about half that of around 1050 cm2s- 2 from Tab1 e 

500 

2-1. The surface intensification appearing in both velocity components 

indicates that baroc1 inicity associated with the Gulf Stream appears in 

north as well as east velocities. Below 1000 m or so, the EKE values 

decay very little with depth and are very nearly equipartitioned between 

the two velocity components. Richardson's 55 W values do 

rapidly with depth: at 2000 m he displays a value of 136 

not decay as 
2 -2 cm s 

2 -2 compared to 108 em s from Table 2-1, but his values below 1500 III or 

so under the Stream axis remain fairly constant at around 130-140 
2 -2 cm s Schmitz (1984) found similar results for abyssal eddy 
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kinetic energy in particular, that its variation with depth is much less 

in deep water than shallow; and that abyssal (4000 m) EKE displays 

similar scales of variation in the zonal and meridional 

found actual values near the Gulf Stream at 70·W of 104 

directions. 
2 -2 cm sat 

2 -2 4000 m, about twice the value of 58 cm s form Table 2-1, but less 

He 

I 1 2 -2 . h than Richardson s va ue of 138 cm s . Schmitz also pOlnts .out t at 

there is a gap in data coverage between 55 Wand 70 W, but that a maximum 

in eddy kinetic energies might be expected there. In summary, the values 

in Table 2-1 seem to fit in ~e11 with other documented values in this 

region, both qualitatively and quantitatively. 

2.3 Vertical structure of the "average Gulf Stream" 

In order to obtain a description of the Gulf Stream as a discrete 

feature from the f10\~ at the current meter site, it is necessary to 

define what is meant in referring to the Stream. As the Gulf Stream 

meanders and changes direction, a significant part of the "along-stream" 

flow may be contained in the northward component of velocity; hence a 

definition of what direction the Stream is flowing at any given time is 

required, to determine how large the along-stream flow is. The direction 

of the shear between the measured current at the uppermost (400 m) 

instrument and that at the 2000 m instrument has been chosen as the 

definition of the along-stream flow direction for several reasons. While 

the velocity vector may rotate with depth in the current records, that 

can be due to a small barotropic flow superimposed on the primarily 

baroc1 inic jet: strong vertical shear has long been recognized as a 
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signature of Gulf Stream flow. The. time series of east and north 

currents at the five instruments demonstrate that when the Gulf Stream is 

present (as evidenced by the current speeds and the temperature at 575 

dbar), it appears to penetrate all the way to the bottom instrument 

(Figure 2.1a); at other times, for example the beginning of April, there 

is a bottom-intensified westward flow in the deep water. To avoid any 

problems with such reversals at 4000 m, the direction of shear between 

that and the 400 m instrument was not chosen. Furthermore, the choice of 

2000 m is a classical reference level of no motion used in the North 

Atlantic. With such a definition, the along-stream direction changes day 

by day as shown in Figure 2.1b. 

The time series of along- and cross-stream velocities are shown in 

Figure 2.1c, along with T 575 (temperature corrected to 575 db). A 

monotonic increase or decrease in T575 signals the passage of the Gulf 

Stream across the mooring site: four clear examples occur in March, 

June, late August/early September, and later September. The Gulf Stream 

also occupied the mooring site for long periods when it did not sweep 

completely across, such as from November, 1982 to March, 1983. 

Comparison of Figures 2.1a and c shows that the third event is an 

excellent argument for defining a daily along-stream direction: the flow 

then was to the northwest (Figure 2.1b), yet according to T575 and 

corroborating evidence from the NOAA satellite pictures, this flow was 

indeed the Gulf Stream. In fact, the top-to-bottom coherence of Gulf 

Stream flow is more apparent in Figure 2.1c than 2.1a. The baroclinicfty 

of the along-stream flow is obscured due to the changing velocity scales 
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with depth, which were chosen so that the 4000 m velocities, e.g., would 

in fact be discernible. However, note that all the scales on the 

cross-stream velocities are the same, displaying the remarkably 

barotropic character of the cross-stream velocities: this feature would 

never have been isolated in strictly east/north coordinates. 

To quantify the baroclinic and barotropic structures of the along­

and cross-stream velocities, empirical orthogonal functions (EOF's) for 

their vertical structures were computed. Time series from the standard 

depths were used, and EOF's were computed using data from the four 

complete (360-day) records. EOF's may be computed for the separate 

velocity components as well as for the vector velocity as a function of 

depth. If there is a strong coupling between the two components, the 

structure of the latter may be considerably different thatn the structure 

obtained by adding the EOF structures for the individual components. 

EOF's were computed both ways and compared, but no such differences were 

found, indicating that there is little coupling between along- and 

cross-stream velocity components. The correlation coefficient for the 

two amplitude time series attains a maximum value of C = 0.1, when the 

cross-stream series is not lagged at all. For an estimated 30 degrees of 

freedom, C must be ~ 0.3 for a significant correlation at the 95 percent 

confidence level. Only calculations for the separate components are 

described here. Note that when data is available at N points in the 

vertical, N EOF's will be computed. 

When data from the 575, 875, 2000, and 4000 dbar records are used, 

92.4 percent of the variance in cross-stream velocity is accounted for by 
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the first mode, with the vertical structure shown in Figure 2.2a. Notice 

how nearly barotropic the mode is. The second, third, and fourth modes 

contain, respectively, 5.9, 1.7, and 0.03 percent of the variance and are 

thus of little importance in comparison to the first mode. In the 

along-stream direction, the first calculated EOF accounts for 89.8 

percent of the variance, and has the strongly baroclinic vertical 

structure shown in Figure 2.2b. There is no reversal of the amplitude at 

4000 m, indicating that the deep flOl~ in these coordinates is 

statistically in the same direction as the thermocline flow. The second, 

third, and fourth modes contain 6.2,3.7, and 0.3 percent of the energy, 

respecti vely. 

Using hat notation to denote rotated velocities, the along- and 

cross-stream velocities may be expressed in terms of east and north 

velocities, and the direction a of the flow (see Figure 2.6 for 

sc hemati c 1 : 

" u = UCOSa + vsina 
,. A • 

U = UCOSa - VSlna 

" v = VCOSa - usina A " • V = VCOSa + USlna (2-1l • 

Since the time mean (denoted by n 1 is first removed when calculating 

EOF's, the first EOF actually yields time series for 

ui (tl m1 vi (tl n1 

u2 (tl 
a( tl ~ v'; (tl 

b( tl 
n2 

= = 
u3(tl m3 v 3( tl n3 

u4(tl m4 v 4( tl n4 ( 2-2l 

where m2+ m2
+ m2+ m2 - 1 n2+ n2+ n2+ 2 Sa

2
(tldt 1 2 3 4 - , 1 2 3 n4 = 1, and = AI, 

Jb2(tldt = ~1' the first eigenvalues. Thus, in terms of east and 
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Figure 2.2. a)Vertical structure of the fi rst EOF calcul ated for cross­

stream velocity (see text for definition), using complete 

(360-day) records at 4 depths; b)same, but for long-stream 

velocity. 
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Figure 2.2b 

o 

-1000 

~ 
~ -2000 
~ 
~ 

~ 
~ -3000 

c::s 

-4000 

-5000 
-1.00 -0.50 0.00 0.50 1.00 

Eigenfunction Amplitude 



26 

north velocities, what the EOF's actually yield is the following 

descri ption: 

u575 

uS75 

u2000 

u
4000 

v575 

vS75 

v2000 

v4000 

11"575 

1rS75 

u2000 

U4000 

~ v575 

"VS75 

"V2000 

9
4000 

v575 

vS75 

v2000 

v4000 

u575 

uS75 

u2000 

u4000 

+ a (t) cos a 

+ b( t) sin a 

+ b( t) cos a + 

+ a (t) sin a 

(2-3a) 

(2-3b l. 

The two decoupled modes of the rotated frame combine to yield the more 

complicated description of the data in terms of east and north 

components. The actual time series of (u,v) and the derived series from 

(2-3a,b) compare extremely well. 
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2 2 

Depth G (cm/s) O(cm/s) (i'2(m ) 0'2 (cm ) 

(db) S2 52 

575 51.003 -.600 918.60 45.01 

875 25.020 -.448 248.67 56.55 

1175 11. 942 -.027 77 .17 45.09 

2000 8.852 -.638 36.48 44.67 

4000 2.118 -.147 37.72 75.15 

Table 2-1. Record-length statistics for velocities in rotated co-

ordinate system at standard depths. 
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Table 2-2 shows the mean statistics for the velocities in the 

rotated coordinate system. The mean along-stream velocities are stronger 

than the mean east velocities throughout the water column, and are in the 

same direction top to bottom. The cross-stream velocity variance is very 

barotropic, and the total EKE throughout the water column is less for 

these coordinates, indicating that much of the energy calculated in Table 

2-1 is associated with the meandering of the Gulf Stream rather than 

changes in its inherent structure. 

In summary, the successful definition of an along-stream flow 

direction leads to a clean description of the flow's vertical structure 

at the mooring site. In the rotated coordinates, the fluctuations, as 

well as the mean, break down neatly into a baroclinic along-stream mode 

and a barotropic cross-stream mode, which are decoupled, and each of 

which contains about 90 percent of the variance. Furthermore, the 

structure of both the mean and fluctuating along-stream mode show no flow 

reversals at depth, indicating that the Gulf Stream as defined here does 

indeed penetrate to the bottom. 

2.4 Horizontal structure of the Gulf Stream 

The meandering of the Gulf Stream back and forth past the mooring 

site suggests that a horizontal description of the Stream might be 

deduced from the mooring data, to complement the vertical 

description. A scatter plot of along-stream velocity versus 

temperature at 575 dbar (Fig. 2.4) shows that the former is a strong 

function of the latter. If the cross-stream temperature structure at 
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575 dbar remains fairly constant in time (though it may meander 

about), then at any given time the corrected temperature at 575 dbar 

ought to indicate how far in the cross-stream direction the mooring is 

located relative to the axis of the long-stream flow. Johns (1985) 

has recently shown that the primary mode of displacement of the 

thermocline in the Gulf Stream is a strict translation of the 

isotherms, rather than either a tilting or squeezing, for example. 

Thus, this assumption of fixed cross-stream structure is justified. 

The much longer scales of variation in the downstream direction 

prevent a similar approach for a description of long-stream flow 

structure, which will henceforth rarely be discussed. The question is 

now this: how can this notion of temperature and cross-stream 

distance being functions of one another be quantified? 

Consider Figure 2.3, which shows a scatter plot of aT/ay as a 

function of T at 575 db, where the ~ notation refers to rotated 

coordinates. With thermal wind (pofau/az = gap/ay) and the 

assumption that salinity is a function of temperature alone such that 

dp = -aodT where -ao = ap/aT + (ap/aS)(dS/dT), the cross-stream 

temperature gradient at 575 dbar may be obtined from the measured 

velocities and pressures at the 400 and 700 m instruments. Since 

rotated velocities were used, technically (f + aa/at) ought to be used 

in place of f in the geostrophic relation; however at is generally 

several orders of magnitude less than f, and so it can be ignored. 

The points were divided into two categories, those for which T575 > 

13°C or T575 < 13°C, and least squares linear fits were obtained 
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Figure 2.3. Scatter plot of aT/ay vs. T at 575 db, along with linear 

1 east squares fit. 
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Figure 2.4. Scatter plot of u ~. T at 575 db, along with linear least 

squa res fi t. 
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for Ty' which are also shown. The exact forms for the two lines are 

T < 13°C.: a~ = 0.08849 .~~ - 0.02438 km-Ix T 
ay 

(2-4a); 

• aT 
T > 13 C.: A. = 

ay 
-1.0043·~~ + 0.06025 km-Ix T (2 -4b) . 

If y = 0 for T = I3·C, (2-4 a,b) may be integrated in either direction 

to obtain T = T(y), and inverted to obtain y = Y(T 575 ). The results 

are: .. 
T < 13~C.: T = 3.6296·C. + 9.3704~C. e-·02438y/km (2-5a) 

y = -.:..:ckm",-_ 1 n·08849· C./km - .02438km-I T 
.02438 -0.22845 ·C/km (2-6a) 

.. 
T > I3·C.: T = I6.670·C. _ 3.6695·C. e·06025y/km (2-5b) 

I\. km 
y = 1 n(4.5427 - .27252(oC.)-1T) (2-6b) 

.06025 
It should be noted that at depths greater that 575 dbar, there is not 

such a strong and clear dependence of the shear (and hence Ty) on 

temperature, making any other level less suitable for this procedure 

than is the 575 dbar level. 

The A scatter plot of u575 (along-stream velocity at 575 dbar) 

vs. (Figure 2.4) again suggests that a linear least squares fit 

is a reasonable description of the data-- note particularly the break 

in functional form at T = 13°C. The results of the linear fit are: 

T < 13°C.: 
• u575 = -40.95Icm/s + 11.332cm/s/oC. x T (2-7a) 

T>13°C.: 

n575 = 479.35 cm/s - 27.463cm/s/·C. x T (2-7bl. 
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A A" Combining equations (2-5) with (2-7) gives u = u(y): 

T575< 13°C: 

u(y) = u(y = 0) _ 106.19 cm (e-·02438 y/km_ 1) 
s 

" au 
-= 

" ay 

T575 > 13°C: 

QG) = u(y = 0) + 100.78 c~ e·06025 y/km 

" au 
-= 

" ay 

(2-8a) 

(2-9a) 

(2-8b) 

(2- 9b ) 

A 

Unfortunately, these descriptions yield discontinuities in both u and 

au/a.y; however, they are used primarily for qualitative reasons and the 

two regimes are often considered separately. An immediate observation 

from these results is that the warm, anticyclonic side of the Stream ;s 

actually sharper than the cold, cyclonic side in the sense 

I" ~ that ~ 
ay 575>13 °c 

.~ au. 
> - 1n 

A ° ' ay 575< 13 C 
fact nearly three times as 

sharp. This result contradicts the notion presented in Fofonoff and Hall 

(1983) that the northern edge of the Stream, in analogy with the 

two-layer inertial jet model, should exhibit a much more sudden jump in 

velocity than the warm side. It may be that the structure proposed by 

Fofonoff and Hall is found higher up in the water column. The North Wall 

of the Gulf Stream, defined as the place where the 15~C isotherm is at 

200 m depth (Fuglister, 1963) has long been used as an indicator of Gulf 

Stream position, but clearly that is well above the depth range 

detectable by the mooring. Analysis of the Pegasus sections at 73° W by 
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Ilalkin and Rossby (1985) shows that instantaneously as well as on average 

the horizontal velocity shear is much stronger on the cold than on the 

warm side in the upper few hundred meters; even at 600 m depth, though 

1 ess pronounced, the same trend is definitely there. The velocity 

section constructed by Warren and Volkmann (1969), on the other hand, 

gives a general impression that au/ay is stronger on the cold side, but 

at 600 m depth the shear appears to be nearly symmetric about the maximum 

along-stream velocity at that depth. Thus, more information in the upper 

500 m of the water column, taken concurrently with deeper information, 

will be required to resolve this question. 

2.4.1 Horizontally integrated fluxes 

In Hall and Bryden (1985), an average velocity profile of the Gulf 

Stream at the mooring site has been constructed, based on the assumption 

that the cross-stream temperature structure is constant (Figure 2.5). 

From the profile, an average transport value of 103 Sv can be 

calculated. However, it is also instructive to examine individually and 

cOMpare the four events when the Gulf Stream swept by the mooring, for 

the differences in the events are illuminating. 

Time may be used parametrically, with u = a{t) and 9 = y{T{t)), to 

integrate streamwise fluxes horizontally as well as vertically. The 

primary difficulty in calculating integrated transports is defining the 

"edges" of the Stream. This has long been a troublesome problem. One 

example of the type of problem that can arise was discussed in Fofonoff 

and Hall's (1983) treatment of the Gulf Stream '60 data (Fuglister, 

1963). The geostrophically calculated velocities at Section I exhibit 
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closed circulations north and south of the main front: should the 

contributions from these circulations be included in the transport One 

way of delineating the edges is to look for the point at which either the 

transport per unit width, or the velocity anywhere in the water column, 

goes to zero. While that approach may be successful for the north edge, 

velocities at the southern edge tend to decay very slowly. Moreover, 

Schmitz(1980) has identified what is apparently a weakly depth-dependent 

recirculation regime about 200-300 km south of the Gulf Stream axis at 

55°W, and has suggested that it might be a recirculation increasing tile 

total Gulf Stream transport. In this analysis, the problem manifests 

itself in that while the relationship between aTlay and T is less tight 

for temperatures far from the axis of the flow, so that a small change in 

T575 leads to a large change in y, velocities there may be too strong 

to be excluded from the integration. It is best to approach each event 

individually, with the restriction that only data in the temperature 

range 5°C ~ T575 ~ 16.5°C. are to be considered. Since none of the 

passages spans this full range, temperature and/or velocity extrema are 

used to define the integration limits for each event. 

Since the data only extended upward as far as 575 dbar, and since 

much of the transport is known to occur above that depth, some 

extrapolation scheme was required to extend velocities to the surface. 

Different schemes were tested on hydrographic data from Gulf Stream '60 

at 68.5°W to determine which one best reproduced the actual shear in the 

upper water column. If (u 4,P4) are the measured along-stream 

velocities and pressures at the 400 and 700 m instruments respectively, a 

value of u1 = u4 + 1/2 (u4 - u7) was assigned to the level P1 = 2P 4 -



Dates of 
Event 

Mar. 6, 1983-
Mar. 25, 1983 

May 26, 1983-
June 21, 1983 

Aug. 29, 1983-
Sept. 8, 1983 

Sept. 11, 1983-
Oct. 5, 1983 

Gulf Stream 
60 Sect. 1 

Range of 
T575 (OC) 

16.017-
5.068 

6.000-
16.442 

15.892-
5.673 

5.395-
16.386 

5.70-
? 

Width 
(km) 

105.5 

102.6 

88.2 

109.7 

111.1 

Axis 
Velocity 

(cm/s) 

74.6 

119.5 

71.5 

99.5 

Mass 
Transport 
(106 mS /s) 

83.9 

115.5 

96.6 

111.0 

98.2 

Momentum 
Flux 

(10' N) 

44.6 

75.7 

41.9 

62.3 

89.4 

Kinetic 
Ener~ Flux 

(10 J/s) 

16.9 

35.3 

13.1 

27.3 

60.7 

Table 2-}. Summary of main features of four Gulf Stream passages across GUSTO mooring site, 
with values from Section 1 of the Gulf Stream 60 survey included for comparison. Axis 
velocity is the maximum velocity attained during an event. Other features are described in 
the text. 

w ..... 
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P7 (linear extrapolation), and this value was considered to be constant 

to the surface. At the bottom, the velocity was assumed to decrease 

1 inearly from its val ue at 4000 m to zero at the bottom depth of 4688 m. 

The actual measured velocities and pressures were used since these are 

depth-integrations, not requiring standard levels. 

Table 2-3 gives the pertinent information for the four events, which 

divide themselves more or less into two categories. In March and early 

September, T575 was decreasing, indicating that the translational 

cross-stream velocity of the flow was negative (southward-like); yet the 

average measured cross-stream velocities for those two events were 

positive (see Fig. 2.1c, bottom). In June and late September, 

translational velocities were positive, and so were the average measured 

cross-stream velocities. The maximum velocities at 575 db for the former 

two events are considerably lower than for the latter two (about 20-30 

cm/s), yet mass transport is correspondingly lower only for the March 

event, if the narrower width of the early September passage is taken into 

account. A glance at Figure 2.1c shows that strong along-stream 

velocities at 4000 m in early September are responsible for the 

difference. The values in Table 2-3 are similar to other estimates near 

this same longitude. Fuglister (1963) used hydrographic data and an 

assumption of zero bottom velocity to calculate a Gulf Stream transport 

° 6 3 at 68.5 W of 136 x 10 m Is. Using velocity measurements from floats 

along with hydrographic data at 38°N, 69°W, Warren and Volkmann (1968) 

estimated a Gulf Stream transport there of 101 x 106 m3/s, with an 

average bottom velocity of 1.5 cm/s in the same direction as the surface 

flow. 
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Integrated momentum and kinetic energy fluxes have also been 

calculated and are listed in Table 2-3. For comparison, values from 

Section I of Gulf Stream '60 (Fofonoff and Hall, 1983) are al so 

presented. The June event most resembles the flow that was surveyed in 

Gulf Stream 60, in terms of total fluxes. The extrapolation scheme to 

the surface for the GUSTO data may be somewhat conservative, yet it is in 

the upper water that the greatest contributions to momentum and kinetic 

energy fluxes arise. That may explain why the mass transport is 

estimated reasonably well, while the momentum and kinetic energy 

transports seem to be underestimated. In conclusion, the transport 

values obtained here are reasonable for data from a single mooring, but 

it would have been helpful to have more information in the upper part of 

the water column. 

2.4.2 Potential vorticity at 575 dbar 

Ertel's theorem (see Pedlosky, 1979, for a good discussion) shows 

that water parcels conserve their potential vorticity in the absence of 

forcing, dissipation, and mixing, where potential vorticity q is defined 

as 

(2-10). 
p 

Here 2 is planetary vorticity; "'r = Vxu is relative vorticity; p is 

density; and A is any conservative scalar property of the fluid. Taking 

A to be potential temperature and p approximately constant yields: 

q = (f + v - u)lI + (h + u - w lT + (w - v lT x yz z xy y zx 
where (f,h) = (vertical, horizontal) components of planetary vorticity. 
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Since terms are implicitly considered in the rotated frame, in the Gulf 

Stream, the following inequalities may be applied: 

""" It .... Vz «uz; wx« uz; Wg« Vz 
to get a good approximation of q as 

using thermal wind to 

575 dbar as functions 

evaluate Ty. 
,. 

of y or T575 

The analytic forms for all terms at 

may be used to obtain a qualitative 

picture of the cross-stream potential vorticity structure at 575 dbar 

across the Gulf Stream. Notice that in quasi-geostrophic theory 

the term -UyTZ would be order Rossby number smaller than f x ez ' while 

UZTy would be order Rossby number squared smaller than fez. The latter would 

certainly be ignored in an estimate of q, and in areas of large scale 

flow, so is the former. Table 2-4 gives values of the various components 

across the Stream, estimated from the analytic forms for uy ' ez ' and 

Ty at 575 dbar. Although fez clearly dominates the q values, the 

remaining terms make important contributions near the Stream axis, where 

horizontal and vertical gradients are strongest. Other investigators 

(McDowell, Keffer and Rhines, 1982; McCartney, 1982) have pointed out 

that the relative vorticity contribution ought to be included in an 

evaluation of potential vorticity in the vicinity of strong boundary 

currents like the Gulf Stream. The results in Table 2-4 suggest that 

nAT and u T. ought to be retained when constructing a section of y z z y 

potential vorticity in the Gulf Stream (Chapter 4). 



T575 Y f T -u T u T r
l 

r
2 0 z y z z y 

( ·C) (Jan) (10- 6 ·C/m/s) (10- 6 ·C/m/s) (10- 6 ·C/m/s) 

8.0 31.3 1.25 .17 -.12 .14 .10 

10.0 15.8 1.65 .32 -.26 .19 .16 

11.0 9.9 1.84 .42 -.35 .23 .19 

112 . 0 4.6 2.03 .53 -.46 .26 .22 
I 
i12 . 5 2.3 2.13 .59 -.51 .28 .24 
I 
12.9 0.4 2.20 .64 -.56 .29 .25 

13.1 -0.5 2.07 -1.37 -.51 .66 .24 

13.5 -2.4 1. 95 -1.14 -.39 .58 .20 

14.0 -5.3 1.82 -.90 -.28 .49 .15 
I 

114 . 5 -9.7 1.68 -.67 -.18 . 40 .11 
---- - - - ---

Table 2-'1. Comparison of terms in total potential vorticity, 
ga 

q = (f - u~)T 
Y z 

~ + U 
Z 

T~ = (f - U~)T o 2 
p-f T y' where terms have been evaluated from analytic 

Y Y z o 
forms described in text; r

l 
and r

2 
are ratios of columns 4 to 3 and 5 to 3 respectively. 

~ .... 
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2.5 Governing equations in rotated coordinate system 

Up to now, the notion of rotated velocities has been used only 

mechanistically. The momentum equations for the rotated system are 

actually quite complicated for this rotating system, even with the 

assumption that the origins (x,y) = (0,0) and (x,y) = (0,0) remain always 

at the mooring site, which in turn implies that as the Stream rotates, it 

always does so about an axis fixed at the site (Fig. 2.6). The change in 

the Stream orientation from day to day is generally small, but away from 

the origin the rotation leads to centrifugal terms which make this system 

a questionable one for investigating dynamics away from the mooring site 

(difficult with just one mooring in any case~). However, the rotation 

has been used primarily to construct a picture of the Gulf Stream from a 

number of snapshots taken at different angles. The momentum equations at 

x = y = x = y = a are presented nonetheless. The transformations involve 

terms like U = u(x(x,y,t),y(x,y,t),t) whence: 

A 
au 
"IT = 

A 

+ vSin,,) + _a_(ucos" + vsin )~ + 
" " at 

A 

~(ucos" + VSin,,)~{ 
ay 

ax 

(2-11) • 

'" But ax/at = (-xsin" + ycos")"t = a at x = y = 0, so that these terms do 

not enter into the momentum equations at the site. The resulting 

momentum equations 

'" ". ut 
+ uu. x 

• ~. 

vt 
+ uv~ x 

(val id only at the site) 
~. 

+ WU - (f + "t)V = + VU" y z 
•• + wv (f + "t)u = + vv,. + y z 

are: 

-p", 
x 

-p .. y 

(2-12a) 

(2-12b). 

Thus, thinking in terms of rotated coordinates at the site adds only one 
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Figure 2.6. Schematic showing coordinate rotation and transformation 

definitions. 

A 

Y 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

y (north) 

Vm \ 

A 

~-....- A 

......... X 

..-r- U575 

_____ --=:~&.;;----..:.-1'a--~---X (east) 

---/\ 
_ - mooring \ 

site \ 
\ 
\ 
\ 
\ 
\ 
\ 

Q = UCOsa + vsina 
.. . 
V=VCOsa -USlna 
A • 
x=xcosa +yslna 
.. . 
y = ycosa - XSI na 



44 

term to each equation, and (at/f)~ 0.08 during the whole time series. 

Notice also that possible curvature of the Stream path has been excluded 

essentially by taking a /. a(X,y). 

The vorticity equation at the origin may be derived as follows: at 

the current meter site, the total derivative following a fluid parcel 

retains its form, i.e., 

a a a 0t+u- +v- = 
a ax ay 

a ,Ad "a -+u-+v-at ~ ~ ax ay 
(2-13). 

It is also true that C= v -u = v. - GA. Thus, the vorticity equation x y x y 

(_a_ + u ~ + v _a_) (~_.?.':!.) + sv = f ~ 
at ax ay ax ay az (2-14a) 

becomes 

• A a Ad Aa (~- ~) f~ (2-14b). (-+u-+v-) + sv = a t A ~ A • az ax ay ax ay 

at the mooring site. In equation (2-14b) 1; can be approximated by -uy' 
as noted before. 

Finally, the equation for heat conservation, using standard 

notation, is: 

~ + u ~ + v ~ + w ~ = RHS at ax ay az (2-15) 

where the RHS may include source and sink terms which will be assumed 

negligible. This equation assumes the same form in rotated coordinates, 

. T +"T"T 0 1 . e ., tUx + v y + WQz::: • 

With data from just one mooring, it is difficult to evaluate most of 

the terms in these equa ti ons, in order to determi ne wha t balances 

obtain. Certain attributes of the flow may be tested, however. It is a 
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straightforward matter to compare the local time derivatives wi th the 

Corio1is terms in the momentum equations to obtain some idea of the 

strength of geostrophic balance at the mooring site. That has been done 

for both the east/north and along/cross-stream velocities, by comparing 

the rms values of the local accelerations with those of the associated 

Cori 01 is acce1 erati ons, and assuming that the advective terms are of 

comparable magnitude to (or smaller than) the local accelerations. Tab1 e 

2-5 shows the results for 575 and 875 dbar. There is little question 

that in either the north or cross-stream direction, geostrophic balance 

is quite strong. When data from the whole time series are used, the 

ratio r of the terms at 575 (875) dbar is .115 (.058) for the 

along-stream direction and .032 (.032) for the east momentum equation. 

When data from a single strong Gulf Stream event are used (the June 

event), r increases to .186 (.090) for along-stream and .057 (.058) for 

east; thus, using the geostrophic approximation to evaluate temperature 

gradients from velocity shear should introduce errors no larger than 20 

percent. 

2.5.1 Vertical velocities at the mooring site 

Now consider the balance of terms in the heat conservation 

equation. Given that the geostrophic approximation is valid to within 20 

percent at the mooring site, thermal wind yields: 

• au ap 
p of "IT = g ,,= -

ay 

• 
p f ~ = -g l£. = 

o az ax gil ~ 
o ax (2-16). 

The quantity 11
0

, defined before, can be evaluated from historical data 

and is approximately 10-4 gm/cm3/oC, with variations of about 25 
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Depth Direction (ut)rms (fv)rms Ratio 

(cm/s2) 

575 East 6.98xl0 -5 2.19xlO -3 .032 

575 L-Stream 6.88xl0 -5 5.99 xlO -4 .115 

875 East 3.90xl0 -5 1.24xl0 -3 .032 

875 L-Stream 3.90xlO -5 6.70xlO -4 .058 

Depth Direction (vt)rms (fu)rms Ratio 

(cm/s2) 

575 North 6.45xlO- 5 4.84xl0 -3 .013 

575 X-Stream 2.15xl0 -5 5.28xlO -3 .004 

875 North 4.62 xlO -5 2.42xl0 -3 .019 

875 X-Stream 3.67 xlO -5 2.63xl0 -3 .014 

Table 2-5. Comparison of rms local and Coriolis accelerations for 

momentum equations in east/north and long/cross-stream coordinates, at 

575 and 875 dbar, for year-long time series. 
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percent through the water column. Furthermore, if the velocities are 

expressed as u = R cosh, v = R sinh. where R is the speed and 

h = tan- 1 (v/u) is the angle the velocity vector makes with east, the 

temperature equation (2-15) may be rewritten: 

~+pof R2lB.+w~ 
at gao az az = RHS. 

Under an assumption of negligible mixing (i.e., RHS is small), vertical 

velocities may be calculated from 

w = 
p f 2 

_(~ + _0_ R lB. )/(~) 
at gao az az 

as originally pointed out by Bryden (1976). Equivalently, 

w = -{T t + UTA + VTA)/9 {2-181. x y z 

(2-1 7) 

If a balance between local time changes and horizontal advection is 

not achieved at the mooring site, then vertical velocities must exist. 

That is in fact the case for all depths on the mooring. At 575 dbar, 

UTx has generally small amplitude and is very noisy; also, Tt and 

VTy do not show any significant negative correlation, which would be 
A 

the case if Tt - -VTy . Although conventional scaling arguments 

" . (e.g., Pedlosky, 1979) suggest that uTx - VTy' the rms value of the 

latter at 575 dbar is about three times as great as that of the former, 

and the rms value of aT/at is about 2 1/2 times that of UTx. These 

results suggested calculating w at 575 dbar from w = -{T t + 

• VTg)/9
Z 

while at 875,1175, and 2000 dbar (2-17) was used. 

To avoid introducing yet more noise by calculating 9Z from the 

recorded data, the analytic fits used in the temperature correction 
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schemes at 575,875, and 1175 dbar were used. At 2000 dbar, a constant 

value of .0971 ·C./lOOm (determined from historical data) was used. At 

575 dbar, aT/at was calculated from the corrected temperature time series 
, , 

at that level, v was also the corrected value, and au/az (used to obtain 

Ty) was determined from the recorded velocity and pressure time series 

at 400 and 700 m. Similar schemes were used at the other depths: 

aTI pof 2 ap 
875 dbar: w = -( at 875+ ga R875 az )/ 9 z o 

ap P700 - P1000 
-= 

z700- zlOOO 
or 

1175 dbar: w = - ( 

. aT I + Po f 2 ap 
2000 dba r. w = - ( at 2000 gao R2000 az ) / 9 Z 

ap PlOOO- P3000 
'IT = z1000- z3000 

or ap P700- P3000 
-:;-Z = 1.0787 z z 
a 700- 3000 

The latter forms of liz are used when data from the 1000 m instrument is 

lacking, and they are based on a comparison of the time series of Pz 
calculated in the two different ways. In the calculations for 2000 m, 

P3000 is the direction of the velocity linearly interpolated between 

2000 and 4000 m. At 4000 m, there is a lack of vertical information to 

compute w using the temperature equation; however, since this current 

meter was only 688 m off the bottom, a fair idea of the deep vertical 

velocities may be obtained by calculating w4000 = u.Vh, where Vh is the 

slope of the bottom topography. At the time of mooring recovery, a 
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I 

- (10-' (10- , Depth (db) w crn/s) w em/s) 
rIDS 

575 -4.38 54.66 

875 3.50 83.86 

1175 3.45 56.15 

2000 -6.73 44.24 

4000 -.90 29.32 
I , 

w' . w' . 
1 J 

10 ern Is w575 w
875 

w
1175 

w
2000 

w
4000 

e w. w. 
1 J 

3347.3 2193.2 1926.1 1107.2 

w
575 .730 .735 .797 .691 

2940.6 2514.3 1273.4 

w
875 .624 .678 .518 

1589.2 1156.3 

w 
1175 .640 .702 

1012.6 

w 
.781 2000 

Table 2-6, Top: Record-length mean and rIDS velocities for 
vertical velocities calculated as described in text. Value 
at 1175 db is based on 240 days of data, the rest on 360 days. 
Bottom: Cross-products of different vertical velocity pairs, 
and their correlation co-efficients, 

c 
w.w. 

1 J 

w' w' 
i j 

l(w'.2 w'.2) 
1 J 
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bathymetric survey was conducted about the mooring site; the survey 

indicated a slope of about 4 x 10-3, with alongslope directed along 70· 

true. It should be emphasized that the calculation of deep vertical 

velocity is absolutely independent of all those calculations made higher 

in the water column. 

The resulting time-series of w at the five depths are displayed in 

Fig. 2.7, after being smoothed with a five-day running mean (except at 

4000 m, where the time-series was already fairly smooth). The vertical 

velocities exhibit good visual coherence throughout the water column, and 

calculating correlation coefficients for pairs of series bears out what 

is evident from the plots, that vertical velocities are indeed well 

correlated throu~hout the water column. Table 2-6 lists the correlation 

coefficients, all of which are significant at the 95 percent confidence 

level for an estimated 30 degrees of freedom. Table 2-6 also shows the 

mean and rms values of w at the five levels. The mean values of the 

vertical velocities are very small, an order of magnitude smaller than 

the rms values, and probably not significantly different from zero. The 

maximum rms amplitude is attained mid-depth, at 875 db; a close look at 

the time series reveal that instantaneously wmax occurs at thermocline 

levels, which vary from 875 dbar on the warm side of the Stream to 575 

dbar on the cold side. The monotonic decay above and below the 

thermocline maximum appears in the first EOF for the vertical structure 

of vertical velocity, which contains 81.9 percent of the variance and 

looks like the vertical velocity structure associated with the first 

baroclinic mode (Fig. 2.8). This result, taken with the neat decoupling 
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Fl~ure 2.7. Vertical velocities at designated levels, calculated as 

described in text. From top to bottom are vertical velocities 

at 575, 875, 1175, 2000, and 4000 dbar. . Units are 1O-3cnVs . 
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Figure 2.8. Vertical structure of the first [OF calculated for vertical 

velocity from complete (360-day) records at 4 depths. The 

dashed line goes to w = 0 at the surface, which is the boundary 

condition there. 
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of horizontal velocities into just two modes, suggests that a two-layer 

model (which reproduces a barotropic and baroclinic mode) can adequately 

describe the data. 

2.5.2 Vorticity balances at the mooring site 

A discussion of the vortiCity equation is limited by the lack of 

horizontal resolution afforded by a single current meter, due to the 

multiple derivatives involved, for example, in the advective terms. 

However, some general features should" be recognized before trying to 

determine the primary balances: 1}the bottom slope, with a value of 

about 4 x 10-3, produces a a-effect of fo IVh\/H = (0.89 x 10-4 s-1) 

x(4 x 1O- 3}/4000 m = 9 x 1O- 11 m- 1s-1}, 4 to 5 times the planetary 

a-effect; 2}on the anticyclonic side of the Stream, the analytic form 

for u gives a maximum velocity curvature at S75 db of (lAyy}max = 
A 

3 6 1 -9 -1-1 . 0 x 0 m s ,two orders of magnitude greater than a, and a - Uyy <0 

from the axis to some 87 km south of the axis; and 3) calculating fwz 

from the time series of w at various depths turns out to be fairly noisy; 

but rough estimates show that it is generally an order of magnitude 

larger than av. Suppose, for example, there is a change in w of 50 x 
-3 10 cm/s from 875 dbar to 4000 dbar. The v required to balance fwz 

is then 

-,-f ..;:".;?W/..;:d.=.Z =( .. 0~.:.::8.::.;8 9::..:2:...::.x...:1:.::0~---,4}~(-=5.::.;0 ...::X:.,..r1O::..-_
3

.:..) cm/ v = - - 11 s = 75 cm/s, 
a 3125 x 1.9 x 10-

which is greater than the maximum value of v in that part of the water 

column by a factor of about three. Moreover, the above is a conservative 

estimate of f wz' 
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Although these two terms, the only two in (2-14b) that are 

straightforward to evaluate, are consistently of different magnitude, 

they are nevertheless correlated strongly enough to suggest that there is 

an important dynamical connection between them. There is even a stronger 

correlation between v and w at any particular depth than between v and 

wz ' a result that may be interpreted in two ways. If the system is 

indeed behaving as the first baroclinic mode suggested by Figure 2.8, 

then wand Wz should display the same behavior in time, but Wz is in 

general a much noisier term-- hence the higher correlation between v and 

w. The second interpretati on depends on \~ater parcel s conserving their 

temperature: to the extent that 

w - and 
T 
~ - constant, wand vought to be correlated. 

z 

notion is elaborated on in Chapter 5. 

This 

" The analytic values for terms like Uyy have been used to make 

daily estimates of Uyt and vuyg; however, the results are very noisy, 

and no systematic balances emerge from these calculations. It may be 

fairly concluded that data from the mooring alone is inadequate to make a 

complete dynamical investigation. The curvature of the Stream may be 

important to the vorticity balance, as suggested by the satellite 

composites for the year. 

2.6 Discussion of quasi-geostrophic approximation 

In quasi-geostrophic theory, the Rossby number € is defined as U/fL 

(where U is a velocity scale and L a horizontal length scale), a measure 
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of the strength of advection relative to the Corio1is terms in the 

momentum equations, or of relative to planetary vorticity. For a 

strongly non-isotropic flow like the Gulf Stream, there will be a 

different estimate for each momentum equation: for the long-stream 

direction EX - U/fLy and for the cross-stream Ey - V/fL x' If U » V and 

Lx» Ly ' clearly EX» Ey' As long as EX« 1, however, 

quasi-geostrophic theory still applies, and variables can be expanded in 

a power series of EX' In what follows, all estimates are implicitly of 

EX' since what is important is the upper bound on the Rossby number. 

The subscript x is dropped for convenience. The Rossby number crops up 

repeatedly as a limit on the relative size of other flow attributes, such 

as vertical velocities or isotherm slopes. From the data and analytic 

fits, it is possible to estimate the Rossby number from these other 

quantities as well as from the original definition. When the mooring is 

in the Gulf Stream, velocities range well over 100 cm/s at 575 dbar (see 

Fig. 2.1c); the scale of cross-stream variation is about 50 km, from the 

fits (2-7a,bl. Thus, the definition E = U/fLy gives 

E 
100 cm/s 

= .22. 

It was pointed out in Section 2.4.2 that: 

= 0(.); 2 O( E ). 

Using the analytic forms only, it was found that (Table 2-4) 

-u. [ y -
rmax - .60; . I Uz Ty _ 

re; max -.25 
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where the values of E fall off rapidly away from the Stream axis. These 

estimates are probably unrealistically large. One e-folding distance 
A • 

south of the maximum in -ug, (2-9c) gives U;/f - .24, more in line 

with the above estimate. The average velocity section constructed from 

the data may be used to estimate a maximum ratio for -uy/f of 0.31. 

When the vertical velocity calculations were presented, no mention 

was made of their absolute magnitude; but anyone familiar with estimates 

of w for other flow regimes might be uncomfortable with rms magnitudes of 

0.05 cm/s (although ,Johns and Watts (1985) recently estimated similar 

values of vertical velocity in the Gulf Stream 100-200 km northeast of 

Cape :~atteras). Consider a scale analysis of the continuity equation. 

With (U,L x)' (V,Ly) denoting long- and cross-stream (velocity, 

length) scales, and (W,H) the corresponding vertical scales, then 

according to quasigeostrophic theory, 

v ) 
[" 

y 
(2-19). 

so that the horizontal velocity can remain nondivergent to lowest order 

in E. For the Gulf Stream, typical scales are U = 100 cm/s, V = 5 cm/s, 

-2 Lx = 1000 km, Ly = 50 km, H = 1 km, and w = 5 x 10 cm/s. Then E -

WL/UH - WL/VH = (0.05 cm/s)(100 km)/(10cm/s)(1 km) = 0.5. This 

estimate is essentially an indication of the strong isotherm slopes in 

the Gulf Stream. Quasi-geostrophic scaling of the temperature equation, 

assuming local time derlvatives do not dominate, gives: 

~I -ay T 

, 
aT lay 
aQ/3z 

EH 
T' y 

In these relations, H is 
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meant to be the vertical scale of variation, e.g., for the horizontal 

velocities. Quasi-geostrophy requires that an isotherm not vary its 

depth an 0(1) amount within the length scales under consideration. How­

ever, an inspection of historical hydrographic sections shows that 

:; IT -

while with H = 1 km, and Ly = 50 km, € - 0.5, just the same estimate as 

that associated with vertical velocities. 

r~ost of the above Rossby number estimates apply only to the flow at 

575 dbar, that is, the thermocline Gulf Stream, and exclusive of the 

estimates depending on the strong isotherm slopes, they do not exceed 

values of .3. Deeper in the water column, similar estimates yield 

substantially lower Rossby numbers all, that is, except for those 

derived from the vertical velocities, which are substantial throughout 

the water column (see Table 2-6). Below the 575 dbar level, thermal wind 

balance holds to within 10 percent in both the along- and cross-stream 

directions. At 575 dbar, using the geostrophic approximation probably 

introduces errors of about 20-30 percent, and certainly the errors would 

increase at still shallower levels. Moreover, a Rossby number of 0.3 

suggests that a quasi-geostrophic dynamical model may be inadequate for 

explaining the time-evolution of the Gulf Stream. 
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Chapter 3. A diagnostic investigation of energy budgets in a numerical 

model 

3.1 Introduction 

An obvious feature of the Gulf Stream as it flows eastward into the 

North Atlantic is its eventual weakening: mass transport decreases, and 

mean and eddy energies falloff from their strong maxima farther to the 

west. The mechanisms behind this weakening are not thoroughly understood, 

but radiating instabilities, topographic features, and conversions of mean 

kinetic to potential energy are all likely candidates. Fofonoff and Hall 

(1983) have documented downstream changes in mass, momentum, and kinetic 

energy fluxes as evaluated from hydrographic data spanning sixteen degrees 

of longiturle, or roughly 1500 km. While mass transport decreases to the 

east only mildly over the survey, kinetic energy flux falls from its 

maximum at the westernmost section to ten percent of that value at the 

easternmost. Dewar and Bane (1984) have estimated a corresponding 

acceleration of the Stream in the South Atlantic Bight. Such dramatic 

change in the overall structure of this strong current has implications for 

the energetics throughout the subtropical gyre. 

Different approaches have been taken in examining this problem. 

Talley (1982) discussed the possible radiation of energy by barotropic, 

baroclinic and mixed instabilities for a number of configurations (meant to 

approximate a :,ulf Stream-like current) in a linear, two layer, unbounded 

model. A number of observational studies (Hansen, 1970; Halliwell and 

Mooers, 1983; Watts and Johns, 1983) have sought to document the 

predominant time and space scales of fluctuations in various parts of the 

:,ulf Stream, but such studies do not establish the dynamic reason for the 
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existence of the fluctuations. Bryden (1979) and Wright (1981) have 

addressed analogous questions in the Antarctic Circumpolar Current by 

modell ing the flow as strictly zonal and confined to a zonal channel, then 

investigating the normal mode linear instabilities that can arise. 

Haidvogel and Holland (1978) have used a similar model on both 

instantaneous and mean profiles of the jet from a two-layer 

quasi-geostrophic numerical model, and related the results to observed 

scales of variability in the model. Johns (1985) recently used a linear 

baroclinic instability model successfully to predict time and space scales 

of fluctuations 100-200 km northeast of Cape I~atteras, where linear theory 

might still be expected to apply. Pedlosky (1970, 1982) has investigated 

the effects of allo\~ing the instabil ities to attain finite (but still 

small) amplitude. 

There are philosophical as well as technical problems in extending 

such investigations to the Gulf Stream where it becomes a free 

eastward-flowing current. Observations have long suggested that the Gulf 

Stream is strongly non-linear, so that Pedlosky's weakly nonlinear theory 

has dubious application. Furthermore, while channel models may be 

geometrically real istic for the Antarctic Circumpolar Current, the Gul f 

Stream is certainly not confined to a channel but is free to meander north 

and south. While observations serve to describe the fluctuations, they can 

do little to explain them: because a wave radiates energy primarily 

through correlations of velocity and pressure, one would like to measure 

these properties to evaluate the radiation. However, for the energy budget 

of an enclosed area, it is the divergence of the horizontal pressure work 
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that contributes, and in a prominently geostrophic regime, this quantity is 

degenerate at lowest order. ~~easurement techni ques are not yet refi ned 

enough to give reliable estimates of correlations between pressure and 

small, ageostrophic velocities. 

On the other hand, numerical eddy-resolving general circulation 

models (EGCM's) can provide not only the degree of non-linearity actually 

observed in the ocean, but also time-series of "data" as extensive and 

detailed in space and time as desired. W. R. Holland of NCAR has created 

several "generations" of quasi-geostrophic EGCWs, and has recently 

reviewed (Holland, 1984) the successes and compromises involved in 

comparing such models to the real ocean. In all the models, there is a 

strong western boundary current that turns eastward at some latitude to 

become either a northern boundary current (in some single-gyre models) or a 

free jet flowing into the interior of the basin. In a number of early 

models, the free jet did not penetrate realistically far into the model 

basin before dying out completely. Holland and Schmitz (1984) discuss the 

factors controlling the penetration scale, based on a study of many two-, 

three-, and eight-layer models. They find that the strength of friction 

and topography, as well as the vertical resolution of the model, affect the 

penetration scale. 

The model chosen for analysis here was recommended by Holland 

(personal communication) as being the most realistic model for such an 

investigation, and is referred to by Holland as 3L-4; its features are 

summarized in Table 3-1. Figure 3.1 shows the time-mean streamfunction in 

each layer. The free jet penetrates about halfway across the 4000 km 



Layer depths: 

Interfaces: 

Rotation: 

Wind stress: 

Friction: 

H1 =300m 

H2 = 700 m 

H3 = 4000 m 
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9 I .0357 m 5- 2 
3/2 = 

I .0162 m s-2 9 5/2 = 

f = 9.3 x 10-5 5- 1 

2 10-11 -1-1 
B = X m 5 

2 
'/;"0 = 0.1 N/m 

-r ( 2"y ) 
• = - ~o cos 4000 km ' o s... y s... 4000 k m 

lateral: 

bottom: 

biharmoni c, A = 8 x 109 m- 4s- 2 

linear, y = 1 x 10-7 
5-

1 

Horizontal dimensions: 4000 km x 4000 km 

Table 3-1. Summary of features of Holland numerical model 3L-4. 
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Figure 3.1. Mean streamfunction for Holland numerical model 3L-4: 

a)layer 1; contour from _1.5x1Q5 to 1.5x1Q5 m2/s; C1 = 10
4 

ils; b)1ayer 

2: contour from _5.4x104 to 5.4x1Q4 i Is; C1 = 6xl0
3 

m
2 
Is; c) layer 3: 

contour from _1.8x1Q4 to 1.8x1Q4 m2/s; C1 = 2x1Q3 m
2
/s. 
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Figure 3.1c 
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square basin. Three layers appear to be sufficient for capturing the 

proper degree of non-linearity in the free jet; moreover, in a three-layer 

as opposed to the two-layer models, there is a layer shielded from both 

surface and bottom effects, which displays vast regions of homogenized 

potential vorticity. Since such regions are predicted by theory (Rhines 

and Young, 1982) and found observationally (McDowell et~., 1982), it 

seems important to work with a model reproducing this feature. On the 

other hand, adding still more layers appears to do little more than enrich 

the vertical resolution of structures already observed in three-layer 

models. 

In the remainder of the chapter, first the equations for mean and 

eddy kinetic energy are derived for a three-layer quasi-geostrophic system, 

starting either with the m9mentum equations or the potential vorticity 

equation. Next the calculations from the numerical data are described 

briefly. Finally, the results are presented, in which essentially six 

different energetic regions are identified and described. 

3.2 Equations 

In formally deriving the equations governing a quasi-geostrophic flow 

regime, it is useful to scale the dimensions out of most of the variables; 

then one or more nondimensional parameters govern the relative importance 

of terms in any equation, and consistency is achieved without confusion. 

However, when evaluating terms of an equation from a data set, it is less 

awkward and physically more intuitive to work with a dimensional set of 

equations, applying the results of quasi-geostrophic theory directly. 
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Thus, in this text, such resul ts wi 11 be cited frequently without ri gorou s 

derivation; anyone unfamiliar with quasi-geostrophic theory is referred to 

Pedlosky (1979). Notation is kept as much as possible like Holland's 

(1984) notation, but in addition, expansion of variables in terms of a 

small parameter -- usually the Rossby number • -- will be allowed for. 

Then subscripts refer to layers, superscripts to the order of a variable in 

its Rossby number expansion. Table 3-2 gives other notation and 

conventi ons. 

In a three-layer system, there are five variables to solve for, u, 

v, w, p, and h; the governing equations are as follows: 

a) In each layer, there are two horizontal momentum equations and a 

continuity equation: 

a uk aUk + au 
-1 a~ ( )' t< ( 1 4 

d--+ uk - vk _kl -fvk = - -+0 k-1 0Jr -0 k-3 EYUk A.V uk at ax ay poax Pok 
(3-1 a ) 

aV k aV k aV k _ 1 aPk 4 (3-1b) d-+ uk ax + vk ayl + fU k = - - - -0 (k-31EYvk A.({ vk at Po ay 

k=l,2,3 (3-1c 1 

bl At each interface, a "thermodynamic" equation for evaluating w, 

and a relation between interface height and pressure: 

(3-1 d 1 

1 
= -P -0 -::gTk+-

1
-/-

2 
k = I, 2 (3-1e) 



(x, y) 

(uk' v
k

) 

~+'> 

Hk 

Wk+,> 

Po 

Pk 

t.Pk+,> 

Pk 

, 
9 k+'> 

Y 

A 

~ 
K'k 
-r-

~k 
~ 
p 

EKE 

MKE 

RIIS 

LHS 
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= (east, north) coordinates 

= (east, north) velocity in layer k 

5 deviation of interface between layers k, k+ 1 from rest 
state; h > 0 for upward displacement" 

5 (constant) thickness of layer k in rest state 

= vertical velocity of interface h 
1<:+'> 

= basic density of fluid 

= actual density of fluid in layer k 

K deviation of pressure from 
is in hydrostatic balance 

gt.pk+,> 
= 9 = 9.81 m/s 2 

basic state, where basic state 

= linear (bottom) friction coefficient 

= biharmonic (lateral) friction coefficient 

= KEk = kinetic energy in layer k 

a, "'2 "'2 = Hk(~ + 5L) 
= '> ~ (,\'2 + V

k
'2) 

= ,>,~('\.2 + v/) 
= available potential energy 

c eddy kinetic energy 

z mean kinetic energy 

= right hand side 

= left hand side 

Table 3-2. Definitions for noatation used in Chapter 3. 
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Boundary conditions at top and bottom are that w = 0 there. The 

Kronecker delta function is used to include forcing and dissipation 

occurring only in particular layers. Wind stress and bottom friction act 

as body forces on a layer. Each variable will be expanded in terms of the 

Rossby number <, which must be « 1 for quasi-geostrophic theory to be 

valid.* Then, for example, 

Rarely will more than two terms of 

any expansion be required here. 

In a quasi-geostrophic regime, the flow field is horizontally 

non-divergent at lowest order so that a streamfunction ~k can be 

introduced -- in fact, 

Inserting the <-expansion for each variable, cross-differentiating 

(3-2) 

(3-1a,b), substituting from (3-1d) and (3-2), and retaining only lowest 

order quantities, one can derive a vorticity equation: 

(3-3 ) 
Po at' 2.L 6.'. 

- 6 (k-l) "fIk ay - 6 (k- 3) yV T k - AV 'fk 
which may be further rearranged using (3-1) and (3-2) to obtain the 

potential vorticity equation as given in Holland and Schmitz (1984): 

* It is also required that forcing and dissipation not enter the lowest 
order momentum balances (3-1a,b). 
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and 

). Here, of course, Tk 
1 at"x 

= -6(k-1l---....--­p n. ay , 
o k 

(3-4) 

Now consider the derivation of energy equations. Of primary interest 

here is the kinetic energy, which to lowest order is just 

since at this order the vertical velocity makes no contribution. Although 

in the end the equations are integrated over depth, separate equations for 

each layer are derived first to show how energy is exchanged vertically 

between layers. An energy equation for each layer is obtained by 

multiplying (3-4) by -;k Hk, then rearranging terms to obtain: 

a HI 2 2 .1. ah3/ 2 a II ~ '" 21f f 0 tJ,} rrr (1/'lx+ 1/'ly)-foTI at -HI axl'2"B l+ul I1(V I+Hl h3/ 2)+li Tlxt 

a { ,,. 211. f 0 tL.L ~ 1/.-1 aox t 6.1. 
-HI ay V1T1(V r1+ Hl h3/2)+TITlytJ = --;;;ay- - AHI IV "1 (3-Sa) 

a H 2 d. 2 '/I, 2 ,L a a {I ~ '" _ 2t1. f 0 
ITr(T2/12y)-foT2 IT(hS/2-h3/ 2 ) - H2ax ~ 2+ u2 T2(V T2+HihS/2-h3/ 2 )) 

+~!(2xt} - H2 ;y tV21f2(V21f2+ :;(hS/2-h3/2))+~~yt}= -AH2~V6% (3-Sb) 

a H3 f,2f.2 t[; ahS/ 2 a {l~ ~ 2'/-. fo tft } 
atz( 3/ 3y)+fo 3 at -H31iX '2"B 3+ u3 3(V 3 -RJ hS/2) + 33xt 
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In Appendix A.1 is derived the useful identity 

~Uk 'tk V
2

1/-k) + ;y (vk "'k V
2tfk ) = 

:x(1/iA·VHvk ) + :y (-'fktk·VHuk ) 
a KEk a KEk 

- - (uk n--)- - (vk -H-) ax nk ay k 

In layer k, the total derivative following the fluid is 

while at an interface k + 1/2 it is 

(3-5c) 

(3-6) 

where the streamfuncti on at the interface is defined following Hall and IS 

(1978) convention as In fact, as shown in 

Appendix A.2, 

so that in future the subscript on the total derivative is omitted, since 

it is evident what is meant by h. 
Using the above, equations (3-5) can now be written as 
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dh dv du 
H [d 1(42 +'1: 2) ] _ f 'i'. 3/2 + H ~l.stJ2+ 1:' l)+H ~_ 1'. _1) 
1 or '2" lx 1y - 0 1 dt 1 ax ell at lay 1 dt 

1f1 n ox tf 6.1. 
+ - - + AH1 1V To1 Po ay (3-7a) 

(3-7b) 

(3-7c) 

Finally. it is useful to break down the first term on the RHS of (3-7a) as 

(3-8) 

Similar treatment for the other two layers gives the final versions of these 

energy equations: 
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(3-9b) 

(3-9c) 

The first term on the RHS of each equation is like a vertical pressure work 

term, which transfers energy between the layers. The second term is the 

conversion in that layer of available potential to kinetic energy, where 

the total available potential energy is 

f2 2 
( .1. .1.}2 1 0 (tf.3-1/:2) 1, h2 1, h2 

T2 - Tl + 2" =--g = z93/2 3/2+ z95/2 5/2 5/2 

The total conversion, summed over the three layers, is 

-g' 3/2w3/2h3/2 - g' 5/2w5/2h5/ 2 • To obtain this result 

directly, multiply (3-1d) by g'k+l/2hk+1/ 2 and sum over the two 

interfaces. The result is 

The interpretation of the other terms on the RHS of (3-9a-c) remains 

ambiguous, so consider now the horizontal momentum equations (3-1a,b). To 

form a kinetic energy equation, mUltiply (3-1a) by(Hk + hk_1/ 2 - hk+1/ 2}uk, 

(3-1b) by (H k + hk_1/ 2 - hk+1/ 2) vk' and add. Note that whereas before 

it was understood that uk' vk were the lowest order portions in the 

£-expansions, now one must be careful to include enough orders in each 

variable's expansion so as not to miss any part of the balance (hence the 
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retention of hk+1/ 2 in the layer depths). Omitting the forcing tenns 

in layer 1, which are straightforward to include, noting that 

and non-dimensional) yields for that layer: 

(3-10). 

The lowest order balance is degenerate: 

The next order yields the equation 

for the lowest order kinetic energy: 

(1) (1) 
-€H 1 (0) aP1 (0) aP1 _ 
--=iu - +v1 -) Po 1 ax ay 

( 3-11) 

or 
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when forcing is included. The first term on the RHS can be written 

-H H w(l) 
_1_ iJ ( t)+ 1 (0) 3/2 _ 
p £ • P pill ~-
001 

Similar treatment of all three layers yields: 

The first term on the RHS of each equation is the same one that was 

rewritten in (3-9) as the sum of a vertical transfer of energy and a 

conversion between potential and kinetic energies. The second term is the 

divergence of the horizontal pressure work. a term that ultimately will be 

calculated directly. The remaining terms are input and extraction of 

energy by wind and lateral and bottom friction. 

The next step is to note the following identities: 
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If these are put into equations (3-9) then a comparison of terms between 

the resultant forms and equations (3-12) shows, finally: 

(3-13) 

Thus, the divergence of horizontal pressure work is calculable entirely in 

terms accessible from the numerical model data. 

It is clear that in the mean the Gulf Stream weakens as it flows 

eastward into the North Atlantic (Fofonoff and Hall, 1983); the same is 

true of its analog, the free jet, in the numerical model. Yet the 

possibility must be anticipated that variations from the mean are important 

in determining the mean distribution of energy in the ocean basin. Thus, 

all quantities are separated into time-averaged and time-varying components 

where 

1 fT 
(~ = i ( )dt, ( 

o )' = ) - (-) 
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and T is the total length of the time series being analyzed. Thus, by 

definition 3!t) = O. Time-varying or "eddy" terms are not restricted in 

magnitude relative to the mean. It is evident from Fig. 3.1 that because 

the model forcing and equations are symmetric about the mid-latitude of the 

model domain, the time-mean jet flows directly eastward. Notice that this 

energetic analysis treats the jet as the Eulerian average flow of a 

particular region, not as a feature changing position and orientation 

constantly. There are two reasons for having taken this approach: first, 

it was not technically feasible to take the latter approach due to 

computing limitations; second, energetic analyses have traditionally been 

conducted in an Eulerian frame, so for comparison it makes sense to use 

that approach here. 

Bryden (1982) discusses the derivation of equations describing the 

change of kinetic energy of the mean flow, 

}(~ + ~), and of the mean value of the kinetic energy of the eddies, 

}<'f ~ 2 
+ 1f; 2). I ntegrated over all three 1 ayers, the equati ons are 

respectively, 

3 Hk _-
-L - VH .Pk~k k:l POE 
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+v' .!... k ay 

a~ aVk ~ a\ 
+ uk'v'k(-"'-)+v'k -] ay ax ay 

(3-14a) 

] = 

(3-14b ). 

Several comments are in order here. First, superscripts denoting the 

E-expansion order of variables have been dropped: in all cases save the 

pressure work term, only lowest order quantities are required. Since the 

calculation of -V.(pt) actually is made from (3-13), which involves only 

lowes t order vari abl es, the superscri pts are omi tted for neatness. Second, 

it should be noted that the time-varying field obeys quasi-geostrophic 

dynami cs as well, whence u \ = -~\y' vk=~\x' As a resul t, ~ 

term of the sort t.V[( )] can be written i7. [~( )] regardless of 

how time-averaging enters the term. This last point will be useful in 

interpreting the equations in terms of kinetic energy fluxes. 

The equation for the time average of the total kinetic energy is 

obtained either by adding (3-14a and b) or directly by time-averaging the 

sum of equations (3-12). The result is: 
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3 

t:1 hr (UkKk +UkK'""k +UkKk )+H k (Ui Uk2+Vk Ukvk )]+:i(VkKk +vkK[+vkKk) 

( 3-15) 

where K = }(u2+v2)H, K'=}(u,2+v,2)H. In (3-14a), the mean advection of mean 

kinetic energy is balanced by the pressure work term due to the mean field, 

conversions to and from mean potential energy, input of energy by the wind, 

removal of energy by bottom and lateral stresses acting on the mean field, 

and a term which represents the conversion of eddy to mean kinetic energy. 

In (3-14b), the mean plus eddy advection of eddy kinetic energy is balanced 

by the horizontal pressure work due to the eddy field, conversions to and 

from eddy potential energy, losses to friction due to the eddy field, and a 

term giving the conversion of mean to eddy kinetic energy. When the two 

equations are added, as Bryden (1982) has pointed out, the conversion terms 

between mean and eddy kinetic energy do not cancel, but give rise to the 

peculiar-looking part of the divergence on the LHS of (3-15). i.e., 

htU? + vli"'V'") + :y(U ~ + v ~). The mystery of this term dis-

appears when it is observed that the LHS of (3-15) is just the total 

divergence of the total kinetic energy flux, time-averaged: 
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LHS of {3-151 = '2.. 

k=1 
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The kinetic energy budget will be considered over volumes of ocean 

with open side boundaries at x = {xw,xEl to west and east, y = 
{yS'YN1 to south and north. Integrating {3-151 over the area yields: 

{3-161 

The following points are made regarding {3-161: 

II I 
xE 

{*l is the value of {*l at xE 
Xw 

minus its value at xw; 
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2} the divergence of pressure work has been replaced by the terms 

used to calculate it, but the individual fluxes across the 

boundaries are not necessarily equal to the fluxes of pu: 

only the net divergence over the volume has any meaning in this 

context; 

3} those terms for which separate mean and eddy components have 

been calculated are broken down into those components in (3-16). 

Before the kinetic energy budgets for the model are discussed, the model 

data and calculations are briefly described. 

3.3 Calculations 

Important attributes of numerical model 3L-4 analyzed here are given 

in Table 3-1. Little will be said concerning the actual numerics used to 

run the model, as Chow and Holland (1985) describe this in detail. The 

wind stress in 3L-4 is steady and drives two gyres with opposite vorticity 

input. The circulation is spun up from a rest state, then run for a number 

of years after reaching statistical equilibrium. Although the model time 

step is a fraction of a day, instantaneous values of the streamfunction are 

stored only every two days. The data treated here use streamfunction 

values for every fourth day, extending over about four years of model time, 

resulting in a total of 360 instantaneous values of streamfunction. 

Due to limited resources, it was necessary to restrict the 

calculations in several ways. First, only a subset of the entire domain 

was investigated, extending from 820 km south of mid-basin to 780 km north, 

and from the western boundary to the middle of the basin, 2000 km 
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eastward. (It was originally intended to go from 800 km south to 800 km 

north of mid-basin, but the data were accidentally offset by 20 km.) 

~quation (3-16) was evaluated by first calculating all the necessary 

time-averages at every grid-point, then using the resulting data sets to 

examine budgets of various volumes. While it seemed useful to break down 

some terms into mean and eddy contributions, there would simply 

be too many moments to evaluate in a term like 

so that only the overall time-average has been calculated. Also, initial 

calculations of terms involving the biharmonic friction proved very noisy 

and very small; indeed, in models of this type (see, .e.g., Holland, 1978) 

this term contributes negligibly to the dissipation of energy (but is 

important in dissipating enstrophy). Hence it is not included in the 

budgets. 

Evaluation of terms in the instantaneous vorticity equation using the 

model data yields relatively large imbalances. Evidently that is due to 

the poor estimate of local time change of vorticity afforded by the 

sampling interval of four days (Holland, personal communication). 

Simil arly, cal cul ati ons of "i nstantaneous" k ineti c energy budgets show that 

on a short time scale there are apparent imbalances, but again, 

d t£KE would be poorly estimated. On the other hand, once the averages of 

terms have been formed, the well-defined meridional structure of individual 

quantities suggests the time-averaged budgets give a reliable assessment of 

the energetics in the domain. Also, due to the strength of flow right at 
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the western boundary, the instantaneous values may be extremely noisy; thus 

for examining the budgets, the western wall itself has not been used, but 

rather the data from the first grid-point in (20 km east of the boundary). 

First and second derivatives have been calculated using ordinary 

centered finite-difference schemes. Any term involving a Jacobean has been 

evaluated using an Arakawan scheme. Time-differences were also evaluated 

using a centered scheme, and in terms where they are part of an average, 

tL3 u such as in Tat, the poor estimate of local time change may be partly res-

ponsible for the residuals that are found in the energy budgets. 

Straightforward trapezoidal integrations have been used in the horizontal 

in these calculations. 

3.4 Results 

Once the tools are at hand to evaluate kinetic energy budgets for any 

volume of the domain, it is important to consider carefully the choice of 

volumes to be investigated. Sometimes one is interested in the exchanges 

of energy between the mean and eddy flows; Harrison (1979), for example, 

investigated the interaction between the mean and eddy kinetic energy 

fields of a variety of numerical experiments by integrating over the entire 

basin. He points out that local budgets of open-bounded regions may be 

quite different from the basin-averaged budgets, however. Harrison and 

Robinson (1978) have in fact done someanalysis of this sort, which will be 

discussed later. Here the point is to investigate the very strong 

convergence or divergence of kinetic energy in the vicinity of a free jet 



83 

like the Gulf Stream, and to determine which, if any, of the mechanisms on 

the RHS of (3-16) is ~ominant in producing a balance. 

First a number of volumes were examined, chosen according to 

experience with the Gulf Stream '60 data. These volumes were of small 

enough size to prevent extensive overlap of energetically different 

regions, until the gross energetic patterns emerged. A comparison of the 

areas suggested by this search with the mean streamlines in all three 

layers helped to refine the horizontal boundaries of the volumes and 

offered rigorous criteria for selecting them. Essentially six types of 

energetic regimes have been identified, but since the model is symmetric 

about mid-latitude, four regimes appear on each side of the jet, so that 

there are actually ten different physical volumes for which budgets have 

been calculated. The criteria for determining the latitudinal and 

meridional boundaries of these volumes are as follows: 

1) Of paramount importance is del imiting the north-south extent of the 

jet. Throughout the jet, the deep-layer zonal velocities nearly 

always change sign between the grid-points corresponding to 

y = 140 km and y = 160 km north and south of the jet axis at y = 

O. This also turns out to be the latitude at which upper layer zonal 

velocity has dropped off to approximately 1/e2 times its maximum 

value for any given section. Thus, the jet's boundaries are chosen 

to be y = ~ 140 km. 

2) Although the motivation for this work was the weakening of the free 

jet, there is a significant accelerating portion starting at the 

western boundary. The jet is considered to change from accelerating 
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to decelerating where the mean zonal flux of mean kinetic energy 

attains a maximum, 660 km from the western boundary. 

3) From Fig. 3.1, it is clear that in the top and middle layers there is 

both a broad Sverdrup circulation and a tighter inertial 

recirculation, while in the deep layer only the latter is visible. 

Holland and Rhines (1980) have found that the exact Sverdrup balance 

BV = fwz obtains over a relatively small area of numerical models, 

but in that work it was found that it did describe the region in the 

top layer that appears in Fig. 3.1a as broadly spaced streamlines 

with a primarily meridional orientation. The latitude at which the 

deep-layer mean streamfunction goes to zero, defining the meridional 

extent of the recirculation, is very close to the latitude where the 

mean vertical heat flux gwP , integrated over the eastern part of the 

domain, changes sign. The latitude midway between the two is chosen 

as the boundary for this regime. The last region, referred to as the 

Sverdrup regime, extends from the edge of the recirculation to the 

open boundari es of the domain, at y = -820 km and y = +780 km. 

4) For each of the latitude bands defined in 3), an east-west division 

is also made at x = 660 km, to correspond to the division made in 

the jet regions. As will be seen, the eastern and western portions 

of the recirculation and Sverdrupian regimes are characterized by 

different energetic budgets. 

In Fig. 3.2, the obvious feature common to all six volumes is that 

there is a dominant balance between just two of the many terms included .in 
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Figure 3.2. Su .... ry of depth-integrated energy budgets for six regions 
(described in text). Arrows show direction of fluxes into or out of boxes; 
Rumers Ire terms integrated over the Y,01ume. Pattern 15 ghen in upper 
left box and is same for others. Sign is appropriate to LHS of energy 
equation for all terms. Key: KE. total kinetic energy flux and its 
divergence over the volume; PW = pressure work terms; HF. heat flux, or 
conversions between potential and kinetic energy; WW. work done on volume 
by wind stress; FR. diSSipation due to bottom friction. Residual 
imbalance is shown in box. 
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the budget. (Noti ce tha t the res i dua 1 s never exceed about 1/3 th e 

magnitude of the dominant terms.) In the accelerating portion of the Jet, 

the total flux of kinetic energy out of the region is nearly double that 

coming in. This divergence appears to be balanced by a net amount of work 

being provided by pressure-velocity correlations; of secondary importance 

is the fact that the wind stress tends to accelerate the flow throughout 

the jet region. In the decelerating jet, the roles of kinetic energy flux 

and pressure work are reversed: the former provides a tremendous 

convergence of energy which is radiated mostly north and south via the 

pressure \~ork. The secondary terms in this region, which are a third the 

size of the dominant ones, are a net input of energy by the wind stress and 

a net conversion of kinetic to available potential energy. Because they 

are so similar in magnitude, it is tempting to suggest that all the wind 

work is going directly into potential energy, but of course there is no 

real basis for drawing this conclusion. It is possible that the overall 

conversions in this region are quite complicated. 

The balances in the recirculation regions are of a different nature, 

for here conversions to and from potential energy playa dominant role. In 

the eastern portion of the recirculation region, south of the decelerating 

jet, there is a substantial amount of pressure work exerted on the region, 

which is primarily balanced by a sizable conversion of kinetic to potential 

energy. Of secondary importance in this region is a convergence of kinetic 

energy fl ux, due primari ly to a 1 arge fl ux comi ng across the northern 

boundary from the jet. In the western recirculation pressure work 
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is unimportant, and there is a conversion from potential to kinetic energy, 

which is returned to the accelerating jet region as it fluxes across the 

northern boundary of this area. In all the regimes, of course, bottom 

friction extracts energy from the system; everywhere except in the jet 

regions, wind stress acts to remove energy as well, usually on a small 

scale comparable to or less important than friction. 

The Sverdrup regimes depart from strict two-term balances. In the 

western portion, kinetic energy is fed into the jet to the west and north, 

resulting in a divergence that is balanced half by the pressure work 

exerted on the region and half by a conversion of potential to kinetic 

energy. The eastern Sverdrup region also sees a conversion of potential to 

kinetic energy, which it appears to export to surrounding areas via 

pressure work. The secondary terms in this region, however, are nearly 50 

percent as large as the dominant ones: there is a convergence of kinetic 

energy roughly equal in magnitude to the net loss of energy to bottom 

friction. 

An examination of the individual energy fluxes across the boundaries 

of all the regions (Figure 3.3) reveals several interesting asymmetries, 

for example, that the accelerating and decelerating jet regimes are not 

"mirror images" in an energeti c sense. I n the west, mean f1 ux of mean 

kinetic energy accounts for only about half the net divergence, the deficit 

being made up mostly by the terms :x(ii u,2 + v ~) + ~ii ~ + v v,2). 

Because of the role these terms play in the individual mean and eddy 

equations, they will be referred to as the mean/eddy exchange terms. In 
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the east, the convergence of kinetic energy flux is 95 percent due to th e 

mean fluxes. The eddy flux of EKE is divergent in the decelerating as well 

as accelerating part of the jet, so that it acts as another, smaller scal e 

"radi ati on agent" in the eastern portion, whil e the mean fl ux of EKE is 

everywhere convergent in the jet. This opposition of the tendencies for 

mean and eddy fl uxes of EKE extends to other parts of the domai nand is 

interesting because the two terms are similar in magnitude, while any 

linear or small-amplitude non-linear theory would completely ignore the 

eddy fl uxes of EKE. 

Still more insight may be gained by examining separately the budgets 

for mean and eddy kinetic energies. In this context, one must be careful 

in the interpretation of the mean/eddy exchange terms. Harrison and 

Robinson (1978) have discussed at some length the interpretation of these 

terms in open regions. They classify three types of regions, which may be 

summarized as follows: 1) those regions in which the conversion of mean to 

eddy kinetic energy impl ied by the equation for K is approximately equal 

and opposite to the conversion of eddy to mean kinetic energy implied by 

the equation for K': in other words, the divergence of the mean/eddy 

exchange terms over the volume is nearly zero; 2) regions in which the two 

conversions are small compared to other processes and may be ignored in the 

energy budgets; 3) regions in which the two conversions are large, but 

equal and opposite: in other words, the devergence of the mean/eddy 

exchange terms over the volume is considerable. Only in regions of type 1 

or 2 is there a clear interpretation of the energy budget for the region in 

terms of mean to eddy conversion processes. Here a different interpre-
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tation is adopted. The budget for EKE over a region, for example, may 

indicate that eddy energy is increasing at the expense of MKE; yet over the 

same region, the budget for MKE may suggest that there is a conversion of 

eddy to mean kinetic energy. The region is of type 3 according to Harrison 

and Robinson. Indeed, the exchange terms as they appear in the two 

equations are not equal and opposite, but differ by a divergence of the 

mean/eddy exchange fluxes across the boundary, which redistribute eddy and 

mean kinetic energy regionally, where it may then appear as a conversion 

from one type to the other. Because the major thrust of this work is to 

exami ne the divergence of f1 uxes across the open boundari es, rather than to 

evaluate the conversions between eddy and mean kinetic energies as in 

Harrison and Robinson (1978), a type 3 region is not considered a "problem" 

in the present work. 

Figures 3.4 through 3.6 display the interdependent budgets for mean 

and eddy kinetic energy in the six regimes, and are to be interpreted as 

follows. Consider Fig. 3.4a as an example. Here, in 

the net divergence of MKE fluxes over the area, equal 

the accelerating jet, 
9 to 48.2 x 10 J/s, 

implies that mean kinetic energy must be supplied to the region at this 

rate by other mechanisms in order to maintain the budget. Moreover, there 

is a constant conversion to EKE of 32.0 x 109 J/s, which is interpreted 

as being fluxed out of the region, and a net loss to dissipation of 1.4 x 

109 J/s. On the supply side, mean potential energy is being converted to 

MKE at the rate of 5.5 x 109 J/s and wind is supplying eneregy at 16.6 x 

109 J/s. There is still a net deficit of 59.5 x 109 J/s, which must be 

supplied by the pressure work divergence, the only term remaining in the 
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Figure 3.4. Schematic of interconnected mean and eddy energy budgets in 

a)western; b}eastern jet region. See text for explanation of how to 

interpret. Key: K::: MKE; K' ,. EKE; 'j5' .. mean potenthl energYi pi;; 

eddy potential energy; .= work done by wind stress; Ii = dissipation due 

to bottom friction acting on mean flow; D' = dissipation due to bottom 

friction acting on eddy terms; PW * pressure work. 
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Figure 3.5. Same as Figure 3.4, but for recirculation region. 
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Figure 3.6. Same as Figure 3.4, but for Sverdrup region. 
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budget for MKE. Similar analysis of the eddy budget suggests the pressure 

work is supplying 17.B x 9 9 
10 J/s, for a total of 77.3 x 10 J/s. In 

parentheses is the calculated pressure work divergence of 89.7 x 109 J/s, 

and the two values differ by the residual imbalance shown in Fig. 3.2. 

Still concentrating on the jet region, observe that the fluxes and 

exchanges involved in maintaining the MKE budget are nearly an order of 

magnitude larger than those in the EKE budget. In particular, one is 

forced to interpret most of the pressure work divergence as being due to 

the correlations between the mean pressure field and a mean ageostrophic 

velocity field. That interpretation runs counter to the notion that the 

pressure work is radiating energy via wavelike structures, through terms 

1 ike p'u'. However, recall that the mean ageostrophic velocity field 

depends on time-dependent quantities arising from inertial accelerations in 

the momentum equations. In the decelerating jet (Fig. 3.4b), going beyond 

the dominant balance, there are two more interesting features. First, 

there is a sizable conversion of mean kinetic to potential energy, the 

mechani sm proffered by Fofonoff and Hall (1983) to account for downstream 

decreases in kinetic energy flux. Second, in the eddy budget, there is an 

energy pathway suggestive of barotropic instability, as MKE, interpreted as 

being fluxed into the region, is converted to EKE at a rate of 13.1 x 109 

J/s. Meanwhile, the direction of energy flow between eddy kinetic and 

potential energies is opposite of what would be anticipated were baroclinic 

instability operative in this region. 

The story told by the budgets in the recirculation regime is quite 

different (Figure 3.5). In the first place, mean and eddy fluxes and 
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exchanges are of like magnitude. In the east there is a continuation of 

the convers i on of MKE to mean potenti al energy. However, eddy budgets. 

throughout the recirculation now display an energy pathway implying 

baroclinic instability, where eddy potential energy is converted to EKE (at 

rates of 3-4 x 109 J/s), and EKE is converted to MKE (at rates of 3-3.5 x 

109 J/s). Curiously, throughout the recirculation, the eddy budget 

implies that pressure work due to eddy terms radiates energy into, rather 

than out of, the region. The mean budget in the west shows the other half 

of the inertial recirculation of energy as potential energy -- that is, 

there is now a conversion of mean potential to mean kinetic energy, which 

helps to accelerate the flow. 

Figure 3.6, showing the Sverdrup regions, reveals little more than 

has already been learned, save that the energy budgets here are dominated 

by mean fluxes and exchanges. In the west, there is again acceleration of 

the mean flow as mean potential energy is converted to MKE. 

Comparison of these results with Harrison and Robinson's (1978) 

results is 1 imited, for several reasons. In the first place, they analyzed 

a single gyre model with the eastward jet flowing along the northern wall 

rather than freely in mid-ocean, and the basin was only 2000 km by 2000 

km. Second, they did not examine the accelerating and decelerating 

portions of the eastward jet separately, so the very large fluxes of mean 

kinetic energy in the jet are of no importance in their budgets. 

Volume-averaged magnitudes of the mean to eddy conversion are roughly 

comparable for the two investigations, but because of the importance of the 

mean flow terms in the budgets presented here, most of the regions in this 
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Figure 3.7. Same as Figure 3.4, but for total domain. 
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analysis would be considered type 2 (with the exception of the western 

recirculation and possibly the western jet). Notice that if the regions 

had not been divided into their eastern and western portions, conversions 

in the mean energy equations would tend to cancel out, and the mean/eddy 

conversions would become relatively more important; then most of the 

r egi ons wou 1 d be type 3. 

Finally, it is worth considering the energy picture for the entire 

domain, shown in Figure 3.7. Although there may still be fluxes across the 

open boundaries, the very strong internal fluxes and exchanges tend to 

cancel out, and forcing and dissipation assume much more important roles. 

In the complete absence of fluxes across the boundaries of the domain, the 

two would necessarily be found equal and opposite. Even in this open 

domain, that balance is the most obvious part of the budget, as bottom 

friction removes energy at a rate of 27.1 x 109 J/s while wind puts 

energy in at 34.9 x 109 J/s .. Also note that most of the energy is 

dissipated through eddy terms: in spite of the dominance of mean terms in 

the localized budgets, ultimately the total system depends on the eddies in 

a direct way to balance the energy budget. The fact that the system is 

entirely forced by the wind stress, which directly affects only the mean 

kinetic energy budget, means that there is an inescapable coupling between 

mean and eddy fields, as Harrison (1979) concluded. 

Individually, the mean and eddy kinetic energy fluxes over the domain 

appear to be convergent. However, taking into account the mean/eddy 

exchange terms, it is found that the total energy fluxes are in fact 

divergent; there is also a net conversion of kinetic to potential energy. 
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Although the excess of forcing over dissipati on makes up part of th e 

deficit, notice that energy must still be imported via pressure work terms 

-- curiously, this occurs in the eddy field, so that waves from regions 

outside this domain evidently radiate energy into it! 

This discussion of energy budgets in the numerical model must be 

concluded with several warnings. As pointed out at the beginning of this 

chapter, the analysis has treated the time-averaged flows in the vicinity 

of an intense jet which meanders strongly on an instantaneous basis. Thus, 

this analysis addresses not so much the energetics of the jet as the 

energetics of that region in which the jet is usually found. The jet 

itself may have some average "structure" that it carries about as it 

meanders. The deviations from such an average are lumped together with the 

meandering to comprise the eddy portion in an Eulerian time-average of the 

flow field. Without separating various effects, one cannot carry out a 

phenomenological investigation of the energetics, identifying time and 

space scales, energy sources, and propagation characteristics of those 

features most important to maintaining the energy budgets. 

Rather, a zeroth order evaluation of the budgets has been presented, 

with the idea that it can provide guidelines for future work of this type 

either on numerical models or in the ocean. Of the six energetic regimes 

that have been identified, balances in both the accelerating and 

decelerating jet regions are dominated by mean quantities. In particular 

the downstream convergence of kinetic energy in the decelerating jet is 

balanced primarily by a mean ageostrophic flow against the pressure 

gradient, which in turn implies some conversion of kinetic to available 
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potential energy. Mean and eddy quantities are of equal importance in the 

recirculation regimes, but the mean flow again dominates energetic balances 

in the Sverdrup regions. That so much energy is exported from the jet 

region implies that the jet is not energetically isolated from its 

environs, so channel models probably are not a good means for investigating 

the jet's dynamics and energetics. Indeed, Harrison (1979) has pOinted out 

the necessity for local energetic analyses of regions with open boundaries 

in numerical models. The conversions between kinetic and potential energy 

in both the jet and recirculation regions are consistent with Fofonoff and 

Hall's (1983) conclusions regarding energy conversions evaluated from the 

Gulf Stream '60 data. Finally, the energetic budgets suggest that 

barotropic instability may be occurring in the jet itself, while baroclinic 

instability energy pathways appear only in the recirculation regime. 

Energetically, the jet and recirculations are evidently parts of an 

inseparable whole; further observational and numerical investigations 

should be designed with that result in mind. 
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Chapter 4. Cross-sections of potential vorticity in the Gulf Stream 

4.1 Introduction 

Potential vorticity of a fluid is a dynamically important quantity 

because it is nearly conserved following fluid parcels if forcing, 

dissipation, and mixing are sufficiently small. Fofonoff (1962) and 

Stommel (1965), among others, have suggested modelling the Gulf Stream as a 

layer of water with uniform potential vorticity, which corresponds to q 

being constant on temperature (or density) surfaces, and simplifies the 

mathematics of the problem. On the other hand, if potential vorticity is 

not constant on surfaces of constant temperature, then if temperature is 

also conserved following fluid parcels, paths of flow may be determined 

from the intersection of surfaces of constant potential vorticity and 

constant temperature. Thus it is important to determine how potential 

vorticity is distributed on isothermal surfaces. Recent investigators 

mapping large scale potential vorticity fields in the oceans (McDowell et. 

~, 1982; McCartney, 1982) have recognized this point, but their work has 

been restricted to regions of relatively quiet flow, where q can be 

approximated by f9 z• From the GUSTO data set it is possible also to 

calculate the relative vorticity contributions -Uy9z and uzTy • The 

resulting potential vorticity section, when compared with the temperature 

structure in the Stream, should offer some insight as to whether a uniform 

potential vorticity model of the Gulf Stream is indeed appropriate. 

The mean potential vorticity field of a quasi-geostrophic flow regime 

also determines the instability properties of the flow. In particular, the 
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following constitute a necessary condition for instability of the flow to 

infinitessimal perturbations (see Pedlosky, 1979, for a good discussion): 

In a zonally bounded flat-bottomed channel in which a basic flow 

U = U(y,z) only exists, then if: 

1)The potential vorticity gradient Qy changes sign within the 

now;~ 

2)Qy is somewhere the opposite sign of Uz at the surface, or the 

same sign as Uz at the bottom; or 

3)Uz at the surface is the same sign as at the bottom, then the 

flow may be unstable. 

The easiest of these to test from data is whether or not Qy changes sign 

somewhere in the flow; if it does, then the flow under consideration is 

potentially unstable. Because isothermal surfaces depart markedly from 

horizontal surfaces, the gradient of Q on both will be examined, and the 

results compared. 

One test for the validity of a numerical model is how well it 

reproduces the observed potential vorticity distribution of the real 

ocean. Since the model jet is highly energetic, it is especially important 

that this region be reproduced realistically. Thus, it is useful to 

compare the observed potential vorticity distribution with that found in 

the numerical model jet. Because the layers in the model are isopycnal, Q 

in each layer should again be compared with Q along isothermal surfaces in 

the data. 
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4.2 Potential vorticity section from the mooring data 

It was established in Chapter 2 that the appropriate form for 

potential vorticity at the mooring site is 

q = (f-u)e + y z 

To construct an average potential vorticity section, the mooring data were 

first divided into temperature bins determined by T575 • From T575 = 

4.5~C to 7 .5~C, and from T 575 = 13.5°C to 17~C, the bins are .5~C wide; 

from T575 = 7.5°C to 13.5°C, they are 1°C wide, giving a total of 19 

bins. The average along stream velocity shear between the 400 and 700 m 

instruments was then calculated for each bin, and from these values, an 

average Ty was obtained for each bin. (Since only rotated velocities 

will be discussed, hat notation will be dropped for this chapter.) This 

average function Ty(T) at 575 db was then integrated across all values 

of T575 to obtain y as a function of T575 • This procedure was 

completely analogous to that used in Chapter 2 to obtain a continuous 

functi on y( T), only there the functi on T y(T) was determined continuously, 

as two best fit lines, rather than discretely. The values obtained both 

ways are compared in Table 4-1, where the origin for y is at 13.0°C. 

Except at the very coldest estimate, the comparison is excellent. Next 

along-stream velocities at all depths were sorted into temperature bins and 

an average velocity for each bin at each depth was obtained: these values 

were assigned to the mid-points of the bin. In order to assure that 

along-stream velocity could go to zero at the edges of the average profile, 

average eastward (rather than along-stream) velocity was calculated in the 

warmest and coldest bins. The along-stream velocities were center 
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T575 (OC) y(analytical) y(from average) 
(km) (km) 

4.5 97.5 123.5 

5.0 78.9 82.2 

5.5 66.1 65.3 

6.0 56.4 55.0 

6.5 48.5 46.6 

7.0 41.9 40.9 

7.5 36.3 35.7 

8.5 26.8 27.5 

9.5 19.2 20.5 

10.5 12.7 13.8 

11.5 7.2 8.3 

12.5 2.3 2.6 

13.5 -2.4 -2.6 

14.0 -5.3 -5.4 

14.5 -8.7 -8.9 

15.0 -13.1 -13.0 

15.5 -19.0 -19.8 

16.0 -28.3 -30.7 

16.5 -51.1 -50.8 

Table 4-1. Intercomparison of horizontal coordinate 
values obtained analytically from equations 2-S, 2-6 
with values obtained from averaging procedure described 
in Chapter 4. In both cases, y is set equal to zero 

at T575 = 13°C. 
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T Bin Y 
center 575 

09 (575) 09(875) 09(1175 09(2000) 09(4000) 

( ·C) (Jan) (All shears have units of 10- 5 s -1) 

4.593 
85.9 -.688 -.398 -.391 -.403 -.387 

4.997 
79.1 -.814 -.459 -.415 -.455 -.469 

5.340 
62.2 -.623 -.199 -.147 -.235 -.262 

5.899 
51.9 -.351 .447 .064 .296 .427 

6.400 
44.5 -1.138 -.145 -.402 -.143 -.046 

6.982 37.7 -1.181 -.292 -.384 -.325 -.241 
7.658 

31.1 -1. 737 -.626 -.250 -.174 .015 
8.463 

24.4 -1. 394 -.783 -.307 -.109 .271 
9.441 

17.5 -1.196 -.228 .111 .270 .324 
10.405 
11. 475 

11. 3 -1. 917 -1.100 -.191 -.140 -.218 
5.S -1. 615 -1.303 -.414 -.215 -.149 

12.410 
0.7 -.799 -.826 -.231 .016 .069 

13.276 
-3.6 1.950 -.261 .140 -.207 -.314 

14.013 
-7.5 2.726 .117 .547 .065 -.214 14.590 

15.142 
-11.8 2.720 .170 .720 .442 .371 

15.663 
-18.1 2.700 .952 .852 .507 .374 
-28.6 1. 312 .647 .264 .156 -.039 

16.113 
-41.9 1.383 .927 .209 .200 .003 

16.374 
16.775 

-49.6 1.958 1.496 .452 .388 .801 

Table 4-2. Temperature bins arrived at for averaging procedure 
described in text, along with the value of y halfway between the end 
point values {or each hin. Horizontal shear of long-stream velocity 
is from center-differencing average 

A 

values from Hall and Bryden u 
(1984) • except first and last values, which could not be centered. 
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finite-differenced to obtain estimates of au/ay; because the calculated 

values of u are not evenly spaced in y, this step required calculating 

the new values of y (and hence TS7S ) to which au/ay values applied. 

Correspondingly, new temperature bins were also defined, as shown in Table 

4-2, along with values of au/ay. In the new temperature bins, average 

values of vertical temperature gradient and vertical shear of along-stream 

velocity were calculated from the mooring data for the top three standard 

levels. Taken all together, it is then possible to obtain estimates of q 

at three points in the vertical and 19 in the horizontal, from 

q = (f - u ) T 
y z 

pof _ 2 
--u 

gao Z 

Simple linear interpolation or extrapolation was used to obtain continuous 

values of q in the vertical which were then contoured to provide the map 

of dashed lines shown in Figure 4.1. 

The solid lines in Figure 4.1 are isotherms. This average 

temperature cross section was obtained as follows. At each y, values of 

TS7S are already known; average values of T87S and Tl17S were 

calculated for the corresponding temperature bins. Then the analytic fits 

for ae/az at each level (Raymer, Spencer and Bryden, 1984) were used to 

integrate up or down to obtain nearly continuous vertical profiles at each 

y. (The verti cal gradi ent functi ons change form at 700 and 1000 m.) The 

temperature values were then contoured to yield the map of solid lines in 

Figure 4.1. 

Figure 4.1 requires careful consideration. Recall that the map of 

q was constructed from only 3 points in the vertical. Thus, for example, 
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Figure 4.1. Cross-section of potential vorticity (dashed lines) and 

temperature (solid lines) at 6S·W in the Gulf Stream, derived 

~ ~ 
~ 
~ 
~ 

from GUSTO data, as described in text. Isotherms are labeled 

to right in ·C, isostrophes to left in units of 1O-7·C/ llV's. 
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the mid-depth maximum at the southern edge is defined by nine points: at 

the three southernmost values of y, estimates of q at 875 db are larger 

than those above and below. The strong central maximum in the upper layer 

results from estimates only at 575 db, but it is a well-defined trend at 

this level. Comparison with a section from Watts (1983) as well as with 

sections from the numerical model will show that certainly the latter 

feature and probably the former feature are both real. 

On the cold side of the Stream, for T575 < 11°C, isotherms tend 

to parallel isostrophes (lines of constant potential vorticity). Isotherms 

for T > 9°C heading northward into the core of the Stream must cross 

isostrophes almost perpendicularly, going from lower values in the south to 

higher values in the north. In addition, most of these isotherms pass 

through the weak relative minimum south of the core. Isotherms for 

T < 8°C, on the other hand, tend to lie on the same isostrophe at both the 

southern and northern edges of the secti on; that they do not exactly 

parallel isostrophes in between the endpoints may be due to the 

uncertainties involved in creating the cross-section. 

To complement Figure 4.1, q is shown as a function of y for 

selected isotherms in Figure 4.2, which is derived simply by reading points 

off Figure 4.1. These curves may be compared with the values derived from 

the analytic expressions at 575 db and tabulated in Table 2-4: both 

results display a strong "wall" in q near the jet axis, a minimum just 

south of that, and an increase and subsequent leveling off as we head into 

warmer waters, on isotherms T = 11°C and 14°C. The a-effect has not been 

explicitly included in the estimates of q, and it is now shown that the 
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Figure 4.2. Values of potential vorticity q on various selected 

isotherms as a function of cross-stream distance y. Figure was 

derived directly from Figure 4.1. 
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omission introduces very small errors. In the first place, ay « f and 

2 10-11 -1 -1 
= x m s and y = 100 km yield maximum values even uy: values of a 

of ay = 2 x 1O-6s- 1• The a-effect could still be important to the 

gradient of q. If a were included in the definition of q, two extra 

terms aTz and ay Tzy would appear in qy. Estimates of qy 

from Figure 4.2 are compared with estimates of aTz in Table 4-3 (scale 

analysis suggests that ay T zy woul d be the same order as aT zl. The 

latter tends to be one to two orders of magnitude smaller than aq!ay, and 

clearly would not alter the major features displayed in Figure 4.1. 

Values of q on the remaining isotherms are less easily 

interpreted. Endpoints of the 5,7, and 9°C isotherms tend to lie on equal 

values of q, but all three exhibit a minimum near y = O. Inspection of 

Fig. 4.1 shows that while the relative minimum between y = a and -25 km is 

well-defined above 800 m depth or so, it decays considerably below that, so 

that the appearance of a minimum on the 5°C and 7~C isotherms in Fig. 4.2 

may be an artifact of the contouring in Fig. 4.1. 

4.3 Comparison with past results 

Watts (1983) discusses the potential vorticity distribution across 

the Gulf Stream, its relation to the general circulation, and its 

implications for instability. In particular, he points out the following 

important contrast: on the one hand, the uniformity of q in the gyre 

interior taken with conservation of q along streamlines, suggests that 

potential vorticity in the Gulf Stream ought to be uniform as well, since 

streamlines from the gyre feed the Stream. On the other hand, Watts says 



T 
z 

(OC) (km) (m) (OC/m) 

4.96 85.9 405 1.62 x 10- 2 

8.19 31.1 672 1.45 x 10- 2 

12.86 0.7 659 2.51 x 10- 2 

14.30 -7.5 715 2.30 x 10- 2 

16.47 -49.6 880 2.15 x 10- 2 

12.86 0.7 532 2.33 x 10- 2 

14.30 -7.5 597 1.99 x 10- 2 

15.90 -28.6 698 1.90 x 10- 2 

110 

8T 
z 

T = 7°C 

6.45 

10.17 

T = 11°C 

13 .47 

9.86 

15.91 

T = 14°C 

18.86 

12.15 

14.48 

Table 4-3. Comparison of 8 effect with total potential vorticity 

gradient. Values of q for isotherms come essentially from 

Figure 4.1. Values of T 
z 

are from analytic fits of Raymer et al. 

(198~). 8 is taken as 
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that "for all isopycnal layers in and above the main thermocl ine, 

q - f Tz is several times higher in the Slope Water than in the Sargasso 

Sea;" hence, a strong jump in potential vorticity must occur across the 

Stream. The same features were noted much earl i er by Stommel (1965), wh 0 

demonstrated the uniformity of potential vorticity across the Stream, from 

the Sargasso Sea to the inshore edge of the Stream, where there is a sharp 

discontinuity in q. 

Two of Watts' (1983) figures may be compared with Figures 4.1 and 

4.2. His Figure 12 is a section of potential vorticity across the Gulf 

Stream near 73°W, from the surface to 800 m depth, with isotherms 

superimposed. Curiously, below 400 m in this figure, isotherms tend to 

parallel isostrophes consistently, while above 400 m features very similar 

to those seen in Figure 4.1 may be found. In particular there is a strong 

maximum in q lying just around the axis of the Stream, with q 

increasing upward. This feature corresponds to the high q values lying 

between y = 0 and 25 km, at depths of 400-700 m in Fig. 4.1. Just south of 

the maximum is an intermediate minimum reaching down from above, much like 

the minimum in Figure 4.1 lying between y = 0 and -25 km, at depths of 

about 500-800 m. In general, the highest values Watts finds for q below 
-60 -1-1 400 m are in the range 2 - 3 x 10 C m s ,slightly higher than the 

values calculated here. 

Watts' Figure is, which shows potential vorticity across the Stream 

for the 12°_17°C layer near 69°W, may be compared with the 14°C isotherm in 

Figure 4.2. The latter shows this isotherm rising from its minimum 

value of q = 1.2 x 1O- 6°C m- 1 s-l to its maximum value (below 400 m) of 
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2 x 10-6°C m- 1 s-l about 10 km northward; Watts' Figure 15 shows an 

-60 -1-1 increase from a similar minimum of 1 - 1.2 x 10C m s to a maximum 

of around 4 x 1n-6~c m- 1 s-l some 40 km northward (where this layer lies 

well above 400 mI. Moving southward, both figures show a slight increase 

and subsequent decrease in q over similar horizontal scales (50-60 km). 

Watts' figures were constructed partly from recent hydrographic data and 

partly from a section taken by Warren and Volkmann (1968), when deep 

reference velocities were measured by floats. The present evaluation has 

the advantage of direct velocity measurements throughout the water column, 

as well as greater coverage in time, so that Fig. 4.1 may be considered an 

average and not a synoptic section. 

Now consider the issues raised in the introduction to this chapter. 

A two-layer model for a free zonal inertial jet with uniform potential 

vorticity is governed by the following equations: 

f - uy f 
h =n;;-

h=Oaty=O; 

h = u = 0 

ah fu = - g­ay y~O 

h --> h as y --> - 00 o 

y > 0 

where h is the upper layer depth, ho is the quiet upper layer depth far to 

the south, and the lower layer is at rest. These may be solved to obtain: 

Thus, the zonal velocity jumps discontinuously from zero to its maximum 

value where the upper layer depth goes to zero, then decreases 

exponentially across the jet towards the interior, and the flow in the jet 
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is everywhere anti-cyclonic, so that this model cannot be expected to 

describe the cyclonic portion of the observed jet. In isothermal layers at 

temperatures lying above those observed at the mooring, there evidently is 

a tendency towards uniform q in the anti-cyclonic portion of the Stream 

(Watts, 1983; Stommel, 1965); between y = -25 and -50 km in Fig. 4.1, there 

is a suggestion that the isotherms for T = 10 to 13 ·C may be starting to 

parallel isostrophes as the interior is approached. Thus it is likely that 

the two-layer inertial jet model gives a reasonable rendition of the steady 

(average) cross-stream structure of velocity in that portion of the Stream. 

Investigation of the potential vorticity gradient qy can lead to a 

fuller understanding of the dynamics of the Stream, beyond the prediction 

of average cross-stream structure. Two features of <ly are of 

predominant importance. One is the possibility that qy changes sign 

across the Stream; the other is the strength of the gradient near the 

Stream axis. Each point will be addressed in turn. 

It has been noted that a necessary condition for the baroclinic 

instability of a zonal flow under certain conditions is that qy change 

sign somewhere in the basic flow. This condition can be easily tested with 

data, but one must be cautious in applying these criteria to the potential 

vorticity and velocity fields at the mooring site, for various reasons. 

The criteria are meant to apply to quasi-geostrophic flow, and although the 

Rossby number of flow at the mooring site is generally ~ 0.3, the 

non-quasi-geostrophic term Il
Z 

Ty is as much as 25 percent the size of 

q, and its gradient may be as large as qy. 
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Figure 4.3. Values of potential vorticity q on the 575 db surface as a 

function of cross-stream distance y at the mooring site, and 
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Figure 4.3 shows potential vorticity and its components at a 

horizontal level, 575 dbar. There is a pronounced maximum near the core of 

the Stream, as in Fig. 4.1, and moving southward, a rather weak relative 

minimum between y = -25 and -50 km. Notice that <ly < 0 to the north of 

the maximum is misleading in this figure; a glance at Figure 4.1 shows 

that q tends to become uniform on isotherms in this region. The vertical 

and horizontal relative vorticity contributions combine to affect the 

potential vorticity profile in two ways. North of the maximum, they very 

nearly offset each other so that q ~ f T z' However, passing through the 

Stream axis, where uy changes sign, the combined strongly negative 

values of -uy Tz and Uz Ty are enough to offset significantly the 

maximum in q from that in f Tz ' and to produce the weak minimum just 

south of there. In the is sl ight1y negative, its 

average value is -4.5 x over 

contribute to the gradient a term of the size 

the same region, a 

(2.8-4.5) x 10-13~C 

would 
-2 -1 m s , 

an order of magnitude smaller. Moreover, recall that isotherms are sloping 

downward to the south, thus passing through the minimum and into higher 

values of q than appear at y = 22 km in Figure 4.3 (see Figure 4.1). It 

would appear that qy changes sign on a horizontal surface as well as on 

isothermal surfaces. Deeper down, qy tends to be of one sign 

(qy> 0; see Figure 4.1), so it is only in the upper part of the water 

column (T > gOC) south of the core that qy < 0 somewhere in the 

Stream. If the Gulf Stream can be modeled as a quasi-geostrophic zonal 

flow confined to a channel (or at least restricted from exchanging energy 

with its environs), then linear baroclinic instabilities could arise in the 
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current. So many qualifications are required in drawing this conclusion 

that it should be considered a guideline to further studies rather than a 

concrete result. 

Inspection of a potential vorticity section constructed from the 

GUSTO velocity and temperature data establishes that isostrophes generally 

parallel isotherms north of y = 10 km; south of that, there are two 

distinct regimes according as T is greater or less than about 10~C. For 

T < 10·C, isostrophes and isotherms remain parallel. For T > 10·C, there 

are strong changes in potential vorticity on isotherms, including reversals 

in the sign of qy when T ~ 12·C, or on horizontal surfaces above 700 m. 

Relative vorticity contributions to q are as large as 25 percent, and 

their gradients may be as large as qy itself, which has typical values an 

order of magnitude greater than the a-effect. Finally, there is a very 

striking change from low to high values of q on isotherms T ~ lO~C near y = 

0, which appears as a "wall" of potential vorticity when q(T = constant) is 

plotted as a function of y, as in Fig. 4.2. 

This strong "wall" in potential vorticity across the Gulf Stream has 

immediate implications. The sharp transition from low to high values 

suggests that the thermocline Gulf Stream is a potential vorticity front 

and can be modeled as an interface between two types of water of different 

potential vorticity. Pratt and Stern (1985), using such a model, have been 

examining the time growth of large amplitude meanders on the interface, 

including the "wave-breaking" of the meanders. The study should be more 

relevant to the development of Gulf Stream rings and meanders than 

linearized instability models (Talley, 1982, e.g.), because it includes 
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1 arge amp1 i tude non-1 inear effects. 

The other immediate implication is for the motion of water parcels in 

the Gulf Stream. In the absence of strong forcing, dissipative or mixing 

mechanisms, water parcels tend to conserve their temperature (density) and 

potential vorticity. It is anticipated that over long downstream 

distances, the potential vorticity of a water parcel may be modified due to 

relatively weak processes, though quantifying these changes is a difficult 

problem. On the other hand, it is unlikely that a water parcel on the 12~ 

isotherm, for example, encounters processes sufficiently strong to change 

. . -70 -1 -1 h h . its potential vort1C1ty from 12 to 20 x 10 .C m s ,t e c ange 1n 

potential vorticity on that surface over just 50 km. (Even if 9z had 

values as strong as .02°C/m, as it does only at 575 dbar in the core of the 

h 8 -7 ° / Stream, a c ange in q of x 10 .C/m s would correspond to incneasing 
-4 -1 . ° f by 0.4 x 10 s -- 1n other words, a water parcel from 37.N would 

have to go to about 63°N~) Thus, for all water with T > 9~C, there is a 

strong constraint against cross-stream excursions of water parcels, due to 

the potential vorticity wall there. Deeper down, where isotherms and 

isostrophes tend to be parallel, this constraint is relaxed, suggesting 

that water parcels should have little trouble in crossing the Stream. This 

conclusion is entirely in accord with what has been observed numerous times 

in data from SOFAR floats: namely, that floats tracked at 700 m always 

seem to get caught by the Gulf Stream once they encounter it, while tracks 

from floats at 2000 m hardly reveal the existence of the Stream above, and 

apparently have no difficulty in crossing from one side to the other. 

Although they are isobaric rather than isopycna1 floats, the same reasons 
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for thei r behavi or can be expected to apply, since (as we have seen) th e 

potential vorticity wall exists on horizontal surfaces as well. 

Owens (1984) has recently discussed the tracks of 17 such floats 

deployed at 700 and 2000 m in or near the Gulf Stream. He concludes that 

the difference in float trajectories could be attributed to the relation 

between particle speeds and the propagation speed of meanders: "At shallow 

depths, the particles are advected along the meandering flow field while at 

depth, parcels of water cannot move sufficiently fast enough to stay with 

the meander patterns." He further suggests that the difference between 

isobaric and i sopycna 1 surfaces coul d induce an "arti fi ci a 1 di spersi on" 

beneath the thermocline Gulf Stream. The results presented here, however, 

suggest that an isopycnal float could behave in much the same way, as there 

is no apparent dynamical constraint against cross-stream movement. 

4.4 Comparison with numerical model results 

Lastly cross-sections of potential vorticity in the jet of Holland's 

numerical model 3L-4 are examined. Because the density is constant in each 

layer, a cross-section of potential vorticity in a model layer corresponds 

to that on an isothermal surface in the data. Also, since the numerical 

model has been constructed in a quasi-geostrophic framework, just the 

quasi-geostrophic potential vorticity has been examined. Temperature does 

not appear explicitly as a variable in the numerical model formulation, but 

rather implicitly in the variation of layer thicknesses from their rest 

depths. Then, the quasi-geostrophic potential vorticity for layer k 
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f 0 + BY + V
2 

"k 

qk = Hk+ hk_1/ 2- hk+1/2 

+ (order Rossby number terms), since ~ = OlE). 

Then, because the Hk are constant, qk is more simply defined as in 

(3-4), repeated here for individual layers: 

f h 
q3= fo+ BY +V2f _ 0 5/2 

3 H3 

h 
f (1 + 3/2) 

= 0 tl'l + By + \7 2 ~ 

f (1 + o 

= f (1 o 
-2.t 

+ BY + V 7J 

(4-1a) 

(4-1c) 

The units of potential vorticity in this system are not the same as shown 

in Fig. 4.1, but the terms are analogous. (Multiplying (4-1) by some value 

9z yiel ds the same units.) The first term of the far RHS will be 

referred to as the stretching term, and corresponds to f9z in the form 

used for the mooring data. 

The limited vertical resolution of the numerical model and the 

mooring data demands that care be taken in comparing the two. The top 

layer of the model reaches to only 300 meters' depth, while the mooring 

data extends no farther up than 400 m. However, it will be found that the 

structure of potential vorticity in the top layer is comparable to that at 

thermocline levels at the mooring site. In the downstream direction, there 

is little qualitative change in the model q profiles over many hundreds 

of kilometers; the section examined has been chosen for computational 

reasons, and is 20 km downstream from the boundary between accelerating and 
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decelerating jet flow. 

Figure 4.4 (a through c) shows the potential vorticity profile for 

each of the three layers, with fo subtracted out, and with the various 

components plotted as well. (Subtracting out fo would be comparable to 

subtracting out a value of f9 z from the form used on the data, where 9z 
at a level was a spatial average over the whole domain.) First consider 

the potential vorticity cross-section for the top layer, Figure 4.4a. 

Throughout the domain, variations in q are dominated by the stretching 

term, ~hile a makes a very small contribution, and relative vorticity is 

important only in the jet. There is a strong gradient of q in the jet, 

with a weak minimum and secondary maximum to the south. Although these 

latter features are present in the stretching term alone, they are 

accentuated by the contribution of relative vorticity to the profile. The 

comparison with Figure 4.3, showing q at 575 dbar, is quite remarkable. 

Absolute magnitudes of potential vorticity may be compared by dividing q 

in Figure 4.3 by a typical value of 9 z at 575 dbar of .015 ~C/m, then 
. -4 -1 

subtracting out fo = .89 x 10 s . Then, for example, the peak 

value of q in Fig. 4.3, q = 18 x 10-7°C/mls, becomes q' = (q/ez) -

f = 3.1 x 10- 5s-1, which is somewhat less than the maximum values of o 

q in Fig. 4.4a. In both profiles the stretching term is dominant; the 

ratio of relative vorticity to stretching is about 25 percent where 

attains its maximum value in both figures; and the a-effect is an order of 

magnitude smaller than the stretching terms. The qualitative resemblance 

between Figure 4.4a and one of the isothermal profiles of q shown in 

Figure 4.2, such as T = 14°C, is equally important: there is the potential 
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Figure 4.4. Values of quasi-geostrophic potential vorticity Q from Holland 

numerical model 3L-4. Sections are 720 km east of western boundary. 

Individual components are indicated directly on figure. Horizontal lines 

in lower half mark off boundaries between energetic regions referred to in 

Chapter 3. a)Layer 1; b)layer 2; c)layer 3. 
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Figure 4.4b 
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Figure 4.4c 
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vorticity wall at or near the jet axis, a minimum to the south, and a 

secondary maximum south of that. The potential vorticity to the north of 

the wall in Fig. 4.4a does not decrease as does q at 575 dbar, but again 

that is due to the difference in evaluating q on isothermal and 

horizontal surfaces. 

Notice in Figure 4.4a that the jet region, as characterized by the 

energetic analysis, corresponds almost exactly to the region over which q 

forms the strong wall: in other words, the gradient of q does not change 

sign in the jet in this layer, though Figures 4.4b and c show very weak 

reversals in q deeper down. On the basis of these features, it might y 

be anticipated that baroclinic instability would not emerge as a major 

energetic component in the jet region; indeed in Chapter 3 that was found 

to be the case. On the other hand, the recirculation region of layer 1 

shows qy < 0 for the most part, so that if the jet and recirculation 

areas are considered together qy indisputably changes sign just within 

the top layer. In Chapter 3 it was found that all the regions are coupled 

energetically, particularly these two, so that trying to apply a channel 

model to the model jet is unrealistic; clearly the recirculation region 

needs to be considered, especially if one anticipates the existence of 

baroclinic instability. Talley (1982) drew a similar conclusion from a 

study of two-layer jets flanked by "westward recirculations." 

Now consider Figures 4.4b and c more closely. The abscissa scale on 

these two figures is different than that of Figure 4.4a, as is evident by 

the rather dominant contribution of BY in each case. The middle layer 

profile shows nicely the homogenization of potential vorticity mentioned in 
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Chapter 3, and how it arises for the vari ous regi ons. I n the Sverdru p 

region, stretching and 6 offset one another; this same balance between 

layer thickness and the planetary vorticity tendency has been documented 

numerous times for mid-depth subtropical gyre flow in the North Atlantic 

(see, e.g., Luyten et !!.., 1983; or McDowell ~!!.., 1982). In the jet 

region the primary balance is between stretching and relative vorticity, 

with a slight net increase in q going northward through the jet. In the 

recirculation region, the layer thickness is nearly uniform, and it is the 

relative vorticity offsetting 6 that produces uniform q. It is 

difficult to make close comparisons between the middle layer profile and 

mooring data, except to note that in the 1 atter there was a tendency for 

q to be constant on isotherms for T < 8°C, that is, below the 

thermocline. 

Finally, Fig. 4.4c shows the deep layer profile, though comparison 

with the mooring data is tenuous at best. Potential vorticity variations 

are dominated by 6Y in that layer, except in the jet region where the 

profile is fairly flat. Not only is there no suggestion of a potential 

vorticity "wall" in this layer, but qy is actually slightly negative 

underneath the jet. The 5°C isotherm in Figure 4.3 shows that while q 

tends to be constant on deep isotherms, possibly qy is slightly 

negative beneath the Stream axis (and positive again farther north) , 

according to the mooring data. ~owever, the similarity between these 

results is probably fortuitous, for the values of q at 1l7S dbar are 

dominated by changing Tz ' rather than by 6Y as in the deep layer of 

the numerical model. The dominance of 6Y in that layer is a signature of 
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the absence of thermohaline forcing in the model, which could produce 

meridional flow in the deep layer, thus requiring isostrophes to depart 

significantly from latitude circles. The structure of aT/az (or ap/az) 

in the ocean -- prescribed as density jumps in the model -- may in fact be 

determined to some extent by thermohaline processes. 

4.5 Summary 

There are a number of ubiquitous features which appear in the 

observed structure of the Gulf Stream and its analog in theoretical and 

numerical models. First of all, there is a tendency towards uniform 

potential vorticity in the shallower part of the anti-cyclonic portion of 

such jets. Second, the core of the thermocline jets is characterized by a 

strong gradient in q, or a potential vorticity wall, along isothermal 

surfaces. In a way, even the two-layer inertial jet model contains this 

feature, for where the interface of the top layer surfaces there is a 

discontinuity in potential vorticity. Finally, below the thermocline, the 

observational and numerical data suggest that potential vorticity is 

uniform on isothermal (isopycnal) surfaces. 

The implications of these features have been discussed at length, but 

are reiterated here for emphasis. A uniform potential vorticity model is 

at best appropriate for describing the cross-stream structure of the 

anti-cyclonic part of the jet. Modeling the thermocline Gulf Stream as a 

potential vorticity front is better for investigating large amplitude 

meandering, while linearized instability models have dubious application 

even though qy changes sign across the Stream. Finally, the difference 
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in shallow and deep potential vorticity structure may be largely 

responsible for the difference in the Lagrangian flow patterns observed in 

different parts of the water column. 
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Chapter 5. Speculative results and interpretations of mooring data 

5.1 1 ntroduction 

In Chapters 2 and 4 it was demonstrated that by using an inferred 

horizontal coordinate, it was possible to describe the average velocity 

and potential vorticity of the Stream, or calculate fluxes of mass, 

momentum and kinetic energy for four separate events when the Gulf Stream 

passed across the mooring site. Moreover, the results obtained are in 

good agreement with past results, obtained primarily from hydrographic, 

float, and current profiler data all the way across the Stream. 

In this chapter, the energetics and dynamics at the mooring site are 

e.-:ami ned. In parti clll ar, the year- long time seri es of data ought to 

provide new insight into the energetic exchanges between mean and eddy 

flows, since for the first time there are concurrent records at 

thermocline and abyssal depths. It has proven difficult to address the 

rlynamics governing this complicated flow, but a kinematical picture may 

be deduced. Finally, in view of what has been been possible with the 

"jUSTO data set and what questions remain unanswered, suggestions are 

presented for the directions future programs might fruitfully pursue. 

5.2 Energetics at the mooring site 

In order to discuss energy exchanges between mean and eddy flow, it 

is necessary to be able to define the two. Although it has b.een possible 

to describe an average Gulf Stream profile with horizontal and vertical 

structure, it is unlikely that there is sufficient data to discuss 

deviations from that average. Yet if the strict time average of flow at 
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each depth is examined, the horizontal information pertinent to a 

discussion of the role of barotropic instability is lost. 

Two compromises are made in discussing the eddy kinetic and 

potential energy equations. First, they are considered in the unrotated 

frame rather than the rotated because the time-averaging involved in 

obtaining the equations introduces an interpretative problem; in 

addition, this approach is more traditional and is more readily compared 

with past results as well as the numerical results of Chapter 3. Second, 

horizontal resolution is 1 imited to two bins, corresponding to T 575 < 

13°C (north of the Stream axis) or T~75 > 13°C (south of the axis). 

The equation for eddy kinetic energy K' = (1/2)p(~ + v,2) has 

been discussed in some detail already; it is obtained by adding 

u'x(u-momentum equation) + v'x(v-momentum equation) and then 

time-averaging: 

- li'v'(v +[j ) - u' 2[j x y p x 

-;7- _ t,j - pv v 
y (5-1) 

where the subscript H is used to mean the horizontal components only. 

nr 1 ~-Similarly, the equation for eddy potential energy P = 2 (gaoT' )/(9z) 

obtained by multiplying equation (2-15) by ga oT'/9z and time­

averaging is: 

(~ + [j _a_ + 
at ax + V'T"" f ) - ga ~ -y 0 

(5- 2) • 
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Recalling that -t,j.VHP' = -VH'P'~ - P'w~ = -V3.P'~3 + w'P~ = 

-V3.P'~3- gp'w' = -V3.P't3 + 'laow'T', (5-1) and (~-2) can be added to get 

the equation for the total eddy energy: 

ga -- -- -..... ---:-2" 
~u'T' f + v'T'f ) - ii (u'~ - v' ) - V p't' - x y p x 3' 3 
9z 

(5- 3). 

The total eddy energy may be modified by essentially two types of terms 

that appear on the RHS of equation (5-3): 1)exchanges between the mean 

and eddy flows, represented by up- or down-gradient momentum and heat 

fluxes; and 2)OOradiating OO terms, which appear as divergences of 

quantities depending only on the eddy field. From (5-1) and (5-2) it is 

clear that the exchange between eddy kinetic and potential energies is 

given by the term + ga w'T', which appears with opposite sign in the 
- 0 

two equations. 

To assess the relative importance of terms on the RHS of (5-3) in a 

gross rather than localized sense, one ought to integrate over a volume, 

as in Chapter 3. Integration in z is possible because of the mooring's 

vertical resolution; to achieve integration in y, two separate 

temperature bins, corresponding to regions north and south of the Stream 

axis, have been used for the time-averaging process; integration in x 

poses some difficulty and will simply be ignored, since only a rough 

qualitative picture is sought. Furthermore, it is useful to recognize 

that even in unrotated coordinates, it is true that Vx « uy ' and - ~ v,2 « IJ' , so that the net mean-to-eddy momentum exchanlJe is 
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1 • b ..... - ~-approximate y gwen y -pu v uy - pu ux• To calculate the 

Reynolds stress u'v', all the data were divided into two bins according 

to whether T > 13°C. or T < 13°C (where uy changes sign). Then, for 

each of the new data sets, mean and eddy velocities were computed, as was 

the product u 'v'. These values are given in Table 5-1. The accompanying 

values of iiy were obtained by taking uy at 575 dbar equal to 

e- 1 times the maximum value attained analytically from (2-8,9). The 

magnitude is assumed to decay with depth on an e-fo1ding scale of 1000 

m. The width of the anticyclonic side is taken as 50 km, the distance 

from T575 = 13°C. to 16.5°C.; on the cyclonic side, t,y = 80 km (T575 

° 0) = 5 C. to 13 C. . 

Previous long time-series from measurements in the deep water (4000 

m) beneath the Gulf Stream (Schmitz, 1977) have suggested that u'v' 

changes sign across the axis (geographical average) of the Stream over 

perhaps 2-3 degrees of latitude, such that there is a flux of eddy to 

mean kinetic energy (u'v' > 0 south of the Stream); directly under the 

axis, U'V'i < 0 and has magnitudes of 5-15 cis-2 The Reynolds 

stresses in the deep part of the water column here are not terribly 

different for the two bi ns, but they do not change si gn across the Stream 

axis. In adtlition, (u'v')y > 0 across the Stream, the opposite sense 

of Schmitz's findings. However, the results in the upper 1000 m, which 

will make the greatest contribution to the net momentum exchange because 

Uy is strongest there, are remarkably different from all the deep water 

values. For both bins (i.e., on both "sides" of the Stream), u-rY' is 

large and negative, and (lJiVi)y > 0, so the more negative values 



T < 13°C 
575 

T > 13°C 
575 

Depth !::'Z 
(db) (db ~ m) u'v' (cm 2 /S 2

) C U (10- 5 s-l) u'v' (cm2/s 2
) C U (10- 5 s-l) 

y y 

575 725 -321.52 -.34 -.952 -424.70 -.49 2.234 

875 300 -45.40 -.25 -.706 -U5.28 -.38 1.655 
I 

U75 563 -34.56 -.27 -.523 -U.44 -.16 1. 226 

\2000 1412 -12.64 -.14 -.229 -5.83 -.13 .537 

! 
i4000 1688 10.65 0.16 -.031 8.71 0.22 .073 

I 

P = 1.027 gm/cm 3 !::,y = 80 kIn I !::,y = 50 kIn 

- 1: u'v' U P =-251.9 gm/S3 - 1: 
---

= 776.6 gm/s3 u'v' U 

T<13 Y T>13 Y 

--- '3 - ! dy ! dz(p u'v' u ) = 1.867 x 10 kg m/s 
y 

Table 5-1. Reynolds stresses and shear for two temperature bins. u'v' is calculated from 
data, with 128 (242) data points contributing to averages for T < 13°C (T575 > 13°C). u 
obtained as described in text. Integration is trapezoidal, giveg7~stimate of energy exchang~ 
due to down-gradient momentum flux. Correlation co-efficients are listed in columns headed 'C'. 

.... 
w 
.-" 



133 

occur on the warm side, T > 13°C, where also iiy has the greater 

magni tude. Th e net effect is tha t of a down-gradi ent eddy momentum flux 

(see Table 5-1), which implies a growth of eddy energy at the expense of 

the mean k i neti c energy v i a th i s mechani sm. Furthermore, wh i1 e the 

result from deep measurements cited above suggests some symmetry of 

energetics across the Stream, the shallow measurements show there is net 

s outhwarc1 eddy transport of eastward momentum across the Stream. The 

mean contribution uv indicates a similarly directed flux, an order of 

magnitude smaller; iJiVi < 0 may be related to the fact that the average 

flow was south of east. Fofonoff and lia 11 (1983) found that eas tward 

momentum flux of the Gulf Stream is decreasing in this region; (u'v') y 

> 0 is one mechanism that can account for such a decrease but was not 

calculable in that work. 

The effect of the other exchange term is hard to determine from the 

mooring. Some historica 1 da ta (Worthington, 1976; or Knauss, 1969) 

suggest that Gulf Stream transport may still be increasing at 68°W, and 

if Ux > 0 as well, then -P~Ux would offset the effect of the 

Reynolds stresses in this region. Fofonoff and Hall (19B3) found 

Ux < 0 at this longitude, however, so that -p~rrx might enhance 

the Reynolds stresses. 

Both similarities and differences exist between the data and 

numerical results. On the average, in the decelerating portion of the 

numerical jet, the Reynolds stresses are positive rather than negative in 

the upper layer, about one-fifth the size of those at the mooring site at 

575 dbar, and (u'v')y > O. In the deep layer u'v' changes sign across 
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the jet, but in this layer (U"V"ly < O. However, because the 

horizontal shear is so much stronger in the top layer, there is a net 

transfer of mean to eddy kinetic energy once the budgets are integrated 

over a volume; half of the transfer is due to a contribution from the 

term To compare absolute magnitudes, suppose that the 

exchange estimated from Table 5-1 occurs over a width of 130 km (T575 = 

5°-16.5° Cl and downstream for 1000 km. Then the net transfer would be: 

(777 ~ x 50 km - 252.l1! x 80 kml x 103km = 19 x 109 J/s, 
s s 

which is very close to the value of 14.0 x 10
9 

J/s calculated for the 

same mechanism in the decelerating jet of the numerical model. 

From the data the mean to eddy potential energy flux at the mooring, 

u 'T ' T + V"Ti T can be estimated without the necessity of x y' 

separating the data into bins. This flux is down-gradient as well, with 

an integra ted magni tude 1 ess th an ha lf as large as the barotropi c 

conversion, dominated by values from the upper 1500 m or so of the water 

column (see Table 5-2l. As expected, v'T' > 0, but all the correlation 

coefficients for the heat flux calculations are small. The vertical eddy 

heat flux term gaow'T' is positive (although again the correlation 

coefficients are very smalll, and may be estimated from values at 575 

dbar alone, since its magnitude falls off rapidly to negligible 

values. At 575 db, 'W'Ti = 24.979 x 10-3 °c cm/s; taking boZ = 725 m, 

boy = 130 km: 

(130 km)(725 ml(9.81 ~l(10-4 gm3
0 

l x 
s cm .C 

(24.979x10- 3°C cm/sl = 2.310 x 104 k.g m/s?. 



Depth 

(db) 

575 

875 

1175 

Az u T viTI 
z Y 

(db :t m) (cm/s/m) (IO-Soe/m) (Oe cm/s) 

725 .0710 -6.61 1.547 

300 .0262 -2.44 3.284 

475 .0262 -2.44 .055 

----- -----l:: ga (u'T' T + v'T' T ) Az 
e z 

- f dy f dz 

x y 

{ga 

e z 

(uIT; T 
x 

+ v'T' T)} 
y 

a = 10- 4 grn/cm 3/oe Ay = 130 krn 

V T z x 
'"3 (10 cm/s/m) (10- 5 °e/m) 

.303 .0282 

2.76 .257 

2.76 .257 

3 = 56.65 grn/s 

= 7.365 x 10 3 kg m/s3 

ulT' S 
z 

(Oe ern/s) (Oe/m) 

31.039 .0178 

5.000 .0127 

-.539 .00348 

Table 5-2. Estimate of mean to eddy potential energy conversion. Temperature gradients are esti­
mated geostrophically from shear. Shear at 575 db is calculated from top 2 instruments, at 875 and 
1175 db, from instruments at 700 and 1000 m (nominal). Variables are not rotated. e is from 
analytic fits of Raymer, Spencer and Bryden (1984)~ Integration is down to 1500 db offlY because 
contribution below is negligible. Correlation co-efficients for heat fluxes are all less than 0.1. 

-,..-, 
except for u T at 575 db, where e = .20. 

~ 
w 
'" 
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Since this term appears with a minus sign in (5-2), eddy potential energy 

evidently is being converted into eddy kinetic enerqy; moreover, it is. 

much larger than the release of mean to eddy potential energy, so that 

the net tendency of eddy potential energy is to decrease. The energy 

pathway-- mean potential to eddy potential to eddy kinetic energy-­

tantalizingly suggests the presence of baroclinic instability at the 

mooring site. Caution is warranted, however, for all of the calculations 

i nvo lv ed are rather noi sy: the corre la ti on coeffi ci ents are genera lly 

small and not significantly different from zero for the year long data 

record. 

The net results are not unlike the numerical model findings in the 

decelerating jet and associated recirculation region: both types of 

instabilities appear to be present, with barotropic instability possibly 

dominating within the Stream. The difference in sign of the Reynolds 

stresses in the two cases (observational vs. numerical) is curious and 

may be related to the symmetry of the double gyre model. The energy 

transfer of mean to eddy fi el ds imp 1 i es 1 oca 1 growth of eddy energy, mean 

or eddy advection of eddy energy away from the mooring site, or radiation 

of eddy energy away from the mooring site. The term -(a/ay)(v'(K'+P')) 

may be estimated with the "two-bin method" used on the Reynolds stresses, 

and although it has the desired sign to balance the momentum and heat 

fluxes, it is at least an order of magnitude smaller than those terms. 

-Moreover, (v'K')y alone has the opposite effect as in the model, though 

it is relatively much smaller. All of the remaining radiation type terms 

are completely intractable. It is plausible that this region is one of 
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either temporal or spatial eddy growth, and corresponding time and space 

scales for the implied growth may be estimated from the numbers so far 

derived, along with an estimate of net eddy energy from values in Table 

2-1. The average along-stream velocity u is an integrated value over 

the depth. Then: 

S rI 22 g? dy J dz "2" (p ( U I + V I ) + a 0 )::: 
10 2 

8.06 X 10 kg m/s 

-SdY~dZ(p iJ'V"" uy) ::: 1.87 X 10
4 

kg m/ s3 

- rdy5dZ(gaO)(V""i"f +"ii"'f'"T) ::: 7.36 X 103 kg TIl/s3 
J' ~ y X 

9
Z 

U ::: 9 em/s 

The above values imply either a growth rate r (calculated from ~~~~frsion) 

r - 1.87 X 104 
+ 7.36 X 103 

8.06 X 1010 
-1 -7 -1 1 3 s = 3.23 x 10 s ==> - = 6 days r 

or a downstream scale Lx for eddy energy growth (calculated from 

Lx - U x ene~gy) of 
convers, on 

L - (9 cm/s)(8.06 x 1010 kg m/s 2) 

x (1.87 x 104 + 7.36 x 103)kg m/ s3 
= 278 km. 

The time-averaging process over a 360-day period automatically obscures 

the implied 36-day growth rate. Although the predicted scale for 

downstream growth seems reasonable, it should be noted that the mooring 

site is in a region that has been identified as a maximum in eddy kinetic 

and potential energies (Schmitz, 1984; Richardson, 1983). 
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The analysis of Chapter 3 showed that unlimited spatial and tempora 1 

coverage of the free jet does not resolve all possible questions 

concerning its energetics. On the other hand, diagnosis of numerical 

models needs to be pursued, since the streamfunction and hence the 

pressure work terms are known everyl'Alere. However, the lack of parity 

between the accumulation of data and yield of results suggests that a few 

well placed moorings might be as valuable as a large, dense array for 

addressing questions of the type discussed here. 

5.3 A kinematic framework for interpreting the flow 

Because the equations for mean and eddy energies do not depend on 

small amplitude expansions, different terms in them may be examined for 

signatures of familiar processes such as barotropic or baroclinic 

instabilities. Analysis of dynamical balances is less tractable, 

however, because the rel evant terms in the vorti ci ty equati on, for 

example, involve so many derivatives. Moreover, with Rossby numbers of 

about 0.3, it may be necessary to search for a new dynamical framework 

that explains the flow. Although such a dynamical framework has not been 

fully developed, a kinematic framework has been explored that is 

consistent with the data. It is just one interpretation of what is 

occurring at the mooring site, and is not necessarily unique. 

Once the data from the mooring had been scrutinized, a number of 

peculiarities emerged. The barotropicity of the cross-stream velocity 

field was not anticipated, nor were the large magnitudes of the vertical 

velocities. The latter feature usually resulted from the difference 
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between the apparent translational velocity of the Stream (as indicated 

by aT/at) and the measured cross-stream velocities. Additionally, there 

is the lack of symmetry in details of the four individual Gulf Stream 

crossings. An interpretation is sought to relate these unusual features. 

Th e scenari 0 is based on the suppos iti on that primarily the lower 

layer of a two-layer system is observed, as suggested by the vertical 

structure of vertical velocity in Chapter 2. In the discussion of the 

vorticity equation, it was found that the vertical and cross-stream 

velociti es were better correlated than v and wz; that was ascribed 

to the linear (two-layer) structure of wand the fact that Wz would be 

a noisy time-series. It was also pOinted out that the correlation can be 

explained by the following argument: vertical velocities are inrluced at 

the bottom by flow up or down the bottom slope; higher in the water 

column, water parcels moving vertically must also move horizontally 

primarily cross-stream -- to remain on isotherms. Given that 

cross-stream velocities are nearly barotropic, as has been shown 

empirically, then the vertical velocities will be greatest where the 

isotherm slopes are greatest, that is, in the thermocline or at its 

equivalent, the interface in the two-layer model. The orientation of 

isotherm slopes may be quite different from the direction of the bottom 

slope, whence the bottom vertical velocity appears as an independent 

forcing mechanism. 

So far, of course, all that has really been said is that w = 
.. .. A 

u·V~ = v a~/ay, where ~ is the depth of an isotherm, and 

since ~ is barotropic a~/ax is assumed to be zero. The local 
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tempera ture change is important too, however, and may be represented as 

Tt = -VTy' where V is then related to the cross-stream translational 

velocity, so that w = (O-V)alr/ay. It has been noted that there are 

events for which the apparent translational and cross-stream velocities 

are opposite in sign; then I~ - vI > IO{ and w is larger in magnitude. 

On the one hand, the EOF cross-stream velocity amplitude is highly 

correlated with wB (vertical velocity at 4000 m), but not at all with 

aT/at at 575 dbar. One way to interpret these results is to assume that 

the barotropic cross-stream velocity arises in response to wB• The 

size of the vertical velocities throughout the remainder of the water 

column depends on the Gulf Stream's translation: in the case of opposing 

translational and measured velocities, then Wz below the thermocline 

should have the same sign as wB: 

~; = (~- V)(aZr(575) - aZr(4000)); 
" " ay ay 

(~-V)WB > 0; alr/575 > 0 
ay 4000 

4 
Thus, if WB > 0 (whence v > 0) then Tt < 0 should imply Wz > 0; while 

wB < 0 (0 < 0) and Tt > 0 implies Wz < O. In fact, aT/at at 575 dbar 

and ~w = w575 - w4000 are negatively correlated with C = -.75, which is 

significant at the 95 percent confidence level. Since that result comes 

from using the entire time series, and since vT t < 0 only about half 

the time, there are evidently two different flow regimes, that can be 

summarized as follows: 
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Figure 5.1. Vertical velocity amplitude structures for a two-layer 

system for cases discussed in text. Slight bottom slope allows w t. 0 at 

the bottom. Interface (dashed line) represents thermocline of real 

ocean. ~ = vertical velocity at bottom; W:! = vertical velocity at 

interface. Case Ia or IIa occurs when given amplitude structure is 

negative, i.e., wB < O. 

Case I 

Case II 
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Case I (Case Ia) Case I I (Case IIa) 

wB > 0 (wB < 0) ~ > 0 (wB < 0) 

" (v < 0) v > 0 (v < 0) v > 0 

Tt < 0 ITt> 0) T t > 0 ITt < 0) 

Wz > 0 (wz < 0) Wz < 0 (wz > 0) 

Fi gure 5.1 shows what the vertical velocity structure would be in the 

two-layer system for these two cases; in Case II, there are two 

possibilities, since w at the interface need not have the same sign as w 

at the bottom; but the data suggest the baroclinic response (shown on the 

right in Fig. 5.1 under Case II) is more typical. Johns and Watts (1985) 

present a linear analysis of the temperature equation, from data just 

downstream of Cape Hatteras, which yields results analogous to Case I 

described here; but in that study, Case I evidently described most of the 

data, and Case II was not considered at all. Their Fig. 11 depicts Case 

I very nicely. 

The individual events are described rather well by the various 

cases, and all cases except IIa occur (in other words, Case II does not 

occur with negative bottom velocities). The March and early September 

crossings are examples of Case I: temperatures are decreasing, but 
.-
v > 0; examination of the vertical velocity time series shows that 

wB > 0 and Wz > 0 (where Wz is taken between the thermocline and the 

bottom). The June event is a combination of two cases. Clearly 

~ " Tt < 0 the whole time, but v < 0 for the first 11 days and v > 0 

for the remainder of the crossing. Accordingly, wB changes sign from 

negative to positive after 10 days; and Wz is generally less than zero 
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throughout (this statement will be qualified below). Finally, the late 

September event falls under Case II with Tt > O. 

That is just the beginning of the story, however. In the first 

place, aw/az has implications for the vorticity balance. Moreover, 

since E for the flow has been estimated to be as large as 0.3, aw/az 

may be important to the mass balance. Finally, the above cases are 

really only a one-dimensional description of the flow: what is the 

associated three-dimensional picture Recall that in Section 2.5.2, it 

was suggested that curvature of the Stream could be important to the 

vorticity balance. To get at the curvature directly, consider vorticity 

in cylindrical (rather than rotated) coordinates. Figure 5.2 gives a 

definition sketch for the variables. Then 

~ = 1:. ~ (vr) _ 1:. ~ - ~ + ~ _ 1:. ~ 
r a r r a). - r a r r a). 

~ V ,.. a , 1 a ( ) 1 au) + v a ,I a ( ) _ 1:.~) 
u ... = uTr"Far rv - F"IT FTI"'Far rv r aA 

(Note that now v is long-stream velocity, and may be negative or positive 

a 1 a according to the curvature of the Stream.) Wi th v» u, ar» F"IT ' 

then ~ - ~ + :~ and the vorticity equation becomes 

!...(~ + ~) + U av uv + a 2y + v av + v a 2v + 
atr ar rar-7 '7 7»" rwr 

B (u sin). + v cos ).) = f a w 
az (5-4). 

Now the local change of curvature explicitly appears, and its size can be 

estimated by referring to maps constructed from satellite data. Figure 

5.3 shows schematically how the curvature changes from May 27 when r is 
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Figure 5.2. Definition sketch for variables in cylindrical coordinates. 

Radius r > D always; v > 0 when motion is cyclonic. 
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Figure 5.3. Schematic showing change of curvature in Gulf Stream from 

May 27,1983 to June 1,1983. Cross indicates mooring site. 

Path is adapted from northern edge of front as shown on 

satellite composites. Dotted circle has radius of about 7D km 

and approximately matches curvature of Stream at mooring site 

on May 27. 
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roughly 70 km, to June 1, I'kien the flow has straightened out so r is 

essentially infinite. During this time, the along-stream velocity at 575 

dbar v - 30 cm/s I'kience 

4-r< v) - 0 - (30 cm/sll( 70 km) = -.99 x 10-11 s-2. 
at r 5 days 

Meanl'kiile, :: between the bottom and thermocline is negative, and has 

an estimated magnitude: 

f ~ - (89 x 10- 4 -1) (-30 x 10-
3 

cm/s) -11 -2 
az' s x 3425 m = -.78 x 10 s 

Thus, the effect of changing curvature is more than enough to balance the 

squashing in the lower part of the water column. (Notice that the same 

balance cannot obtain above the thermocline, where Wz must be < 0.) 

Proceeding in a similar but qualitative manner for the four 

individual events suggests that the observed flow patterns can be 

accounted for by quasi-fixed spatial patterns like meanders being 

advected past the mooring site, or by patterns propagating past the 

site. There is qualitative agreement between the calculated long-stream 

direction of flow and the apparent direction from the satellite pictures, 

indicating that surface patterns broadly reflect structure in the deeper 

flow (Fofonoff, personal communication). Figure 5.4 shows how this idea 

of moving patterns is consistent with all the calculations from the data 

for those events. Single line arrows are selected daily long-stream 

directions, I'kiich When placed end to end suggest a spatial pattern I'kiich 

could account for flow direction at the mooring site if the feature 

passes over the mooring site in the general direction shown by the double 

dashed line arrows. The X's show successive positions of the mooring 
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FIgure 5.4. SIngle lIne arrows poInt In dIrectIon of flow for selected 
successive dates during each Gulf Stream passage eventi length is 
proportional to time between successive arrows. Double dashed lines are 
velocities of meanders with shapes outlined by single arrows, required to 
account for flow at moorIng sIte. Successive qualftatlve posItIons of 
sIte are IndIcated by X's. Along-stream velocIty In cylIndrIcal 
coordinates is indicated by v*. Relevant information on each event 
according to classification scheme discussed in text is listed with each 
feature. 
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relative to the propagating features. With each feature is a summary of 

the behavior of relevant quantities during the event, and its 

classification according to the above cases. The June event, W"iich 

changes character halfway through, has already been considered in 

detail. It was noted that in late May/early June, bottom vertical 

velocities were negative, and accordingly cross-stream velocities were 

negative as well. However, temperature was locally increasing so that 

evidently Case Ia is occurring. Consistent with this conclusion, 

aw/az < 0 during that time frame, and (as calculated above) 

a v " at ( r) < 0 as well. Between June 5 and 7, wB and v change sign and 

the flow straightens out to a steady direction of about 90° true, while 

aT/at remains positive; this case is like II if aw/az is estimated from 

575 to 4000 dbar, which yields negative or small positive values. 

However, aw/az between 875 dbar and the bottom is definitely positive for 

the remainder of the event. 

March and early September are good examples of Case I, with the sign 

of a/a (v/r) consistent with the overall stretching between thermocline 

and bottom during those events. As the meanders propagate or are 

advected past the mooring site, there is a shift in each case from 

anti-cyclonic to cyclonic flow. In later September, Case II is observed, 

although a clear indication of the curvature tendency for this event is 

lacking. Going in detail through the data, one can find other isolated 

examples of shorter duration that are also consistent with the schematic 

interpretation presented and fall into one of the four cases enumerated 

above. 
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A distinction has been made above between meanders "propagating" and 

"being advected" past the mooring. There is a conceptual difference 

between the two possibilities, the latter occurring as a result of an 

ambient velocity field outside the Stream "pushing" the meander along. 

In this case, the transport estimates made from the current meter data 

can be altered substantially by the existence of the ambient field, 

because without explicit knowledge of what the ambient velocity is, it is 

impossible to separate it from the velocity structure of the Stream 

itself. The projection of the antlient velocity onto the along-stream 

direction can then augment the transport estimate for an event as 

follows: suppose the antlient field is zonal, while the Stream is 

directed at an angle a to due East. Then the apparent transport will 

exceed the actual Gulf Stream transport (which would be measured if one 

could move with the meander) by an amount 

6T ~c, U COSa 6y 6Z 
amb 

which for uamb = 5 cm/s, a = 45°, 6y = 100 km, and 6Z = 4000 m is: 

-2 cm ff 5 3 6 3 
6 T = 5 x 10 5 x -2- x 10 m x 4 x 10 m = 14 x 10 m /s, 

which is comparable to the transport differences between the various Gulf 

Stream events. 

Finally, consider the importance of stretching to the mass balance. 

In ordinary quasi-geostrophic dynamics, to lowest order 

Ux + Vy = O. At the GUSTO site, however, it is possible that Wz 

affects the mass balance at lowest order. To test this idea 

quantitatively, continuity is integrated over a cross-section normal to 

the Stream, from 575 to 4000 dbar: 
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fYN 
+ J (w575- w4000 ) dy = 0 

Ys 

(5- 5) 

If it is assumed that the Stream maintains a steady width (an implicit 
~ ~ 

assumption throughout the analysis thus far), then vN = Vs and: 

(YN 575 " 
M = )Ys 4000 u dy dz (5- 6) 

Thus, the transport calculated for the "lower layer" can change in the 

downstream direction if there is squashing or stretching in that part of 

the water column. The RHS of (5-6) has been estimated for the r~arch and 

June events. For March, when Wz was basically positive, the RHS has a 

value of -59.7 m2/s. For June, Wz < 0 and RHS = 49.8 m2/s. (Notice 

that the widths of the two events from Table 2-3 are nearly the same.) 

Estimated transport for the two events differs by 32 x 106 m3/s, 

about half of which occurs below 575 db. With t\M = 16 x 106 m3/s, a 

downstream distance t\x can be estimated, over which squashing or 

stretching must act to produce the observed transport difference: 

t\x = 
(49.8 to 59.7) its 

= 268 to 321 km. 

Over a length scale of about 300 km, a change in transport below 575 db 

can occur that is comparable to the observed differences between the 

March and June events. This length scale is intriguingly similar to the 

downstream spatial growth scale estimated in 5.2. Since velocities have 

merely been extrapolated to the surface to obtain the total transports, 

they reflect the changes observed below 575 dbar. However, in the 
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situation described above, in the "upper layer" Wz generally shoul d 

have the opposite sign as in the lower layer, and a compensating change 

in transport ought to be observed in that layer if instruments were there 

to measure it. 

Alternatively, the assumption of a fixed-width Stream may sometimes 

be violated. Then, balancing the last two terms on the LHS of (5-5) 

would give (assuming vN' Vs are approximately barotropic): 

,. ") 2 "A 
(vN - Vs - 0(50 m Is) ==> vN - Vs - 0(1.5 cm/s), 

so that in the presence of stretching (squashing), the Stream would be 

narrowing (widening) at at rate of 1.5 cm/s or about 1.5 km/day. 

Clearly, with a single mooring that depends on an assumption of fixed 

width for horizontal information, such a possibility cannot be tested. 

A lthough the scheme presented here can acccount for some of the 

peculiarities observed in the data, it is incomplete in the sense that it 

is not predictive. Even if the behavior of the bottom vertical velocity 

is known, for example, it is unknown whether a Case I or II type of event 

is occurring. More serious, perhaps, is not knowing what gives rise to 

wB in the first place: is it indeed independent of the response in the 

rest of the water column, or is it somehow an integral part of that 

response Closer examination of the velocity time-series at 4000 db 

suggests that the flow there is actually more complicated than the cross­

and long-stream EOF decomposition for the water column would indicate: 

at times the cross-stream velocities there are bigger than the 

long-stream component, and up to twice as large as cross-stream 

velocities in the remainder of the water column. Since GUSTO is the 
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first example of concurrent deep and thermocline Gulf Stream velocity 

time-series, it has raised many interesting questions 

5.4. Indication for future directions 

Now that it is technically feasible to collect long time-series of 

current and temperature measurements throughout the water column in the 

Gulf Stream, our understanding of that current should advance 

dramatically. The GUSTO mooring was the first successful deployment of 

such a mooring, and the results from the data collected point to the 

directions that future investigations might take. Analysis of the GUSTO 

data appears to justify the identification of the Gulf Stream primarily 

as a discrete feature with a well-defined velocity structure. Thus, a 

few well-placed moorings can provide considerable coverage of the Stream, 

if use is made of temperature as a horizontal coordinate, and if a 

reasonable definition of flow direction is applied. Using the 

decomposition of velocities into their along- and cross-stream components 

shows that the vertical structure at the GUSTO mooring site is accounted 

for by a baroclinic along-stream model and a decoupled, barotropic 

cross-stream mode. The inferred horizontal information may be used to 

estimate mass, momentum, and kinetic energy transports of the Gulf 

Stream. It is also possible to construct a horizontal and vertical 

profile of the average Stream velocity structure, from which an average 

potential vorticity section may be constructed. The current meter data 

have also been used to deduce the existence of strong vertical velocities 

in the Stream, with maximum rms values at thermocline levels, and a 

vertical structure resembling the first baroclinic mode. 
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Certain types of information are required to clear up points that 

are left ambiguous by the GUSTO data set. Data from the thermocline to 

the surface are needed to determine whether the velocity structure is 

sharper on the cyclonic or anti-cyclonic side. Also, the Rossby number 

has been estimated to be 0.2 or 0.3 at thermocline levels, but could 

possibly be larger at shallower levels where the relative vorticity -uy 

may be quite strong. Finally, results from the GUSTO data have suggested 

that a two-layer system might adequately model Stream dynamics; 

information on the velocity structure above the thermocline is necessary 

to determine whether or not two layers would be sufficient. 

Vorticity balances were difficult to determine at the mooring site, 

but the vertical velocity calculations suggested that stretching was very 

important. Rudimentary compari son wi th changes in the Stream path 

curvature showed that they were probably sufficient to balance the 

stretching, but careful and detailed inspection of satellite data in 

conjunction with current meter data will be required to answer this 

question more fully. The multiple horizontal derivatives involved in the 

vorticity equation require greater spatial resolution than a single 

mooring can provide. More than one mooring deployed in the cross-stream 

direction would be useful in addressing a number of other issues as 

well. It was found in Secti on 5.3 that the energy budgets at the mooring 

site could not be very accurately determined; the analysis of barotropic 

energy exchanges between eddy and mean flow especially would have 

benefited from greater cross-stream resolution. Transports could be 

monitored more accurately with more moorings across the Stream, since it 
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would take less time for the entire Stream to be profiled in a single 

passage over the sites; then it might be possible to determine whether 

transport really changes as dramatically in time as the GUSTO data 

suggest, or whether apparent changes are due to an ambient velocity field 

advecting features past the mooring site. It would also be possible to 

test the extent to which the Stream maintains a constant width. 

The most intractable aspect of observational and theoretical Gulf 

Stream analyses is that of downstream changes in the flow structure, 

because they are so slight that their signal is swamped by variations in 

time and in the cross-stream direction. The diagnostic energetic 

analysis of Chapter 3 yielded several results that might be tested 

observationally, however. For example, in the jet itself, the terms 

involved in maintaining the mean kinetic energy budget, particularly in 

the decelerating portion of the jet, were greater by an order of 

magnitude than those in the eddy kinetic energy budgets. Analysis of 

data from moorings separated by as much as 1500 km in the downstream 

directi on mi ght be ab le to identify whether that is indeed true. 

(Fofonoff and Hall (1983) tried to address the point but had to take 

relatively synoptic data as representative of the mean, so that eddy 

energies had to be ignored.) 

One of the major thrusts of this work has been to justi fy the 

treatment of the Gulf Stream as a well-defined flow structure in the 

ocean. This approach gives rise to the most basic philosophical question 

that investigators must address in the future: when{if ever) is it 

appropriate to use Eulerian averages in examining regions of Gulf Stream 
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flow, as was done in the numerical analysis Our definitions of the 

general or time-averaged ocean circulation may have to be refined, that 

we may distinguish between an observable, Eulerian average criculation in 

the ocean, and the existence of a boundary current with an average 

structure but variable position and orientation, such that it affects the 

interior general circulation in order one fashion. It seems that 

observational tools are sufficiently advanced to resolve these 

philosophically different approaches in the near future. 
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Appendix A.1 

It is to be shown that 

~x(Uk 1I-k v21fkl + :y(vk "fk V2 '1fkl = 

: x ('i-k t k· V \ 1 - W fk tl<. V uk 1 - V • 

where k is the layer index and KEI< =} (11<; + -q.k~l. For neatness, in the 

following the subscript I< is omitted. Thus: 

:x [u "t("i'xx + '1fyyl] + :y [v'1frttxx + fyy 1] = 

~ u 1- 1fxx 1 + ~v 'i- 'fyy 1 + U 'fti-XYy + (u "f lx 1fyy + 

v1f"f + (vt/-l 1f. = xxy y xx 

~ u If "'xx 1 + ~ v 1f f yy 1 + ~ u !f fXy 1 - (u rr 1 y tf xy + 

2-( v If '1f 1 _ (v tf 1 ,/. + (u!f. 1 ~ + (v If 1'1. = ax xy x Txy X yy yTxx 

~1-LV~l+~1-Lvtfl-u If'/> -u'fi' _vt¥1/' -a x x ay y y xy y xy x xy 
[ A ] [ B ] 

v t ,L + u 'f'1. + U 7&'1. + v 1f!L + v 'f' ,1, -X T xy X T yy T X 't' yy Y T xx Y TXX -

[ -A] (-v'f'y'f'yyl [-B ] (-u "fx 1xx1 

:x( 1ft . ~vl + w- 'f~ . Vul - u h<}tf~l - v ~}V;l -

v _a (1 If 2 1 _ u _a (1 1f21 = 
ay I y ax ~ x 
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: x (h . Vv 1 + b-t -~ h • Vu 1 - t . v [ it ~~ + 1>;)] = 

hi Tf ~ • V vl + fy< -'f~ . V ul - V • (t ¥l. 
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Appendi x A.2 

It is to be shown that: 

Thus, using the well-known properties of the Jacobian: 

I ) 
f 0 .1. 

I ( 't'k 1 -
g k+1/2 + 
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